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Diagnostic Checking for Wasserstein Autoregression
Chenxiao Dai!, Feiyu Jiang?, and Dong Li!

L Tsinghua University, > Fudan University

Abstract: Wasserstein autoregression provides a robust framework for modeling serial dependence
among probability distributions, with wide-ranging applications in economics, finance, and climate
science. In this paper, we develop portmanteau-type diagnostic tests for assessing the adequacy of the
first-order autoregressive transport map (ATM(1)) model. By defining autocorrelation functions for
model errors and residuals in the Wasserstein space, we construct two related tests: one analogous to the
classical McLeod type test, and the other based on the sample-splitting approach of Davis and Fernan-
des (2025). We establish that, under mild regularity conditions and an additional cancellation condition
for the splitting test statistic, the corresponding test statistics converge in distribution to chi-square
limits. Simulation studies and empirical applications demonstrate that the proposed tests effectively
detect model mis-specification, offering a principled and reliable diagnostic tool for distributional time

series analysis.

Key words and phrases: Distributional Data, Model Checking, Optimal Transport, Random Object,

Wasserstein Distance

1. Introduction

Statistical modeling and analysis of object-valued time series has attracted a lot of attention
lately due to the increasing encounter of such data in many modern applications. Examples
include yearly age-at-death distributions (Mazzuco and Scarpa, 2015; Shang and Hyndman,

2017; Dubey and Miiller, 2020), annual observations of compositions of energy sources for
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power generation in the U.S. (Zhu and Miiller, 2024), and daily Pearson correlation matrices
for five cryptocurrencies (Jiang et al., 2024b), among others. One of the well-known chal-
lenges in dealing with such object-valued data is the lack of the usual vector/Hilbert space
operations, such as scalar multiplication, addition/subtraction, and inner product, which
may not be well defined and only the distance between two non-Euclidean data objects is
available. Another challenge stems from the serial dependence, which is the norm rather
than the exception for many time-ordered data.

Despite the challenge, there has been a growing literature on statistical inference for
such object-valued time series. For example, change-point testing and estimation have been
addressed in Dubey and Miiller (2020); Jiang et al. (2024b); Zhang et al. (2026); testing
for serial independence has been tackled in Jiang et al. (2024a). On the other front, new
statistical models have been developed for some specific type of object-valued time series, such
as distributional time series. In particular, Zhang et al. (2022) proposed to use the logarithmic
map to lift the random densities into a linear tangent space, which is a Hilbert space and the
autoregressive model is imposed; also see Chen et al. (2023) for related contribution along
this line. Recently, Zhu and Miiller (2023) developed an intrinsic approach to autoregressive
modeling of one-dimensional distributional time series. The basic idea is to model the optimal
transport map using newly defined scalar multiplication and addition in Wasserstein space
of distributions. In particular, a random perturbation of the identity map was iteratively
contracted /composed and applied to either the increments between consecutive distributions
or to the deviations from the marginal Fréchet mean, to produce autoregressive transport map
(ATM) models. Subsequently Jiang (2022) generalized this ATM model in Zhu and Miiller

(2023) to the case of vector-valued distributional time series, i.e., time-evolving vectors with



distributions as coordinates. Another important extension of Zhu and Miiller (2023) was
proposed by Ghodrati and Panaretos (2024) recently, who expanded the ATM model by
allowing the shape of the dynamics being captured by a monotone map, modulated by a
contractive parameter regulating the degree of non-degeneracy of the model.

For vector-valued time series, diagnostic checking is an integral part of the model building
and has been extensively studied in econometrics and time series analysis; see Li (2003)
for a book-length treatment of this topic. Generally speaking, model mis-specification can
lead to biased parameter estimates, unreliable inference, and poor predictive performance,
making model validation through diagnostic tools an essential step. In this article, we study
diagnostic checking for the ATM models developed in Zhu and Miiller (2023), a topic that
appears lacking in the literature. In this paper, we establish the main asymptotic results for
the ATM model of lag one, i.e. the ATM(1) specification, and discuss higher-order ATM(p)
diagnostics as possible extensions in Section 4.5. Our contribution is threefold.

(a) We extend the classical definition of the autocorrelation function from vector-valued
residuals to optimal transport distortion maps within the ATM framework. This enables the
construction of a McLeod-type portmanteau statistic (McLeod, 1978) and the derivation of
its asymptotic distribution.

(b) Motivated by the recent work of Davis and Fernandes (2025), who investigated sam-
ple splitting as a means to mitigate the estimation effect on the portmanteau statistic in
univariate time series models, we develop an analogous sample-splitting adjustment tailored
to distributional time series under the ATM model.

(c¢) Through a comprehensive simulation study, we compare the performance of the clas-

sical portmanteau test and its sample-splitting counterpart, highlighting their relative size



and power properties in finite samples.

Finally, we list a few commonly used notations that will appear throughout the paper;
any additional notation will be introduced as needed in the main text. Let R denote the real
line. For two functions f,¢g : R — R, we write f o g to denote their composition, that is,
[fogl(x)= f(g(x)), for x € R. For any sequence of random variables {X,,}, we use —, and
—p to denote convergence in distribution and convergence in probability, respectively. We

write X, = 0,(1) if X,, —, 0 as n — oo.

2. Background on optimal transport

Let ©Q = [ws, we] be a closed interval on R and denote by W5 (Q2) the space of Borel probability
measures on ) with finite second moments. For p,v € Wh(Q2), denote their corresponding
distribution functions by F), and F,,, respectively. The 2-Wasserstein distance between p and

v 1s defined as

By = inf [ o=y,
Q

YEL (v,

where I'(v, ) denotes the set of couplings of v and p, i.e. Borel probability measures on
) x € with marginal distributions » and pu.
In the univariate case, if F), is absolutely continuous with respect to the Lebesgue mea-

sure, then the optimal coupling is induced by a deterministic monotone transport map

T(z) = F, (F.(z)),



in which v = T# is the pushforward measure of p by 7', and as a consequence,
! 2
i) = [ 17@) =l dute) = [ 5,0 = £ ()
0
In this paper, we restrict our attention to the space of monotone transport maps, i.e.
T={T:Q— Q| T is nondecreasing and T'(ws) = ws, T(we) = we }.

Therefore, since both w, and w, are bounded, all transports in 7 (and their inverse transports)
are bounded.

The ATM model is built upon a class of iterated random systems of transport maps
known as “contractive compositions”. A key ingredient is the notion of an a-contraction of
a transport map. In particular, for a parameter o € [—1, 1] and any optimal transport map

T € T, the a-contraction is defined by the operator T+ [ ® T, where

(

x+ a(T(x) — x), 0<a<l,
@O TI@) =44 N

r+a(z—Tz)), -1<a<0.

\

Intuitively speaking, the operator [«®T] attenuates the deformation induced by 7. When
0 < a < 1, the map moves each point z only a fraction « of the way along the transport path
from x to T'(z), thereby “contracting” the action of T toward the identity. When o < 0,
the movement is partly reversed, shifting x in the opposite direction of the original transport

and producing a reflected contraction. In short, the a-contraction generates a controlled and



smoothly scaled version of the transformation induced by 7', forming the building block of

the ATM dynamics.

3. ATM model and estimation

This section provides concise background information on ATM models in Zhu and Miiller
(2023). Section 3.1 introduces the model setup, and Section 3.2 derives the asymptotic distri-
bution of the estimated parameters under the assumption that the underlying distributional

data are fully observed.

3.1 Autoregressive Transport Map models

Let {u;}7-; C Wh(Q2) be a sequence of stationary probability measures on 2, with the Wasser-
stein barycenter defined as

= a 1 ]Ed2 i
pp = arg min w (Vs i)

v

In this paper, we focus on the associated optimal transport maps of the form

T,=FloF

i KE>

i=1,...,n, (3.1)

which transport the barycenter measure g to each ;.
Following Zhu and Miiller (2023), the first-order autoregressive transport map model,

denoted by ATM(1), is

T,=T,0la®T_q], i=2,...,n, (3.2)

Alternatively, one may model the incremental transports by considering T; = F,; Yo F,, ,, which captures
the incremental evolution of the distributions over time.



3.1 Autoregressive Transport Map models

where o € (—1,1), and {7} is a sequence of i.i.d. innovation distortion maps satisfying
E{T,,(z)} = z for all x € Q almost surely.

The key idea of the ATM model is to mimic the classical autoregressive dynamics within
the Wasserstein space by replacing vector addition and scalar multiplication with their
transport-map counterparts, namely composition and a-contraction, respectively. Specif-
ically, the map 7} evolves by composing the a-contracted previous map [a ® T;_;] with
a random innovation map 7, thereby capturing temporal dependence in the evolution of
probability measures {y;}. Under appropriate contraction and moment conditions, the se-
quence {7;} admits a unique stationary distribution in 7, and the induced process {u;} is
stationary in Wy (€2).

For the ATM(1) model in (3.2), for any transport map ¢ € 7 and o € (—1,1), define

Pe(t) = Teo[a O 1], (gi,m@) = Qe; O Pe;_, O+ 0 ¢€i7m+1(t)'

Assumption 3.1. The sequence {7, } consists of i.i.d. distortion maps satisfying E{T.,(z)} =
x almost surely for all z € . Moreover, there exist constants C' > 0 and r € (0,1), such

that for all ¢,¢ € T and all m € N,
E i (dim(0). ()] < Crmay (2,0,

where di(t,s) = [, |[t(x) — s(x)||dx is the Ly distance for ¢,s € T.

Assumption 3.1 imposes a moment contraction condition (Wu and Shao, 2004) on the
ATM(1) dynamics, which guarantees the existence and uniqueness of a stationary solution

0 (3.2). Similar conditions have been adopted in Zhu and Miiller (2023) and Ghodrati and



3.2 Estimation

Panaretos (2024); we employ the L; distance metric here, primarily to simplify the estimation
theory.

The following proposition is a direct consequence of Theorem 1 in Zhu and Miiller (2023).

Proposition 3.1. Under Assumption 3.1, for any T, € T, the limit T, := lim,, o (%i,m(To) €
T exists almost surely and does not depend on Ty. Moreover, ﬁ is the unique stationary

solution to the ATM(1) model (3.2).

3.2 Estimation

Suppose the true model (3.2) is parameterized by ag € (—1, 1), then it is the unique minimizer

of

MM—Eljm«m—mew»%m

In other words, we have that

N,/D,, if0<ag<l,
Qo =

N_/D_, if —1<ay<0,

where

N = [ B — o)) —abds, Dy = [ B{(T) — 2} do,
N~ [ BT - )@~ T @)bde, D= [ Blle =T @) d,

Therefore, following Zhu and Miiller (2023), we estimate aq by the least square type estimator,

an, = a {ly (@) < l-(a-)} +a-H{l (o) > 1-(a-)}, (3.3)



3.2 Estimation

where @} = argmin, ¢ 1)l (a), @- = argmin,e_; o[- (), and

(@) =Y [ (o)~ 2~ alTis(o) — )} o

(@) =X [ {Te) == ale =T @) d.

Note that the estimation step involves comparing two different objective functions cor-
responding to positive and negative values of the contraction parameter «, making the the-
oretical analysis substantially more involved than that for classical least-squares estimators.
To this end, we employ the concentration inequality developed in Wu and Shao (2004) and
show that, the estimation of the sign of «q is super-consistent, thereby ensuring that the
estimator a,, correctly identifies the contraction regime with probability approaching one.

This is crucial for establishing the subsequent asymptotic linearity and normality of a,.

Theorem 3.1. Let {T;}"_; be a sequence of observed optimal transportation maps generated
by model (3.2) satisfying E [, (7T;(x) — z)*dz > ¢ for some constant ¢ > 0. Let @, be defined

in (3.3). Under Assumption 3.1, as n — oo,

n

where for Z =E [ [Ti(z) — z]*dz, == E [,[T7 ' (z) — 2]*dz, we define

= / (T(2) - [0 © T (@)} (Ties (x) — 2)dz, @ >0,

= [0 - o Tal@)e - T @), a <0
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Furthermore, for the natural filtration F; = o(1},j < i), {m;(ap); F;} forms a martingale

difference sequence.

The lower bound condition E [,(T;(x) —z)*dz > ¢ is imposed solely to exclude degenerate
cases of the transport map of T;(z). As otherwise, T;(z) = x for x € Q a.s., which corresponds
to a trivial static setting. By the boundedness of T; € T, the classical central limit theorem for
martingales (Hall and Heyde, 2014) and Theorem 3.1 together imply that &, is asymptotically
normal, i.e.

(@, — ag) —a N (0,E[m?(ag)]), as n— oc.

In this paper, we assume the data are fully observed, whereas Zhu and Miiller (2023)
allow for discretely observed distributions, where the transport maps can be estimated from
empirical grid observations. Compared with the convergence rate result in Zhu and Miiller
(2023), Theorem 3.1 further establishes the asymptotic distribution of the estimator &,
thereby enabling valid statistical inference for the contraction parameter . A similar fully
observed setting is also considered in Ghodrati and Panaretos (2024), where an additional
“intercept” term is introduced to capture the mean shape of the transport maps. However,
extending the asymptotic normality result to the case of estimated or partially observed maps
is considerably more challenging, as the estimation error of the empirical transport maps
propagates nonlinearly through the composition and contraction operations. In Section 4.4,
we discuss how to estimate the transport maps under discrete observations and outline how
the procedure can be adapted. In this sense, the fully observed setting considered in this

paper can be viewed as an ideal dense-observation regime.



4. Diagnostic Tests

In this section, we develop diagnostic procedures to evaluate the adequacy of the ATM(1)
model, for which formal asymptotic theory can be established. Section 4.1 formalizes residual
transport maps and their autocorrelation functions, which serve as the primary tools for
assessing model fit. Section 4.2 introduces McLeod (McLeod, 1978) type portmanteau tests
to detect serial dependence in the residuals, and Section 4.3 develops the sample-splitting
version of the diagnostic test. Section 4.4 collects the detailed implementation procedure.
Finally, section 4.5 discusses extensions to ATM(p) models, explains why the sample-splitting

test may fail for higher-order models.

4.1 Residuals and auto-correlation functions

To assess the adequacy of the fitted ATM model, we define residual maps that quantify the
deviation between the observed and fitted transport maps. By model (3.2), with {7;} and

model parameter ag, we can recover the distortion map as

Tiolay®@Tia]) =T, 0o ® Ti—1] 0 [g © T4 ' = T...

Therefore, given the estimated contraction parameter &, the residual is naturally defined as

A~

T. =Tiola, 0T, i=2,...,n. (4.4)

Under the correctly specified model, the estimated innovation maps {ﬁ} should mimic the
behavior of the true innovations {7.,}. Similar to the classical Euclidean autoregressive

model, the temporal dependence of {7} can be assessed via the autocorrelation function



4.2 Portmanteau Test

(ACF).

Definition 4.1. The theoretical ACF at lag k > 1 for the distortion map process {7} is

given by
fQE [(Tei+k§ (QZ) - x) (Tei<x> — QZ)] d:l:.
fQE [(sz‘ (z) — 55)2} dz

p(k) =

Here, the definition of ACF projects the distortion maps onto L?*(§2) space and assesses
temporal dependence by integrating the pointwise autocorrelations of T, (x) over 2. While
possibly the pointwise correlations may cancel out during integration, the resulting global
autocorrelation measure still provides a meaningful overall measure of temporal dependence.

It serves as the basis for constructing the portmanteau statistic that follows.

4.2 Portmanteau Test

Given estimated residual transports ﬁZ, e ,ﬁn defined in (4.4), the corresponding sample

ACF at lag k is

(=) ()] o

N fo Tt | (Fut0) - 2) | ao

(4.5)

If @, consistently estimates the true parameter «, then the estimated residual maps
ii should approximate the true distortion maps 7.,, thereby preserving their statistical
properties. Hence, under the correctly specified model, the sample autocorrelations p,, (k) in
(4.5) are expected to be close to zero for all k£ > 1, reflecting the absence of serial dependence
among the residual transports. Significant deviations from zero would indicate potential
model mis-specification, motivating the use of portmanteau-type tests.

While similar ideas have been widely used in the classical Euclidean time-series litera-

ture—see e.g. Ljung and Box (1978) and McLeod (1978), the extension to the Wasserstein
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setting requires substantial additional work due to the nonlinear structure of transport maps.

Before presenting the asymptotic distribution of p,,(k), we introduce additional notations that

will be used in the subsequent analysis.

Define G;(o,z) = T; 0 [a ® T;_1]7!(x), and let g;(c, z) be the derivative of G;(a, z) with

respect to o, where by equation (31) in Ghodrati and Panaretos (2024),

0G;(a, )
gi(o ) = —5 " —
(= Tir () % iy .y
:TZ/ (Z) X i1 z=[a®T;—1] ' (z)
(T:I(Z)_Z)x L , —l<a<o.
a(l_(Tz 1) (Z)>+1 2=[a0T;—1]" (z)

Fix an integer K > 1, for 1 < k < K, define My = (uy1,- -+ , par) ', Mo = (po1,

where

fni =E [ @ - x>gk<a0,w>dw} |
=B | [ [(Tfo) =~ 0) (o) — )] - mafe)|.

Furthermore, let

(4.6)

7,“2[() )



4.2 Portmanteau Test

Assumption 4.1. There exists a constant ¢ > 0 such that

sup E/[g(a,x)]de <c < oo.
Q

ac[—1,1]

Assumption 4.1 imposes a mild second moment condition on the derivative function. It
is a regularity requirement on the local sensitivity of the residual map with respect to the
contraction parameter. Under compact support and smooth innovation maps, the transport
maps and their inverses are bounded, so the derivative g;(«,z) in (4.6) is expected to be

uniformly square integrable; this covers the smooth innovation-map families used in the

paper.

Theorem 4.1. Under the correct model specification (3.2) with parameter oy € (—1,1),
let {ﬁl}?:2 be the residual maps defined in (4.4). For any fixed integer K > 1, under

Assumption 3.1 and 4.1, as n — oo, we have that

Vpr = (Ba(1), - n(K))T —a N(0, Sk),

where

Y —Cud {UglK + (M My + My My + MlE[mzz(O‘U)]MlT)} :

Theorem 4.1 establishes the joint asymptotic normality of the sample autocorrelations of
the residual transport maps. The presence of M; and M reflects the nonlinear dependence
of the residuals on the estimated contraction parameter «q via the transport-map derivatives
gi- The additional term M; E[m?(ap)] M' captures the accumulated effect of parameter

estimation on the limiting distribution in Theorem 3.1, analogous to the correction introduced
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by McLeod (1978); Li and McLeod (1981) for finite-sample adjustment to the classical Ljung-
Box test in Ljung and Box (1978).

In practice, we estimate the covariance X i by its sample counterpart
Sk =0 {8§IK 4 <M1J\72T + MM, + MlﬁmJ\Tl>} :

where My = (fi11, -+, fiire) " and My = (Ha1, -+ - , flaxc) | are K-vectors, and 0, = n=' >°7 , m?(a@

For 1 <k<K,

3
|

where for : = 2,...,n, the empirical influence function is
(
= [ {T@) [0 © Ter@HTis(o) = 0)de, a0,
mi(ar) =
21
= [0 - ho @) - T @), a <o,
with E = n! > fﬂ — x]*dx, and E=n"ty0 fQ[Tj_l(x) — z)?dz.
Finally,




4.2 Portmanteau Test

Then, the McLeod type portmanteau test statistic is formulated as
Qn = nﬁ;i;{l //O\m
and we reject the null hypothesis of correct model specification if

Qu > Xi (1= B), (4.8)

the (1 — 3) upper quantile of the chi-square distribution with K degrees of freedom.

Remark 4.1. In classical univariate ARMA models, portmanteau test statistics are typically

constructed as
K

Qn=nY wa(k)pr(k), (4.9)
k=1
where wy, (k) = 1 corresponds to the Box—Pierce statistic (Box and Pierce, 1970), and w, (k) =
(n+2)/(n— k) yields the Ljung-Box statistic (Ljung and Box, 1978). To improve the finite-
sample approximation, Li and McLeod (1981) further proposed a modified statistic of the
form

(K+1)'

f_or o &

Then, the null hypothesis is rejected when Q7 (or Q) exceeds the (1 — ) quantile of a
chi-squared distribution with K — m degrees of freedom, where m denotes the total number
of estimated ARMA parameters. This chi-square reference relies on an increasing-lag asymp-
totic framework, that is, K = K(n) — oo as n — oo with n > K > 1, see Chapter 2 in Li
(2003) for a detailed discussion. In this diverging-K regime, the effective degrees of freedom

reduce from K to K —m because the covariance matrix of residual autocorrelations becomes
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increasingly singular (and thus not directly invertible) as K grows. Consequently, the clas-
sical portmanteau tests of the form (4.9) or (4.10) can be implemented without inverting
the covariance matrix, and instead rely on weighting schemes or small-sample corrections to
improve the chi-square approximation.

However, in this paper (and arguably in typical empirical applications), we treat K as a
fixed integer. In this fixed-K regime, the asymptotic covariance matrix of the residual ACF
is non-singular, and following the recommendations of McLeod (1978), Ansley and Newbold
(1979), and Newbold (1980), we explicitly estimate this covariance matrix to account for the
parameter estimation effect. This kind of treatment has been also used in diagnostic checks

for nonlinear time series models, see e.g. Li (1992) and Li and Mak (1994).

4.3 Sample Splitting Approach

Despite the finite-sample correction for estimation effects provided in Theorem 4.1, estimating
quantities such as M, M, and E[m?(ag)] may be challenging in practice, as they involve
expectations of nonlinear functionals of transport maps and their derivatives, especially in
moderate sample sizes. This motivates the development of alternative diagnostic procedures
that avoid direct estimation of these higher-order terms while still accounting for the impact
of parameter estimation.

Sample splitting has recently emerged as an effective tool for time-series inference, with
theoretical guarantees established in several distinct settings; see, for example, Lunde (2019),
Chang et al. (2022), Zhang and Shao (2024), and Gao et al. (2025). Of particular relevance is
the work of Davis and Fernandes (2025), who employed sample splitting to remove estimation
effects in portmanteau tests applied to residuals of parametric time-series models, such as

ARMA and GARCH models. Their methodology estimates the model parameters using
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only the first f,, observations, and then computes the autocorrelation function (ACF) of the
residuals based solely on the last [,, observations. They show that as long as the relative
overlap between the two subsamples converges to 1/2, the resulting ACF-based tests retain
the same limiting distribution as if the underlying residuals were i.i.d. Consequently, the
classical portmanteau test admits its convenient chi-square limiting distribution when sample
splitting with appropriately chosen ( f,,, ) is employed—for instance, f,, = n/2 together with
l, =n.

Here, we extend the idea of Davis and Fernandes (2025) to the non-Euclidean setting of
distributional data. In particular, let @y, be the sample-splitting analogue of (3.3) using first

fn observations {T;}/", and define the residual maps by

Th=Tola;, 0T, i=n—1,+2,...,n, (4.11)

which reduces to the standard case in (4.4) when f,, = [, = n. Similarly, for 1 <k < K, we

define the lag-k sample autocorrelation function as

i [(T@) - o) (T @) - o) dr

i (k) = 5 (4.12)
’ fQ E?:n,lnﬂ [(ﬁ{" (x) — SU) 1 dz

The next result generalizes Theorem 4.1 to the sample-splitting case.

Theorem 4.2. Under the correct model specification (3.2) with parameter oy € (—1,1),

let {ﬁ{" }n_i 4o be the residual maps defined in (4.11). Suppose the split sequence (fy,l,)
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satisfies that min{ f,,l,} — oo as n — oco. Let

ke = lim n <oo and ky = lim max{0, fo+ln =1}

< 00,

denote the limiting ratio and limiting overlap coefficient, respectively. Then, for any fixed

integer K > 1, under Assumption 3.1 and 4.1, as n — oo,

V8IpL = VB, (1), 5, (K) T —a N(0,25),

where

25 =07 o3I + (koo Mi My + kou Mo M + ko MiE[m; ()] M)} .

Furthermore, if

My = —ME[mi(ap)], (4.13)

then Y7 simplifies to

% = o7 {o51x + (kra — 2koy) MAE[m7 (o) M } .

The result in Theorem 4.2 mirrors that of Theorem 4.1, with the key difference being
the appearance of the split sequence (f,,[,) and its limiting behavior. In particular, when
fn =1, = n, Theorem 4.2 reduces exactly to Theorem 4.1.

In Theorem 4.2, the condition (4.13) that My, = —M;E[m?(ay)] is motivated by the
findings of Davis and Fernandes (2025), who showed that it holds for classical ARMA and

GARCH models. Establishing this identity analytically for the ATM model is substantially
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more difficult, as it involves functional derivatives such as those appeared in (4.6). To assess
its validity in the ATM setting, we therefore conduct a numerical investigation under the
ATM(1) specification.

We consider three different forms of the innovation map T,(x): trigonometric, power, and

polynomial.
B sin(Yy7x)
el(r) ==z Vijr
ea(7) = = + Yo(2? — 1),
es(r) = x + Yaz*(1 — )2,
where Y] is a random variable generated from a discrete uniform distribution over {£5,+6,--- , £15},

and Y3, Y3 are random variables generated from a uniform distribution over [—1, 1].

We numerically evaluate condition (4.13) at four values of the contraction parameter,
—0.4, —0.2, 0.2, and 0.5, with K = 12. The verification for the case K = 3,6,9 is included
in Section S.6 and Table 5.7 of the Supplement, and the results are similar. Specifically, we
generate n = 5000 observations from model (3.2) and compute empirical estimates of the
two sides of (4.13). Table 1 reports the mean L' and L? distances between them over 1000
Monte Carlo repetitions, with standard deviations shown in parentheses. The discrepancies
are uniformly close to zero across signs and magnitudes of agy. The variation is more visible
across innovation families than across coefficient signs, with the power-type innovation es
producing the largest, but still very small, discrepancies.

Another direct consequence of condition (4.13) is its practical implication: when the

splitting sequence satisfies k., = 2k, the resulting covariance matrix X% becomes nearly
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Table 1: Numerical validation of condition (4.13) with K = 12 based on 1000 Monte Carlo
repetitions. Each entry is mean (standard deviation).

Function Difference

Mean (Standard Deviation)
a=0.5 a=0.2 oa=-0.2 a=-04

1 (z) LY 2.14(0.38) x 1076 1.89(0.44) x 1076 2.58(0.44) x 1076 2.14(0.42) x 10=6
! L?  2.83(0.46) x 107° 2.33(0.53) x 107¢ 3.59(0.43) x 1075 2.65(0.49) x 106
() L 1.31(0.19) x 10~* 1.07(0.23) x 10™% 1.28(0.22) x 10~* 9.84(2.15) x 10~
©2\¥ L?  1.67(0.16) x 107* 1.31(0.28) x 10~% 1.63(0.21) x 10~* 1.21(0.26) x 10~*
(2) L 4.28(0.96) x 107° 4.90(1.15) x 1076 4.88(1.12) x 107% 4.49(1.01) x 10~°
csl® L?  5.31(1.13) x 1075 6.15(1.36) x 10~¢ 6.08(1.32) x 106 5.60(1.20) x 10~©

pivotal, up to nuisance parameters oy and o,.

In particular, if we choose f, = n/2 and [, = n, then k., = 2 and k,, = 1, so that

O’
Yy = 2k,
oy

This split is also attractive in finite samples. The first half of the sample is used to obtain

a stable parameter estimate, while the full sample is retained for residual autocorrelation

estimation, avoiding an unnecessary loss of information in the diagnostic step. Other choices

Of (fn,l

n) are possible but they may result in further efficiency loss, and hence power.

Accordingly, we estimate 5 by £ = 52 /01 Ix, where

. Y | E @) -

et (4.14)

n—1

G = ; 1_2 ) {L[ﬁ{n(>—x][Tle<>—x]dx}2.

i=n—Iln+2

Therefore, the sample-splitting-based test statistic is

Qi = lnpy, (53) P (4.15)



4.4 Practical Implementation

and we reject the null hypothesis of correct model specification if an > x%(1 — ), with

significance level 5 € (0, 1).

4.4

Practical Implementation

For the ATM(1) model, the proposed tests can be implemented as follows.

(i)

(i)

FEstimation. For the McLeod-type test, estimate o by @, in (3.3) using the full ob-
servations {7;}! ,; for the sample-splitting test, estimate a by ay, using the first f,

observations.

Construct residual maps. For the McLeod-type test, let ﬁ =T, ola,® Ti_l]_l; for the
sample-splitting test, compute ﬁ{" =T, olay, ®T;—1|"* for the last I, residuals.

Form the test statistic. For the McLeod-type test, compute p, (k) in (4.5), k =1,..., K,
and form @, in (4.8); for the sample-splitting test, compute p;, (k), k = 1,..., K, in
(4.12) and form Q; in (4.15).

Draw conclusion. Given a significance level 5 € (0, 1), compare either @,, or Ql‘i with

the critical value x% (1 — f3), and reject the ATM(1) specification when the statistic

exceeds this critical value.

Although we assume that the transport maps 7; are fully observed in the theoretical devel-

opment, they generally need to be estimated in practice. Following Zhu and Miiller (2023), if

each distribution ; is observed through raw samples X;1,..., X;n,, IV; > 0, we first estimate

its distribution function F; or quantile function ();. For empirical quantiles, sort the obser-

vations and compute @Z(uj) = Xi([Nyu;7) o0 a common grid 0 < uy < -+ < uy < 1, where

J is chosen sufficiently large, say J = 1000. Set @p(u]) =ntY " @i(uj), let Fp = @}1,

and estimate the transport map from the barycenter to u; by j\} = @\Z o F\F, equivalently



4.5 Scope of Extensions

ﬁ(@F(u])) = @Z(uj) on the grid. Values between adjacent grid points, as well as inverse
transport maps, are obtained by monotone interpolation. All integrals involved in parameter
estimation and test-statistic construction are approximated numerically on this common grid
using the classical Riemann rule.

The number of observations N; at each time point can affect the diagnostic analysis.
It controls the accuracy of the estimated quantile functions, and the empirical transport
maps; this error then propagates through the inverse-composition step used to construct the
residual maps. Indeed, Theorem 2 in Zhu and Miiller (2023) show that the convergence
rate of the model parameter is of order O,(r + n~'/2), where 7 = sup, Edl(ﬁ,Ti), is the
uniform estimation error of the transport maps. When N; is small, the empirical quantile
functions may be noisy, particularly near the tails. Letting N = min;<;<,, N;, then by the
discussions in Zhu and Miiller (2023), the approximation error ranges from 7 ~ N~'/4 to
7 ~ N~1/3_ Therefore, under sufficiently dense sampling, for example N >> n?, the transport-

—-1/2

map estimation error is asymptotically negligible relative to n~"/<. This justifies treating the

transport maps as fully observed, as assumed in the present paper.

4.5 Scope of Extensions

Following Zhu and Miiller (2023), a higher-order ATM(p) model is

T=T,olm T o -olo,®Tiy),  i=p+l....n, (4.16)

under suitable assumptions on 6 = (ay, ..., q,)".

Although the proposed testing framework for ATM(1) can be conceptually extended to

assess fitted ATM(p) models, the pivotal limiting distribution established for the sample-



4.5 Scope of Extensions

splitting test in the ATM(1) case does not carry over directly. In particular, for the ATM(1)
model, the fitted residual is ﬁ = Tiola, ®T;_1]7}, so its first-order expansion contains only
one estimation error, &, — ag. The sample-splitting statistic becomes nearly pivotal when
the effect of estimation cancels through condition (4.13).

However, the above argument does not extend directly to a general ATM(p) model.
Consider, for example, the ATM(2) model, for which the residual map becomes ﬁ =T o0
[Qon © Tj_o] ' o [Q1, ® T;_1] . Tts expansion around 7T}, contains separate terms involving
a1, — oq and Qp, — ae. Consequently, the scalar cancellation condition in (4.13), which
underlies the ATM(1) sample-splitting test, is replaced by a matrix-type condition.

The main difficulty is that, unlike in conventional ARMA models in Davis and Fernandes
(2025) or the ATM(1) model in Section 4.3, the first-order expansion of the ATM(2) estimator
does not involve a simple linear function of the lagged observations. Although its influence
function remains linear in the one-step prediction error, the corresponding loading involves
nested transport compositions and their derivatives, and therefore depends nonlinearly on
both T;_; and T;_». As a result, the estimation effect in the residual autocorrelations is no
longer automatically aligned with the influence function of the estimator. Section S.3 of the
Supplement provides the corresponding first-order expansion for estimators of the ATM(2)
model, and presents numerical evidence showing that the discrepancy from the required
matrix condition as (4.13) is generally non-negligible.

Therefore, we conjecture that extending the proposed tests to general ATM(p) models,
ARMA-type transport dynamics, or other object spaces will require new model specifications,
residual constructions, or even different geometric arguments. We leave these extensions for

future research.



5. Simulation Results

This section investigates the finite-sample performance of the proposed portmanteau tests.
All empirical rejection rates reported below are computed at the nominal 5% significance level.

Following Ghodrati and Panaretos (2024), the distortion maps are generated according to

in(Y
Te(z) =z + sin(¥'me) m>, (5.17)
Y|m
where Y is a random variable generated from a discrete uniform distribution over {45, £6,--- , +15}.

Here we focus on the trigonometric innovation maps, the results of the power and polynomial
innovation maps considered in Table 1 are similar, and hence relegated to Section S.4 of the
Supplement.

To evaluate the size performance under the ATM(1) null, we vary ag € {—0.4,—0.2,0.2,0.5},
sample sizes n € {100, 200, 500, 1000}, and lags K € {3,6,9}. Table 2 reports empirical rejec-
tion rates for the covariance-corrected statistic @, in (4.8) and the sample-splitting statistic

5 based on 1000 Monte Carlo repetitions at the nominal 5% level.

Table 2 shows that finite-sample size distortion is visible when n is small, especially for
larger lag orders. At n = 100, the sample-splitting statistic Q2 over-rejects more than @,, in
all configurations reported here. Its empirical size improves as n increases and is generally
closer to the nominal level than that of @), at n = 500, 1000.

We then examine the power performance by setting ATM(1)-based diagnostics under
ATM(2) alternatives in (4.16). We consider four parameter configurations, (o, as) = +(0.2,0.1)
and (aq,as) = +(0.5,0.2). The results are collected in Table 3. The rejection rates generally

increase with the sample size, especially for the sample-splitting statistic Q°. For a fixed



Table 2: Size performance under the ATM(1) null at the 5% nominal level based on 1000
Monte Carlo repetitions.

K Method a=0.2 a=0.5
n=100 n =200 n =500 n=1000 n =100 n =200 n =500 n = 1000
3 Qn 0.084 0.065 0.058 0.070 0.081 0.089 0.090 0.102
Qi 0.112 0.083 0.066 0.050 0.123 0.079 0.051 0.045
6 Qn 0.120 0.091 0.074 0.082 0.130 0.119 0.105 0.084
Qi 0.160 0.121 0.071 0.054 0.156 0.116 0.074 0.053
9 Qn 0.153 0.096 0.067 0.075 0.167 0.133 0.116 0.087
Q,% 0.183 0.127 0.080 0.058 0.181 0.128 0.078 0.059
K Method oa=-0.2 oa=-04
n=100 n =200 n =500 n=1000 n =100 n =200 n =500 n = 1000
3 Qn 0.097 0.117 0.107 0.100 0.066 0.072 0.080 0.079
Qﬁ 0.104 0.081 0.059 0.045 0.110 0.084 0.067 0.047
6 Qn 0.121 0.116 0.127 0.124 0.116 0.104 0.080 0.090
Qﬁ 0.162 0.113 0.065 0.054 0.162 0.111 0.074 0.056
9 Qn 0.144 0.111 0.136 0.146 0.157 0.122 0.097 0.089

Q3 0.184 0.123 0.078 0.064 0.178 0.123 0.084 0.061




sample size, smaller lag orders often give higher power than larger choices of K, suggesting
that including large lags could diminish the signal in finite samples.

Table 3: Power performance under ATM(2) alternatives at the 5% nominal level based on
1000 Monte Carlo repetitions.

K Method (041, 042) = (02,01) (Oél, 042) = (057 02)
n =100 n =200 n =500 n=1000 n =100 n =200 n =500 n = 1000
3 Qn 0.473 0.765 0.962 0.963 0.949 0.981 0.999 1.000
Q;?; 0.604 0.872 1.000 1.000 0.992 1.000 1.000 1.000
6 Qn 0.386 0.654 0.939 0.969 0.910 0.953 0.990 0.998
Q,‘f 0.499 0.793 1.000 1.000 0.978 1.000 1.000 1.000
9 Qn 0.367 0.584 0.899 0.949 0.889 0.950 0.981 0.995
Qg 0.452 0.703 0.997 1.000 0.957 1.000 1.000 1.000
K Method (a1, 2) = —(0.2,0.1) (a1, 2) = —(0.5,0.2)
n =100 n =200 n =500 n=1000 n =100 n =200 n =500 n = 1000
3 Qn 0.442 0.666 0.878 0.919 0.802 0.844 0.825 0.846
Qﬁ 0.521 0.817 0.997 1.000 0.992 1.000 1.000 1.000
6 Qn 0.349 0.570 0.853 0.904 0.808 0.861 0.832 0.825
Qs 0.431 0.713 0.987 1.000 0.977 1.000 1.000 1.000
9 Qn 0.324 0.503 0.848 0.902 0.825 0.892 0.849 0.825
Q;s; 0.407 0.647 0.976 1.000 0.952 0.999 1.000 1.000

Overall, we find that the split cancellation condition (4.13) in Table 1is strongly supported
for the ATM(1) model. In small and moderate samples, the McLeod-type statistic @,,, which
explicitly estimates the residual-ACF covariance matrix, can exhibit noticeable finite-sample
size distortion. The sample-splitting statistic Q7 avoids this covariance-matrix inversion and
shows improving size as n increases. The ATM(2) alternative experiments further suggest

that the tests exhibit non-trivial power against omitted higher-order transport dependence.



6. Illustrative Data Analysis

In this section, we analyze the distributional data of summer temperatures from three major
U.S. airports: Ted Stevens Anchorage International Airport (Alaska), San Francisco In-
ternational Airport (California), and John F. Kennedy International Airport (New York).
These locations represent distinct climate regimes—subarctic, cool-summer Mediterranean,
and humid subtropical—providing a diverse set of distributional dynamics for evaluating
the ATM model. This dataset has been analyzed in both Zhu and Miiller (2023) and
Ghodrati and Panaretos (2024). For reproducibility, we clarify that the raw daily min-
imum temperature records are obtained from the Global Historical Climatology Network
Daily through the NOAA Climate Data Online portal, and annual empirical distributions
are formed by pooling observations from June 1 to September 30 within each year; see
https://www.ncei.noaa.gov/cdo-web/search?datasetid=GHCND.

For each airport, the dataset contains annual distributions of daily minimum temper-
atures from June 1 to September 30 for the years 1960-2018; see Figure 1 for a visual
illustration. Thus, each airport series contains n = 59 annual distributions. We see that
all three distribution series tend to shift toward higher temperatures over time, with earlier-
year curves appearing mostly on the left and more recent curves progressively moving to the
right. This systematic “rightward shift” can be naturally captured and quantified through
the Wasserstein distance and the ATM modeling framework. Because the annual distribu-
tions exhibit a certain long-term shift and the sample size is modest, a deterministic trend
or other nonstationary component may induce residual dependence and therefore affect the
finite-sample performance of the portmanteau statistics. Nonetheless, the following analysis

can still be interpreted as an illustrative diagnostic exercise based on a stationary ATM(1)


https://www.ncei.noaa.gov/cdo-web/search?datasetid=GHCND

working approximation.
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Figure 1: Time series of distributions of daily minimum temperatures during summer (
June—-September ) for 1960-2018 at three U.S. airports: Ted Stevens Anchorage (Alaska),
San Francisco (California), and John F. Kennedy (New York). The color gradient of the
distribution curves encodes the temporal order, with lighter shades denoting earlier years.

Table 4 reports the fitted ATM(1) parameters and the diagnostic p-values obtained from
both the McLeod-type and sample-splitting tests. From the table, we see that all three
parameter estimates are positive, indicating positive first-order persistence in the transport-
map dynamics, with New York exhibiting the strongest persistence. The McLeod-type test
does not reject the ATM(1) specification for any of the three locations at the 5% significance
level. The sample-splitting test also provides only weak evidence against the model. For
Alaska, the sample-splitting p-values are 0.055, 0.045, and 0.122 for K = 3, 6,9, respectively.
The two tests therefore give different decisions only at K = 6, where the McLeod-type p-value
is 0.322. Although the sample-splitting test rejects at this lag, both tests fail to reject at
K = 3,9. With only n = 59 annual observations, we interpret the evidence against ATM(1)
as limited and sensitive to the test and lag choice. In contrast, the ATM(1) model is not
rejected for New York or San Francisco at any of the reported lag orders. Overall, given the
relatively short annual samples, the results suggest that the ATM(1) model provides a more

adequate fit for New York and San Francisco.



Table 4: Estimated ATM(1) contraction parameters using full samples, and p-values for the
McLeod type and sample-splitting portmanteau tests.

McLeod Type Sample-Splitting Type

Location a, K=3 K=6 K=9 K=3 K=6 K=9

Alaska 0.2008 0.143 0.322 0.540 0.055 0.045 0.122
New York 0.4426 0.737 0.817 0.960 0.375 0.707 0.915
San Francisco 0.3411 0.486 0.794 0.272 0.412 0.690 0.280

Additional prediction curves for 2018 and rolling Wasserstein distances for 2010-2018
are reported in Section S.5 of the Supplement. They give the same qualitative message as
the residual diagnostics: Alaska is the most difficult of the three series to capture with a

first-order ATM model, whereas New York and San Francisco are relatively closer to the

fitted ATM(1) specification.

7. Conclusion

In this paper, we propose two portmanteau diagnostic tests for assessing the adequacy of
fitted ATM(1) models. Both tests are based on residual ACF's of the fitted transport maps.
The first test is a McLeod-type statistic that corrects for the effect of parameter estimation
through the limiting covariance matrix, while the second uses sample splitting to obtain a
simpler chi-square calibration. For both procedures, we establish the corresponding limiting
distributions under the correctly specified ATM(1) model.

For empirical use, we suggest the sample-splitting test with f, = n/2 and [, = n when
condition (4.13) is a reasonable working assumption under moderate sample size. It avoids
estimating and inverting the full residual-ACF covariance matrix, and its empirical size im-
proves with sample size in our simulations. The McLeod-type test is an alternative when

one does not wish to rely on (4.13), provided that the covariance estimate can be reliably



computed.

Several directions remain open. First, it would be useful to incorporate an “intercept”
term, as in Ghodrati and Panaretos (2024), and develop the corresponding diagnostic the-
ory. Second, extending the tests to partially observed distributions or estimated transport
maps requires accounting for map-estimation error. Third, a natural direction is to develop
diagnostic tools for higher-order or higher-dimensional transport autoregressive models. Our
analysis suggests that the simple extension of the present ATM(1) sample-splitting argument
is not sufficient for such models. More general settings may therefore require new defini-
tions of residual autocorrelation, or even different model and geometric structures. Fourth,
given that neither test is uniformly preferable in small samples, developing bootstrap-based
tests with improved finite-sample performance is a useful direction for future research. Fi-
nally, portmanteau-type diagnostics for other non-Euclidean time series, such as covariance

matrices, networks, or other object-valued data, remain an interesting direction.
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