
 

 
 
 
 
 
 
 

 

Statistica Sinica Preprint No: SS-2026-0289 
Title A General Approach to Maximum Likelihood Estimation 

of Semiparametric Models with Massive Sample Sizes 
Manuscript ID SS-2026-0289 

URL http://www.stat.sinica.edu.tw/statistica/ 
DOI 10.5705/ss.202026.0289 

Complete List of Authors Jianqiao Wang,  
Donglin Zeng and  
Danyu Lin 

Corresponding Authors Danyu Lin 
E-mails lin@bios.unc.edu 

Notice: Accepted author version. 



Statistica Sinica
1

A General Approach to Maximum Likelihood Estimation

of Semiparametric Models with Massive Sample Sizes

Jianqiao Wang1, Donglin Zeng2 and Dan-Yu Lin1

1University of North Carolina at Chapel Hill, 2University of Michigan

Abstract: We propose a computationally efficient approach to performing maximum likelihood esti-

mation of semiparametric models with big data containing potentially millions of observations. We

calculate an initial estimator for the vector of finite-dimensional parameters of primary interest using

a small fraction of the data and improve its efficiency by one-step estimation with semiparametric

efficient score functions on the remaining data. We estimate the efficient scores by the numerical dif-

ferences of the profile log-likelihood function, eliminating the need for an analytic form of these scores,

which is often unavailable for semiparametric problems. We show that the resulting estimator is con-

sistent and asymptotically normal with a covariance matrix that attains the semiparametric efficiency

bound. Because the majority of its computing time is spent in calculating the initial estimator using a

small subset of data, the proposed approach substantially reduces computational burden compared to

the standard method of performing maximum likelihood estimation on the entire dataset. We evalu-

ate the performance of the proposed methods through extensive simulation studies on fitting the Cox

proportional hazards model to an interval-censored failure time and the partially linear model to a

continuous outcome. Finally, we apply the proposed methods to interval-censored data from the UK

Biobank.

Key words and phrases: Cox model, Efficient score, Interval-censored data, One-step estimation, Par-

tially linear model, Profile likelihood.
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1. Introduction

Semiparametric models, which are characterized by finite-dimensional parameters of primary

interest and possibly infinite-dimensional nuisance parameters, are widely used in scientific

studies. An important example is the Cox (1972) proportional hazards model, which includes

a vector of regression parameters to quantify the effects of covariates on a possibly censored

failure time and an arbitrary, infinite-dimensional baseline hazard function. A second exam-

ple is the partially linear model, which uses a vector of regression parameters to capture the

linear effects of some covariates on a continuous outcome and nonparametric functions for

the nonlinear effects of other covariates. Thus far, semiparametric models have been mostly

applied to small-scale studies.

Recent years have witnessed a proliferation of large-scale data systems, such as the UK

Biobank (Bycroft et al., 2018), the Million Veteran Program (Gaziano et al., 2016), and

the China Kadoorie Biobank (Chen et al., 2011). These databases, which involve hundreds

of thousands to millions of participants, have significantly advanced our understanding of

human health (Bi et al., 2020; Dey et al., 2022). However, the immense size of such data

presents enormous computational challenges in fitting semiparametric models, as the number

of parameters associated with the infinite-dimensional component increases with the sample

size.

One approach to tackling these computational challenges is to randomly divide the en-

tire dataset into several subsets, analyze each subset separately, and combine the resulting

estimators. This so-called divide-and-conquer approach has been suggested for paramet-

ric models (Zhang et al., 2013; Neiswanger et al., 2014; Schifano et al., 2016; Lee et al.,

2017) and some semiparametric problems such as the partially linear model for a continuous
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response variable (Zhao et al., 2016) and the Cox proportional hazards model for a right-

censored failure time (Wang et al., 2021, 2022), but it has not been investigated for general

semiparametric models. The divide-and-conquer approach is computationally efficient un-

der the distributed computing architecture but requires separate estimation of the nuisance

parameter for each subset of data, which may reduce statistical efficiency or cause numerical

instability.

In this paper, we propose a computationally efficient approach for fitting general semi-

parametric models to big data. Specifically, we divide the entire dataset into two subsets,

with the first subset being much smaller than the second. We perform maximum profile

likelihood estimation (Murphy and van der Vaart, 2000) on the first subset of data and then

update the initial estimator by using one-step estimation with semiparametric efficient scores

on the remaining data. These scores are estimated by the derivatives or numerical differences

of the profile log-likelihood function, so the approach applies to a wide variety of semipara-

metric problems, even when an analytical expression of the score function is not available.The

proposed approach requires only a small fraction of the computation time that is required

to maximize the likelihood over the entire dataset. Using modern empirical process theory

(van der Vaart and Wellner, 1996), we show that the proposed estimator is consistent and

asymptotically normal with a covariance matrix that attains the semiparametric efficiency

bound.
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2. Methods

2.1 Maximum profile likelihood estimation

We consider a random sample of n observations O1, . . . ,On with distribution Pθ0,η0 , where

{Pθ,η;θ ∈ Θ ⊂ Rp, η ∈ F} is a family of statistical models parameterized by (θ, η), θ is a

p-vector of parameters of primary interest in the space Θ, η is a possibly infinite-dimensional

nuisance parameter in the space F , and θ0 and η0 are the true values of θ and η. The

standard method for estimating θ is to maximize the likelihood with the entire dataset.

Let l(O;θ, η) denote the log-likelihood function of a single observation O. The profile log-

likelihood function with (O1, . . . ,On) is defined as

pln(θ) = max
η∈Fn

n∑
i=1

l(Oi;θ, η),

where Fn is a sequence of approximation spaces to F . The maximizer of pln(θ), denoted by

θ̂n, is the maximum likelihood estimator of θ.

Under appropriate regularity conditions, n1/2(θ̂n−θ0) converges in distribution to a zero-

mean normal random vector with covariance matrix I−1
0 , where I0 is the efficient information

matrix for θ (Murphy and van der Vaart, 2000). The limiting covariance matrix of θ̂n can

be consistently estimated by Î−1
n , where În is the negative second-order derivative of pln(θ)

at θ̂n. If the derivative does not have an analytical expression, we approximate the (j, k)th

element of În by

−pln(θ̂n)− pln(θ̂n + hnej)− pln(θ̂n + hnek) + pln(θ̂n + hnej + hnek)

h2
n

,

where ej is the jth canonical vector in Rp, and hn is a constant of order n−1/2.

For some semiparametric models with certain data structures, such as the partially linear

model for a continuous response and the Cox proportional hazards model for a right-censored
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failure time, there are explicit expressions for the profile likelihood. For most semiparametric

problems, however, the structure of the data or the nature of the underlying distribution does

not allow the derivation of an explicit expression for the profile likelihood. The absence of an

explicit formula makes it computationally challenging to estimate θ and conduct statistical

inference. This challenge is significantly amplified with big data.

2.2 One-step efficient score estimator

To motivate our approach, we first consider parametric models, under which η is

finite-dimensional and l(O;θ, η) is a smooth function. We let l̇θ(O;θ, η), l̇η(O;θ, η),

l̈θθ(O;θ, η), l̈θη(O;θ, η) and l̈ηη(O;θ, η) denote the first- and second-order derivatives of

l(O;θ, η).

We divide the entire dataset into two subsets, indexed by J1 and J2, with m and n−m

observations in J1 and J2, respectively.

Let Pm and Pn denote the empirical distributions of the observations in J1 and in the en-

tire dataset, respectively. In addition, let E denote the expectation under the true underlying

measure. Finally, we use the operator notation for the expectation, such that Pf =
∫
fdP

for every measurable function f and a probability measure P .

We maximize the likelihood with the data in J1. Let θ̃m and η̃m denote the resulting

estimators for θ and η, respectively. By the standard maximum likelihood estimation theory,

the covariance matrix of θ̃m can be consistently estimated by Ĩ−1
m , where

Ĩm = −mPml̈θθ(θ̃m, η̃m) +mPml̈θη(θ̃m, η̃m)
{
Pml̈ηη(θ̃m, η̃m)

}−1

Pml̈ηθ(θ̃m, η̃m),

provided that −Pml̈ηη(θ̃m, η̃m) and Ĩm are positive definite. We incorporate the data from the

second block through one-step estimation (van der Vaart, 1998, pages 71–75) to improve the
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2.2 One-step efficient score estimator 6

efficiency of θ̃m. The consistency of η̃m is sufficient to establish that the one-step estimator

is asymptotically efficient.

The efficient score function for θ (Bickel et al., 1993, pages 28–30) based on a single

observation O is

l0(O;θ, η0) = l̇θ(O;θ, η0)− El̈θη(θ0, η0)
{
El̈ηη(θ0, η0)

}−1

l̇η(O;θ, η0).

We obtain an empirical counterpart l̃0(O;θ, η̃m) by replacing η0, El̈θη(θ0, η0) and El̈ηη(θ0, η0)

in l0(O;θ, η0) with η̃m, Pml̈θη(θ̃m, η̃m) and Pml̈ηη(θ̃m, η̃m), respectively. In addition, let η̃θ =

argmaxη Pml(θ, η) for any fixed θ, and let ˙̃ηθ̃m denote the first-order derivative of η̃θ with

respect to θ. We have

l̃0(O; θ̃m, η̃m) = l̇θ(O; θ̃m, η̃θ̃m) +
˙̃η
T

θ̃m l̇η(O; θ̃m, η̃θ̃m). (2.1)

This result can be verified by noting that ˙̃ηθ̃m solves the equation

Pml̈θη(θ̃m, η̃θ̃m) +
˙̃η
T

θ̃mPml̈ηη(θ̃m, η̃θ̃m) = 0,

which can be derived by differentiating the equation Pml̇η(θ, η̃θ) = 0 with respect to θ at

θ̃m. Of note, the right side of (2.1) is the total derivative of l(O;θ, η̃θ) with respect to θ at

θ̃m. The one-step estimator for θ is given by

θ̂f = θ̃m +
(
nĨm/m

)−1 ∑
i∈J2

l̃0(Oi; θ̃m, η̃m).

In the special case where no nuisance parameter is present, l̃0(Oi; θ̃m, η̃m) and Ĩm become

l̇θ(Oi; θ̃m) and −mPml̈θθ(θ̃m), and this estimator reduces to the one-step estimator proposed

by Jordan et al. (2019).

We provide a brief explanation on the efficiency of θ̂f as n1/2/m → 0. Clearly,

Pml̃0(θ̃m, η̃m) = 0. By the Taylor series expansion,

(Ĩm/m)n1/2(θ̂f − θ0)
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=n1/2Pnl0(θ0, η0)

+ n1/2
[
Ĩm/m+ Pnl̈θθ(θ̄m, η̄m)

−Pml̈θη(θ̃m, η̃m)
{
Pml̈ηη(θ̃m, η̃m)

}−1

Pnl̈ηθ(θ̄m, η̄m)

]
(θ̃m − θ0)

− n1/2

[
Pml̈θη(θ̃m, η̃m)

{
Pml̈ηη(θ̃m, η̃m)

}−1

−El̈θη(θ0, η0)
{
El̈ηη(θ0, η0)

}−1
]
Pnl̇η(θ0, η0)

+ n1/2
[
Pnl̈θη(θ̄m, η̄m)

−Pml̈θη(θ̃m, η̃m)
{
Pml̈ηη(θ̃m, η̃m)

}−1

Pnl̈ηη(θ̄m, η̄m)

]
(η̃m − η0), (2.2)

where (θ̄m, η̄m) is on the line segment between (θ̃m, η̃m) and (θ0, η0). By the standard

maximum likelihood estimation theory, ∥θ̃m − θ0∥ + ∥η̃m − η0∥ = OP (m
−1/2), where ∥ · ∥

denotes the Euclidean norm. By the central limit theorem, the last three terms on the right

side of (2.2) are OP (n
1/2/m)+oP (1). The efficiency of θ̂f then follows from Slutsky’s theorem

as n1/2/m → 0.

The condition that ∥η̃m − η0∥ = OP (m
−1/2) is often violated in the semiparametric set-

ting. As long as the last three terms on the right side of (2.2) are oP (1), however, the

asymptotic efficiency of the one-step estimator as n → ∞ is guaranteed. In the semipara-

metric setting, the efficient score function for θ often lacks an explicit formula, which makes

the computation of the one-step estimator intractable. In addition, the Taylor series expan-

sion for the Euclidean parameters and the central limit theorem cannot be used when η is

infinite-dimensional, which makes it challenging to establish the semiparametric efficiency of

the one-step estimator.

Motivated by (2.1), we approximate the semiparametric efficient score function for θ by

the total derivative of l(O;θ, η̃θ) with respect to θ, where η̃θ = argmaxη∈Fm
Pml(θ, η) for
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2.2 One-step efficient score estimator 8

any fixed θ. The final estimator for θ is given by

θ̂f = θ̃m +
(
nĨm/m

)−1 ∑
i∈J2

Dθl(Oi; θ̃m, η̃θ̃m), (2.3)

where Ĩm is the information matrix for the first subset of data, and Dθl(O;θ, η̃θ) denotes

the total derivative of l(O;θ, η̃θ) with respect to θ. When Dθl(O; θ̃m, η̃θ̃m) does not have an

explicit expression, we approximate it by the numerical difference Dθ,δnl(O; θ̃m, η̃θ̃m). One

possible choice is the symmetric difference quotient,

Dθ,δnl(O; θ̃m, η̃θ̃m) = (2δn)
−1

{
l(O; θ̃m + δnej, η̃θ̃m+δnej

)− l(O; θ̃m − δnej, η̃θ̃m−δnej
)
}
j=1,...,p

.

(2.4)

We show in Section 3 that θ̂f has the same asymptotic distribution as θ̂n. Thus, we estimate

the covariance matrix of θ̂f by mĨ−1
m /n.

Remark 1. The classic one-step estimator, as studied by Bickel et al. (1993) and van der

Vaart (1998), requires the initial estimator to be within an Op(n
−1/2) neighborhood of θ0 and

relies on the consistent estimation of efficient scores, which often lack explicit expressions

for semiparametric problems. By contrast, our proposed one-step estimator only requires

∥θ̃m − θ0∥ to be Op(m
−1/2) and does not require the analytic formula of the semiparametric

efficient scores.

Remark 2. The efficient score function used in our approach shares some spirit with the

decorrelated score developed by Ning and Liu (2017), and the use of a small initial block

to achieve computational efficiency is conceptually related to the communication-efficient

surrogate likelihood framework proposed by Jordan et al. (2019). However, Ning and Liu

(2017) assumed a finite-dimensional nuisance parameter and did not address the computa-

tional bottlenecks associated with massive sample sizes. Furthermore, the work of Jordan
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et al. (2019) is strictly restricted to parametric models. In contrast, our approach directly ad-

dresses the theoretical and computational challenges of fitting general semiparametric models

with infinite-dimensional components to massive datasets. Additionally, Chernozhukov et al.

(2018) developed a double/debiased machine learning framework for debiasing parameters

via explicit Neyman-orthogonal scores and K-fold cross-fitting. Their framework requires

estimating the nuisance parameter K separate times, each time utilizing a training set of

n(K−1)/K observations. This repeated, large-scale estimation is computationally expensive

for massive datasets. More importantly, it relies on explicit analytical expressions for the

score function, which are unavailable for complex semiparametric models, such as the Cox

proportional hazards model with interval-censored data and the random-effects proportional

intensity model with recurrent events. By contrast, our approach estimates the nuisance pa-

rameter only once on a small initial block and completely circumvents the need for explicit

expressions of semiparametric efficient scores.

Remark 3. Note that the summation in the one-step estimator (2.3) is taken over only

the second block rather than the entire dataset. Because θ̃m and η̃θ̃m are the maximum

likelihood estimators for the first block, the summation of the efficient score functions over

the first block is zero.

2.3 Examples

In this subsection, we present three examples to show how the proposed approach can be

applied to various semiparametric problems.

Example (Partially linear model). The partially linear model assumes that the outcome Y ,
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p-dimensional covariates X, and a one-dimensional covariate Z follow the relationship

Y = θTX + g(Z) + ϵ,

where θ is a p-vector of unknown regression parameters, g(·) is an unknown smooth func-

tion, and ϵ is a random error with E(ϵ | X, Z) = 0 and E(ϵ2 | X, Z) = σ2(X, Z). For

simplicity, we assume that ϵ is zero-mean normal with an unknown constant variance σ2 and

is independent of X and Z. The log-likelihood for a single observation O = (Y,X, Z) takes

the form

l(O;θ, g, σ2) = −
(
2σ2

)−1 {Y − θTX − g(Z)}2 − 1

2
log σ2.

In this case, the nuisance parameters consist of g(·) and σ2.

We adopt the method of sieves (Geman and Hwang, 1982; Shen and Wong, 1994) to

estimate the unknown function g. Specifically, we consider a polynomial splines sieve space

and approximate g(Z) by ωTp(Z), where p(Z) = {p1(Z), . . . , pr+km(Z)}T denotes the basis

of the space of polynomial splines of order r with km knots, and ω = (ω1, . . . , ωr+km)
T is a

vector of unknown parameters. We replace g(Z) with ωTp(Z) in the log-likelihood function

with J1 to obtain

lm(θ,ω, σ2) = −(2σ2)−1
∑
i∈J1

{Yi − θTXi − ωTp(Zi)}2 − (m/2) log σ2.

It can be shown that for a fixed θ, the function ω, σ2 7→ lm(θ,ω, σ2)

is maximal for ω̃θ =
{∑

i∈J1
p(Zi)p(Zi)

T
}−1∑

i∈J1
p(Zi)(Yi − θTXi) and σ̃2

θ =

m−1
∑

i∈J1
{Yi − θTXi − ω̃T

θp(Zi)}2 . The profile log-likelihood for θ then takes the form

plm(θ) = −m

2
log

[∑
i∈J1

{Yi − θTXi − ω̃T

θp(Zi)}2
]
+

m

2
(logm− 1).
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It can be further shown that the sieve maximum likelihood estimator for θ is

θ̃m =

∑
i∈J1

XiX
T

i −

{∑
i∈J1

Xip(Zi)
T

}{∑
i∈J1

p(Zi)p(Zi)
T

}−1{∑
i∈J1

p(Zi)X
T

i

}−1

×

∑
i∈J1

YiXi −

{∑
i∈J1

Xip(Zi)
T

}{∑
i∈J1

p(Zi)p(Zi)
T

}−1{∑
i∈J1

Yip(Zi)

} .

By taking the derivatives of the profile log-likelihood, we conclude that the covariance

matrix of θ̃m can be estimated by Ĩ−1
m , where

Ĩm = σ̃−2

θ̃m

[∑
i∈J1

XiX
T
i −

{∑
i∈J1

Xip(Zi)
T
}{∑

i∈J1
p(Zi)p(Zi)

T
}−1 {∑

i∈J1
p(Zi)X

T
i

}]
.

Next, we derive the expression of the proposed estimator for θ. Write g̃θ(·) = ω̃T
θp(·)

and ˙̃gθ(·) = ˙̃ω
T

θp(·). By differentiating l(O;θ, g̃θ, σ̃
2
θ) with respect to θ at θ̃m and noting

that ˙̃σ
2

θ̃m = 0, we have

Dθl(O; θ̃m, g̃θ̃m , σ̃
2
θ̃m

) = σ̃−2

θ̃m

{
Y − θ̃T

mX − g̃θ̃m(Z)
}{

X + ˙̃gθ̃m(Z)
}
.

This mirrors the efficient score function for θ, which takes the form l0(O;θ, g0, σ
2
0) =

σ−2
0 {Y − θTX − g0(Z)}{X − E(X | Z)} (Bickel et al., 1993, pages 110–111), where

σ2
0 and g0(·) are the true values of σ2 and g(·), respectively. Clearly, ˙̃ωθ̃m

=

−
{∑

i∈J1
p(Zi)p(Zi)

T
}−1∑

i∈J1
p(Zi)X

T
i , and

˙̃gθ̃m(Z) is the sieve least-squares estimator

of −E(X | Z). Thus, Dθl(O; θ̃m, g̃θ̃m , σ̃
2
θ̃m

) is an empirical counterpart of l0(O;θ, g0, σ
2
0),

with θ, g0(Z), −E(X | Z), and σ2
0 replaced by θ̃m, g̃θ̃m(Z),

˙̃gθ̃m(Z), and σ̃2
θ̃m

, respectively.

The proposed estimator is then given by

θ̂f = θ̃m +
(
nĨm/m

)−1 ∑
i∈J2

(σ̃2
θ̃m

)−1
{
Yi − θ̃T

mXi − g̃θ̃m(Zi)
}{

Xi + ˙̃gθ̃m(Zi)
}
.

Example (Cox proportional hazards model with right-censored data). The Cox (1972) pro-

portional hazards model specifies that the hazard function of a failure time T conditional on
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a p-vector of potentially time-dependent covariates Z takes the form

λ(t;Z) = λ(t)eθ
TZ(t),

where θ is a p-vector of unknown regression parameters, and λ(t) is an arbitrary baseline

hazard function. When T is subject to right censoring by C, we observe O = (Y,∆,Z),

where Y = min(T,C),∆ = I(T ≤ C), and I(·) is the indicator function. It is assumed that

C is independent of T conditional on Z. The log-likelihood for a single observation is

l(O;θ,Λ) = ∆{θTZ(Y ) + log λ(Y )} −
∫ Y

0

eθ
TZ(t)dΛ(t),

where Λ(t) =
∫ t

0
λ(s)ds, which is an infinite-dimensional nuisance parameter.

By treating λ(·) as piecewise constant between uncensored failure times

(Kalbfleisch and Prentice, 2002), elementary calculus shows that for a fixed θ, the

function Λ 7→
∑

i∈J1
l(Oi;θ,Λ) is maximal for

Λ̃θ(t) =
∑
i∈J1

I(Yi ≤ t)∆i∑
j∈J1

I(Yj ≥ Yi)eθ
TZ(Yi)

.

The profile log-likelihood for θ then equals to the partial likelihood for θ (Cox, 1975), and

θ̃m is the maximum partial likelihood estimator based on J1.

By differentiating l(O;θ, Λ̃θ) with respect to θ at θ̃m, we have

Dθl(O; θ̃m, Λ̃θ̃m
) =

∫ ∞

0

Z(t)− Ẽ(t)dM̃(t),

where Ẽ(t) =
∑

j∈J1
I(Yj ≥ t)eθ̃

T
mZ(t)Z(t)/

∑
j∈J1

I(Yj ≥ t)eθ̃
T
mZ(t) and M̃(t) = ∆I(Y ≤

t)−
∫ t

0
I(Y ≥ s)eθ̃

T
mZ(t)dΛ̃θ̃m

(t). This is an empirical counterpart of the efficient score function

for θ, which takes the form

l0(O;θ,Λ0) =

∫ ∞

0

Z(t)−E{Z(t) | Y ≥ t}dM(t),
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where M(t) = ∆I(Y ≤ t)−
∫ t

0
I(Y ≥ s)eθ

TZ(t)dΛ0(t) and Λ0(·) is the true value of Λ(·). The

proposed estimator then becomes the Cox-OSES estimator (Wang et al., 2024), which will

not be considered further.

Example (Cox proportional hazards model with interval-censored data). We now consider

the model of the previous example but with general interval-censored data instead of right-

censored data. When T is known only to lie in a time interval induced by a sequence of

monitoring times U1 < · · · < UK , we observe O = (L,R,Z), where L = max{Uk : Uk <

T, k = 0, · · ·K} and R = min{Uk : Uk ≥ T, k = 1, · · · , K + 1}, with U0 = 0 and UK+1 = ∞.

Of note, L = 0 indicates that T is left-censored, and R = ∞ indicates that T is right-

censored. The monitoring times and K are assumed to be independent of T conditional on

Z. The log-likelihood for a single observation is

l(O;θ,Λ) = log

[
exp

{
−
∫ L

0

eθ
TZ(t)dΛ(t)

}
− exp

{
−
∫ R

0

eθ
TZ(t)dΛ(t)

}]
.

We adopt the nonparametric maximum likelihood approach to estimate θ and Λ. Un-

like the Cox model with right-censored data, Λ̃θ = argmaxΛ
∑

i∈J1
l(Oi;θ,Λ) does not

have an analytical form. The expectation-maximization (EM) algorithm (Zeng et al., 2016)

provides a stable method to estimate Λ̃θ and maximize the likelihood. Let plm(θ) =∑
i∈J1

l(Oi;θ, Λ̃θ), and let θ̃m denote the nonparametric maximum likelihood estimator of

θ based on J1. The covariance matrix of θ̃m is estimated by Ĩ−1
m , where the (j, k)th element

of Ĩm is

−plm(θ̃m)− plm(θ̃m + hmej)− plm(θ̃m + hmek) + plm(θ̃m + hmej + hmek)

h2
m

,

or

mPm

[
h−2
m

{
l(θ̃m + hmej, Λ̃θ̃m+hmej

)− l(θ̃m, Λ̃θ̃m
)
}{

l(θ̃m + hmek, Λ̃θ̃m+hmek
)− l(θ̃m, Λ̃θ̃m

)
}]

,
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2.3 Examples 14

and hm is a constant of order m−1/2.

To calculate the proposed estimator, we approximate Dθl(O;θ, Λ̃θ) by a numerical dif-

ference. Specifically, we choose a constant δn of order n−1/2 and compute Λ̃θ̃m+δnej
(·) and

Λ̃θ̃m−δnej
(·) (j = 1, . . . , p) by the EM algorithm. We then calculate l(O; θ̃m+ δnej, Λ̃θ̃m+δnej

)

and l(O; θ̃m − δnej, Λ̃θ̃m−δnej
), and we approximate Dθl(O; θ̃m, Λ̃θ̃m

) by

Dθ,δnl(O; θ̃m, Λ̃θ̃m
) = (2δn)

−1
{
l(O; θ̃m + δnej, Λ̃θ̃m+δnej

)− l(O; θ̃m − δnej, Λ̃θ̃m−δnej
)
}
j=1,...,p

.

The proposed estimator can then be calculated by (2.3) upon replacing Dθl(O; θ̃m, Λ̃θ̃m
)

with Dθ,δnl(O; θ̃m, Λ̃θ̃m
).

Example (Proportional hazards or intensity model with random effects for dependent fail-

ure times). To encompass various multivariate or dependent failure times, we consider the

counting processes N∗
ikj(·)(i = 1, . . . , n; k = 1 . . . , K; j = 1, . . . , nik), where i pertains to a

subject or cluster, k to the type of event and j to individuals within a cluster (Zeng and

Lin, 2007). The specific choices of K = nik = 1, nik = 1, and K = 1 correspond to recurrent

events, multiple types of events, and clustered failure times, respectively. We specify that

the cumulative hazard or intensity function for N∗
ikj(t) conditional on covariates Zikj(t) takes

the form

Λk(t | Zikj; bi) =

∫ t

0

R∗
ikj(s) exp{θTZikj(s) + bT

i Z̃ikj(s)}dΛk(s),

where R∗
ikj(·) is the indicator process, θ is a p-vector of unknown regression parameters, Z̃ikj

is a subset of Zikj plus the unit component, bi(i = 1, . . . , n) are independent d-dimensional

random vectors with multivariate density function f(b;γ) indexed by a set of parameters γ,

and Λk(·)(k = 1, . . . , K) are arbitrary increasing functions (Zeng and Lin, 2007). Let Tikj

denote the failure time. For survival data, R∗
ikj(t) = I(Tikj ≥ t), where I(·) is the indicator

function; and for recurrent events, R∗
ikj(·) = 1.
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We denote Cikj the censoring time, which is assumed to be independent of N∗
ikj(·) and

bi conditional on Zikj(·) and be non-informative about θ, γ, and Λk(k = 1, . . . , K). The ob-

served data consist of {Nikj(t), Rikj(t),Zikj(t); t ∈ [0, τ ]}, where Nikj(t) = N∗
ikj{min(t, Cikj)},

Rikj(t) = I(Cikj ≥ t)R∗
ikj(t), and τ is the duration of the study. The log-likelihood for θ, γ,

and Λk(k = 1, . . . , K) with a single cluster or subject i is

l(Oi;θ,γ,Λ1, . . . ,ΛK)

= log

∫
b

K∏
k=1

nik∏
j=1

∏
t≤τ

[
Rikj(t)λk(t) exp{θTZikj(t) + bTZ̃ikj(t)}

]dNikj(t)

exp

[
−
∫ τ

0

Rikj(t) exp{θTZikj(t) + bTZ̃ikj(t)}dΛk(t)

]
f(b; γ)db,

where λk(t) = Λ′
k(t)(k = 1, . . . , K) and Oi = [{Nikj(t), Rikj(t),Zikj(t)}; t ∈ [0, τ ], k =

1, . . . , K, j = 1, . . . , nik].

We adopt the nonparametric maximum likelihood approach for inference. Since the

estimates γ̃θ, Λ̃1,θ, . . . , Λ̃K,θ lack closed-form expressions, we utilize the EM algorithm (Zeng

and Lin, 2007) to maximize the likelihood. The subsequent steps for variance estimation

and the construction of the proposed estimator follow the same approach as in the interval-

censored example. Specifically, we approximate Dθl(Oi; θ̃m, γ̃θ̃m , Λ̃1,θ̃m
, . . . , Λ̃K,θ̃m

) by the

symmetric difference quotient with perturbation δn, and obtain the final estimator via (2.3).

3. Asymptotic Properties and Time Complexities

3.1 Asymptotic properties

We assume that F is a linear normed space with norm ∥ · ∥F and that for any f ∈ F ,

there exists fn ∈ Fn such that ∥fn − f∥F → 0 as n → ∞. Let H be a normed space

with norm ∥ · ∥H. We say that a map Φ : F 7→ H is Fréchet-differentiable at η ∈ F
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3.1 Asymptotic properties 16

with respect to norm ∥ · ∥F if there exists a bounded linear map Φ̇[·] : F 7→ H such that

∥Φ(η + h)− Φ(η)− Φ̇[h]∥H/∥h∥F → 0 as ∥h∥F → 0.

We impose the following regularity conditions:

Condition 1. There exists a neighborhood V of (θ0, η0) such that θ 7→ l(O;θ, η) is

thrice differentiable and η 7→ l(O;θ, η) is thrice Fréchet-differentiable. We denote the

first- and second-order derivatives by l̇θ(O;θ, η), l̇η(O;θ, η)[·], l̈θθ(O;θ, η), l̈θη(O;θ, η)[·]

and l̈ηη(O;θ, η)[·, ·].

Condition 2. The least favorable direction h0, defined as the function h ∈ F that minimizes

E∥l̇θ(O;θ0, η0)− l̇η(O;θ0, η0)[h]∥2, exists and is unique.

Condition 3. There exists a neighborhood of θ0 such that θ 7→ η̃θ is thrice differentiable,

and the derivatives are bounded in the neighborhood of θ0. In addition, there exist positive

numbers α, β, γ with α > 1/4, α+ β > 1/2 and h̃0 ∈ F such that as θ →P θ0,

∥η̃θ − η0∥F = OP (∥θ − θ0∥) +OP (m
−α),

∥ ˙̃ηθ − h̃0∥F = OP (∥θ − θ0∥) +OP (m
−β),

and

∥m−1Ĩm − I0∥2 = OP (m
−γ),

where ˙̃ηθ denotes the first-order derivative of η̃θ, and ∥ · ∥2 is the L2(Pθ0,η0) norm.

Condition 4. The function l̇θ(O; θ̃m, η̃θ̃m) + l̇η(O; θ̃m, η̃θ̃m)[
˙̃ηθ̃m ] belongs to some Donsker

class with square-integrable envelope functions, and for any fixed h ∈ F , l̈ηη(O;θ0, η̃θ0)[
˙̃ηθ0 , h]

and l̈θη(O;θ0, η̃θ0)[h] belong to some Glivenko-Cantelli classes with an envelope function

bounded in L1(Pθ0,η0).
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3.1 Asymptotic properties 17

Condition 5. The size of the first block satisfies that n/mr → 0 as n,m → ∞, where

r = min(2, 4α, 1 + 2α, 1 + 4β, 2α + 2β, 1 + 2γ).

Condition 6. The numerical difference Dθ,δnl(O;θ, η̃θ) satisfies

PnDθ,δnl(θ̃m, η̃θ̃m) = PnDθl(θ̃m, η̃θ̃m) + oP (n
−1/2)

and

PmDθ,δnl(θ̃m, η̃θ̃m) = PmDθl(θ̃m, η̃θ̃m) + oP (n
−1/2).

Remark 4. Condition 1 requires the smoothness of the density function. Condition 2

ensures the existence and uniqueness of the least favorable direction. Condition 3 specifies

the smoothness and convergence rate of the nuisance parameter estimator, which holds for

most semiparametric problems. Condition 4 pertains to empirical process conditions, which

are needed in establishing the asymptotic properties of the proposed estimator. Conditions 3

and 4 need to be verified for each specific semiparametric problem using empirical process

theory and functional analysis. Examples are provided in Section S.2 of the Supplementary

Materials. Condition 5 implies that the size of the first block can be O(n1/r+ξ) for any ξ > 0,

which is much smaller than n since r > 1 by Condition 3. Specifically, r = 2 for parametric

models and the Cox proportional hazards model with right-censored data. Condition 6

ensures that the numerical difference does not introduce bias in the final one-step estimator.

We can verify that the symmetric difference quotient in (2.4) with δn = O(n−1/2) satisfies

this condition by showing that the third-order total derivative of l(O;θ, η̃θ) with respect to

θ at θ̃m belongs to some Glivenko-Cantelli class.

We state below the asymptotic properties of the proposed estimator.

Statistica Sinica: Newly accepted Paper 



3.1 Asymptotic properties 18

Theorem 1. Under Conditions 1–6, n1/2(θ̂f − θ0) converges in distribution to a zero-mean

normal random vector with covariance matrix I−1
0 .

The theorem is proved in Section S.1 of the Supplementary Materials. The proof is based

on the expansion of the score function for θ and η and relies on modern empirical process

theory (van der Vaart and Wellner, 1996). Theorem 1 implies that the proposed estimator is

as efficient as the standard maximum likelihood estimator with the entire dataset and that

the limiting covariance matrix of n1/2(θ̂f − θ0) attains the semiparametric efficiency bound.

Thus, we estimate the covariance matrix of θ̂f by mĨ−1
m /n.

Remark 5. A more accurate estimator of the covariance matrix can be obtained by using the

profile likelihood approach with the entire data. However, its computation is more intensive

than simply scaling Ĩ−1
m . Since Theorem 1 only requires the consistency of the covariance

matrix estimator, it is sufficient to estimate the covariance matrix by mĨ−1
m /n.

We now apply Theorem 1 to the first and third examples introduced in Section 2.3.

Example (Partially linear model). We assume that θ0 lies in the interior of a compact subset

B ⊂ Rp and that both g0 and E(X | Z) belong to a Hölder ball G, where g0 is the true value of

g. We define G = {g ∈ Cρ[a, b] : supz |g(j)(z)| ≤ L, j = 0, . . . , ρ, |g(ρ)(z1)− g(ρ)(z2)| ≤ L|z1 −

z2|κ}, where Cρ[a, b] denotes the space of all ρ-times continuously differentiable real-valued

functions on [a, b], ρ is a nonnegative integer, and κ is a positive number. The smoothness of

G is defined by q = ρ+κ, which is assumed to be greater than 1/2. We further assume that σ2
0

is positive and bounded and that both E(XXT) and E[{X−E(X | Z)}{X−E(X | Z)}T]

are positive definite. These assumptions are standard for the partially linear model (Chen,

2007).
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Under these assumptions and with km = O{m1/(2q+1)}, α, β, and γ in Condition 3 are all

q/(2q+1), implying that r in Condition 5 is 4q/(2q+1). The validity of Conditions 1 and 2

follows from the definitions of differentiability and least favorable direction. Condition 4 can

be verified by bounding the bracketing numbers of some function classes. Detailed proofs

are provided in Section S.2.1 of the Supplementary Materials. It follows from Theorem 1

that the proposed estimator for the partially linear model is asymptotically normal and its

limiting variance attains the semiparametric efficiency bound.

Example (Cox proportional hazards model with interval-censored data). We assume the

regularity conditions imposed by Zeng et al. (2016). To verify Condition 1, we write the

log-likelihood function for a single observation as

l(O;θ,Λ) =
K∑
k=1

∆k log

(
exp

[
−
∫ Uk

0

exp{θTZ(t)}dΛ(t)
]

− exp

[
−
∫ Uk+1

0

exp{θTZ(t)}dΛ(t)
])

,

where ∆k = I(Uk < T ≤ Uk+1) (k = 0, . . . , K). Condition 1 then follows from the definition

of differentiability. Conditions 2 and 4 have been verified by Zeng et al. (2016) and Xu et al.

(2022).

We can show that the third-order total derivative of l(O;θ, Λ̃θ) with respect to θ at θ̃m

belongs to some Glivenko-Cantelli class. Thus, the symmetric difference quotient satisfies

Condition 6. For Condition 3, Zeng et al. (2016) showed that α = 1/3. Modern empirical

process theory (van der Vaart and Wellner, 1996) can be used to further show that both β

and γ in Condition 3 are 1/3. Thus, the r in Condition 5 is 4/3. Additional details about

regularity conditions and the verification of Condition 3 are presented in Section S.2.2 of the

Supplementary Materials. It follows from Theorem 1 that the proposed estimator for the
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3.2 Time complexity 20

Cox proportional hazards model with interval-censored data is asymptotically normal and

semiparametric efficient.

Example (Proportional hazards or intensity model with random effects for dependent failure

times). We adopt the regularity conditions imposed by Zeng and Lin (2007). Condition 1 in

our Theorem 1 follows from the definition of differentiability and the dominated convergence

theorem. Conditions 2 and 4 hold by the results of Zeng and Lin (2010). Using arguments

similar to those of Gao et al. (2019), we can establish that the third-order total derivative of

l(O;θ, Λ̃θ) with respect to θ at θ̃m belongs to some Glivenko-Cantelli class, ensuring that

the symmetric difference quotient satisfies Condition 6. Modern empirical process theory

yields α = β = γ = 1/2 for Condition 3, implying r = 2 in Condition 5. Additional details

are provided in the Supplementary Material. By Theorem 1, the proposed estimator for the

proportional hazards or intensity model with random effects is asymptotically normal and

semiparametric efficient.

3.2 Time complexity

In this subsection, we evaluate the computational efficiency of the proposed method com-

pared to the standard method of maximum likelihood estimation with the entire dataset and

the divide-and-conquer method, as a function of sample size while holding p constant. As

there is no existing divide-and-conquer method for general semiparametric problems, we use

an ad-hoc divide-and-conquer approach for comparison. Specifically, we randomly divide the

data into M blocks of equal sizes, perform maximum likelihood estimation on each block,

and average the parameter and covariance matrix estimators. We assume that m = O(nr0)

by Condition 5 for some 1/r < r0 < 1. We set M = n/m to ensure the block size in the

Statistica Sinica: Newly accepted Paper 



21

divide-and-conquer method the same as the size of the first block in the proposed method.

Detailed calculations are provided in Section S.3 of the Supplementary Materials.

For the partially linear model, the time complexities are O{n1+2/(1+2q)} , O{n1+2r0/(1+2q)}

and O{nr0+2r0/(1+2q)+n1+r0/(1+2q)} for the standard, divide-and-conquer and proposed meth-

ods, respectively. For the Cox proportional hazards model with interval-censored data, we

assume that the number of distinct monitoring times is proportional to the sample size.

Let Niter denote the number of iterations for the EM algorithm. The time complexities are

O(Nitern
2), O(Nitern

1+r0) and O(Nitern
2r0 + n log n) for the standard, divide-and-conquer

and proposed methods, respectively. For both models, the time complexity of the proposed

method is lower than that of the divide-and-conquer and standard methods since r0 is less

than 1. Thus, the computational advantages of the proposed estimator become more signif-

icant as n increases.

4. Simulation Studies

In this section, we present simulation studies comparing the proposed methods with the stan-

dard method and the divide-and-conquer method under the partially linear model, the Cox

proportional hazards model with interval-censored data, and the random effects proportional

hazards model for clustered failure times. Additional results for the random effects propor-

tional intensity model with recurrent events and the random effects proportional hazards

model with multiple event types are provided in Section S4 of the Supplementary Material.

All simulations were conducted on Intel® Xeon® Gold 5220R @2.20GHz.
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4.1 Partially linear model 22

4.1 Partially linear model

We generated three covariates, Z ∼ Un(0, 1), X1 = sin(Z) + Un(0, 1), and X2 = cos(Z) +

Un(0, 1), and we set θ1 = 0.5, θ2 = −0.5, σ2 = 1, and g(z) = 0.4f(z; 2, 3) + 0.6f(z; 3, 2),

where f(z;α, γ) is the probability density function of Beta(α, γ). We considered a total

sample size of 106 or 107.

For the standard method, we performed sieve maximum likelihood estimation with the

entire dataset. Specifically, we considered the B-spline basis of order 3 and used 10-fold

cross-validation to select the number of knots from {5, 10, 20, 40, 80, 160, 320}. The knots

were chosen according to the quantiles of the input Z. For the proposed method, we set

m = kn, where k = 0.01, 0.02, 0.05, 0.1 or 0.2. For the divide-and-conquer method, we

divided the whole dataset into M = 5, 10, 20, 50 or 100 blocks of equal sizes and made the

size of the first block in the proposed method the same as the block size in the divide-and-

conquer method. For each method, we recorded the total CPU time.

Table 1 summarizes the simulation results based on 1000 replicates. The proposed

estimator achieves the same statistical efficiency as the standard estimator for all choices

of m. Under n = 107, the standard method took approximately 2.6 hours, and the total

CPU time for the divide-and-conquer method was approximately 2 hours for all choices of

M . By contrast, the proposed methods with m = 0.01 × n, 0.02 × n, 0.05 × n, 0.1 × n and

0.2× n took only 1.1, 2.3, 6.1, 12.6, and 26 minutes, respectively.

4.2 Cox proportional hazards model with interval-censored data

We generated two time-independent covariates, Z1 ∼ Ber(0.5) and Z2 ∼ Un(0, 1), set Λ(t) =

log(1+ t/2) and θ = (0.5,−0.5)T, and generated two monitoring times, U1 = Un(0, 9/4) and
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Table 1: Summary statistics for the simulation study under the partially linear model

θ1 = 0.5 θ2 = −0.5

Bias SE SEE CP Bias SE SEE CP

Method ×10−4 ×10−3 ×10−3 ×100% ×10−4 ×10−3 ×10−3 ×100%

n = 106 Standard 0.764 3.42 3.46 96 -1.391 3.42 3.46 95

Proposed

k = 0.01 0.458 3.67 3.46 94 -1.301 3.65 3.46 94

k = 0.02 0.843 3.50 3.46 95 -1.254 3.48 3.46 95

k = 0.05 0.813 3.43 3.46 95 -1.396 3.43 3.46 95

k = 0.1 0.779 3.42 3.46 95 -1.391 3.43 3.46 95

k = 0.2 0.770 3.41 3.46 96 -1.407 3.43 3.46 95

Divide-and-conquer

M = 5 0.759 3.42 3.46 96 -1.390 3.42 3.46 95

M = 10 0.757 3.42 3.46 95 -1.387 3.42 3.46 95

M = 20 0.759 3.42 3.46 95 -1.388 3.42 3.46 95

M = 50 0.744 3.42 3.46 96 -1.393 3.42 3.46 95

M = 100 0.715 3.43 3.46 96 -1.371 3.42 3.46 95

n = 107 Standard -0.311 1.04 1.10 96 -0.384 1.10 1.10 95

Proposed

k = 0.01 -0.298 1.05 1.10 97 -0.363 1.11 1.10 95

k = 0.02 -0.332 1.05 1.10 96 -0.385 1.10 1.10 95

k = 0.05 -0.313 1.05 1.10 97 -0.388 1.10 1.10 95

k = 0.1 -0.306 1.05 1.10 96 -0.383 1.10 1.10 95

k = 0.2 -0.312 1.05 1.10 96 -0.381 1.10 1.10 95

Divide-and-conquer

M = 5 -0.311 1.04 1.10 97 -0.384 1.10 1.10 95

M = 10 -0.313 1.04 1.10 97 -0.384 1.10 1.10 95

M = 20 -0.310 1.04 1.10 97 -0.385 1.10 1.10 95

M = 50 -0.309 1.04 1.10 97 -0.385 1.10 1.10 95

M = 100 -0.314 1.04 1.10 96 -0.385 1.10 1.10 95

Bias, bias of the parameter estimator; SE, standard error of the parameter estimator; SEE, average of the

standard error estimator; CP, coverage percentage of the 95% confidence interval.
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U2 = min{0.1 + U1 +Exp(2/3), 3}, where Exp(α) denotes the exponential distribution with

mean 1/α. On average, 25–35% of the observations were left-censored, and 50–60% were

right-censored. We set n = 106.

For the standard method, we performed nonparametric maximum likelihood estimation

with the entire dataset using the EM algorithm of Zeng et al. (2016). For the proposed

method, we set m = kn, where k = 0.05, 0.1 or 0.2, and δn = 10 × n−1/2 or 50 × n−1/2.

For the divide-and-conquer method, we divided the entire dataset into M = 5, 10 or 20

blocks of equal sizes to ensure that the block size is the same as the size of the first block

in the proposed method. For variance estimation, we used the profile likelihood approach

with hm = 5 ×m−1/2 for both the proposed and divide-and-conquer methods, and we used

hn = 5×n−1/2 for the standard method. When computing time was of interest, we calculated

the average total CPU time for each method based on 20 replicates, all performed on the

same computer.

Table 2 summarizes the results based on 1000 replicates. The proposed estimator

achieves the same statistical efficiency as the standard estimator. The parameter estimators

are not affected by the choice of the perturbation constant, the variance estimators accurately

reflect the true variabilities, and the confidence intervals have proper coverage probabilities.

The standard method took approximately 2.2 hours, and the average total CPU time for

the divide-and-conquer method with M = 5, 10 and 20 was 4.2, 6.5, and 9.1 hours. The

divide-and-conquer method took more time than the standard method for all choices of M

because estimating Λ(t) with smaller blocks tended to require more iterations to converge.

By contrast, the average total CPU time for the proposed method with m = 0.05×n, 0.1×n,

and 0.2× n was only 0.5, 0.6, and 0.8 hours.
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Table 2: Summary statistics for the simulation study under the Cox model with interval-censored data

θ1 = 0.5 θ2 = −0.5

Bias SE SEE CP Bias SE SEE CP

Method ×10−4 ×10−2 ×10−2 ×100% ×10−4 ×10−2 ×10−2 ×100%

Standard -0.01 2.59 2.62 96 0.47 4.69 4.47 95

Proposed

k = 0.05 δn = 0.005 0.86 2.64 2.63 95 4.99 5.04 4.53 94

δn = 0.01 0.63 2.63 2.63 95 4.02 4.98 4.53 94

k = 0.1 δn = 0.005 0.55 2.61 2.63 95 1.91 4.87 4.53 95

δn = 0.01 0.57 2.60 2.63 96 1.61 4.84 4.53 95

k = 0.2 δn = 0.005 0.37 2.60 2.63 96 0.75 4.72 4.52 95

δn = 0.01 0.43 2.59 2.63 96 0.35 4.71 4.52 95

Divide-and-conquer

M = 20 1.68 2.59 2.63 96 -1.41 4.69 4.53 95

M = 10 0.89 2.59 2.63 96 -0.55 4.69 4.53 95

M = 5 0.48 2.59 2.63 96 -0.07 4.69 4.52 95

Bias, bias of the parameter estimator; SE, standard error of the parameter estimator; SEE, average of the

standard error estimator; CP, coverage percentage of the 95% confidence interval.
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4.3 Proportional hazards model for clustered failure times

We generated clustered failure times with cumulative hazard function Λ0(t) exp(θ1Z1ij +

θ2Z2ij + bi1 + bi2Z1ij)(j = 1, . . . , ni; i = 1, . . . , n), where Z1ij and Z2ij are independent

Bernoulli and uniform [0, 1] variables, bi1 and bi2 are independently standard normal, θ1 =

−θ2 = 0.5, and Λ0(t) = 0.5t. We created censoring times from the uniform [0, 2] distribution

and set τ = 1, producing approximately 64% censored observations. We sampled ni from

(2, 3, 4, 5, 6) with probabilities (0.2, 0.3, 0.3, 0.1, 0.1) and set n = 106.

For the standard method, we performed nonparametric maximum likelihood estimation

with the entire dataset using the EM algorithm (Zeng and Lin, 2007). For the proposed

method, we set m = kn, where k = 0.05, 0.1 or 0.2, and δn = 0.5 × n−1/2 or 5 × n−1/2. For

the divide-and-conquer method, we divided the whole dataset into M = 5, 10 or 20 blocks of

equal size and made the size of the first block in the proposed method the same as the block

size in the divide-and-conquer method. The convergence criterion for the EM algorithm was

that the sum of absolute changes in parameter estimates between two successive iterations

was less than 10−6. We used 20 nodes for Gaussian quadratures. For variance estimation,

we set hm = 5 × m−1/2 for both the proposed and divide-and-conquer methods, and hn =

5×n−1/2 for the standard method. When computing time was of interest, we calculated the

average total CPU time for each method based on 10 replicates, all performed on the same

computer.

Table 3 summarizes the results based on 1000 replicates. The proposed estimator

achieves the same statistical efficiency as the standard estimator. The parameter estimators

are robust to the choice of the perturbation constant, the variance estimators accurately

reflect the true variabilities, and the confidence intervals have proper coverage probabilities.

Statistica Sinica: Newly accepted Paper 



27

Table 3: Summary statistics for the simulation study for clustered failure times�

θ1 = 0.5 θ2 = −0.5

Bias SE SEE CP Bias SE SEE CP

Method ×10−3 ×10−3 ×10−3 ×100% ×10−3 ×10−3 ×10−3 ×100%

Standard 0.15 2.86 2.80 95 0.09 3.69 3.77 95

Proposed k = 0.05 δn = 0.0005 0.08 2.86 2.81 95 0.13 3.69 3.78 94

δn = 0.005 0.10 2.86 2.81 95 0.10 3.69 3.77 95

k = 0.1 δn = 0.0005 0.11 2.86 2.80 95 0.11 3.69 3.78 95

δn = 0.005 0.13 2.86 2.80 95 0.10 3.69 3.78 95

k = 0.2 δn = 0.0005 0.13 2.86 2.80 95 0.10 3.69 3.77 95

δn = 0.005 0.14 2.86 2.80 95 0.09 3.69 3.77 95

Divide-and-conquer M = 20 0.15 2.86 2.81 95 0.09 3.69 3.78 95

M = 10 0.15 2.86 2.80 95 0.09 3.69 3.77 95

M = 5 0.15 2.86 2.80 95 0.09 3.69 3.77 95

�Bias, bias of the parameter estimator; SE, standard error of the parameter estimator; SEE, average

of the standard error estimator; CP, coverage percentage of the 95% confidence interval.

The standard method took approximately 22 hours, and the average total CPU time for the

divide-and-conquer method with M = 5, 10 and 20 was 25, 31, and 28 hours, respectively.

By contrast, the average total CPU time for the proposed method with k = 0.05, 0.1 and 0.2

was only 2, 4, and 7 hours, respectively.

5. Application

We considered the UK Biobank, which is a cohort study of approximately half a million

subjects (Bycroft et al., 2018). We related interval-censored age-at-onset of hypertension
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to biological sex, race, birthplace, the top ten genetic principal components representing

population substructures, and the polygenic risk score (PRS) for hypertension summarizing

the estimated effects of genetic variants. Sex took value 1 for male and 0 for female, race

took value 1 for white and 0 for non-white, birthplace took value 1 for England and 0 for

others, and the PRS was obtained from Thompson et al. (2022).

The analysis dataset contained a total of 482507 subjects, with 13779 interval-censored,

258371 left-censored, and 210357 right-censored observations.

We randomly chose k = 5%, 10% or 20% of the entire dataset as the first block and

set δn = 0.5 × n−1/2 for the proposed method, and we set M = 5, 10 or 20 for the divide-

and-conquer method. For variance estimation, we used the profile likelihood approach with

hm = m−1/2 for both the proposed and divide-and-conquer methods, and we used hn = n−1/2

for the standard method. The total CPU time for the standard method was approximately

32 hours. For the divide-and-conquer method, it was 44 hours with M = 5, 44 hours with

M = 10 and 50 hours with M = 20. By contrast, the total CPU time for the proposed

method with k = 0.05, 0.1 and 0.2 was only 1.9, 3.5 and 5.8 hours, respectively.

The estimation results are presented in Table S1 of the supplementary materials. The

three methods yield highly similar estimates. For the standard method, the estimate of

the regression coefficient for PRS is 0.3158 with a standard error of 2.159 × 10−3. For the

divide-and-conquer methods with M = 5, 10, and 20, the coefficient estimates are 0.3158,

0.3160, and 0.3163, with corresponding standard errors of 2.159 × 10−3, 2.162 × 10−3, and

2.163× 10−3. For the proposed method with k = 0.05, 0.1, and 0.2, the coefficient estimates

are 0.3155, 0.3156, and 0.3156, with standard errors of 2.165 × 10−3, 2.176 × 10−3, and

2.160× 10−3, respectively. We tested the null hypothesis that PRS has no effect on the risk

Statistica Sinica: Newly accepted Paper 



29

of developing hypertension. By the proposed method with k = 0.2, the PRS has a p-value

of less than 2.2 × 10−16, leading to a strong rejection of the null hypothesis. These results

suggest that individuals with higher PRS are more likely to develop hypertension compared

to those with lower PRS.

6. Discussion

In this article, we presented a general framework for fitting semiparametric models to big data

in a computationally and statistically efficient way. We proposed a one-step estimator with

semiparametric efficient score functions to reduce the computation time in estimating the

finite-dimensional parameters of interest. The proposed approach does not require an explicit

formula of the semiparametric efficient score function or utilize distributed computing.

We introduced a novel way to estimate the semiparametric efficient score function when

an analytical expression is unavailable. We established the asymptotic properties of the

one-step estimator under mild regularity conditions. We verified the regularity conditions

under the partially linear model for a continuous response variable and the Cox model for

an interval-censored failure time through innovative use of modern empirical process theory.

One important result of our work is that ˙̃ηθ →P −h0 as θ →P θ0, which is presented in

Section S.1 of the Supplementary Materials. This result provides a general approximation

of the least favorable direction, which can be applied to a wide variety of semiparametric

models.

The technical development of the present paper differs substantially from that of Wang

et al. (2024). First, we established a rigorous asymptotic theory for general semiparamet-

ric models, for which efficient score functions may not have explicit expressions, whereas
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Wang et al. (2024) relied heavily on the explicit form of efficient score functions. Second,

we derived the technical conditions under which numerical derivatives of the profile likeli-

hood correctly approximate efficient score functions, whereas Wang et al. (2024) avoided

this technical challenge due to the explicit expression of efficient score functions. Finally,

we verified that the technical conditions are satisfied for the partially linear model with a

continuous response variable and the Cox model with an interval-censored failure time, for

which nuisance parameters cannot be estimated in the parametric rate, unlike the case of

Wang et al. (2024).

The proposed framework is highly general and readily covers more complex semipara-

metric problems, such as transformation models for counting processes and joint models for

repeated measures and failure times (Zeng and Lin, 2007). For such problems, the standard

full-data maximum likelihood estimation with massive sample sizes is computationally pro-

hibitive, and the semiparametric efficient score functions lack analytical expressions. Our

approach completely circumvents these challenges by one-step estimation and numerical dif-

ferences of the profile log-likelihood.

The proposed approach can incorporate multiple blocks of data. Consider K blocks of

data indexed by J1, . . . ,JK , with sizes n1, . . . , nK , respectively. We obtain the maximum

likelihood estimators of θ and η using the first block of data, denoted by
{
θ̃(1), η̃

(1)

θ̃(1)

}
. For

the remaining (K − 1) blocks, we calculate

θ̃(k) = θ̃(1) +
{
nkĨ

(1)/n1

}−1 ∑
i∈Jk

Dθl
{
Oi; θ̃

(1), η̃
(1)

θ̃(1)

}
, k = 2, . . . , K,

where Ĩ(1) is the information matrix for θ̃(1). The proposed estimator is then defined as

θ̂f =
∑K

k=1 nkθ̃
(k)/n. Mathematically, θ̂f is independent ofK as long as n1 remains constant,

and thus Theorem 1 holds for the proposed estimator with multiple data blocks.
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There are practical benefits for using more than 2 blocks. First, when the data are stored

across multiple machines, the proposed approach can be implemented with distributed com-

puting among the (K−1) machines, and only the estimates
{
θ̃(1), η̃

(1)

θ̃(1)
, Ĩ(1)

}
from the initial

analysis are communicated to the (K − 1) machines. Thus, the proposed approach is highly

efficient in both computation and communication. Second, data privacy is ensured when re-

sults from different sources are integrated because only estimates are communicated among

the K blocks. Finally, the proposed procedure enables online learning by incorporating new

data without revisiting previous data. By considering the new batch of data as the (K+1)th

block, we can calculate θ̃(K+1) and update θ̂f .

The proposed approach can be extended to high-dimensional covariates. In particular,

we may conduct variable selection using the first block of data. After debiasing the initial

estimators, we carry out a one-step update on the coefficients of the selected covariates

using the remaining data. The computation lies primarily in the first block analysis, which

is always less intensive than directly analyzing the entire dataset. We expect that the

asymptotic efficiency of the proposed estimators will not be affected by the uncertainty from

variable selection.

In practice, big data are likely heterogeneous. We can account for heterogeneity by

fitting a model stratified by subpopulations to the initial block of data and calculating the

one-step estimator using the remaining data if the initial block contains subjects from all

subpopulations. Alternatively, we can compute the one-step estimator separately for each

subpopulation and then combine the estimators through meta-analysis (Lin and Zeng, 2010).
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Supplementary Materials

The Supplementary Material contains technical details of the proposed methods and addi-

tional simulation studies.
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