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A General Approach to Maximum Likelihood Estimation

of Semiparametric Models with Massive Sample Sizes

Jiangiao Wang!, Donglin Zeng? and Dan-Yu Lin?

YUniversity of North Carolina at Chapel Hill, ? University of Michigan

Abstract: We propose a computationally efficient approach to performing maximum likelihood esti-
mation of semiparametric models with big data containing potentially millions of observations. We
calculate an initial estimator for the vector of finite-dimensional parameters of primary interest using
a small fraction of the data and improve its efficiency by one-step estimation with semiparametric
efficient score functions on the remaining data. We estimate the efficient scores by the numerical dif-
ferences of the profile log-likelihood function, eliminating the need for an analytic form of these scores,
which is often unavailable for semiparametric problems. We show that the resulting estimator is con-
sistent and asymptotically normal with a covariance matrix that attains the semiparametric efficiency
bound. Because the majority of its computing time is spent in calculating the initial estimator using a
small subset of data, the proposed approach substantially reduces computational burden compared to
the standard method of performing maximum likelihood estimation on the entire dataset. We evalu-
ate the performance of the proposed methods through extensive simulation studies on fitting the Cox
proportional hazards model to an interval-censored failure time and the partially linear model to a
continuous outcome. Finally, we apply the proposed methods to interval-censored data from the UK

Biobank.

Key words and phrases: Cox model, Efficient score, Interval-censored data, One-step estimation, Par-

tially linear model, Profile likelihood.



1. Introduction

Semiparametric models, which are characterized by finite-dimensional parameters of primary
interest and possibly infinite-dimensional nuisance parameters, are widely used in scientific
studies. An important example is the |Cox] (1972) proportional hazards model, which includes
a vector of regression parameters to quantify the effects of covariates on a possibly censored
failure time and an arbitrary, infinite-dimensional baseline hazard function. A second exam-
ple is the partially linear model, which uses a vector of regression parameters to capture the
linear effects of some covariates on a continuous outcome and nonparametric functions for
the nonlinear effects of other covariates. Thus far, semiparametric models have been mostly
applied to small-scale studies.

Recent years have witnessed a proliferation of large-scale data systems, such as the UK
Biobank (Bycroft et al. 2018]), the Million Veteran Program (Gaziano et al., 2016), and
the China Kadoorie Biobank (Chen et al., 2011). These databases, which involve hundreds
of thousands to millions of participants, have significantly advanced our understanding of
human health (Bi et al., 2020; Dey et al., 2022). However, the immense size of such data
presents enormous computational challenges in fitting semiparametric models, as the number
of parameters associated with the infinite-dimensional component increases with the sample
size.

One approach to tackling these computational challenges is to randomly divide the en-
tire dataset into several subsets, analyze each subset separately, and combine the resulting
estimators. This so-called divide-and-conquer approach has been suggested for paramet-
ric models (Zhang et al., |2013; [Neiswanger et al., 2014; Schifano et al., 2016; Lee et al.

2017)) and some semiparametric problems such as the partially linear model for a continuous



response variable (Zhao et al., 2016 and the Cox proportional hazards model for a right-
censored failure time (Wang et al., 2021, |2022), but it has not been investigated for general
semiparametric models. The divide-and-conquer approach is computationally efficient un-
der the distributed computing architecture but requires separate estimation of the nuisance
parameter for each subset of data, which may reduce statistical efficiency or cause numerical
instability.

In this paper, we propose a computationally efficient approach for fitting general semi-
parametric models to big data. Specifically, we divide the entire dataset into two subsets,
with the first subset being much smaller than the second. We perform maximum profile
likelihood estimation (Murphy and van der Vaart, 2000) on the first subset of data and then
update the initial estimator by using one-step estimation with semiparametric efficient scores
on the remaining data. These scores are estimated by the derivatives or numerical differences
of the profile log-likelihood function, so the approach applies to a wide variety of semipara-
metric problems, even when an analytical expression of the score function is not available.The
proposed approach requires only a small fraction of the computation time that is required
to maximize the likelihood over the entire dataset. Using modern empirical process theory
(van der Vaart and Wellner, [1996)), we show that the proposed estimator is consistent and

asymptotically normal with a covariance matrix that attains the semiparametric efficiency

bound.



2. Methods

2.1 Maximum profile likelihood estimation

We consider a random sample of n observations Oy, ..., O, with distribution Pg, ,,, where
{Py,;0 € © C RP,n) € F} is a family of statistical models parameterized by (8,7), 0 is a
p-vector of parameters of primary interest in the space ©, n is a possibly infinite-dimensional
nuisance parameter in the space F, and 6y and 1y are the true values of @ and 7. The
standard method for estimating @ is to maximize the likelihood with the entire dataset.
Let 1(O;0,n) denote the log-likelihood function of a single observation O. The profile log-

likelihood function with (Oy, ..., O0,,) is defined as

n

where F,, is a sequence of approximation spaces to F. The maximizer of pl,, (), denoted by
én, is the maximum likelihood estimator of 6.

Under appropriate regularity conditions, n'/ 2(§n —0y) converges in distribution to a zero-
mean normal random vector with covariance matrix I, ', where I, is the efficient information
matrix for @ (Murphy and van der Vaart, 2000). The limiting covariance matrix of 6, can
be consistently estimated by f; 1 where I, is the negative second-order derivative of pl, ()
at §n If the derivative does not have an analytical expression, we approximate the (7, k)th

element of IAn by

 Pla(8,) = pla(B + he;) = pla(Br + huer) + plu(Bn + hue; + huey)
h2 ’

where e; is the jth canonical vector in R?, and h,, is a constant of order n='/2,

For some semiparametric models with certain data structures, such as the partially linear

model for a continuous response and the Cox proportional hazards model for a right-censored
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failure time, there are explicit expressions for the profile likelihood. For most semiparametric
problems, however, the structure of the data or the nature of the underlying distribution does
not allow the derivation of an explicit expression for the profile likelihood. The absence of an
explicit formula makes it computationally challenging to estimate 8 and conduct statistical

inference. This challenge is significantly amplified with big data.

2.2 One-step efficient score estimator

To motivate our approach, we first consider parametric models, under which 7 is
finite-dimensional and [(O;0,n) is a smooth function. We let je(O; 0,n), Zn(O; 0,n),
Zbg(O;G,ﬁ),ibn(O;O,n) and 2;7,7(0;0,7]) denote the first- and second-order derivatives of
1(0;0,n).

We divide the entire dataset into two subsets, indexed by J; and [J,, with m and n —m
observations in J; and Js, respectively.

Let IP,, and IP,, denote the empirical distributions of the observations in J; and in the en-
tire dataset, respectively. In addition, let £ denote the expectation under the true underlying
measure. Finally, we use the operator notation for the expectation, such that Pf = [ fdP
for every measurable function f and a probability measure P.

We maximize the likelihood with the data in J;. Let 6, and Nm denote the resulting
estimators for @ and 7, respectively. By the standard maximum likelihood estimation theory,

the covariance matrix of §m can be consistently estimated by INgll, where

~ . ~ . ~ . -1 .
Im = _umZGG(Omv 7’://m) + m]P)mZBn(emy 7’://m) {]P)mlm](erm ﬁm)} ]P)mlnﬂ(ema ﬁm)a

provided that —Pml.,m(ém, M) and INm are positive definite. We incorporate the data from the

second block through one-step estimation (van der Vaart|, 1998, pages 71-75) to improve the
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efficiency of gm. The consistency of 7, is sufficient to establish that the one-step estimator
is asymptotically efficient.
The efficient score function for 6 (Bickel et al., |1993] pages 28-30) based on a single

observation O is

10(0;0,1m0) = 10(0;0,10) ~ Eloy(8,0) { Elyy(80,10) | 1(0:8,m0).

We obtain an empirical counterpart TO(O; 0, 1,,) by replacing 1o, F lbn(Oo, M) and £ [,m(Oo, M0)
in 15(0; 0, n9) with 7,,, PmZ;gn(gm, Nm) and sz;m(gmy Tm), respectively. In addition, let 79 =
arg max, IP,,,[(0,7) for any fixed 6, and let ﬁgm denote the first-order derivative of 79 with

respect to 8. We have
10(0: 61, Tin) = 1605 01,75, ) + 1, 11 (03 61, T, )- (2.1)
This result can be verified by noting that %m solves the equation
Polon (O, 15, + g, Punlyn (O, 75 ) = 0,
which can be derived by differentiating the equation Pmin(O, ng) = 0 with respect to 6 at
§m_ Of note, the right side of is the total derivative of [(O;8,79) with respect to 0 at

0,.. The one-step estimator for 6 is given by

§f = §m + (nfm/m> - Z Z)(Oi; gm,ﬁm)
1€J2

In the special case where no nuisance parameter is present, lNo(Ol-; 5m, Mm) and Tm become
Z@(OZ’; gm) and —mIP’mibg(gm), and this estimator reduces to the one-step estimator proposed
by [Jordan et al.| (2019).

We provide a brief explanation on the efficiency of é\f as n'2/m — 0. Clearly,

]P’mlNo(gm, Nm) = 0. By the Taylor series expansion,

(L, /m)n"/*(8; — )
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:nl/QPnlO(e(Ja 770)
+ /2 [fm/m + Poloo (O, i)
.o~ I T SEE N P
_]P)mlen(ema nm) {Pmlﬂﬂ(ema nm)} ]P)nlne(emu 77m>:| (em - 00)
o~ o~ -1
—pl/? [Pmlgn(em, Tm) {Pmlnn(Gm, ﬁm)}
. . -1 .
—FElg, (60, m0) {Elrm(eo,ﬁo)} } P,,1,(80,m0)

+ n1/2 |:Pnl0n<0_ma ﬁm)

—]P)mian(gma ﬁm) {Pmlnn<0ma ﬁm)}_l ]Pnz‘?m(éma ﬁm>1 (ﬁm W 770)a (2'2)

where (8,,,7,) is on the line segment between (6,,,7,) and (6y,70). By the standard
maximum likelihood estimation theory, |6 — 6ol + [[7m — o]l = Op(m="/2), where || - ||
denotes the Euclidean norm. By the central limit theorem, the last three terms on the right
side of are Op(n'/2/m)~+op(1). The efficiency of 8 then follows from Slutsky’s theorem
as n'/2/m — 0.

The condition that |7, — no|| = Op(m~1/2) is often violated in the semiparametric set-
ting. As long as the last three terms on the right side of are op(1), however, the
asymptotic efficiency of the one-step estimator as n — oo is guaranteed. In the semipara-
metric setting, the efficient score function for 8 often lacks an explicit formula, which makes
the computation of the one-step estimator intractable. In addition, the Taylor series expan-
sion for the Euclidean parameters and the central limit theorem cannot be used when 7 is
infinite-dimensional, which makes it challenging to establish the semiparametric efficiency of
the one-step estimator.

Motivated by (2.1]), we approximate the semiparametric efficient score function for 6 by

the total derivative of [(O;8,7g) with respect to 6, where 7y = argmax, . P,,l(0,7) for
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any fixed 6. The final estimator for 0 is given by
~ o~ ~ ~1 ~
9,=0, + <nIm/m> 3" Del(O4; 0,775, ), (2.3)
€72
where fm is the information matrix for the first subset of data, and Dgl(O;8,7e) denotes
the total derivative of I(O; 8,7g) with respect to 8. When Dyl(O; gm, ?]gm) does not have an
explicit expression, we approximate it by the numerical difference Dg g, ((O; 5m,77§m). One

possible choice is the symmetric difference quotient,

De,dnl(o; §m7 ﬁém) - (25n)71 {Z(O, gm + 5716]’7 ﬁ§m+5nej) - l(O, gm - 5nej7 ﬁémgnej)}j_l » .
(2.4)

We show in Section 3 that 6 7 has the same asymptotic distribution as (9\” Thus, we estimate

the covariance matrix of §f by mfnjl /n.

Remark 1. The classic one-step estimator, as studied by [Bickel et al. (1993)) and van der
Vaart| (1998)), requires the initial estimator to be within an O, (n~'/2) neighborhood of 6, and
relies on the consistent estimation of efficient scores, which often lack explicit expressions
for semiparametric problems. By contrast, our proposed one-step estimator only requires
16, — 6o]| to be O,(m~'/?) and does not require the analytic formula of the semiparametric

efficient scores.

Remark 2. The efficient score function used in our approach shares some spirit with the
decorrelated score developed by Ning and Liul (2017)), and the use of a small initial block
to achieve computational efficiency is conceptually related to the communication-efficient
surrogate likelihood framework proposed by [Jordan et al| (2019). However, Ning and Liu
(2017) assumed a finite-dimensional nuisance parameter and did not address the computa-

tional bottlenecks associated with massive sample sizes. Furthermore, the work of |Jordan
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et al. (2019) is strictly restricted to parametric models. In contrast, our approach directly ad-
dresses the theoretical and computational challenges of fitting general semiparametric models
with infinite-dimensional components to massive datasets. Additionally, Chernozhukov et al.
(2018) developed a double/debiased machine learning framework for debiasing parameters
via explicit Neyman-orthogonal scores and K-fold cross-fitting. Their framework requires
estimating the nuisance parameter K separate times, each time utilizing a training set of
n(K —1)/K observations. This repeated, large-scale estimation is computationally expensive
for massive datasets. More importantly, it relies on explicit analytical expressions for the
score function, which are unavailable for complex semiparametric models, such as the Cox
proportional hazards model with interval-censored data and the random-effects proportional
intensity model with recurrent events. By contrast, our approach estimates the nuisance pa-
rameter only once on a small initial block and completely circumvents the need for explicit

expressions of semiparametric efficient scores.

Remark 3. Note that the summation in the one-step estimator (2.3)) is taken over only
the second block rather than the entire dataset. Because gm and 7)g ~are the maximum
likelihood estimators for the first block, the summation of the efficient score functions over

the first block is zero.

2.3 Examples

In this subsection, we present three examples to show how the proposed approach can be

applied to various semiparametric problems.

Example (Partially linear model). The partially linear model assumes that the outcome Y,



2.3 Examples 10

p-dimensional covariates X, and a one-dimensional covariate Z follow the relationship
Y=0"X+g(Z)+e,

where 0 is a p-vector of unknown regression parameters, g(-) is an unknown smooth func-
tion, and € is a random error with E(e | X,Z) = 0 and E(e* | X,Z) = ¢* X, Z). For
simplicity, we assume that € is zero-mean normal with an unknown constant variance o and
is independent of X and Z. The log-likelihood for a single observation O = (Y, X, Z) takes
the form

_ 1
1(0;6,g,0%) = — (207) ! {Y —0°X — g(2))° — > log 0%

In this case, the nuisance parameters consist of g(-) and 0.

We adopt the method of sieves (Geman and Hwang, |1982; Shen and Wong), 1994) to
estimate the unknown function g. Specifically, we consider a polynomial splines sieve space
and approximate g(Z) by w™p(Z), where p(Z) = {p1(Z), ..., Prik,,(Z)}" denotes the basis
of the space of polynomial splines of order r with k,, knots, and w = (w1, ..., wy,)" is a
vector of unknown parameters. We replace g(Z) with w™p(Z) in the log-likelihood function
with J; to obtain

In(0,w,0%) = —(20°) 7' > " {Y; — 0" X, — w'p(Z)}* — (m/2)log .
i€

It can be shown that for a fixed 6, the function w,o? +— [,(0,w,0c?)
is maximal for @ = {X,;p(Z)p(Z)"} T, p(Z)(Y: — 0°X,) and G5 =
my e, {Yi— 0" X, — &3p(Z;)}> . The profile log-likelihood for @ then takes the form

m T ~T 2 m
plm(0) = ) log ; {Yi - 0"X; —wgp(Z)}" | + E(ngm -1).
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It can be further shown that the sieve maximum likelihood estimator for 0 is

gm = Z X; X — {Z Xip(Zi)T} {ZP(Zi)p(Zi)T} {ZP(ZJXZT}

1€ €1 €1 1€J1

X Z ;X — {Z Xip(Zi)T} {ZP(Zi)P(Zi)T} {Z Yip(Zi)}

1€ €1 t€J1 1€J1

By taking the derivatives of the profile log-likelihood, we conclude that the covariance

matrix of 6, can be estimated by I!, where

T =537 [Sie XX~ {Sier Xp(Z)"} S P22 (S (20 X7

Next, we derive the expression of the proposed estimator for 8. Write go(-) = wyp()
and gy(-) = &;p() By differentiating 1(O; 6, g, 03) with respect to € at 6,, and noting

that Ezm = 0, we have
Dol(0;6,,.35,. 5%, ) = 75 {Y X - ggm(Z)} {X + §§m(Z)} .

This mirrors the efficient score function for @, which takes the form ly(O;8, gy, 02) =
0, {Y — 0" X — go(Z2){X — BE(X | Z)} (Bickel et al), 1993, pages 110-111), where
o2 and go(-) are the true values of o2 and g(-), respectively.  Clearly, ctgm =
—{> s p(ZZ-)p(Zi)T}_1 > ieq P(Zi) X, and §5m(Z) is the sieve least-squares estimator
of —E(X | Z). Thus, Dgl(O;gm,'gvgm,'&%m) is an empirical counterpart of Iy(O; 8, gy, 03),
with 8, go(Z), —E(X | Z), and o2 replaced by 8., 95, (%), :c.igm(Z), and 5(%m, respectively.
The proposed estimator is then given by

6,6, + (nfm/m>_1 S @) V-G x -, (20 X+, (2)}

1€J2

Example (Cox proportional hazards model with right-censored data). The Cox (1972) pro-

portional hazards model specifies that the hazard function of a failure time 7" conditional on



2.3 Examples 12

a p-vector of potentially time-dependent covariates Z takes the form
At Z) = A\t)e? 20,

where 0 is a p-vector of unknown regression parameters, and A(¢) is an arbitrary baseline
hazard function. When T is subject to right censoring by C, we observe O = (Y, A, Z),
where Y = min(7,C), A = I(T < C), and I(-) is the indicator function. It is assumed that

C is independent of T' conditional on Z. The log-likelihood for a single observation is
Y T
1(0;0,\) = A{8TZ(Y) +1log \(Y)} —/ e® ZOAN(t),
0

where A(t) = f(f A(s)ds, which is an infinite-dimensional nuisance parameter.
By treating A(-) as piecewise constant between uncensored failure times

(Kalbfleisch and Prentice, 2002), elementary calculus shows that for a fixed 6, the

function A >, ; 1(O;; 0, A) is maximal for

1(Y;
z‘ezjl Z]GJl I(

The profile log-likelihood for @ then equals to the partial likelihood for 8 (Cox| 1975), and

A

Ae(t) - Y) 0TZ(Y;)"

<
>

cE

0,, is the maximum partial likelihood estimator based on 7.

By differentiating 1(O; 0, Ka) with respect to 6 at 5m, we have
Del(0;0,,,A; ) = / Z(t) — E(t)dM(t),
0

where E(t) = zje A IV > P20 Z(t)) S I(Y; > )% 2O and M(t) = AI(Y <
fo (Y >s) (t)d/N\gm (). This is an empirical counterpart of the efficient score function

for 8, which takes the form

1(0:6.00) = [ 2(6) - B{Z(1) | ¥ = (1)
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where M (t) = AI(Y <t)— fot I(Y > 5)e? ZOdAy(t) and Ag(-) is the true value of A(-). The
proposed estimator then becomes the Cox-OSES estimator (Wang et al., [2024), which will

not be considered further.

Example (Cox proportional hazards model with interval-censored data). We now consider
the model of the previous example but with general interval-censored data instead of right-
censored data. When T is known only to lie in a time interval induced by a sequence of
monitoring times U; < --- < Uk, we observe O = (L, R, Z), where L = max{U, : Uy <
T)k=0,---K}and R=min{U, : U, > T,k =1,--- | K + 1}, with Uy = 0 and Uk 1 = 0.
Of note, L = 0 indicates that T is left-censored, and R = oo indicates that T is right-
censored. The monitoring times and K are assumed to be independent of 7" conditional on

Z. The log-likelihood for a single observation is

1(0;0,A) = log lexp {— /UL eeTZ(t)dA(t)} — exp {— /OR eeTZ(t)dA(t)H .

We adopt the nonparametric maximum likelihood approach to estimate @ and A. Un-
like the Cox model with right-censored data, Ag = argmax, > icq, 1030, A) does not
have an analytical form. The expectation-maximization (EM) algorithm (Zeng et al., |2016))
provides a stable method to estimate Ap and maximize the likelihood. Let Pl (0) =
> icq 1O 0, Kg), and let 6,, denote the nonparametric maximum likelihood estimator of
6 based on 7;. The covariance matrix of 8,,, is estimated by fn_ll, where the (7, k)th element
of fm is

Pl (01) — Dl (01, + hine;) — Dl (6, + hiner) + plin (0, + hie; + hiney)
h2, ’

or

mP,, [h;f {l(ém hesRg o) — 1O, Kgm)} {l(em + e, A, o) = U0, Kam)H :
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and h,, is a constant of order m /2.

To calculate the proposed estimator, we approximate Dgl(O); 8, K@) by a numerical dif-

2 and compute A (-) and

ference. Specifically, we choose a constant 9, of order n~ B tine,

A () (j=1,...,p) by the EM algorithm. We then calculate [(O; 6, +d,e;, A

Om—dne; G toney)

and [(O; 0,, — one;j, _/N\g s.o.), and we approximate Dgl(O; §m, /NX(;m) by

m—O0n€j

DG,(Snl(O; 57717 Ké;n) = (2571)_1 {l(07 gm + 5nej7 A§7n+(5n€j) - l<0’ gm - 5nej’ Kgm_énej)}jzl D \

The proposed estimator can then be calculated by 1) upon replacing Dgl(O;am,Kgm)

with Dg,gnl(o; §m7 Kgm).

Example (Proportional hazards or intensity model with random effects for dependent fail-
ure times). To encompass various multivariate or dependent failure times, we consider the
counting processes N (-)(i = 1,...,n;k = 1...,K;j = 1,...,n4), where i pertains to a
subject or cluster, k£ to the type of event and j to individuals within a cluster (Zeng and
Lin, 2007). The specific choices of K = ngy = 1, ng = 1, and K = 1 correspond to recurrent

events, multiple types of events, and clustered failure times, respectively. We specify that

the cumulative hazard or intensity function for N

i+ (t) conditional on covariates Z;;(t) takes

the form

Ax(t | Zixj; bi) = /Ot Rjy;(5) exp{07 Zix; () + bf Ziy(s) }dAw(s),
where Rfkj() is the indicator process, 6 is a p-vector of unknown regression parameters, Zz-kj
is a subset of Z;;; plus the unit component, b;(i = 1,...,n) are independent d-dimensional
random vectors with multivariate density function f(b;~) indexed by a set of parameters ~,
and Agx(-)(k = 1,..., K) are arbitrary increasing functions (Zeng and Lin| [2007). Let Tj;
denote the failure time. For survival data, R} ;(t) = I(Tix; > t), where I(-) is the indicator

function; and for recurrent events, Rj;(-) = 1.
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We denote Cjy; the censoring time, which is assumed to be independent of Nj;(-) and
b; conditional on Z;;;(-) and be non-informative about 6, v, and Ay(k =1,..., K). The ob-
served data consist of { Nix;(t), Ri;(t), Zix;j(t);t € [0, 7]}, where Ni;(t) = Ny {min(, Cix;) },
Ri;(t) = I(Cix; > t)Rjy;(t), and 7 is the duration of the study. The log-likelihood for 6, -,

and Ag(k =1,..., K) with a single cluster or subject i is

Z(O27 0,’)’,/\1, e 7AK)

_lOg/Hli[H[ ik (D) Ak (t) exp{0T Zy;(t) + b" sz]( )}]dNikj(t)
{ Ri;(t) exp{0" Z;;(t) + b* Z ij( ) Fd A (2 )} (b;~)db,

where \i(t) = AL(t)(k = 1,...,K) and O; = [{Ni;(t), Rirj(t), Zirj(t)};t € [0, 7],k =
1,..., K, 7=1,...,nu%l

We adopt the nonparametric maximum likelihood approach for inference. Since the
estimates g, Kl’g, . ,K i.0 lack closed-form expressions, we utilize the EM algorithm (Zeng
and Lin, 2007) to maximize the likelihood. The subsequent steps for variance estimation
and the construction of the proposed estimator follow the same approach as in the interval-

censored example. Specifically, we approximate Dgl(O;; 5mﬁ§m,/\1 IR ,K K §m) by the

symmetric difference quotient with perturbation ¢, and obtain the final estimator via ({2.3)).

3. Asymptotic Properties and Time Complexities

3.1 Asymptotic properties

We assume that F is a linear normed space with norm || - || and that for any f € F,
there exists f, € F, such that ||f, — f|lr = 0 as n — oo. Let H be a normed space

with norm || - ||3. We say that a map ® : F — H is Fréchet-differentiable at n € F
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with respect to norm || - || if there exists a bounded linear map @[] : F + H such that
1@ (n + h) — @(n) — @[h]]l3/|1hll = = 0 as [|Al|= = 0.

We impose the following regularity conditions:

Condition 1. There exists a neighborhood V' of (6g,70) such that 8 — [(O;0,n) is
thrice differentiable and n +— [(O;0,n) is thrice Fréchet-differentiable. We denote the
first- and second-order derivatives by ig(O;O,?]), in(O;B,n)[~}, Zgg(O;H,n), ibn(O;H,n)[-]

and 1,,(0;0,n)[-, ).

Condition 2. The least favorable direction hq, defined as the function h € F that minimizes

E||lg(O; 80,m0) — 1,,(O; 89, m0)[h]||?, exists and is unique.

Condition 3. There exists a neighborhood of 8y such that @ — 7 is thrice differentiable,
and the derivatives are bounded in the neighborhood of 8y. In addition, there exist positive

numbers «, 5,y with o > 1/4,a« + > 1/2 and ho € F such that as 8 —p 0o,
176 — m0llz = Op(|0 — 6ol]) + Op(m™),

779 — holl 7 = Op(]|0 — 6y||) + Op(m™?),
and
|m =L, — Iolla = Op(m™),

where 77, denotes the first-order derivative of 7jg, and | - || is the Ly(Pg,y,) norm.

Condition 4. The function ly(O; 5m>ﬁ§m> +1,(0; gm,ﬁg,m)[ﬁgm] belongs to some Donsker
class with square-integrable envelope functions, and for any fixed h € F, 2;7,7(0; 0o, 7o, [7790, h)

and Zgn(O; 0o, 7e,) 1] belong to some Glivenko-Cantelli classes with an envelope function

bounded in L; (P, 4, )-
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Condition 5. The size of the first block satisfies that n/m" — 0 as n,m — oo, where

r=min(2,4a, 1+ 2a, 1 + 48, 2a + 25,1 + 27).
Condition 6. The numerical difference Dg 4,1(O;0,179) satisfies
PnDB,énl<5m, ﬁgm) = ]P)anl(gm, ﬁé‘m) + OP(nfl/Q)

and

P,,Dg 5,1(0,n, e, ) = ]Pmpeg(ém,%m) +op(n~1/?).

Remark 4. Condition [l| requires the smoothness of the density function. Condition
ensures the existence and uniqueness of the least favorable direction. Condition |3| specifies
the smoothness and convergence rate of the nuisance parameter estimator, which holds for
most semiparametric problems. Condition [f] pertains to empirical process conditions, which
are needed in establishing the asymptotic properties of the proposed estimator. Conditions
and [4] need to be verified for each specific semiparametric problem using empirical process
theory and functional analysis. Examples are provided in Section S.2 of the Supplementary
Materials. Condition implies that the size of the first block can be O(n!/7+¢) for any & > 0,
which is much smaller than n since > 1 by Condition [3] Specifically, r = 2 for parametric
models and the Cox proportional hazards model with right-censored data. Condition [0]
ensures that the numerical difference does not introduce bias in the final one-step estimator.
We can verify that the symmetric difference quotient in (2.4) with §, = O(n~'/?) satisfies
this condition by showing that the third-order total derivative of [(O; 0, 1g) with respect to

0 at 6,, belongs to some Glivenko-Cantelli class.

We state below the asymptotic properties of the proposed estimator.
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Theorem 1. Under Conditions 1-6, nl/Q(é\f — 0y) converges in distribution to a zero-mean

normal random vector with covariance matriz I,

The theorem is proved in Section S.1 of the Supplementary Materials. The proof is based
on the expansion of the score function for @ and 7 and relies on modern empirical process
theory (van der Vaart and Wellner| [1996). Theorem [1|implies that the proposed estimator is
as efficient as the standard maximum likelihood estimator with the entire dataset and that
the limiting covariance matrix of n*/2(8; — ) attains the semiparametric efficiency bound.

Thus, we estimate the covariance matrix of 6 + by mf;zl /n.

Remark 5. A more accurate estimator of the covariance matrix can be obtained by using the
profile likelihood approach with the entire data. However, its computation is more intensive
than simply scaling f;l. Since Theorem (1| only requires the consistency of the covariance

matrix estimator, it is sufficient to estimate the covariance matrix by mfnzl /n.
We now apply Theorem [I| to the first and third examples introduced in Section 2.3.

Example (Partially linear model). We assume that 6, lies in the interior of a compact subset
B C R? and that both gy and E(X | Z) belong to a Hélder ball G, where g is the true value of
g. We define G = {g € C?[a,b] : sup, [P (2)| < L,7=0,...,p,19°(21) — g (22)| < L|z1 —
2|"}, where C”[a, b] denotes the space of all p-times continuously differentiable real-valued
functions on [a, b], p is a nonnegative integer, and « is a positive number. The smoothness of
G is defined by ¢ = p-++, which is assumed to be greater than 1/2. We further assume that o2
is positive and bounded and that both E(X X™) and E[{X —E(X | Z){X - E(X | 2)}"]
are positive definite. These assumptions are standard for the partially linear model (Chenl,

2007).
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Under these assumptions and with k,, = O{m'/?4*)} «, 3, and v in Condition [3|are all
q/(2q+ 1), implying that r in Condition |5|is 4¢/(2¢ + 1). The validity of Conditions [l|and
follows from the definitions of differentiability and least favorable direction. Condition [4| can
be verified by bounding the bracketing numbers of some function classes. Detailed proofs
are provided in Section S.2.1 of the Supplementary Materials. It follows from Theorem
that the proposed estimator for the partially linear model is asymptotically normal and its

limiting variance attains the semiparametric efficiency bound.

Example (Cox proportional hazards model with interval-censored data). We assume the
regularity conditions imposed by Zeng et al.| (2016]). To verify Condition , we write the

log-likelihood function for a single observation as
K U
10:6,0) = Aylog (exp {— / exp{BTZ(t)}dA(t)]
k=1 0

—ew [~ [ et znan)).

where Ay, = I(Uy, < T < Uiyq) (k=0,...,K). Condition [I| then follows from the definition
of differentiability. Conditions [2{and 4| have been verified by |Zeng et al. (2016) and [Xu et al.
(2022)).

We can show that the third-order total derivative of 1(O; 6, /~\9) with respect to 6 at 6,
belongs to some Glivenko-Cantelli class. Thus, the symmetric difference quotient satisfies
Condition [6} For Condition [3} Zeng et al| (2016) showed that o = 1/3. Modern empirical
process theory (van der Vaart and Wellner| (1996) can be used to further show that both
and v in Condition [3| are 1/3. Thus, the r in Condition [5|is 4/3. Additional details about
regularity conditions and the verification of Condition |3| are presented in Section S.2.2 of the

Supplementary Materials. It follows from Theorem [I| that the proposed estimator for the
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Cox proportional hazards model with interval-censored data is asymptotically normal and

semiparametric efficient.

Example (Proportional hazards or intensity model with random effects for dependent failure
times). We adopt the regularity conditions imposed by Zeng and Lin (2007). Condition [1]in
our Theorem [1] follows from the definition of differentiability and the dominated convergence
theorem. Conditions [2| and [4] hold by the results of |Zeng and Lin| (2010). Using arguments
similar to those of (Gao et al.| (2019), we can establish that the third-order total derivative of
1(0; 0, Kg) with respect to @ at §m belongs to some Glivenko-Cantelli class, ensuring that
the symmetric difference quotient satisfies Condition [0, Modern empirical process theory
yields a = f = v = 1/2 for Condition , implying » = 2 in Condition . Additional details
are provided in the Supplementary Material. By Theorem (1} the proposed estimator for the
proportional hazards or intensity model with random effects is asymptotically normal and

semiparametric efficient.

3.2 Time complexity

In this subsection, we evaluate the computational efficiency of the proposed method com-
pared to the standard method of maximum likelihood estimation with the entire dataset and
the divide-and-conquer method, as a function of sample size while holding p constant. As
there is no existing divide-and-conquer method for general semiparametric problems, we use
an ad-hoc divide-and-conquer approach for comparison. Specifically, we randomly divide the
data into M blocks of equal sizes, perform maximum likelihood estimation on each block,
and average the parameter and covariance matrix estimators. We assume that m = O(n')

by Condition 5| for some 1/r < rqg < 1. We set M = n/m to ensure the block size in the
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divide-and-conquer method the same as the size of the first block in the proposed method.
Detailed calculations are provided in Section S.3 of the Supplementary Materials.

For the partially linear model, the time complexities are O{n!*2/(1+2a)} = Ofp1+2ro/(1+24)}
and O{not2ro/(1420) 4 n1470/(1+20)} for the standard, divide-and-conquer and proposed meth-
ods, respectively. For the Cox proportional hazards model with interval-censored data, we
assume that the number of distinct monitoring times is proportional to the sample size.
Let Nj, denote the number of iterations for the EM algorithm. The time complexities are
O(Nitern?), O(Nige;n'™) and O(Nyge,n?™ + nlogn) for the standard, divide-and-conquer
and proposed methods, respectively. For both models, the time complexity of the proposed
method is lower than that of the divide-and-conquer and standard methods since rq is less
than 1. Thus, the computational advantages of the proposed estimator become more signif-

icant as n increases.

4. Simulation Studies

In this section, we present simulation studies comparing the proposed methods with the stan-
dard method and the divide-and-conquer method under the partially linear model, the Cox
proportional hazards model with interval-censored data, and the random effects proportional
hazards model for clustered failure times. Additional results for the random effects propor-
tional intensity model with recurrent events and the random effects proportional hazards
model with multiple event types are provided in Section S4 of the Supplementary Material.

All simulations were conducted on Intel® Xeon® Gold 5220R @2.20GHz.
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4.1 Partially linear model

We generated three covariates, Z ~ Un(0,1), X; = sin(Z) + Un(0, 1), and Xy = cos(Z) +
Un(0,1), and we set 8, = 0.5,0, = —0.5, 02 = 1, and g(z) = 0.4f(2;2,3) + 0.6f(2;3,2),
where f(z;a,y) is the probability density function of Beta(c,~y). We considered a total
sample size of 10% or 107.

For the standard method, we performed sieve maximum likelihood estimation with the
entire dataset. Specifically, we considered the B-spline basis of order 3 and used 10-fold
cross-validation to select the number of knots from {5, 10, 20, 40, 80, 160, 320}. The knots
were chosen according to the quantiles of the input Z. For the proposed method, we set
m = kn, where £ = 0.01,0.02,0.05,0.1 or 0.2. For the divide-and-conquer method, we
divided the whole dataset into M = 5, 10, 20,50 or 100 blocks of equal sizes and made the
size of the first block in the proposed method the same as the block size in the divide-and-
conquer method. For each method, we recorded the total CPU time.

Table [I] summarizes the simulation results based on 1000 replicates. The proposed
estimator achieves the same statistical efficiency as the standard estimator for all choices
of m. Under n = 107, the standard method took approximately 2.6 hours, and the total
CPU time for the divide-and-conquer method was approximately 2 hours for all choices of
M. By contrast, the proposed methods with m = 0.01 x n,0.02 x n,0.05 x n,0.1 x n and

0.2 x n took only 1.1, 2.3, 6.1, 12.6, and 26 minutes, respectively.

4.2 Cox proportional hazards model with interval-censored data

We generated two time-independent covariates, Z; ~ Ber(0.5) and Zs ~ Un(0, 1), set A(t) =

log(1+1t/2) and 8 = (0.5, —0.5)", and generated two monitoring times, U; = Un(0,9/4) and
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Table 1: Summary statistics for the simulation study under the partially linear model

6, =0.5 0y =—0.5
Bias SE  SEE Cp Bias SE  SEE Cp
Method x107% %107 x107* x100% x107% %107 x107* x100%
n=10° Standard 0.764 3.42 3.46 96 -1.391 3.42 3.46 95
Proposed
k=0.01 0.458 3.67 3.46 94 -1.301 3.65 3.46 94
k= 0.02 0.843 3.50 3.46 95 -1.254 3.48 3.46 95
k=0.05 0.813 3.43 3.46 95 -1.396 3.43 3.46 95
k=0.1 0.779 3.42 3.46 95 -1.391 3.43 3.46 95
k=02 0.770 3.41 3.46 96 -1.407 3.43 3.46 95
Divide-and-conquer
M=5 0.759 3.42 3.46 96 -1.390 3.42 3.46 95
M =10 0.757 3.42 3.46 95 -1.387 3.42 3.46 95
M =20 0.759 3.42 3.46 95 -1.388 3.42 3.46 95
M =50 0.744 3.42 3.46 96 -1.393 3.42 3.46 95
M =100 0.715 3.43 3.46 96 -1.371 3.42 3.46 95
n=10" Standard -0.311 1.04 1.10 96 -0.384 1.10 1.10 95
Proposed
k=0.01 -0.298 1.05 1.10 97 -0.363 1.11 1.10 95
k=0.02 -0.332 1.05 1.10 96 -0.385 1.10 1.10 95
k =0.05 -0.313 1.05 1.10 97 -0.388 1.10 1.10 95
k=0.1 -0.306 1.05 1.10 96 -0.383 1.10 1.10 95
k=0.2 -0.312 1.05 1.10 96 -0.381 1.10 1.10 95
Divide-and-conquer
M=5 -0.311 1.04 1.10 97 -0.384 1.10 1.10 95
M =10 -0.313 1.04 1.10 97 -0.384 1.10 1.10 95
M =20 -0.310 1.04 1.10 97 -0.385 1.10 1.10 95
M =50 -0.309 1.04 1.10 97 -0.385 1.10 1.10 95
M =100 -0.314 1.04 1.10 96 -0.385 1.10 1.10 95

Bias, bias of the parameter estimator; SE, standard error of the parameter estimator; SEE, average of the

standard error estimator; CP, coverage percentage of the 95% confidence interval.



4.2 Cox proportional hazards model with interval-censored data 24

Uy = min{0.1 + U; + Exp(2/3), 3}, where Exp(«) denotes the exponential distribution with
mean 1/a. On average, 25-35% of the observations were left-censored, and 50-60% were
right-censored. We set n = 10°.

For the standard method, we performed nonparametric maximum likelihood estimation
with the entire dataset using the EM algorithm of Zeng et al| (2016|). For the proposed
method, we set m = kn, where k = 0.05,0.1 or 0.2, and §,, = 10 x n~'/2 or 50 x n~ /2.
For the divide-and-conquer method, we divided the entire dataset into M = 5,10 or 20
blocks of equal sizes to ensure that the block size is the same as the size of the first block
in the proposed method. For variance estimation, we used the profile likelihood approach
with h,, = 5 x m~/2 for both the proposed and divide-and-conquer methods, and we used
h,, = 5xn~'/? for the standard method. When computing time was of interest, we calculated
the average total CPU time for each method based on 20 replicates, all performed on the
same computer.

Table 2| summarizes the results based on 1000 replicates. The proposed estimator
achieves the same statistical efficiency as the standard estimator. The parameter estimators
are not affected by the choice of the perturbation constant, the variance estimators accurately
reflect the true variabilities, and the confidence intervals have proper coverage probabilities.
The standard method took approximately 2.2 hours, and the average total CPU time for
the divide-and-conquer method with M = 5,10 and 20 was 4.2, 6.5, and 9.1 hours. The
divide-and-conquer method took more time than the standard method for all choices of M
because estimating A(t) with smaller blocks tended to require more iterations to converge.
By contrast, the average total CPU time for the proposed method with m = 0.05xn, 0.1 xn,

and 0.2 x n was only 0.5, 0.6, and 0.8 hours.
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Table 2: Summary statistics for the simulation study under the Cox model with interval-censored data

0, =0.5 0y = —0.5
Bias SE SEE CP Bias SE SEE CP
Method x10™* x107? x107? x100% | x107* x107% x107% x100%
Standard -0.01 2.59 2.62 96 0.47 4.69 4.47 95
Proposed

k=0.05 on, = 0.005 0.86 2.64 2.63 95 4.99 5.04 4.53 94
0, = 0.01 0.63 2.63 2.63 95 4.02 4.98 4.53 94
k=0.1 0n, = 0.005 0.55 2.61 2.63 95 1.91 4.87 4.53 95
0n = 0.01 0.57 2.60 2.63 96 1.61 4.84 4.53 95
k=02 0n, = 0.005 0.37 2.60 2.63 96 0.75 4.72 4.52 95
0n = 0.01 0.43 2.59 2.63 96 0.35 4.71 4.52 95

Divide-and-conquer
M =20 1.68 2.59 2.63 96 -1.41 4.69 4.53 95
M =10 0.89 2.59 2.63 96 -0.55 4.69 4.53 95
M=5 0.48 2.59 2.63 96 -0.07 4.69 4.52 95

Bias, bias of the parameter estimator; SE, standard error of the parameter estimator; SEE, average of the

standard error estimator; CP, coverage percentage of the 95% confidence interval.
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4.3 Proportional hazards model for clustered failure times

We generated clustered failure times with cumulative hazard function Ag(t) exp(61Z21;; +
02Z9i; + ba + binZvij)(5 = 1,...,n;51 = 1,...,n), where Zy;; and Zy;; are independent
Bernoulli and uniform [0, 1] variables, b;; and b;, are independently standard normal, 6; =
—0y = 0.5, and Ay(t) = 0.5t. We created censoring times from the uniform [0, 2] distribution
and set 7 = 1, producing approximately 64% censored observations. We sampled n; from
(2,3,4,5,6) with probabilities (0.2,0.3,0.3,0.1,0.1) and set n = 10°.

For the standard method, we performed nonparametric maximum likelihood estimation
with the entire dataset using the EM algorithm (Zeng and Lin| 2007). For the proposed
method, we set m = kn, where k = 0.05,0.1 or 0.2, and §,, = 0.5 x n=Y2 or 5 x n~/2. For
the divide-and-conquer method, we divided the whole dataset into M = 5, 10 or 20 blocks of
equal size and made the size of the first block in the proposed method the same as the block
size in the divide-and-conquer method. The convergence criterion for the EM algorithm was
that the sum of absolute changes in parameter estimates between two successive iterations
was less than 107¢. We used 20 nodes for Gaussian quadratures. For variance estimation,
we set h,, = 5 x m~Y/2 for both the proposed and divide-and-conquer methods, and h, =
5 x n~'/? for the standard method. When computing time was of interest, we calculated the
average total CPU time for each method based on 10 replicates, all performed on the same
computer.

Table [3| summarizes the results based on 1000 replicates. The proposed estimator
achieves the same statistical efficiency as the standard estimator. The parameter estimators
are robust to the choice of the perturbation constant, the variance estimators accurately

reflect the true variabilities, and the confidence intervals have proper coverage probabilities.
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Table 3: Summary statistics for the simulation study for clustered failure timesf

6 =0.5 0y = —0.5

Bias SE  SEE CP  DBias SE  SEE CP

Method x1073 x107% x1073 x100% %1073 x1072 x10~3 x100%
Standard 0.15 2.86 2.80 95 0.09 3.69 3.77 95
Proposed k=0.0546, =0.0006 0.08 286 2.81 95 0.13 3.69 3.78 94

0, = 0.005 0.10 2.86 2381 95 0.10 3.69 3.77 95
k=0.1 6,=0.0005 011 286 280 9 0.11 3.69 3.78 95
0, = 0.005 0.13 286 2.80 95 010 3.69 3.78 95
k=02 6,=0.0006 013 286 2.80 9 010 3.69 3.77 95

0, = 0.005 0.14 286 2.80 95 0.09 3.69 3.77 95

Divide-and-conquer M = 20 0.15 2.86 2.81 95 0.09 3.69 3.78 95
M =10 0.15 286 2.80 95 0.09 3.69 3.77 95
M=5 0.15 2.86 2.80 95 0.09 3.69 3.77 95

1Bias, bias of the parameter estimator; SE, standard error of the parameter estimator; SEE, average

of the standard error estimator; CP, coverage percentage of the 95% confidence interval.

The standard method took approximately 22 hours, and the average total CPU time for the
divide-and-conquer method with M = 5,10 and 20 was 25, 31, and 28 hours, respectively.
By contrast, the average total CPU time for the proposed method with £ = 0.05,0.1 and 0.2

was only 2, 4, and 7 hours, respectively.

5. Application

We considered the UK Biobank, which is a cohort study of approximately half a million

subjects (Bycroft et al., |2018). We related interval-censored age-at-onset of hypertension
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to biological sex, race, birthplace, the top ten genetic principal components representing
population substructures, and the polygenic risk score (PRS) for hypertension summarizing
the estimated effects of genetic variants. Sex took value 1 for male and 0 for female, race
took value 1 for white and 0 for non-white, birthplace took value 1 for England and 0 for
others, and the PRS was obtained from Thompson et al.| (2022).

The analysis dataset contained a total of 482507 subjects, with 13779 interval-censored,
258371 left-censored, and 210357 right-censored observations.

We randomly chose & = 5%, 10% or 20% of the entire dataset as the first block and
set 6, = 0.5 x n~ Y2 for the proposed method, and we set M = 5,10 or 20 for the divide-
and-conquer method. For variance estimation, we used the profile likelihood approach with
Ry, = m~/2 for both the proposed and divide-and-conquer methods, and we used h,, = n~/?
for the standard method. The total CPU time for the standard method was approximately
32 hours. For the divide-and-conquer method, it was 44 hours with M = 5, 44 hours with
M = 10 and 50 hours with M = 20. By contrast, the total CPU time for the proposed
method with £ = 0.05, 0.1 and 0.2 was only 1.9, 3.5 and 5.8 hours, respectively.

The estimation results are presented in Table S1 of the supplementary materials. The
three methods yield highly similar estimates. For the standard method, the estimate of
the regression coefficient for PRS is 0.3158 with a standard error of 2.159 x 1073. For the
divide-and-conquer methods with M = 5,10, and 20, the coefficient estimates are 0.3158,
0.3160, and 0.3163, with corresponding standard errors of 2.159 x 1073, 2.162 x 1073, and
2.163 x 10~3. For the proposed method with k& = 0.05,0.1, and 0.2, the coefficient estimates
are 0.3155, 0.3156, and 0.3156, with standard errors of 2.165 x 1073, 2.176 x 1072, and

2.160 x 1073, respectively. We tested the null hypothesis that PRS has no effect on the risk
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of developing hypertension. By the proposed method with £ = 0.2, the PRS has a p-value
of less than 2.2 x 10716, leading to a strong rejection of the null hypothesis. These results
suggest that individuals with higher PRS are more likely to develop hypertension compared

to those with lower PRS.

6. Discussion

In this article, we presented a general framework for fitting semiparametric models to big data
in a computationally and statistically efficient way. We proposed a one-step estimator with
semiparametric efficient score functions to reduce the computation time in estimating the
finite-dimensional parameters of interest. The proposed approach does not require an explicit
formula of the semiparametric efficient score function or utilize distributed computing.

We introduced a novel way to estimate the semiparametric efficient score function when
an analytical expression is unavailable. We established the asymptotic properties of the
one-step estimator under mild regularity conditions. We verified the regularity conditions
under the partially linear model for a continuous response variable and the Cox model for
an interval-censored failure time through innovative use of modern empirical process theory.
One important result of our work is that 779 —p —hg as 8 —p 6y, which is presented in
Section S.1 of the Supplementary Materials. This result provides a general approximation
of the least favorable direction, which can be applied to a wide variety of semiparametric
models.

The technical development of the present paper differs substantially from that of [Wang
et al.| (2024). First, we established a rigorous asymptotic theory for general semiparamet-

ric models, for which efficient score functions may not have explicit expressions, whereas
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Wang et al. (2024) relied heavily on the explicit form of efficient score functions. Second,
we derived the technical conditions under which numerical derivatives of the profile likeli-
hood correctly approximate efficient score functions, whereas Wang et al.| (2024) avoided
this technical challenge due to the explicit expression of efficient score functions. Finally,
we verified that the technical conditions are satisfied for the partially linear model with a
continuous response variable and the Cox model with an interval-censored failure time, for
which nuisance parameters cannot be estimated in the parametric rate, unlike the case of
Wang et al. (2024).

The proposed framework is highly general and readily covers more complex semipara-
metric problems, such as transformation models for counting processes and joint models for
repeated measures and failure times (Zeng and Lin|, 2007)). For such problems, the standard
full-data maximum likelihood estimation with massive sample sizes is computationally pro-
hibitive, and the semiparametric efficient score functions lack analytical expressions. Our
approach completely circumvents these challenges by one-step estimation and numerical dif-
ferences of the profile log-likelihood.

The proposed approach can incorporate multiple blocks of data. Consider K blocks of
data indexed by Ji,...,Jk, with sizes ni,...,ng, respectively. We obtain the maximum
likelihood estimators of 8 and n using the first block of data, denoted by {5(1), 77{51(3) } For
the remaining (K — 1) blocks, we calculate

ok = o) 4 {nkf(l)/nl}_l Z Dyl {Oi; 5(1),%2)} , k=2,... K,
€Tk
where T() is the information matrix for 8. The proposed estimator is then defined as
éf = Zszl nkg(k)/n. Mathematically, éf is independent of K as long as n, remains constant,

and thus Theorem [I| holds for the proposed estimator with multiple data blocks.
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There are practical benefits for using more than 2 blocks. First, when the data are stored
across multiple machines, the proposed approach can be implemented with distributed com-
puting among the (K — 1) machines, and only the estimates {5(1), 451(3)’ f(l)} from the initial
analysis are communicated to the (K — 1) machines. Thus, the proposed approach is highly
efficient in both computation and communication. Second, data privacy is ensured when re-
sults from different sources are integrated because only estimates are communicated among
the K blocks. Finally, the proposed procedure enables online learning by incorporating new
data without revisiting previous data. By considering the new batch of data as the (K +1)th
block, we can calculate 0+ and update éf.

The proposed approach can be extended to high-dimensional covariates. In particular,
we may conduct variable selection using the first block of data. After debiasing the initial
estimators, we carry out a one-step update on the coefficients of the selected covariates
using the remaining data. The computation lies primarily in the first block analysis, which
is always less intensive than directly analyzing the entire dataset. We expect that the
asymptotic efficiency of the proposed estimators will not be affected by the uncertainty from
variable selection.

In practice, big data are likely heterogeneous. We can account for heterogeneity by
fitting a model stratified by subpopulations to the initial block of data and calculating the
one-step estimator using the remaining data if the initial block contains subjects from all

subpopulations. Alternatively, we can compute the one-step estimator separately for each

subpopulation and then combine the estimators through meta-analysis (Lin and Zeng,, 2010)).
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Supplementary Materials

The Supplementary Material contains technical details of the proposed methods and addi-

tional simulation studies.
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