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Supplementary Material

The consistency and the asymptotic normality of the pseudo-MLE is established in
S1, and a proof of the second equation in (5.2) is given in S2.

S1 Consistency and asymptotic normality of pseudo-
MLE

We provide the proof for the case that the marginal cumulative distribution functions F'x
and Fy are estimated with the empirical distribution functions. We focus on continuous-
continuous scenario since the other two scenarios can be dealt with similarly. Let n =
(8,7,&,0) and ) = (B,’S/,é, é) Let the true values of 7, Fx, and Fy be 19, Fyx, and
Fyy, respectively. Denote

o Oc(u,v;0) o Oc(u,v;0) o Oc(u,v;0)
co(u,v;0) = T’CX(U’U’Q) = TNJY(%U’G) = o0
&%c(u,v: 6 0%c(u,v; 0 &%c(u,v:; 6
coo(u, v;0) = %,Cex(uw;@ = %,Cey(%v;@) = %

In the following we provide a proof of large sample properties for the pseudo-MLE
of n, to this end, we assume the following conditions hold:
(c1) The logistic model and copula model hold true and ¢(u, v; ) is identifiable in 6.
(c2) The sample size n = ny + ny goes to infinity with ny/ng fixed at a value € (0, 1).

(¢3) Some regularity conditions on the copula function ¢(u,v; ) and the marginal dis-
tributions of X and Y are satisfied.

First mimic Gong and Samaniego (1981) we show that there exists a local maxima,
say 1, of the pseudo-likelihood function that is consistent for 7.
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Under the regular condition (¢3), we have that F v and Fy are strongly consis-
tent for Fpx and Fpy, respectively, uniformly in ¢. This implies that under further
regular condition n’lln(n,ﬁx, Fy) converges to I(no, Fox, Foy) = n~'El,(n, Fox, Foy)
uniformly in 1. Under condition (c1), for any € > 0, there exist ¢ > 0 such that
I(no, Fox, Foy) > I(n, Fox, Foy) + € for n € O, where O, = {||n — no|| < €}. Therefore,
for any d,e > 0, there exists a sufficiently large N = N(d,¢) such that for any n > N,
Pr{l,(n, Fx,Fy) < l,(no, Fx, Fy) for any € O.} > 1—4§. This shows that, with prob-
ability tending to 1, there exists in Os a local maximizer of I,,(n, Fy, Fy) The existence
of a consistent pseudo-MLE is established.

Next we show that n'/2(/) — n9) converges in distribution to a multivariate normal
distribution.

Write

Lu(n, Fx, Fy)

no

Z log ¢(Fx (x0:), Fy (yo:); 0)
i=1

+> {log e(Fx (x0i), Fy (y0:); 0) + (Bz1i + yyri + Exriyni) — a(n, Fx, Fy)},

i=1

where
a(n, Fx, Fy) = log {/ / c(Fx(z), Fy (y);0) exp(fz + vy + fxy)de(x)dFy(y)} :

The derivative of I,,(n, Fix, Fy) with respect to 7 is

l (777FX7FY)
o, e, Fx,Fy)(»Lo“ym &(o, FX,Fy)(zh,yh)
Z( )i){( ) et P st
i=1 0 1y
where
50, F, Fy) (o) — SLUX @) By (4):0)
ORI T (P (), By (4):6)
da(n, Fx,Fy)  Ei(n, Fx, Fy)
Fx.Fy) = _
CY’I’](T]? X Y) 67] Eo(’l’},FX7Fy)
with

Eo(n, Fx, Fy) = / / o(Fx(2), Fy (4);0) exp(Bz + vy + £xy)dFx (2)dFy (3)

and

co(Fx (z),Fy (y);0)

xc T ;0
Ei(n, Fx, Fy) = / / ( ) ) exp(Bz + vy + Exy)dFx (z)dFy (y).
zyc(Fx (z),Fy (y);0)
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Let lynn(n, Fx, Fy) = 0%l,(n, Fx, Fy)/Ondn', then Tayor’s expansion gives

0= Z7L,17(777FX; FY) = ln,n("]Oa FX7FY) + ln,nn("]*a FX7FY)(77 - 770)
or R . R R
A =10 = lnan("*, Fx, Fy ) nm(no, Fx, Fy), (S1.2)

where n* lies between 7y and 7). Under the regular condition (c3),
1 L (7% Fxty By ) = L (100, FOX>F0Y)‘ — 0 in probability
as n goes to infinity. By the Law of Large Number,

—1
"y n (M0, Fox, Foy) —  Zv(no, Fox, Foy)
so0(no,Fox,Foy) 000
= 0 000 ) —
7o 0 000 ) ™
000

(31(770,F0X,F0Y)
0

000)
000
000
000
S1

+m100, (N0, Fox, Foy ), (S1.3)
where
_ o [coa(Fix(@o1), Fy (yo1);6) Cg(FX(Z01)7FY(Z/01);9)]
so(n, Fx, Fy) = B [ c(Fx(zo1), Fy (yo1); 0) A (Fx(zo1), Fy (y01); 0) ]’
_ o [coo(Fx(@11), Fy (y11);6) Cg(FX(I11)7FY(y11);9)]
s1(n, B, Fy) = B [ c(Fx(z11), Fy (y11); ) A(Fx(z11), Fy (y11);0) ]’
_ Ex(n,Fx,Fy) {Ei(n, Fx,Fy){Ei(n, Fx, Fy)}"
o e ) = e e Fy) E3(, Fx, Fy)
with
Ey(n, Fx,Fy) = //é(gaFX,FY)(x,y) exp(Bx + vy + Exy)dFx (z)dFy (y)
and

é<97FX>FY)(xay>
coo(Fx (2),Fy (y);0) zco(Fx(z),Fy(y);0) yco(Fx(x),Fy(y);0) zyce(Fx(x),Fy(y);0)
weo(Fx (@),Fy (y);0) a°c(Fx (x),Fy (y);0) wyc(Fx(z),Fy (y)i6) @ ye(Fx(z),Fy (y);6)
yeo (Fx (), Fy (y);0) zyc(Fx(z),Fy (y);0) y’c(Fx(x),Fy(y);0) zy’c(Fx(x),Fy (y);0)
zyce (Fx (z),Fy (y);0) °ye(Fx (z),Fy ();0) zy’c(Fx (z),Fy (y);0) 2y’ c(Fx (z),Fy (y);0)

Combining (S1.2) and (S1.3) we have
n2 (i) = no) = £y (no, Fox, Fov) {n_l/zln,n(nmﬁx, FY)} {14 0,(1)}. (S1.4)

In the following we derive the limit distribution of n=%/21,, ,,(no, Fx, Fy).

Let Fon,(z,y) and Fi,, (z,y) denote the empirical joint distribution functions of
(xo1,y01) and (z11,y11), respectively, and Fo(z,y) and Fi(x,y) denote the joint distri-
butions of (zo1,y01) and (11, y11), respectively.
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Noticing that E{l, ,(no, Fox, Foy)} = 0 or equivalently

&(00,Fox Foy)(z,y) &(00,Fox ,Foy ) (z,y)
71—0/( 8 )dF0($7y)+7T1/( g >dF1(m7y)

0 Ty
—mra (Mo, Fox, Foy) = 0,

we have that

1/2~ P
~ N ny’ “¢(80,Fx,Fy)(z,y)
02l (o, Fx, By) = mpl? / ( ’ 0 ) dFon, (7, y)
0
ny/?&(60,Fx By ) (z,y)
1/2 nt 2y
+my / i/zy dF1y, (ﬂ?,y)
ny
ni/zwy
*Wi/Q {ni/Qan(Tloa FX, Z:ﬂY)}
= N+ L+ T3+Ty+T5+T6 + 17, (S1.5)

where

1/2 )~ IS ~
no' “{&(00,Fx ,Fy)(=,y)—&(0o,Fox ,Foy)(z,y)}
T1W3/2/< 0 0,0X, 'y 8 0,f0x,L0Y )dFO(Ly),
0

0

_1/2/ (né/2{5(007ﬁX7FY)(way)5(90’FOX,FOY)($;?J)}
TQ =TTy 0
0

> dFl(xay)a

I3 = *7T17To_1/2 {nép {O‘n(UOaFXaFY) - O‘n(nOaFOXaFOY)}} )

&(00,Fox ,Foy)(z,y)
mi=m [ () 0, - o,
0

&(0o,Fox ,Foy )(z,y)
T5 = 7Ti/2/ < o 9350 ) {n}/Qd(Flnl - Fl)(x7y)}’

Yy

5(90,FX,Fy)(w,y)fe(eo,FOX ,Foy)(w,y)
r=n [ ( ; ) 2o, ~ Foa 1))

0

5(00,1%)(,Fy)(w,y)fe(eo,FOX ,Foy)(w,y)
ro=al [ ( ; ) 02, = R )

0
Since no'/?(Fon, — Fo)(z,y) — Op(1), n1'/?(Fin, — Fi)(z,y) — Op(1), Fx — Fox,
Fy — Fyy, Ts and T converges to 0 in probability under the regular condition (c3).

To prove the asymptotic normality of n_l/anm(no, fix, 7y ), we shall show that 77,
Ty, T5, Ty, and T5 can be written as summations of i.i.d. random vectors.

Obviously, both T and T5 are summations of i.i.d. random vectors.
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By von Mises expansion and integration by parts, the first element of 77 is approx-
imated by

Wé/2 _/éx(eo,FomFOY)(l"ay){né/Q(FX(x) — Fox () }dFo(x, y)

+/EY(907FOX’FOY)(QJ»Z/){”%/Q(FY(Q) —Fox(y))}dFO(ﬂ%y)}

= )2 / Gix(x; 00, Fox, Foy)d{no*(Fx — Fox)(z)}

+ [ vyt P, Fov o (B~ Fo) )}, ($1.6)
where
. _ cox(Fx(2), Fy(y);0)  co(Fx (), Fy (y); 0)ex (Fx (), Fy (y); 6)
¢x (0o, Fx, Fy)(z,y) = c(Fx(z), Fy(y); 0) A(Fx(z), Fy (y);0) 7

. _ coy(Fx (@), Fy (y);0)  co(Fx (), Fy (y); 0)ey (Fx (), Fy (y); 0)
o B B E) = @), Fe )0 & (Fx (@) Fy (0):0) |

x

Gix (300, Fox, Foy) = /

— 00

{ [ ex(Ou, Fox For) ) y)dy} du,

y
Gy (y; 0o, Fox, Foy) =/

—00

{/éy(907FOX,Foy)(m,v)fo(m,v)dx} dv,

with fo(x,y) = 0*°Fy(x,y)/020y. It is seen from (S1.6) that T3 is approximated by
the summation of i.i.d. random vectors. Similarly, the first element of T5 can also be
approximated by the summation of i.i.d. random vectors:

7T17T51/2 [/sz(aﬁ; 00, Fox, Foy )d{no'/*(Fx — Fox)(z)}
+/G2Y(y§907FOX7FOY)d{n01/2(FY - Fw)(@/)}}a (S1.7)

where

Gax (x; 60, Fox, Foy)

// {/ ¢x (0o, Fox, Foy)(u,y) exp(Boz + Yoy + {oxy) fo(u, y)dy} du,

— 00

Gav (y; 60, Fox, Foy)
Yy
/ {/6Y(90aFOX»FOY)(va) exp(ﬂox+’yoy+§0xy)fo(:c,v)dm}dv.

— 00

Now we show that T3 can be approximated by the summation of i.i.d. random
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vectors. Applying von Mises expansion, we get

nol/g{an(ﬁoaﬁx,ﬁﬂ — ay(no, Fox, Foy)}
Wix (no, Fox, Foy, Fx) B E1(no, Fox, Foy)Wox (0, Fox, Fox, Fx)

Eo(no, Fox, Foy) EZ(no, Fox, Foy)
Wiy (0, Fox, Fov, Fy)  Ei(no, Fox, Foy)Woy (no, Fox, Fox, Fy)
Es(no, Fox, Foy) E2(no, Fox, Foy)
+o,(1). (S1.8)
Here
Wix (10, Fox, Foy, Fx)
= //€1X(770,F0X7FOY)(%’U){”OUQ(FX@)—FOX(f))}dFOX(x)dFOY(ZJ)
+ / / 1(m0, Fox, Fov) (1, 9){noV/2d(Px — Fox) () }dFoy (1),
Wox (no, Fox, Foy, Fx)
= //eox(no,F0X7FOY)(%y){nol/Z(Fx(ﬂﬁ) — Fox (2))}dFox (z)dFoy (y)
+ [ [ ealtm, Fox. Fov) e, {na d( P = Fox) (&) dFoy (1),
Wiy (10, Fox, Foy, Fy')
= //elY(7707F0X7FOY)(«T7y){n01/2(FY(y)_FOY(y))}dFOX(m)dFOY(y)
+//el(nOaFOX,FOY)(-Tay)dFOX(x){nol/Qd(FY — Fov)(w)},
Woy (10, Fox, Foy, Fy')
= //eoy(ﬁo,Fox,FOY)(fvy){nol/Q(FY(y)—FOY(y))}dFOX(m)dFOY(y)
+//60(7707Fox,FOY)(ilf,y)dFox(w){nol/zd(FY*FOY)(y)}v
with

eo(n, Fx, Fy)(x,y) = c(Fx(z), Fy (y); 0) exp(Bz + vy + {xy),
eox (n, Fx, Fy)(z,y) = cx (Fx (z ) v (y); 0) exp(Bx + vy + Exy),
eoy (n, Fix, Fy)(z,y) = ey (Fx (2), Fy (y); 0) exp(Bx + vy + xy,

cg(Fx(w ). Fy (y);0)

er(n, Fx, Fy)(x,y) = ( e ii(y) ) ) exp(fz + vy + &),
zyc(Fx (z),Fy (y);0)
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cox (Fx (z),Fy (y);0)
zc x), ;0

eix(n, Fx, Fy)(z,y) = ( v ) ) exp(Bz + vy + {xy),
zyex (Fx (z),Fy (y);0)
coy (Fx (z),Fy (y);0)
zc ), HY

ery (0, Fx, Py )(z,y) = ( ) ) exp(fz + 7y + &xy).
zycy (Fx (z),Fy (y);0)

Using integration by parts, we have
Wix (no, Fox, Foy, Fx) = /H1X(33§7707F0X,FOY){n(l)/2d(FX — Fox)(x)}  (S1.9)
with
s i) = [ { [axtnrs Ao far

— 00

+/61(777 Fx,Fy)(l’, y)dFY(y)a

Wiy (10, Fox, Foy, Fy) = /HlY(Z/;UOaFOX»FOY)){n(l)/Qd(FY — Foy)(y)}  (S1.10)
with

Y

HlY(y;nuFX7FY) = /

— 00

{ / ely<n7FX,Fy><x,v>de<x>} dFy (v)

4 / e1(n, Fx, Fy)(xy)dFx (z),

Wox (no, Fox, Foy, Fx) = /Hox(x;noyFox,Foy){n(l)/Qd(FX — Fox)(z)} (S1.11)
with

Hox(zin.Px ) = [ { / eox<n,Fx,Fy><u,y>dFy<y>}dFX<u>

+/eo(n7 Fx,Fy)(l', y)dFY(y)7

Woy (1m0, Fox, Foy, Fy) :/HOY(Z/§UOaFOX»FOY)){n(l)/Qd(FY - Foy)(y)}  (S1.12)
with
Yy
Hoy (yin, Fx, Fy) = / { / eoym,FX,Fy)(a:,v)dFX(x)}dFy<v)

— 00

+/60(’r], Fx,Fy)(l‘,y)de($).

S7
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It is seen that (S1.9), (S1.10), (S1.11), and (S1.12) are summations of i.i.d. random
variables, so is T5 from (S1.8).

From (S1.6), (S1.7), and (S1.8), we have the following asymptotic expression:
n= Y20, (n0, Fx, Fy)
= / [W(l)/2G1X($§7707F0XaFOY) + 7T17T0_1/2{G2X(17;no,Fovaoy)
~ Hix (@50, Fox, Foy) E1(7707F0X7F0Y){H0X(3357]0aFOXaFOY)}}:|

Eo(no, Fox, Foy) EZ2(no, Fox, Foy)
x{ng/?d(Fx — Fox)(x)}
1/2 —1/2
+/[7T0 Gy (y;mo, Fox, Foy') + mim {G2Y(y§n07F0X7FOY)
~ Hiy (ysmo, Fox, Foy) | E1(no, Fox, Fov ) {Hoy (y; 10, Fox, Fov )} H
Eo(no, Fox, Foy) EZ(no, Fox, Foy)
x{ng/d(Fy — Foy)(y)}

¢(0o,Fox ,Foy )(z,y)
e[ () e - o)
0

&(00,Fox ,Foy )(x,y)
O L G R R A O

zy

+o,(1).

We can see that n_l/an,n(no, FX, Fy) is approximated by the summation of several
i.i.d. random vector summations, thus it is asymptotically normally distributed with ex-
pectation 0 and a variance-covariance, say g(no, Fox, Foy ), which is quite complicated
because the first two terms are correlated with the later two terms and it does not have
a close form.

Now the limit distribution of n'/2(7—n0) is the multivariate normal with expectation
0 and variance-covariance E(/l (n0, Fox, Foy)Xs(no, Fox, Foy)E(/l (no, Fox, Foy)-

S2 Derivation of the second equation in (5.2)

The Gaussian copula function is
C(u,v;0) = Dg(® 1 (u), d 1 (v)).
The derivative of C(u, v; ) with respect to v is
09 (v
Co(u,v30) = 2 {d7 (u), @‘1(0)}TU.

Here

7 (2,y) = a%a(;’y) = @{(1”3__629)?{/2}¢(y),
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which is the marginal density function of Y at y times the cumulative distribution func-
tion of X given Y =y at x. Therefore,

—1 1 1 ;
Calwi®) = @{(I) ((1) ef)ql)/z()}ﬂé‘l(v))éw
(

- @{‘I’ l(f) )1/2()}.




