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Abstract: The estimation of causal effects based on the conditional average treatment effect (CATE) is

usually vulnerable to outliers. However, to the best of our knowledge, outlier-resistant inference for the

CATE has not been investigated in the literature. In this work, we propose an outlier-resistant estima-

tion method for the CATE by incorporating M-estimation into the inverse propensity weighting (IPW)

approach. The influence function and breakdown property are investigated to study the robustness

of our method. In addition, we derive the asymptotic properties of the proposed estimator for infer-

ence purposes. The finite sample performance of the proposed estimator is evaluated via Monte Carlo

experiments. The proposed method is compared with the IPW method and the augmented inverse

probability weighting (AIPW) method, which do not account for outliers, as well as with DR-learner

variants and machine-learning meta-learners, including the causal forest, X-learner, and R-learner.

Finally, the proposed method is applied to the NHANES dataset to estimate the average effects of

physical activity on albumin levels conditioned on age.

Key words and phrases: Conditional average treatment effect, Outlier-resistant estimators, Inverse

probability weighting, M-estimator, Kernel regression.
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1. Introduction

Treatment effects are widely employed across diverse fields such as healthcare, economics,

education, and social sciences to assess the impact of interventions, policies, or treatments on

outcomes of interest. Because we do not observe both potential outcomes for each individual

simultaneously, estimating the individual treatment effect is generally impossible (Holland,

1986), a fact known as the “fundamental problem of causal inference.” A reasonable approach

in the literature has been to estimate the average treatment effect (ATE) (Rosenbaum and

Rubin, 1983; Hirano et al., 2003), which provides a single estimate of the treatment’s impact

on an entire population, thereby offering valuable insights into the overall effectiveness of

the intervention.

With the growing interest in estimating and analyzing heterogeneous treatment effects in

both experimental and observational studies, researchers are increasingly focusing on the con-

ditional average treatment effect (CATE). Traditional methods include regression adjustment

(Rosenbaum and Rubin, 1983), propensity score matching (Rosenbaum and Rubin, 1983),

inverse probability weighting (IPW) (Hirano et al., 2003), and augmented inverse proba-

bility weighting (AIPW) (Glynn and Quinn, 2010; Kurz, 2022). Beyond these traditional

approaches, researchers have adopted a variety of methodologies, including meta-learners

such as the X-learner (Künzel et al., 2019), T-learner (Athey and Imbens, 2016; Yao et al.,

2018; Powers et al., 2018), R-learner (Nie and Wager, 2021), DR-learner (van der Laan,

2006; Lee et al., 2017), and S-learner (Dorie et al., 2019; Foster et al., 2011). These meth-

ods decompose CATE estimation into regression sub-problems, enabling the use of flexible

nonparametric and machine learning regression methods. Additionally, there are algorithms
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specifically designed for CATE estimation, such as causal forests (Athey et al., 2019) and

Bayesian additive regression trees (BART) (Hill, 2011; Chipman et al., 2010).

In practical applications, researchers may only be interested in the CATE of subpopula-

tions conditioned on a subset of all covariates. The definition of CATE has been extended

by Abrevaya et al. (2015) to address a more technically challenging situation where the

conditioning covariates X1 are continuous and form a strict subset of X. Since the un-

confoundedness assumption does not generally hold when conditioning solely on X1, it is

inadequate to simply apply, for example, the CATE estimator from Lee and Whang (2009)

using X1 in place of X. Instead, one must estimate CATE as a function of X and sub-

sequently average out the unwanted components of X not included in X1. However, this

distribution is typically unknown and must be estimated. Besides Abrevaya et al. (2015),

Lee et al. (2017) and Fan et al. (2022) also extended the doubly robust (DR) estimator

conditioning on a subset of all covariates while also allowing X1 = X. Further work in this

direction includes Luedtke and van der Laan (2016) and Luedtke and van der Laan (2017),

who developed inference strategies for the mean outcome under the optimal treatment strat-

egy based on the estimated CATE in epidemiologic settings, and VanderWeele et al. (2019),

who studied selection of optimal subgroups for treatment.

In real-world scenarios, treatment effect estimation often encounters data contaminated

by outliers—extreme points that significantly deviate from the majority of observations.

When outliers are present in the response variable, estimators based on the sample mean

tend to be heavily influenced by these outliers. While robust techniques for estimating ATE

have been studied (Firpo, 2007; Zhang et al., 2012; Harada and Fujisawa, 2021), there is a
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gap in the literature regarding outlier-resistant estimators for the CATE. Existing methods

such as those proposed by Abrevaya et al. (2015), Lee et al. (2017), and Fan et al. (2022)

exhibit limited outlier resistance due to their reliance on the L2 losses.

To mitigate the impact of outliers in the response variable, robust statistical methods,

such as M-estimators, are commonly employed. First introduced by Huber (1964) as an

outlier-resistant location estimator and later adapted for kernel regression by Härdle (1984),

M-estimators estimate parameters by minimizing a robust loss function rather than relying

solely on the mean or median. This approach reduces sensitivity to outliers while preserving

estimation efficiency.

Building on traditional robust methods, this paper extends the second step of the semi-

parametric method in Abrevaya et al. (2015) by replacing the Nadaraya-Watson (NW) es-

timator with a more general class of local M-estimators (Härdle, 1984). The use of M-

estimators allows us to relax the requirement of finite conditional moments of the potential

outcomes, as imposed in Abrevaya et al. (2015). Instead, we assume the existence of finite

conditional moments for a robust loss function of the potential outcomes—a condition typi-

cally satisfied for bounded robust loss functions, such as the Huber loss. This modification

ensures that asymptotic properties hold even in the presence of heavy-tailed distributions or

outlier contamination, provided the robust loss function is appropriately chosen.

To delineate our contribution relative to Abrevaya et al. (2015) explicitly, we inherit

from that work the IPW identification strategy, the partially conditional estimand τ(x1)

with a low-dimensional continuous conditioning covariate, and the reliance on a correctly

specified parametric propensity score model. What is new in this paper is the robustifica-

Statistica Sinica: Newly accepted Paper 



tion of the second-stage local estimation together with the accompanying inference theory:

(i) we replace the local least-squares smoother with a general class of local M-estimators and

characterize the resulting estimator’s influence function and finite-sample breakdown point;

(ii) we establish consistency and asymptotic normality under conditional moment condi-

tions on the robust loss that are weaker than the finite conditional moment requirements

in Abrevaya et al. (2015) and that accommodate heavy-tailed and contaminated outcome

distributions; and (iii) we develop a consistent variance estimator and pointwise confidence

intervals whose validity is retained under contamination. Our contribution is therefore an

extension of the IPW-CATE framework to outlier-contaminated data—incremental in its

identification strategy but new in its robustness and inference theory—rather than a new

identification approach.

We establish the robustness of our estimator by analyzing its influence function (IF) and

breakdown point. Additionally, we derive asymptotic properties and construct confidence

intervals using mean and variance estimators based on asymptotic distributions. To verify

our theoretical results, we conduct Monte Carlo simulations, evaluating the performance

of our estimators in terms of bias, variance, and mean squared error (MSE) under data

contamination. The validity of the asymptotic distribution and variance is further confirmed

through the constructed confidence intervals. Beyond the IPW and AIPW benchmarks,

our simulation studies also compare the proposed estimators with robustified DR-learner

variants and with machine-learning meta-learners (causal forest, X-learner, and R-learner).

These comparisons show that robustifying the DR pipeline reduces estimation error but fails

to deliver valid inference under contamination, that the forest-based meta-learners offer no
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protection against heavy tails and come without pointwise inference theory for the partially

conditional CATE, and that robustness should therefore be applied directly to the outcome

rather than to a derived pseudo-outcome.

Finally, we apply our robust CATE estimator to investigate the effect of vigorous work

activity on urinary albumin levels using data from the 2007–2008 National Health and Nu-

trition Examination Survey (NHANES). The robust method effectively accounts for outliers,

and our findings align with existing studies, indicating a protective effect of vigorous work

activity on albumin levels, particularly among individuals over 60. Moreover, the narrower

confidence intervals from the robust estimators provide stronger statistical evidence regard-

ing the impact of physical activity on albumin excretion.

The rest of the article is organized as follows. Section 2 introduces the outlier-resistant

CATE estimator and discusses its identification and estimation. The algorithm for our

proposed estimator is also presented in this section. In Section 3, we demonstrate the

outlier resistance of our estimator by examining its behavior from the perspectives of the

influence function and the breakdown point. Section 4 develops the asymptotic properties

of the proposed estimators. Section 5 and 6 present the simulation results and real data

application respectively. Section 7 concludes the paper.

2. Outlier-Resistant CATE Estimation

2.1 Definition of the Reduced Dimensional CATE

Under the potential outcome framework (Rubin, 1974; Neyman, 1923), let Y (1) and Y (0)

denote the potential outcomes with and without treatment, respectively. For each individual,
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2.2 Identification of CATE

the observed outcome Y is defined by

Y = TY (1) + (1− T )Y (0),

where T ∈ {0, 1} is an indicator variable of the treatment state, with T = 1 if an individual

receives treatment and T = 0 otherwise. Let X be a p-dimensional vector of covariates with

p ≥ 2. The observations are given by {(Ti, Yi, Xi), i = 1, 2, . . . , n} from the independent and

identically distributed joint distribution of the vector (T, Y,X). The reduced dimensional

conditional average treatment effect is defined as

τ(x1) = E(Y (1) − Y (0) | X1 = x1) = µ1(x1)− µ0(x1), (2.1)

where X1 is a fixed d-dimensional subvector of the covariates X, with d ≤ p, and µ1(x1) =

E(Y (1) | X1 = x1), µ0(x1) = E(Y (0) | X1 = x1) are the conditional means of the potential

outcomes given X1.

2.2 Identification of CATE

Since the potential outcomes in the treatment and control groups cannot be observed simul-

taneously, we identify our parameter of interest using the observed outcome Y in place of

the potential outcomes.

Following Abrevaya et al. (2015), we consider the situation where the unconfoundedness

assumption does not generally hold when conditioning on the low-dimensional covariates X1.

The identification of the estimand µ1(x1) and µ0(x1) is based on the common assumptions

(Rosenbaum and Rubin, 1983):

Assumption 1. (a) (Unconfoundedness) (Y (1), Y (0)) ⊥ T | X.
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2.2 Identification of CATE

(b) (Positivity) With π(x) = P (T = 1 | X = x) as the propensity score, we assume there

exists C > 0 such that P (C ≤ π(X) ≤ 1− C) = 1.

Based on Assumption 1, the IPW method proposed by Abrevaya et al. (2015) is based

on the following one-model estimating equation:

0 = E

[︃(︃
TY

π(X)
− (1− T )Y

1− π(X)
− τ(x1)

)︃ ⃓⃓⃓⃓
X1 = x1

]︃
,

and the estimator τ̂(x1) is found using its empirical form:

0 =
1

n

n∑︂
i=1

[︃
TiYi
π̂(Xi)

− (1− Ti)Yi
1− π̂(Xi)

− τ̂(x1)

]︃
K

(︃
Xi1 − x1

h

)︃
, (2.2)

where K(·) is a kernel function with bandwidth h and π̂(x) is the estimator of propensity

score.

When outliers are present in the response, a direct approach to incorporate (2.2) with

the M-estimator might involve truncating the residual

TiYi
π̂(Xi)

− (1− Ti)Yi
1− π̂(Xi)

− τ̂(x1)

with a robust function such as the Huber loss function.

However, this naive approach does not correctly target the contamination. To see why,

observe that the contamination occurs in the original response Yi: when Yi is an outlier

with value y0 → ∞, the IPW-reweighted outcome TiYi/π̂(Xi) for a treated observation

inflates to y0/π̂(Xi), which conflates the outlier magnitude with the inverse of the propensity

score. Truncating the combined IPW residual therefore over- or under-penalizes the outlier

depending on π̂(Xi), rather than cleanly downweighting the contaminated observation. To

see this formally, the influence function of an estimator based on truncating the IPW residual
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2.3 Algorithm for Robust CATE

directly would involve ψ(y0/π(X) − . . .), which is still unbounded in y0 for most ψ unless

π(X) is bounded away from zero. In contrast, the correct approach downweights the original

potential outcome residual (Yi − µ1(x1)) through ψ(Yi − µ1(x1)), which remains bounded

for bounded ψ regardless of π(Xi). To derive an outlier-resistant method based on the

idea of M-estimator, we need to truncate the direct difference of potential outcomes and

their mean functions, (Yi − µ1(x1)) when T = 1 or (Yi − µ0(x1)) when T = 0 and the

corresponding estimator τ̂(x1) can be calculated by τ̂(x1) = µ̂1(x1)− µ̂0(x1). In this study,

our demonstration will focus solely on µ1(x1), as µ0(x1) can be addressed in a similar manner.

Here we provide the identification of µ1(x1) based on Assumption 1. Under the uncon-

foundedness and positivity assumptions, it is easy to see

0 = E

[︃
T

π(X)
(Y − µ1(x1))

⃓⃓⃓⃓
X1 = x1

]︃
. (2.3)

With this, the solution µ̂1(x1) to its empirical form can be regarded as a local constant

estimator with additional weight Ti/π̂(Xi):

0 =
n∑︂

i=1

Ti
π̂(Xi)

(Yi − µ̂1(x1))K

(︃
Xi1 − x1

h

)︃
.

2.3 Algorithm for Robust CATE

To derive a robust estimator based on the estimating equation, we replace the term (Y −

µ1(x1)) with an anti-symmetric function ψ(Y − µ1(x1)) and modify the estimating equation

as follows:

0 = E

[︃
T

π(X)
ψ(Y − µ1(x1))

⃓⃓⃓⃓
X1 = x1

]︃
. (2.4)
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2.3 Algorithm for Robust CATE

However, to ensure that (2.4) holds, additional assumptions are required. The symmetry

assumption is widely used as a prerequisite for applying classical robust methods (Rousseeuw

et al., 1986), which tend to down weight or ignore extreme observations on both sides of the

mean.

Assumption 2. ψ(·) is antisymmetric, and the conditional density f(y(1) | x1) is symmetric

with respect to µ1(x1).

Remark 1. Assumption 2 requires that the conditional density of Y (1) given X1 = x1,

obtained by marginalizing over the remaining covariates Xc
2 = (X2, . . . , Xp), is symmetric

around µ1(x1). Crucially, this is a condition on the marginalized density f(y(1) | x1) =∫︁
f(y(1) | x)g(xc2 | x1) dxc2, not on the full conditional f(y(1) | x). Even if the full conditional

density is mildly asymmetric, integration over Xc
2 can restore approximate symmetry in

certain settings, particularly when Xc
2 is independent of X1 and the asymmetry averages

out. In practice, near-symmetry of the response distribution—as assessed, for example,

by inspecting residuals after removing the treatment group mean—is a sufficient empirical

guide. The Huber loss is relatively robust to mild violations of this symmetry, as illustrated

in our simulation results under the log-normal outlier setting.

Theorem 1. Under Assumptions 1 and 2, we have E
[︂

T
π(X)

ψ(Y − µ1(x1))
⃓⃓⃓
X1 = x1

]︂
= 0,

i.e., equation (2.4) is valid.

With Theorem 1, we propose to estimate µ̂1(x1) by solving the empirical form of the

estimating equation:

0 =
n∑︂

i=1

Ti
π̂(Xi)

ψ (Yi − µ̂1(x1))K

(︃
Xi1 − x1

h

)︃
. (2.5)
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2.3 Algorithm for Robust CATE

The solution to equation (2.5) can be viewed as a weighted M-estimator with weight

TiK((Xi1 − x1)/h)/π(Xi). Therefore, we can solve (2.5) using the iteratively reweighted

least squares (IRLS) algorithm (Holland and Welsch, 1977) with the following iterative pro-

cedure. With µ̂
(t)
1 (x1) from t-th step (t ≥ 0) we solve µ̂

(t+1)
1 (x1) from

0 =
n∑︂

i=1

Ti
π̂(Xi)

K
(︂Xi1 − x1

h

)︂
W (Yi − µ̂

(t)
1 (x1))(Yi − µ

(t+1)
1 (x1)),

where W (x) = ψ(x)/x for x ̸= 0 and W (x) = ψ′(x) for x = 0, i.e. a linear approximation of

ψ(x) for x close to 0.

Furthermore, the propensity score is typically unknown in observational studies. Similar

to Abrevaya et al. (2015), we assume a correctly specified parametric model for the propensity

score such as logistic regression model.

Remark 2. Assumption 3 below formalizes the requirement that the propensity score is

correctly specified. This is a substantively strong assumption: the validity of our estimator

depends on the parametric model for π(x) being correctly specified, and misspecification

of the propensity score model generally leads to inconsistency of µ̂1(x1). We note this in

contrast to doubly robust (DR) methods (Robins et al., 1994; Robins and Rotnitzky, 1995),

which remain consistent if either the propensity score or the outcome regression model is

correctly specified, but not necessarily both. In practice, the adequacy of the fitted propen-

sity model can be probed with standard diagnostics, such as checking covariate balance after

inverse-probability weighting and assessing the calibration of the fitted propensities against

empirical treatment frequencies (Cole and Hernán, 2008). An outlier-resistant extension

that incorporates a doubly robust augmentation term into the estimating equation (2.4) is

a natural avenue for future work that would relax this requirement.

Statistica Sinica: Newly accepted Paper 



3. Robustness Analysis

In this section, we demonstrate the outlier resistance property of the proposed estimator by

examining its behavior from the perspectives of the influence function and the breakdown

point.

3.1 Influence Function

Introduced by Hampel (1974), the influence function (IF) of an estimator provides an approx-

imation of how the estimator behaves when the sample contains a small fraction ϵ of identical

outliers. Following Harada and Fujisawa (2021), we demonstrate the outlier-resistant prop-

erty of our proposed estimator µ̂1(x1) from the viewpoint of the influence function.

Let θ[F ] denote the parameter of interest θ viewed as a functional of the distribution

F—that is, θ is uniquely determined by F and does not otherwise depend on the data except

through F . The influence function of an estimator θ̂ at distribution F is defined as:

IFθ̂(x0,F ) = lim
ε→0

θ̂[(1− ε)F + εδx0 ]− θ[F ]

ε
=

∂

∂ϵ

{︂
θ̂[(1− ϵ)F + ϵδx0 ]

}︂ ⃓⃓⃓⃓
ϵ=0

,

where δx denotes the Dirac delta function for point mass at x.

Back to our problem, we denote g̃ as the contaminated density function of Y | (X =

x, T = 1) given by g̃(y|x) = (1 − ϵ)g(y|x) + ϵδy0 where g(y|x) denotes the uncontaminated

density function of Y | (X = x, T = 1). Under the contaminated distribution g̃(y|x), denote

µϵ(x1) as the solution to our estimating equation:

0 = Eg̃

[︃
T

π(X)
ψ(Y − µϵ(x1))

⃓⃓⃓⃓
X1 = x1

]︃
= Eg̃

[︃
ψ(Y (1) − µϵ(x1))

⃓⃓⃓⃓
X1 = x1

]︃
.
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3.2 Breakdown Properties

Taking the partial derivative with respect to ϵ for the above equation,

0 =− Eg

[︁
ψ(Y (1) − µϵ(x1))

⃓⃓
X1 = x1

]︁
− (1− ϵ)

∂µϵ(x1)

∂ϵ
Eg

[︁
ψ′(Y (1) − µϵ(x1))

⃓⃓
X1 = x1

]︁
+ ψ(y(1) − µϵ(x1))δy0g(t|x)g(x|x1) dy(1) dt dxc1

− ϵ
∂µ̂ϵ

∂ϵ

∫︂∫︂∫︂
ψ′(y(1) − µ1(x1))δy0g(y

(1)|t, x)g(t|x)g(x|x1) dy(1) dt dxc1,

here we use xc1 to denote the other components in x except x1. As ϵ → 0, the first and last

terms vanish, and ∂µϵ(x1)/∂ϵ corresponds to the influence function. Taking the limit ϵ→ 0,

we obtain:

0 = −IF(y0,g̃)Eg

[︁
ψ′(y(1) − µϵ(x1)) | X1 = x1

]︁
+ ψ(y0 − µϵ(x1)).

Therefore,

IF(y0,g̃) =
{︁
Eg

[︁
ψ′(y(1) − µϵ(x1)) | X1 = x1

]︁}︁−1
ψ(y0 − µϵ(x1)).

When y0 → ∞, the value of the influence function is bounded if ψ(·) is bounded (e.g., Tukey’s

biweight, where ψ(u) → 0 as |u| → ∞, is an example of a re-descending loss function) or

approaches 0 for certain re-descending loss functions. These properties are advantageous for

outlier resistance.

3.2 Breakdown Properties

In this subsection, we’re going to discuss the breakdown point of a location estimator with

an estimating equation of the form:

0 =
n∑︂

i=1

ψ(Yi − µ1(x1))Wi(x1),
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3.2 Breakdown Properties

where the weights are defined as Wi(x1) = TiK((Xi1 − x1)/h)/π(Xi).

To imitating the contamination of a sample, there are two approaches: replacement

contamination and addition contamination (Donoho and Huber, 1983). In this study, we

adopt the replacement contamination approach to define the finite sample breakdown point.

Specifically, we consider a sample of size n and randomly replace m of the observations with

corrupted ones. We denote SYn as the set of the outcomes in noncontaminated observations

and SYc as the set of the outcomes of contaminated observations. Then the estimating

equation can thus be rewritten as:

0 =
∑︂

Yi∈SYn

ψ(Yi − µ1(x1))Wi(x1) +
∑︂

Yi∈SYc

ψ(Yi − µ1(x1))Wi(x1).

Since the weights are notably related to x1, a fixed global breakdown point cannot

be determined. Following the existing study in Giloni and Simonoff (2005), we define the

breakdown point of our estimator in a local and conditional manner:

ε(x1|X,T ) = min
0≤m∗<n/2

{︄
m∗

n

⃓⃓⃓⃓
sup

Yi∈SYc

|µ̂1(SYn ∪ SYc)− µ̂1(Y )| = ∞

}︄
,

where the supremum is taken over all the choices of SYc by replacing m∗ = |SYc | of the n

original Y with arbitrary new data.

To study the breakdown property, Li and Zhang (1998) categorized the general class of

loss functions ρ into three different types: Bρ, Uρ, and Cρ. Since our ψ function can be

regarded as the derivative of a differentiable ρ function, we can follow the categories in Li

and Zhang (1998) and study the breakdown property of our estimator µ̂1(x1) in the following

conditions.

Condition 1: (Bρ) ρ(x) attains its minimum −1 at x = 0; ρ is non-increasing for x < 0

and non-decreasing for x > 0. Furthermore, ρ(x) → 0 as |x| → ∞.
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3.2 Breakdown Properties

Condition 2: (Uρ) ρ(x) attains its minimum 0 at x = 0; ρ(x) is symmetric about 0;

ρ(x) is non-decreasing for x > 0 and lim|x|→∞ ρ(x) = ∞; ψ(x) = ρ′(x) is continuous in R1,

and there exists x0 ≥ 0 such that ψ is non-decreasing in (0, x0] and non-increasing in (x0,∞).

Condition 3: (Cρ) ρ(x) is convex, ψ(x) := ρ′(x) exists everywhere and ψ(−∞) < 0 <

ψ(+∞).

The three conditions outlined above include many commonly used loss functions, such as

L2 loss, L1 loss, Huber loss (Huber, 1973), and Tukey’s biweighted loss (Beaton and Tukey,

1974).

Under Condition 1, the derivative of the loss function approaches 0 as x goes to infinity,

and the loss function remains bounded. All bounded redescending M-estimators, such as

the M-estimator based on Tukey’s biweighted loss, can be rescaled to satisfy this condition.

Condition 2 encompasses symmetric unbounded redescending M-estimators. Specifically, it

includes M-estimators where the derivative of the loss function is bounded and bounded away

from zero, while the loss function itself is unbounded. This class of M-estimators includes

those based on the Huber loss, the L1 loss, and other loss functions that tend to infinity at a

slower rate than the Huber and L1 losses. Finally, Condition 3 includes the Huber loss, the

L1 loss, and other loss functions that diverge more rapidly than the Huber and L1 losses.

Based on these conditions, we have the following theorem:

Theorem 2. Denote Wn =
∑︁

Yi∈SYn
Wi(x1), Wc =

∑︁
Yi∈SYc

Wi(x1), Wn/c = Wn/Wc and

A = −ΣYi∈SYn
ρ(Yi − µ1(x1))Wi(x1)

/︁
ΣYi∈SYn

Wi(x1). We have

(1) Under (Bρ), µ̂1(x1) will be unbounded if Wn/c < (1 − A)/A and will be finite when

Wn/c > (1− A)/A.
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3.2 Breakdown Properties

(2) Under (Uρ), µ̂1(x1) will be bounded if Wn/c > 1 and will be unbounded if Wn/c < 1.

(3) Under (Cρ), assume that ψ(−∞) = k1 and ψ(+∞) = k2. µ̂1(x1) will be bounded if

Wn/c ≥ max {k1/k2, k2/k1}, and will be unbounded if Wn/c < max {k1/k2, k2/k1}.

Theorem 2 indicates that the breakdown properties of the estimator are closely related

to the ratioWn/c =
∑︁

Yi∈SYn
Wi(x1)/

∑︁
Yi∈SYc

Wi(x1). For each case, the estimator will break

down when this ratio falls below a certain threshold or be finite when this ratio falls over a

certain threshold. This shows that the breakdown point is closely related to the minimum

number m of the greatest weights chosen into the SYc group that satisfies the breakdown

condition corresponding to its loss function, that is:

ε(x1|X,T ) = min
0≤m∗<n

2

{︄
m∗

n

⃓⃓⃓⃓
sup
SYc

Wn/c < C

}︄
,

where C is a constant specified in Theorem 2.

A concrete worked illustration of the breakdown point under a Gaussian kernel, showing

that breakdown occurs roughly when the number of contaminated observations exceeds half

the effective local sample size, is provided in Section S12 of the supplementary material.

In real-world applications, even though contaminated observations are randomly chosen,

it is reasonable to consider the worst-case scenario where the observations with the highest

weights are contaminated. When some of the Wi(x1)’s are significantly larger than others,

a few contaminated observations might be sufficient to cause the estimator to break down.

Given the expression of Wi(x1) = TiK((Xi1 − x1)/h)/π(Xi)’s, to mitigate breakdown issues,

we can consider either increasing the bandwidth h in the kernel function or truncating ob-

servations with extreme estimated propensity scores (Robins et al., 2007; Cole and Hernán,
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2008). Note that increasing h beyond the asymptotically optimal rate (Assumption 8) re-

duces estimation efficiency by increasing bias; this is a practical trade-off rather than a

recommendation for inference.

4. Asymptotic Properties of the Robust Estimator

In this section, we develop the asymptotic theory for our proposed estimator. We begin by

establishing the asymptotic properties of µ̂1(x1) and then extend our results to derive the

asymptotic properties of τ̂(x1). Additionally, we provide the necessary variance estimator

for constructing a point-wise confidence interval.

For simplicity, we assume that the propensity score converges at a rate fast enough for

its estimation error to be dominated by the error of the parameter of interest as n → ∞.

Assumption 3 is a substantively strong parametric assumption: it requires not only that a

parametric model for π(x) is adopted, but also that this model is correctly specified. As

noted in Remark 2, doubly robust methods (Robins et al., 1994) can circumvent this by

allowing misspecification of either the propensity score or the outcome model. Assumption

3 typically holds for standard parametric estimation methods, such as logistic regression or

maximum likelihood with a probit model, under reasonably mild regularity conditions.

Assumption 3. The propensity score is correctly specified and estimated by parametric

method with supx∈Rp |π̂(x)− π(x)| = Op(1/
√
n).

With the estimated propensity score, our asymptotic theorems are established under the

following underlying assumptions:

Assumption 4. ψ(x) is monotone, bounded and having two continuous bounded derivatives
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with ψ′(0) > 0.

Assumption 5. The conditional probability density function f(y(1)|x1) has bounded partial

derivative on x1 ∈ Rd. The density g(x1) ofX1 is positive on Rd and s ≥ 2 times continuously

differentiable.

Remark 3. Assumption 5 requires the marginal density g(x1) of the conditioning covariate

X1 to be s ≥ 2 times continuously differentiable. This regularity condition on g is standard

in local kernel regression (Härdle, 1984) and is needed for the uniform convergence of the

kernel density estimator of g and for the Taylor expansion in the bias analysis. In practice,

this is a mild condition satisfied whenever the distribution of X1 is absolutely continuous

and has a smooth density, as is typical for continuous covariates such as age or BMI.

Assumption 6. For j = 0, 1, supx1∈Rd E[ψ(Y (j) − µj(x1))
2|X1 = x1] < ∞ and mj(x1) =

E[ψ(Y (j) − µj(x1))|X1 = x1] is s ≥ 2 times continuously differentiable.

Assumption 7. K(u) is a kernel of order s, symmetric around 0 with bounded support.

Assumption 8. The bandwidths h satisfy the conditions: nh2s+d → 0 and nhd → ∞ as

n→ ∞.

Remark 4. Here d denotes the dimension of the conditioning covariate X1, not the full

covariate vector X. Since X1 is chosen to be low-dimensional (e.g., d = 1 for conditioning

on age in our application), the bias condition nh2s+d → 0 is much easier to satisfy than it

would be if d were the full covariate dimension p. For example, with d = 1 and a kernel

of order s = 2, the condition reduces to nh5 → 0, which permits h ∼ n−1/5−δ for small
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4.1 Consistency

δ > 0. Higher-order kernels (larger s) further relax the smoothness requirements at the cost

of allowing negative kernel values.

For convenience, we apply the notation and results from Härdle (1984). Let δn(·) denote

the delta function sequence (DFS), which satisfies (D1)
∫︁
|δn(u)|du < ∞, for all n; (D2)∫︁

δn(u)du = 1; (D3) δn(u) → 0, uniformly on |u| > η, η > 0 as n→ ∞; (D4)
∫︁
|u|>η

δn(u)du→

0, for each η > 0 as n → ∞. Our choice of kernel δ(u) = K (u/h) /hd can be regarded as

DFS.

4.1 Consistency

Based on the definition of DFS, the estimating equation can be written as:

h(x1, µ1) :=
1

n

n∑︂
i=1

ψ(Yi − µ1(x1))
Ti

π̂(Xi)
δn(x1 −Xi1) = 0.

Lemma 1. Given Assumptions (1-8), we have h(x1, µ1)
P−→ H(x1, µ1) where

H(x1, µ1) = E

[︃
ψ(Yi − µ1(x1))

Ti
π(Xi)

⃓⃓⃓⃓
Xi1 = x1

]︃
g(x1).

Building on Lemma 1 about the consistency of the estimating equation, we can establish

the consistency of µ̂1(x1).

Theorem 3. Suppose ψ(·) is strictly increasing, and there exists a constant c such that

H(x1, s) > 0 for s > c and H(x1, s) < 0 for s < c. Then, under the assumptions in Lemma

1, µ̂1(x1)
P−→ µ1(x1).

Remark 5. For continuous but non-monotone ψ functions, such as Tukey’s loss, we have

multiple solutions to h(x1, µ1) = 0. We choose the one which is closest to the estimator
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4.2 Asymptotic Normality

µ̂1(x1) from some monotone ψ functions as our estimator µ̃1(x1), i.e., µ̃1(x1) = arg infµ1{|µ1−

µ̂1(x1)| : h(x1, µ1) = 0}. The consistency of µ̃1(x1) can also be established following Härdle

(1984).

4.2 Asymptotic Normality

To formulate the asymptotic normality, let us define:

Zn(x1) =
C1(x1) {µ̂1(x1)− µ1(x1)−Bn(x1)/[C1(x1)g(x1)]}

[(nhd)−1∥K∥22σ2(x1)g−1(x1)]
1/2

,

where σ2(x1) = E [ψ2(Y − µ1(x1))T/π
2(X) | X1 = x1], C1(x1) = E(ψ′(Y −µ1(x1))|X1 = x1),

Bn(x1) = E(h(x1, µ1(x1))|X1 = x1) and ∥K∥22 =
∫︁
K2(u)du.

Theorem 4. Suppose the conditions in Theorem 3 hold, we have Zn(x1)
D−→ N(0, 1) if the

following conditions are further satisfied:

(1) γn =
∫︁
|δ(u)|2+ηdu <∞ for some η > 0,

(2) γn = o(nη/2h−d(1+η/2)) as n→ ∞.

To eliminate the bias term from the limiting distribution, we must ensure that

Bn(x1)
/︂√︁

n−1αn(2)σ2(x1)g(x1) → 0

as n → ∞, which means we need Bn(x1) = o((αn(2)/n)
1/2). Since K is a kernel of order s,

we have
∫︁
utK(u)du = 0 for t ∈ {1, 2, ..., s}. By Taylor expansion, we have:

Bn(x1) = E

[︃
ψ(Y (1) − µ1(x1))

⃓⃓⃓⃓
X1 = x1

]︃
g(x1) +O(hs).

The first term can be interpreted as the bias due to the application of function ψ which

equals 0 by the unbiasedness of the estimating equation as we proved in Theorem 1, we have

Bn(x1) = O(hs).
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4.3 Asymptotic properties of τ̂(x1)

We only need O(hs) = o
(︂
1/
√
nhd
)︂
, which is equivalent to nh2s+d → 0, which coincides

with Assumption 8. Under these conditions, the bias term can be dropped, and a confidence

interval can be provided accordingly.

Theorem 5. When the conditions of Theorem 4 hold, we have

Z∗
n(x1) :=

√
nhdC1(x1) (µ̂1(x1)− µ1(x1))

[∥K∥22σ2(x1)g−1(x1)]
1/2

D−→ N(0, 1).

4.3 Asymptotic properties of τ̂(x1)

We can similarly extend the asymptotic properties to µ̂0(x1), assuming that the same kernel

and bandwidth are used for both µ1(x1) and µ0(x1). Due to the covariance between µ̂0(x1)

and µ̂1(x1), we have the asymptotic normality for τ̂(x1) as following√︁
nhdg(x1)

∥K∥2στ (x1)
(τ̂(x1)− τ(x1))

D−→ N(0, 1),

where

σ2
τ (x1) = E

[︄(︃
H∗1(x1)

D1(x1)
− H∗0(x1)

D0(x1)

)︃2 ⃓⃓⃓⃓
Xi1 = x1

]︄
,

with

D0(x1) = E
[︁
(1− Ti)(1− π(Xi))

−1ψ′(Yi − µ0(x1)) | Xi1 = x1
]︁
,

D1(x1) = E
[︁
Tiπ

−1(Xi)ψ
′(Yi − µ1(x1)) | Xi1 = x1

]︁
,

H∗0(x1) = ψ(Yi − µ0(x1))(1− Ti)/(1− π(Xi)) and H
∗1(x1) = ψ(Yi − µ1(x1))Ti/π(Xi).
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4.4 The Variance Estimator and Confidence Interval

4.4 The Variance Estimator and Confidence Interval

Based on the asymptotic distribution, we can get the standard error by

SE(τ̂(x1)) =
∥K∥2σ̂τ (x1)√︁
nhdĝ(x1)

,

where we used local kernel estimation for both of σ2
τ (x1) and density function g(x1) of X1.

In particular,

σ̂2
τ (x1) =

n∑︂
i=1

K

(︃
Xi1 − x1

h1

)︃(︄
ψ̂1
i (x1)

D̂1(x1)
− ψ̂0

i (x1)

D̂0(x1)

)︄2/︃ n∑︂
i=1

K

(︃
Xi1 − x1

h1

)︃
,

where ψ̂1
i (x1) = ψ(Yi − µ̂1(x1))Ti/π̂(Xi) and ψ̂0

i (x1) = ψ(Yi − µ̂0(x1))(1 − Ti)/(1 − π̂(Xi)),

are plug-in quantities. And we again use local kernel estimation for D0(x1) and D
1(x1) as

follows,

D̂1(x1) =
n∑︂

i=1

Ti
π̂(Xi)

ψ′(Yi − µ̂1(x1))K

(︃
Xi1 − x1

h2

)︃/︃ n∑︂
i=1

K

(︃
Xi1 − x1

h2

)︃
,

D̂0(x1) =
n∑︂

i=1

1− Ti
1− π̂(Xi)

ψ′(Yi − µ̂0(x1))K

(︃
Xi1 − x1

h3

)︃/︃ n∑︂
i=1

K

(︃
Xi1 − x1

h3

)︃
.

The bandwidths h1, h2, and h3 are specific to the kernel regressions in the estimation un-

known quantities involved in the variance of robust CATE estimator and must be chosen

independently in practice to balance bias and variance trade-offs effectively. With the above

standard error of the proposed point estimator τ̂(x1), we are able to conduct inference for

the heterogeneous treatment effect via the Wald-type confidence interval.

Practical guidance on selecting h1, h2, and h3 is provided in Section S12 of the sup-

plementary material. In our simulations and application, we set h1 = h2 = h3 = h and

find adequate coverage; a sensitivity analysis varying these bandwidths separately showed

minimal impact on the coverage probabilities.
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5. Simulation Studies

In this section, we assess the finite sample performance of the proposed estimators using

Monte Carlo simulations. The results are compared with the existing non-robust IPW-based

methods (Abrevaya et al., 2015; Lee et al., 2017). In addition, Section 5.3 summarises com-

parisons of the proposed estimators with three DR-learner variants and with three machine-

learning meta-learners (causal forest, X-learner, and R-learner); the full comparison studies

are provided in the supplementary material. Furthermore, the validity and accuracy of the

asymptotic normality are demonstrated with detailed outputs provided in the supplementary

material.

5.1 Data Generating Process

In this simulation study, the observations are generated based on a simple causal framework.

The covariates (X1, X2, X3, X4) are independently sampled from a uniform distribution over

the interval [−0.5, 0.5]. The treatment indicator T follows a Bernoulli distribution with a

success probability given by Λ((X1+X2+X3+X4)/2), where Λ denotes the logistic function.

The responses are generated according to Y = µ(1)T + µ(0)(1− T ) + (1− λ)ϵ1 + λϵ2, where

µ(1) = 10+5X1+sin(10X1)−X2+3 tanh(0.5X3), µ
(0) = 0 and the outlier indicator λ is gen-

erated from Bernoulli distribution with probability of outliers p ∈ {0, 0.1, 0.2, 0.3, 0.4, 0.45}.

We generate the non-contaminated error distribution term by ϵ1∼N(0, 0.252), and the con-

taminated error distribution by ϵ2 with the following 4 different settings:

(a) Symmetric light-tail: N(0, 10);

(b) Symmetric heavy-tail: Cauchy(0, 0.5);
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5.2 Simulation Results

(c) Asymmetric mean 0: log N(0, 1)− exp(1/2);

(d) Asymmetric mean ̸= 0: Dirac delta function at point 20.

The first two settings are used to assess the finite sample performance of our estimator under

the assumption of symmetric error distributions. And the remaining two asymmetric settings

are employed to evaluate the robustness of our estimators in scenarios where the assumption

of symmetry is not met.

5.2 Simulation Results

We estimate the CATE using our proposed estimator with three types of loss functions: L2,

Huber, and Tukey’s loss functions. The L2 loss function represents an example of an un-

bounded loss function, Huber’s loss function illustrates a bounded loss function, and Tukey’s

loss function serves as an example of a redescending loss function. Bandwidths for our pro-

posed estimators are selected via cross-validation.

To verify the pointwise asymptotic properties, we estimate the CATE at five fixed points,

x1 ∈ {−0.4,−0.2, 0, 0.2, 0.4}, for sample sizes n ∈ {500, 5000}. Across 1,000 repetitions,

we report the simulation bias, variance, mean squared error (MSE), mean of the estimated

variances, and the coverage probabilities of the 90% and 95% confidence intervals constructed

using the estimated variances. The detailed numerical results for all four outlier distributions

and both sample sizes are provided in the supplementary material.

To compare with existing methods, we estimate the CATE using the IPW Abrevaya

et al. (2015) and AIPW Lee et al. (2017) approaches in addition to our proposed meth-

ods. Following the recommendations in the references, bandwidths for IPW and AIPW are
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5.2 Simulation Results

selected via the plug-in method proposed by Ruppert et al. (1995). CATE estimates are

computed at 100 equally spaced points between −0.5 and 0.5, with 1,000 repetitions. The

mean integrated squared error (MISE), mean confidence interval width, and mean coverage

probabilities of the resulting confidence intervals are summarized in Figure 1.

From the simulation results, we observe the following:

1) Comparing n = 500 and n = 5000, we find that a larger sample size results in

reduced bias, variance, and MSE, and improves the probability of achieving coverage rates

closer to 95% and 90%. This indicates that the estimator approaches its theoretical normal

distribution as the sample size increases.

2) Under symmetric contamination (Normal and Cauchy), all three proposed estimators

achieve comparable MISE when no outliers are present. As the outlier ratio increases, the

Huber and Tukey estimators substantially outperform the L2 estimator in MISE, with the

advantage most pronounced under Cauchy contamination where L2 MISE grows roughly

70-fold while Huber and Tukey remain nearly flat. All three proposed estimators main-

tain coverage rates close to or above the nominal 95% level across all contamination levels,

confirming both the asymptotic normality of the estimators and the accuracy of the vari-

ance estimator. The IPW benchmark achieves lower coverage (around 80–88%) at n = 500,

consistent with its known finite-sample bias; this improves substantially at n = 5000. The

AIPW benchmark achieves coverage around 92–94% at n = 500, reflecting the efficiency gain

from the doubly-robust augmentation.

3) Compared to the existing IPW and AIPW methods, our proposed estimators achieve

finite-sample performance similar to the AIPW method and outperform the IPW method
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5.2 Simulation Results
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Figure 1: Comparison of MISE, width of confidence intervals, and coverage probability

between the proposed method with L2, Huber, and Tukey’s loss functions, as well as IPW

and AIPW methods, across varying error distributions and outlier ratios.

in non-contaminated cases. We note that theoretically, IPW-based estimators are known

to not achieve the semiparametric efficiency bound, while AIPW achieves it (Robins et al.,

1994; Robins and Rotnitzky, 1995). The observed finite-sample comparability between our

robust estimators and AIPW under our specific DGP should therefore be understood as a

simulation-specific phenomenon, not as a theoretical equivalence. In the presence of sym-
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5.2 Simulation Results

metric outliers, the robust loss function-based methods consistently outperform the existing

non-robust estimators including AIPW, demonstrating that the robustness gain from M-

estimation more than compensates for the efficiency loss relative to AIPW in contaminated

settings.

4) In asymmetric cases, the performance of our proposed estimators degrades as expected

due to violation of the symmetry assumption, but the pattern differs markedly between the

two settings. Under log-normal contamination, where the outlier distribution is asymmetric

but the outliers are positively skewed with relatively moderate leverage, Huber achieves the

best MISE among all estimators (roughly one-fifth of the L2 MISE at 45% contamination)

and maintains coverage between 94% and 97%, near or slightly above the nominal 95%.

Tukey’s coverage declines gradually from around 93% to 87% as the outlier ratio increases

to 45%, while L2 maintains nominal coverage but suffers a roughly 29-fold MISE increase.

Under Dirac Delta contamination—a point mass at 20, far from the data bulk and severely

violating symmetry—the picture reverses: L2 maintains coverage between 92% and 94% at

all contamination levels because the shifted mean is consistently estimated and the variance

estimator captures the resulting variability. In contrast, Huber and Tukey attempt to down-

weight these extreme but systematic outliers, inducing a bias that is not reflected in the

estimated variance; coverage for Huber collapses from 94% to 19% and for Tukey from 93%

to below 1% as the outlier ratio increases from 0 to 45%. These results confirm that the

Huber and Tukey estimators are suited to symmetric or mildly asymmetric contamination,

while severely asymmetric, non-centered contamination can cause coverage breakdown for

M-estimators.
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5.3 Comparisons with DR-Learner Variants and Meta-Learners

5.3 Comparisons with DR-Learner Variants and Meta-Learners

To further contextualise the proposed methods, we compare them with three variants of the

DR-learner (Kennedy, 2023), which represents a natural class of doubly-robust competitors,

and with three state-of-the-art machine-learning meta-learners: the causal forest (Athey

et al., 2019), the X-learner (Künzel et al., 2019), and the R-learner (Nie and Wager, 2021).

The complete comparison studies and implementation details are provided in Sections S9–

S11 of the supplementary material; here we summarise the main findings.

The three DR-learner variants share the same logistic-regression propensity score but

progressively robustify the pipeline: the standard DR-learner smooths the AIPW pseudo-

outcome by Nadaraya–Watson kernel regression, the Robust DR-learner replaces this

smoother with Huber IRLS kernel regression, and the Fully Robust DR-learner addition-

ally replaces the least-squares outcome regressions with Huber M-estimation. Robustifying

the DR pipeline reduces MISE substantially, but it fails to deliver valid inference under

contamination: the pseudo-outcome channels contamination from two sources—biased out-

come regressions and amplification by the inverse propensity weights—neither of which is

remedied by downstream M-estimation, with coverage dropping to 64–76% under Cauchy

contamination. In contrast, the proposed estimators apply robustness directly to the out-

come Y before any propensity amplification occurs, and maintain near-nominal coverage

(93–96%) with nearly flat MISE across all contamination levels.

The forest-based meta-learners, whose predictions we marginalize to the partially con-

ditional CATE τ(x1) by kernel smoothing on X1, are competitive in the absence of contam-

ination and degrade gracefully under finite-variance contamination, but they break down
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under heavy-tailed Cauchy contamination, with MISE exceeding even the non-robust L2 es-

timator while the proposed Huber and Tukey estimators remain essentially flat. Under the

Dirac delta contamination, the point mass enters both treatment arms additively and largely

cancels in the treatment-effect contrast, so the meta-learners degrade gracefully while the

Huber and Tukey estimators break down at high contamination, consistent with the findings

of Section 5.2. Moreover, to the best of our knowledge, no valid pointwise inference theory

is available for the marginalized CATE obtained from these pipelines. Overall, the proposed

estimators are the only methods in the comparison that combine low MISE under symmetric

contamination with theoretically justified inference.

6. Application to NHANES Data

The application involves data from the 2007-2008 National Health and Nutrition Examina-

tion Survey (NHANES), a publicly available dataset provided by the United States Centers

for Disease Control and Prevention (CDC). The goal is to estimate the effect of physical

activity on albumin level changes with age, while controlling for other confounders.

Albumin levels are obtained from laboratory data, measured in milligrams of albumin

per gram of creatinine (mg/g). Given the right-skewed nature of the data and the lack

of observations close to 0 (unlike Robinson et al. (2010)), we apply a log transformation

to the response variable Y . Despite the transformation, the scatter plot indicates that the

error distribution remains slightly asymmetric, with some observations deviating significantly

from the majority as shown in Figure 2. This motivates the use of our robust method for

this dataset. Our simulation results suggest that our proposed method performs well under
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slightly skewed and low contamination conditions.
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Figure 2: Scatter plot of albumin levels (first row) and log-transformed albumin level (second

row) conditioned on age, separated by whether the individual engages in vigorous work

activities.

The treatment indicator is derived from the physical activity questionnaire (prefix PAQ),

specifically using vigorous work activity as the treatment indicator T . We select observations

with T = 1 and T = 0 for our estimation and exclude other values.

The covariates X include age, ratio of family income to poverty (from 0 to 5), gender,

race, education level, BMI, diabetes, history of kidney disease, and blood pressure. These

variables are commonly used as confounders or in experimental designs (Chang et al., 2013;

Lang et al., 2018). We assume unconfoundedness given this set of covariates and use age as
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the conditioned covariate.

After merging the dataset and removing observations with missing values, the final

sample size is n = 5021, with 982 observations in the treatment group and 4039 in the

control group.

Elevated urinary albumin excretion is a predictor of future cardiovascular disease, hy-

pertension, and chronic kidney disease (Robinson et al., 2010; Comper and Osicka, 2005;

Solbu et al., 2008; Miller et al., 2009). Physical activity is often negatively associated with

albuminuria, indicating potential protective effects on cardiovascular and renal health (Kuo

et al., 2022). In diabetic populations, physical activity is linked to lower albumin excretion,

and interventions have shown promise in reducing albuminuria (Hambrecht et al., 1998, 2000;

Leon et al., 1987).

However, findings in non-diabetic individuals are mixed. Some studies have found a

significant association between physical activity and reduced albumin excretion (Robinson

et al., 2010), while others have reported no such association (Chang et al., 2013). These

inconsistencies highlight the need to explore the heterogeneity of the effect across different

subpopulations, a topic that has not been extensively studied in the literature. These mixed

findings underscore the importance of investigating how physical activity impacts albumin-

uria across various subpopulations.

As shown in Figure 3, compared to the IPW and DR methods, the overall trend and

value of our CATE estimators are similar to the doubly robust estimator. The estimated

functions are in general all lower than 0, which is consistent with the existing results (Kuo

et al., 2022; Hambrecht et al., 1998, 2000; Leon et al., 1987). However, the widths of the
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Figure 3: CATE of the effect of vigorous work activity on the log-transformed urinary

albumin levels, conditioned on age, along with the 95% confidence intervals.

confidence interval of our estimator with robust loss functions (Huber’s and Tukey’s) are

smaller and hence we’re able to conclude that with age over 60, we’re 95% confident that

Vigorous work activities decrease the logarithm of albumin level. Furthermore, with the

redescending loss function the Tukey’s biweighted loss, the estimated functions are close to

0 before age 45 without an obvious increasing trend. While in the Huber loss and other

nonrobust methods, the estimated functions are negative with an increasing trend before 40

years old, which is not supported by existing studies.
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7. Conclusions and Future Directions

In this paper, we propose an outlier-resistant IPW method for estimating the CATE where a

relatively high-dimensional vector of covariates is required to identify the average treatment

effect, but the covariates of primary interest are of much lower dimension.

Our proposed estimators are shown to be consistent and asymptotically normal, demon-

strating strong finite sample performance, which ensures valid inference and prediction.

When no contamination is present, our method performs similarly to IPW and DR estima-

tors in finite samples, though it sacrifices some efficiency relative to the AIPW estimator,

which is known to achieve the semiparametric efficiency bound (Robins et al., 1994). This

efficiency trade-off is the price of robustness. In the presence of symmetric or mildly asym-

metric contamination, our method outperforms both the IPW and DR methods in accuracy

while retaining near-nominal coverage; for severely asymmetric, non-centered contamination,

the L2 variant of our estimator remains the reliable choice, as discussed in Section 5. We

establish the asymptotic properties of our estimators and present a pointwise confidence in-

terval, illustrating their utility through Monte Carlo experiments and an application to the

age modified effects of physical activity on albumin levels.

Several directions for future research are evident. First, exploring the impact of asymmet-

ric density functions could provide additional insights. Second, model misspecification issues

may arise since our approach relies on a parametric method to estimate the propensity score.

A promising extension is to develop a doubly robust robust estimator that incorporates a ro-

bust M-estimating equation augmented with an outcome regression term, analogous to how

AIPW augments IPW. Such an estimator would be consistent even if the propensity score
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or outcome regression is misspecified, and could potentially achieve the semiparametric effi-

ciency bound while maintaining outlier resistance. Third, developing a fully nonparametric

method could potentially improve efficiency, as indicated by previous work (Abrevaya et al.,

2015; Hirano et al., 2003). Fourth, extending the framework to right-censored outcomes and

to settings with unmeasured confounding is of practical interest; non-robust CATE learn-

ers already exist for these settings, such as causal survival forests (Cui et al., 2023) for

right-censored outcomes, and instrumental forests (Athey et al., 2019) and the P-learner of

proximal causal inference (Sverdrup and Cui, 2023) under unmeasured confounding. For

right-censoring, inverse-probability-of-censoring weights (Robins and Finkelstein, 2000) can

be incorporated into the estimating equation (2.5), preserving the M-estimation structure,

although the interaction between censoring and the symmetry condition in Assumption 2,

as well as the amplification of contamination by small censoring weights, requires new ro-

bustness analysis. For unmeasured confounding, robust analogues of proximal (Miao et al.,

2018) or instrumental (Angrist et al., 1996) moment equations raise identification questions

beyond the scope of this paper. Finally, given the high-dimensional nature of covariates X,

incorporating techniques such as variable selection or dimension reduction could enhance the

method’s performance.

Supplementary Materials

Technical proofs, detailed simulation results, and the full DR-learner and machine-learning

meta-learner comparison studies summarised in Section 5.3, together with their implemen-

tation details, are provided in the supplementary material.
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