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Abstract: Structured linear regression provides a flexible framework for modeling vector-,

matrix-, or tensor-valued covariates, while valid and efficient inference for linear functionals

of the structured parameter remains challenging, especially under correlated designs, since

the optimal inferential direction depends not only on the ambient linear model but also on

the local geometry of the parameter space. To address these issues, we propose a general

debiasing framework for inference by covariance-weighted projection over local low-rank ge-

ometry. Based on this construction, oracle and feasible one-step estimators are developed

with asymptotic normality and valid Wald inference. In particular, the proposed method

achieves a smaller asymptotic variance than competing approaches without covariance ad-

justment, the resulting confidence intervals attain a local geometric minimax lower bound,

enabling more efficient statistical inference. We further specialize the general framework to

low-rank Tucker regression under mode-wise Kronecker covariance structures, where explicit

theory and feasible inference procedures are developed. Simulation studies and an applica-

tion to resting-state EEG data illustrate favorable finite-sample performance.
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1. Introduction

Linear regression is one of the most fundamental tools in statistics. In many contem-

porary applications, however, the parameter of interest is endowed with additional

structure, and the covariates may be vector-, matrix-, or tensor-valued (Koren et al.,

2009; Zhou et al., 2013; Mørup et al., 2015). This gives rise to a broad class of

structured linear regression problems, in which statistical efficiency and valid infer-

ence depend not only on the ambient linear model, but also on the geometry of the

parameter space. In this paper, we consider

yi = ⟨Zi,Θ
∗⟩+ εi, i = 1, . . . , N, (1.1)

which includes classical vector regression, matrix regression, and tensor regression

as special cases. Important applications arise when Θ∗ satisfies a low-dimensional

structural constraint, such as low rank or Tucker-type structure. A large literature

has studied estimation of Θ∗ under low-rank structure, including nuclear-norm regu-

larization, matrix factorization (Candès and Recht, 2009; Negahban and Wainwright,

2011; Kolda and Bader, 2009; Zhou et al., 2013), Tucker-type tensor methods (Li and

Zhang, 2017; Lock, 2018; Hung and Jou, 2019; Kong et al., 2020) and so on. These

developments of estimation have greatly expanded the scope of structured regression

Statistica Sinica: Newly accepted Paper 



1.1 Related work

with matrix- and tensor-valued covariates.

In many applications, the object of scientific interest is not the full coefficient

array itself, but a low-dimensional summary of it. That is, the linear functional

∆A = ⟨A,Θ⋆⟩,

where A is a prespecified loading tensor representing the contrast or summary of

interest. Examples include region-level summaries in neuroimaging, structured con-

trasts across tensor modes, and other interpretable functionals tailored to the scien-

tific question. Although inference for such linear functionals is of substantial practical

interest, it remains relatively underdeveloped in the existing literature. To this end,

this paper takes a step toward filling this gap.

1.1 Related work

A substantial literature on low-rank matrix and tensor regression has focused on

estimation and prediction under structural constraints such as matrix rank, Tucker

rank, and CP rank (Koltchinskii et al., 2011; Zhou et al., 2013; Lock, 2018; Li et al.,

2018; Zhang et al., 2020). While these works provide important advances in method-

ology, computation, and error analysis, they do not directly address inference for

low-dimensional functionals, nor do they establish the distributional theory needed

for uncertainty quantification. As a result, existing estimation procedures do not by

themselves yield valid confidence intervals or asymptotically normal estimators for
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1.1 Related work

such targets.

Debiasing has been extensively studied in high-dimensional vector linear models,

where a regularized estimator is corrected by a one-step bias-reduction term to re-

cover asymptotic normality for low-dimensional targets (Zhang and Zhang, 2014; van

de Geer et al., 2014; Javanmard and Montanari, 2014; Ning and Liu, 2017; Dezeure

et al., 2015). In low-rank tensor regression, however, the inferential problem is more

delicate because the relevant directions are constrained by the local geometry in-

duced by the low-rank structure. As we show in Proposition 2, directly applying

a Euclidean debiasing rule may yield inefficient correction directions. Related ge-

ometric approaches to structured inference have also been developed for general

high-dimensional linear inverse problems (Cai et al., 2016), but they do not directly

identify the covariance-weighted inferential direction arising in our setting. More-

over, existing inference procedures for matrix and tensor regression are developed

largely under isotropic or identity-type designs (Xia and Yuan, 2021; Xia et al.,

2022; Chen et al., 2019; Xia, 2019; Choi et al., 2024). However, correlated designs

prevail in practical settings, and their underlying covariance structure governs both

proper bias correction and the statistical efficiency bound. This practical necessity

motivates the present work , which introduces a covariance-weighted debiasing frame-

work for structured linear regression, with K-th Tucker tensor regression as primary

application scenario.
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1.2 Contributions

1.2 Contributions

We develop a debiasing framework for inference on the linear functional ∆A in low-

rank regression by covariance-weighted projection over local low-rank geometry. Our

main contributions are as follows.

(1) A general covariance-weighted framework for debiasing linear functionals is

proposed, which treats the low-rank parameter space as a smooth manifold

and identifies the appropriate debiasing direction through the local low-rank

geometry induced by the design covariance, encompassing low-rank Tucker re-

gression. In particular, it also includes the vector linear model as a special

Euclidean case, and the covariance-weighted adjustment reduces to the classi-

cal Euclidean debiasing direction. We develop a one-step debiasing estimator

for the target linear functional based on the sample splitting and establish

asymptotic normality for both oracle and feasible procedures, together with

asymptotically valid Wald inference. We further show that the resulting con-

fidence intervals attain the local geometric benchmark induced by the oracle

debiasing direction.

(2) Our theoretical analysis yields some interesting findings. Compared with Eu-

clidean debiasing and unweighted-projection debiasing procedures, the pro-

posed estimators achieve the smallest asymptotic variance. Moreover, the re-
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1.3 Organization and notation

sulting confidence intervals are locally minimax rate-optimal, which further

rigorously elaborates that our method outperforms the Euclidean debiasing

and unweighted-projection debiasing methods.

(3) We specialize the general framework to K-th order Tucker tensor regression

with mode-wise Kronecker dependence, and low-rank matrix regression is re-

covered as the special case K = 2. We derive explicit projection formulas,

construct a feasible inference procedure, and verify model-specific sufficient

conditions for asymptotic normality and valid Wald inference.

1.3 Organization and notation

The remainder of the paper is organized as follows. Section 2 develops the covariance-

weighted geometric principle, constructs the oracle and feasible one-step estimators,

and derives explicit formulas for K-th order Tucker tensor regression under mode-

wise Kronecker dependence. General asymptotic theory is established in Section 3,

where the required conditions are verified for the Tucker model and the validity and

local optimality of the resulting confidence intervals are proved. Section 4 reports

finite-sample results for estimation and inference, and Section 5 presents an EEG

data analysis. Concluding remarks are given in Section 6. Technical proofs and

auxiliary arguments are deferred to Supplementary Material. In this paper, bold

lowercase letters denote vectors, bold uppercase letters denote matrices, calligraphic
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letters denote tensors, and plain letters denote scalars unless otherwise specified.

For matrices A,B ∈ Rp×q, let ⟨A,B⟩ = tr(A⊤B) and ∥A∥2F = ⟨A,A⟩. For tensors

A,B ∈ Rp1×···×pK , let ⟨A,B⟩ =
∑p1

i1=1 · · ·
∑pK

iK=1Ai1,...,iKBi1,...,iK and ∥A∥2F = ⟨A,A⟩.

Let Aj = Matj(A) ∈ Rpj×
∏

k ̸=j pk denote the mode-j matricization of A and vec(·)

denote vectorization. Let [m] = {1, . . . ,m} for a positive integer m. We write

c, C > 0 for generic constants whose values may change from line to line. We also

use p̄ = maxj∈[K] pj, p = minj∈[K] pj, r̄ = maxj∈[K] rj and r = minj∈[K] rj.

2. Covariance-weighted projection and inference

This section develops the covariance-weighted debiasing construction underlying the

proposed inference procedure. The framework is first formulated for a linear model

with a structured parameter lying on a smooth manifold, and then specialized to low-

Tucker rank K-th order tensor regression under mode-wise Kronecker dependence,

with low-rank matrix regression recovered as the case K = 2.

2.1 General setup and covariance-weighted geometric principle

We now turn to the construction of the debiasing direction for the target functional

∆A = ⟨A,Θ∗⟩. Denote Θ∗ as the structured parameter of interest, assumed to lie on

a smooth low-rank manifold M. We consider the general linear model introduced in
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2.1 General setup and covariance-weighted geometric principle

(1.1),

yi = ⟨Zi,Θ
∗⟩+ εi, i = 1, . . . , N,

where Zi may be vector-, matrix-, or tensor-valued depending on the model under

consideration, εi are independent mean-zero errors with variance σ2. Denote by

Σ = E[vec(Zi)vec(Zi)
⊤], the covariance operator of the vectorized covariates. The

projection principle developed in this section does not require any specific structure

on the covariance operator Σ, other than positive definiteness. Let TΘ∗M denote

the tangent space of M at Θ∗, which characterizes the local geometry of the low-

rank manifold around Θ∗. For a given object A, we define the covariance-weighted

projection operator PΣ,Θ∗(A) and adjoint operator P ∗
Σ,Θ∗(A) as

PΣ,Θ∗(A) = arg min
B∈TΘ∗M

∥A−B∥2Σ, (2.2)

and vec
(
P ∗
Σ,Θ∗(A)

)
= Σ vec (PΣ,Θ∗ (vec−1(Σ−1vec(A)))), where ∥A∥2Σ = vec(A)⊤Σ vec(A).

Proposition 1 records the basic algebraic properties of the covariance-weighted

projection PΣ,Θ∗ and its adjoint P ∗
Σ,Θ∗ . These identities underlie the debiasing con-

struction below, in particular the oracle and feasible error decompositions and the

analysis of the plug-in projection term. Figure 1 gives a geometric illustration of the

covariance-weighted projection, together with its unweighted counterpart.

Proposition 1. For any matrices or tensors A and B of compatible dimensions,

the following hold: (a) for any C ∈ TΘ∗M, PΣ,Θ∗(C) = C; (b) PΣ,Θ∗(A + B) =

Statistica Sinica: Newly accepted Paper 



2.2 One-step debiasing: oracle and feasible constructions

PΣ,Θ∗(A) + PΣ,Θ∗(B); and (c) ⟨PΣ,Θ∗(A), B⟩ = ⟨A,P ∗
Σ,Θ∗(B)⟩.

Figure 1: Geometric illustration of the covariance-weighted and unweighted projec-

tions onto the tangent space TΘ∗M at the true parameter Θ∗. For a loading A, the

covariance-weighted projection PΣ,Θ∗(A) is the element of TΘ∗M that minimizes the

Σ-weighted distance to A, whereas PI,Θ∗(A) denotes the corresponding unweighted

projection.

2.2 One-step debiasing: oracle and feasible constructions

We now use the geometric objects introduced in Section 2.1 to construct an estimator

for the target functional ∆A = ⟨A,Θ∗⟩. For a given loading A, define the projection-

adjusted loading Φ(A) as

Φ(A) = PΣ,Θ∗(vec−1(Σ−1vec(A))),
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2.2 One-step debiasing: oracle and feasible constructions

which serves as the debiasing direction for target function ∆A. Subsequently, we

define the oracle one-step debiased estimator

∆̂or
A = ⟨A,PΣ,Θ∗(Θ̂)⟩+ 1

N

N∑
i=1

⟨Φ(A), Zi⟩
(
yi − ⟨Zi, Θ̂⟩

)
. (2.3)

where Θ̂ is a consistent initial estimate. The error decomposition has the following

form

∆̂or
A −∆A =

1

N

N∑
i=1

⟨Φ(A), Zi⟩εi︸ ︷︷ ︸
Stochastic error

+
〈
P ∗
Σ,Θ∗(A)−

1

N

N∑
i=1

⟨Φ(A), Zi⟩Zi, Θ̂−Θ∗〉
︸ ︷︷ ︸

Remainder term

. (2.4)

With such constructed Φ(A), the remainder term satisfies E[⟨Φ(A), Zi⟩Zi] = P ∗
Σ,Θ∗(A),

which indicates that the remainder term can be asymptotically negligible compared

with the stochastic term under some mild conditions.

The oracle estimator (2.3) relies on the population projection-adjusted loading

Φ(A) and the true tangent space TΘ∗M, which are usually unknown in practice. Op-

erators PΣ̂,Θ̂M
, P ∗

Σ̂,Θ̂M
, and Φ̂ are defined by replacing Σ and Θ∗ with the estimated

nuisance quantities Σ̂ and Θ̂M, where Θ̂M ∈ M is a manifold-adapted version of the

consistent initial estimator Θ̂. Given the estimated nuisance quantities from another

independent dataset, we define the feasible debiased estimator by

∆̂fe
A = ⟨A,PΣ̂,Θ̂M

(Θ̂)⟩+ 1

N

N∑
i=1

⟨Φ̂(A), Zi⟩
(
yi − ⟨Zi, Θ̂⟩

)
. (2.5)
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2.2 One-step debiasing: oracle and feasible constructions

The error decomposition has the following form

∆̂fe
A−∆A =

1

N

N∑
i=1

⟨Φ̂(A), Zi⟩εi︸ ︷︷ ︸
Stochastic error

+
〈
P ∗
Σ̂,Θ̂M

(A)− 1

N

N∑
i=1

⟨Φ̂(A), Zi⟩Zi, Θ̂−Θ∗〉
︸ ︷︷ ︸

Remainder term

+ ⟨P ∗
Σ̂,Θ̂M

(A)−A,Θ∗⟩︸ ︷︷ ︸
Feasibility term

.

(2.6)

Compared with the oracle decomposition in (2.4), the feasible estimator involves an

additional feasibility term arising from the use of an estimated projection operator.

This term would vanish if the population tangent-space projection were available,

but controlling its sample analogue is nontrivial in general. In the model-specific

analysis below, we show that this feasibility term is asymptotically negligible.

Remark 1. [Euclidean benchmark and geometric intuition] The oracle estimator in

(2.3) admits the plug-in representation ∆̂or
A = ⟨A, Θ̃⟩ with

Θ̃ = PΣ,Θ∗(Θ̂) +
1

N

N∑
i=1

Φ(Zi)
(
yi − ⟨Zi, Θ̂⟩

)
. (2.7)

Consider the classic vector linear model with yi = x⊤
i β

∗ + εi, i = 1, . . . , N , where

xi ∈ Rp, β∗ ∈ Rp, Σ = E[xix
⊤
i ] and the parameter space is the full Euclidean space.

The tangent space is Tβ∗M = Rp, and hence the covariance-weighted projection

operator (2.2) is the identity. Therefore, Φ(xi) = Σ−1xi and the one-step debiased

estimaor (2.7) reduces to the classic debiased estimator

β̃ = β̂ +
1

N

N∑
i=1

Σ−1xi

(
yi − x⊤

i β̂
)
.

The low-rank setting differs because the local parameter space is restricted to the

tangent space of the low-rank manifold. As a result, the ambient correction direction
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2.3 Tucker tensor regression under mode-wise Kronecker covariance

Σ−1vec(A) generally contains components outside the locally admissible space. The

proposed estimator removes these components by projecting the correction direction

onto the tangent space under the covariance-induced metric, thereby yielding a more

efficient inferential direction.

2.3 Tucker tensor regression under mode-wise Kronecker covariance

We specialize the general covariance-weighted debiasing framework to Tucker tensor

regression by taking Zi as Xi ∈ Rp1×···×pK , Θ∗ as T ∗ ∈ Rp1×···×pK , and denoting Mr

as the manifold of tensors with Tucker rank r = (r1, · · · , rK), respectively. Assume

T ∗ = G∗ ×1 U
∗
1 ×2 · · · ×K U∗

K ,

where G∗ ∈ Rr1×···×rK is the core tensor and U∗
j ∈ Rpj×rj has orthonormal columns

for j ∈ [K]. The tangent space TMMr at T = G ×1 U1 ×2 U2 · · ·UK ∈ Mr can be

parameterized as

TMMr =
{
Ġ ×K

k=1 UkUk +
K∑
k=1

G ×k U̇k ×j ̸=k Uj : U̇
⊤
k Uk = 0

}
. (2.8)

Our inferential target is the linear functional ∆A = ⟨A, T ∗⟩ for a given loading tensor

A ∈ Rp1×···×pK . To obtain explicit formulas for the covariance-weighted projection

operator, we assume that the vectorized design covariance has the mode-wise Kro-

necker form Σ = Σ[K] ⊗ · · · ⊗ Σ[1], where each Σ[k] ∈ Rpk×pk , k ∈ [K] is positive

definite.
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2.3 Tucker tensor regression under mode-wise Kronecker covariance

Let PΣ[j]

U∗
j

= U∗
j{(U∗

j)
⊤Σ[j]U∗

j}−1(U∗
j)

⊤ for j ∈ [K]. The abstract operators

PΣ,Θ∗ and P ∗
Σ,Θ∗ introduced in Section 2.2 specialize to PΣ,T ∗ and P ∗

Σ,T ∗ . For any

A ∈ Rp1×···×pK , they admit the explicit forms

PΣ,T ∗(A) = A×K
k=1 P

Σ[k]

U∗
k
Σ[k] +

K∑
j=1

G∗ ×k ̸=j U
∗
k ×j Wj1, (2.9)

P ∗
Σ,T ∗(A) = A×K

k=1 Σ
[k]PΣ[k]

U∗
k

+
K∑
j=1

G∗ ×k ̸=j Σ
[k]U∗

k ×j Wj2, (2.10)

where Wj1 and Wj2 are defined as

Wj1 =
(
Ipj −PΣ[j]

U∗
j
Σ[j]

)
Aj

(⊗
k ̸=j

Σ[k]U∗
k

)
(G∗

j)
⊤
(
G∗

j

[⊗
k ̸=j

(U∗
k)

⊤Σ[k]U∗
k

]
(G∗

j)
⊤
)−1

,

Wj2 =
(
Ipj −Σ[j]PΣ[j]

U∗
j

)
Aj

(⊗
k ̸=j

U∗
k

)
(G∗

j)
⊤
(
G∗

j

[⊗
k ̸=j

(U∗
k)

⊤Σ[k]U∗
k

]
(G∗

j)
⊤
)−1

,

andG∗
j denotes the mode-j matricization of G∗. Define the oracle projection-adjusted

loading Φ(A) = PΣ,T ∗(vec−1(Σ−1vec(A))). Therefore, the oracle one-step estimator

for the linear functional ∆A = ⟨A, T ∗⟩ takes the same form as (2.3) by plugging-in

PΣ,T ∗ and Φ(A).

To derive the feasible one-step debiased estimator without requiring an external

independent dataset, we use sample splitting to decouple nuisance estimation from

the one-step correction. Assume N = 2n and partition the sample D = {(yi,Xi)}2ni=1

into two disjoint subsamples D1 = {(yi,Xi)}ni=1 and D2 = {(yi,Xi)}2ni=n+1. We first

construct an estimator based on D1, with all nuisance quantities estimated from the
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2.3 Tucker tensor regression under mode-wise Kronecker covariance

auxiliary sample D2. Define

Σ̃[j] =
1

|D2|
∑
i∈D2

Matj(Xi)
⊗2, j ∈ [K], bn =

1

|D2|
∑
i∈D2

∥Xi∥2F , (2.11)

and normalize

Σ̂[j] = b−(K−1)/K
n Σ̃[j], j ∈ [K]. (2.12)

Thus, Σ is estimated by

Σ̂ = Σ̂[K] ⊗ · · · ⊗ Σ̂[1]. (2.13)

Let T̂ be an initial estimator computed from D2, and let T̂r = Ĝ ×K
k=1 Ûk be its

Tucker-rank r = (r1, . . . , rK) approximation obtained via the HOSVD algorithm (De

Lathauwer et al., 2000). We then use the plug-in operator PΣ̂,T̂r to estimate PΣ,T ∗ ,

and define Φ̂(A) = PΣ̂,T̂r(vec
−1(Σ̂−1vec(A))). The resulting feasible projection-based

estimator based on D1 is

∆̂
(1)
A =

〈
A, PΣ̂,T̂r(T̂ )

〉
+

1

|D1|
∑
i∈D1

⟨Φ̂(A), Xi⟩(yi − ⟨Xi, T̂ ⟩). (2.14)

Exchanging the roles of D1 and D2 yields another feasible estimator ∆̂
(2)
A , and the

final estimator is

∆̂A =
1

2

(
∆̂

(1)
A + ∆̂

(2)
A
)
. (2.15)

The algorithm is summarized in Algorithm 1.

For the inference of ∆A, Corollary 1 shows that

√
NV −1/2(∆̂A −∆A)

d→ N(0, 1),

Statistica Sinica: Newly accepted Paper 



2.3 Tucker tensor regression under mode-wise Kronecker covariance

Algorithm 1 Feasible Covariance-Weighted One-Step Debiased Estimate

Input: Independent datasets D1 and D2; initial estimators T̂ (1) and T̂ (2) computed

from D1 and D2, respectively.

Output: Debiased estimator ∆̂A

1: Perform HOSVD on T̂ (2) such that T̂r = Ĝ ×K
k=1 Ûk, where Ĝ ∈ Rr1×···×rK

2: Compute covariance estimators Σ̂[j], j ∈ [K] and Σ̂ based on D2 according to

(2.11)–(2.13).

3: Compute projection-adjusted loading Φ̂(A) = PΣ̂,T̂r

(
vec−1(Σ̂−1vec(A))

)
.

4: Compute ∆̂
(1)
A using (2.14)

5: Repeat Steps 1–4, switching the roles of D1 and D2 and obtain ∆̂
(2)
A .

6: return Final estimator: ∆̂A = (∆̂
(1)
A + ∆̂

(2)
A )/2.

where V = σ2∥Φ(A)∥2Σ. We estimate V by V̂ = σ̂2∥Φ̂(A)∥2
Σ̂
with σ̂2 = 1

N

∑
i∈D1

(
yi−

⟨Xi, T̂ (2)⟩
)2
+ 1

N

∑
i∈D2

(
yi−⟨Xi, T̂ (1)⟩

)2
. This yields the (1−α)-level Wald confidence

interval

CIα(A,D) =

[
∆̂A − zα/2

V̂ 1/2

√
N

, ∆̂A + zα/2
V̂ 1/2

√
N

]
.

Remark 2. [Matrix regression as the special case K = 2] The low-rank matrix re-

gression model is recovered from the Tucker formulation by taking K = 2. In this

case, T ∗ reduces to a rank-r coefficient matrix, and the mode-wise Kronecker co-

variance Σ = Σ[2] ⊗Σ[1] becomes the usual Kronecker covariance for matrix-valued
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covariates. Accordingly, the covariance-weighted projection operators, the projection-

adjusted loading, and the feasible one-step debiased estimator are obtained by spe-

cializing the general formulas to K = 2. We record the resulting matrix expressions

separately in Supplementary Material for reference.

3. Theoretical analysis

3.1 General asymptotic theory

We list the assumptions needed for the asymptotic normality results in this section.

Assumption 1 (Noise). The errors {εi} are independent of {Zi}, mean zero, and

sub-Gaussian with variance σ2.

Assumption 2 (Covariance and norm equivalence). Assume {Zi}Ni=1 are i.i.d. and

E vec(Zi) = 0. Let Σ = Cov(vec(Zi)) be positive definite, and assume its eigenvalues

are bounded away from 0 and ∞: there exist constants 0 < λmin ≤ λmax < ∞ such

that λmin ≤ λmin(Σ) ≤ λmax(Σ) ≤ λmax.

Assumption 3 (Sub-Gaussian design). Assume vec(Zi) is sub-Gaussian with re-

spect to ∥ · ∥Σ: there exists κ > 0 such that for all u ∈ Rp, E exp
(
⟨u, vec(Zi)⟩

)
≤

exp(κ2∥u∥2Σ/2).

The oracle and feasible decompositions in (2.4) and (2.6) share the same leading

stochastic term, while differing in the remainder induced by nuisance estimation and
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3.1 General asymptotic theory

plug-in projection. We first state the oracle benchmark.

Theorem 1 (Asymptotic normality of ∆̂or
A ). Assume Assumptions (1)–(3) hold, Θ̂

is independent of {(yi, Zi)}Ni=1, and ∥Θ̂−Θ∗∥Σ = op(1), then we have E(∆̂or
A ) = ∆A.

Define V := Var(⟨Φ(A), Z1⟩ε1) = σ2∥Φ(A)∥2Σ > 0. As N → ∞, we have

√
N V −1/2

(
∆̂or

A −∆A

) d→ N(0, 1).

To obtain a computable estimator, we replace unknown quantities by consistent

estimators. To justify concentration steps, we employ sample splitting or cross-fitting

so that the nuisance estimators are independent of the sample {(yi, Zi)}Ni=1 used in

the debiasing step.

Theorem 2 (Asymptotic normality of ∆̂fe
A). Assume Assumptions (1)–(3) hold. Sup-

pose (Φ̂(A), Σ̂, Θ̂) are independent of {(yi, Zi)}Ni=1, ∥Θ̂−Θ∗∥Σ = op(1), ∥Σ̂−Σ∥2 =

Op(n
−1/2), and ∥Φ̂(A)−Φ(A)∥Σ = op

(
∥Φ(A)∥Σ

)
, we have E(∆̂fe

A) = ∆A. In addition,

assume 〈
P ∗
Σ̂,Θ̂

(A)− A, Θ∗〉 = op
(
N−1/2σ∥Φ(A)∥Σ

)
, (3.16)

Then with V := Var(⟨Φ(A), Z1⟩ε1) = σ2∥Φ(A)∥2Σ, we have

√
N V −1/2

(
∆̂fe

A −∆A

) d→ N(0, 1), N → ∞.

Remark 3. When Θ̂ in (3.16) is replaced by Θ∗, the term ⟨P ∗
Σ̂,Θ∗(A)−A,Θ∗⟩ vanishes

exactly. Indeed, since Θ∗ ∈ TΘ∗M, Proposition 1(a) yields PΣ̂,Θ∗(Θ∗) = Θ∗. Hence,
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3.1 General asymptotic theory

by Proposition 1(c),

⟨P ∗
Σ̂,Θ∗(A),Θ

∗⟩ = ⟨A,PΣ̂,Θ∗(Θ
∗)⟩ = ⟨A,Θ∗⟩,

and therefore ⟨P ∗
Σ̂,Θ∗(A) − A,Θ∗⟩ = 0. Thus, the extra term in (3.16) is purely a

plug-in effect, arising from the sample analogue of the projection operator and, in

particular, from estimating the local tangent-space geometry.

Remark 4. The first-order validity of the proposed feasible estimator is preserved

under sample splitting, covariance estimation and HOSVD/SVD-based initialization,

provided that the corresponding consistency and rate conditions in Theorem 2 and

Corollary 1 are satisfied. Initialization error and signal strength are coupled through

the factor λ−2∥T̂ −T ⋆∥2Fηp,rr̄/
√
p; hence, a smaller λ requires a more accurate initial

estimator. In contrast, rank under-specification may introduce a persistent approx-

imation bias that cannot generally be removed by improving the initialization. See

also the rank-sensitivity analysis in Supplementary Material.

Comparison with two benchmark debiasing estimators To clarify the effi-

ciency gain from incorporating both low-rank geometry and covariance weighting, we

compare the proposed estimator with two natural benchmark procedures. The first

is the Euclidean debiased estimator obtained by ignoring the low-rank geometry,

∆̂euc
A = ⟨A, Θ̂⟩+ 1

N

N∑
i=1

〈
vec(A),Σ−1vec(Zi)

〉(
yi − ⟨Zi, Θ̂⟩

)
, (3.17)
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3.1 General asymptotic theory

and the second is the unweighted-projection debiased estimator

∆̃or
A = ⟨A,PI,Θ∗(Θ̂)⟩+ 1

N

N∑
i=1

⟨Φ̄(A), Zi⟩
(
yi − ⟨Zi, Θ̂⟩

)
, (3.18)

where vec(Φ̄(A)) = Σ−1vec(PI,Θ∗(A)).

Proposition 2. Under the assumptions of Theorem 1, the Euclidean estimator in

(3.17), the unweighted-projection estimator in (3.18), and the proposed oracle esti-

mator ∆̂or
A have asymptotic variances

Var(∆̂euc
A ) =

σ2

N
∥Σ−1vec(A)∥2Σ, Var(∆̃or

A ) =
σ2

N
∥Φ̄(A)∥2Σ, and Var(∆̂or

A ) =
σ2

N
∥Φ(A)∥2Σ,

respectively. Moreover,

Var(∆̂or
A ) ≤ Var(∆̃or

A ) ≤ Var(∆̂euc
A ).

The first inequality shows the gain from incorporating the covariance structure

into the tangent-space projection, relative to an unweighted geometric correction.

The second shows the gain from restricting the correction direction to the locally

admissible tangent space, relative to the ambient Euclidean benchmark. We next

show that this advantage is not only relative: the resulting confidence intervals also

attain the local geometric benchmark induced by the oracle debiasing direction.

Local optimality of confidence intervals We next show that this efficiency gain

is not merely relative to the Euclidean benchmark: the resulting confidence intervals
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3.1 General asymptotic theory

attain the local geometric benchmark induced by the oracle debiasing direction Φ(A),

and are therefore locally rate-optimal. For the local minimax formulation, extend

the earlier notation and write ∆A(Θ) = ⟨A,Θ⟩, for Θ ∈ U ⊂ M, where U is a local

parameter space containing a relative neighborhood of Θ∗ in M. For 0 < α < 1/2,

define the class of (1− α) confidence intervals

Iα(U , A) =
{
CI = [ℓ(D), u(D)] : inf

Θ∈U
PΘ

(
∆A(Θ) ∈ CI

)
≥ 1− α

}
,

where D = {(yi, Zi)}Ni=1 and L(CI) := u(D)− ℓ(D) denotes the interval length.

Theorem 3 (A unified local geometric lower bound for confidence-interval length).

Assume M is a C1 embedded submanifold. Under model (1.1), assume Assump-

tions 1–2 hold and, in addition, εi
iid∼ N(0, σ2). Fix Θ∗ ∈ U ⊂ M. Then for any fixed

loading object A and any 0 < α < 1/2, there exists a constant c > 0 depending only

on α such that

inf
CI∈Iα(U ,A)

sup
Θ∈U

EΘL(CI) ≥ c
σ√
N

∥Φ(A)∥Σ.

The lower bound in Theorem 3 is therefore of the same geometric order as the

Wald interval length implied by Theorems 1 and 2, where V = σ2∥Φ(A)∥2Σ . Conse-

quently, the projection-based confidence intervals are locally minimax rate-optimal.

Remark 5. The local minimax lower bound in Theorem 3 and the variance order-

ing in Proposition 2 are established for a general C1 embedded manifold M and

any positive-definite design covariance Σ. Their forms are therefore not tied to the
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Tucker structure or Kronecker covariance. The corresponding asymptotic variances

and lower-bound value depend on (M,Σ, A) through the covariance-weighted projec-

tion Φ(A). The Tucker–Kronecker setting is used only to obtain explicit projection

formulas and verifiable sufficient conditions.

3.2 Verification for Tucker tensor regression

We verify the assumptions of Theorem 2 under the tensor linear regression model

with Kronecker covariance. The only nonstandard step is the control of the feasibility

term induced by the plug-in tangent-space projection.

Assumption 4 (Structured sub-Gaussian design). Assume Xi = Si ×K
k=1 Lk, where

Lk ∈ Rpk×pk for k ∈ [K] are deterministic full-rank matrices. The entries of Si are

i.i.d. with mean 0, variance 1, and are sub-Gaussian with parameter κ > 0: for all

t ∈ R, E exp
(
t (Si)j1,...,jK

)
≤ exp(κ2t2/2), with jk ∈ [pk] for all k ∈ [K].

Assumption 5 (Signal strength). Assume the minimum nonzero singular value

across all unfoldings satisfies λ := λmin(T ∗) = min1≤j≤K σrj(T
∗
j) ≥ c, for some

constant c > 0.

Assumption 6 (Initial singular subspace estimation). For each j ∈ [K], let PUj
:=

Uj(U
⊤
j Uj)

−1U⊤
j and PÛj

:= Ûj(Û
⊤
j Ûj)

−1Û⊤
j denote the projection matrices onto

the column spaces of Uj and Ûj, respectively. Assume that ∥PÛj
−PUj

∥2 = op(1),

for j ∈ [K].
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3.2 Verification for Tucker tensor regression

Assumption 7 (Dimension-driven alignment). Let Ā = A×k (Σ
[k])1/2 ∈ Rp1×···×pK

and write Āj = Matj(Ā). For each j ∈ [K], let Uj, Ũj ∈ Rpj×rj have orthonormal

columns, and let V−j, Ṽ−j ∈ R(
∏

k ̸=j pk)×rj have orthonormal columns. Assume there

exists ηp,r ≥ 1 such that for all j,

∥U⊤
j ĀjV−j∥F ≤ ηp,r ·max

{√rj
pj

∥Ũ⊤
j Āj∥F ,

√
rj∏
k ̸=j pk

∥ĀjṼ−j∥F
}
.

Under Assumption 4, vec(Xi) is sub-Gaussian with covariance Σ = Σ[K] ⊗ · · · ⊗

Σ[1], so Assumption 3 holds. Assumptions 5 and 6 are standard in low-rank inference.

The signal strength λ ensures local identifiability of the tangent space, while As-

sumption 6 follows from ∥T̂k−T∗
k∥2 = op(λ) for all k ∈ [K] via Davis–Kahan/Wedin

perturbation bounds. Assumption 7 is a dimension-adjusted compatibility condi-

tion between the covariance-transformed loading Āj and the perturbation subspaces

arising from singular-subspace estimation. The factor ηp,r measures the deviation

from the dimensional contraction expected when the loading is projected onto low-

dimensional subspaces. It may remain of constant order when Āj is sufficiently

diffuse relative to these perturbation directions. Sparsity or localization of A alone

does not determine whether the condition holds. A localized loading can still satisfy

the condition when the relevant one-sided projections are nondegenerate, whereas

strong simultaneous alignment with the perturbation subspaces may cause ηp,r to

grow. Such growth is permitted as long as the rate condition in Corollary 1 remains

valid.
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Corollary 1 (Asymptotic normality of ∆̂fe
A). Assume that Assumptions 1–3, and

4–7 hold. In addition, assume

λ−2∥T̂ − T ∗∥2F · ηp,r
r̄
√
p
= op(N

−1/2σ), (3.19)

Then the feasible estimator ∆̂A defined in (2.15) satisfies
√
N V −1/2

(
∆̂A − ∆A

) d→

N(0, 1).

Remark 6. Suppose the initial error satisfying ∥T̂ − T ∗∥2F = Op(N
−1σ2df(p, r)),

with df(p, r) =
∏K

j=1 rj +
∑K

j=1 rj(pj − rj). Then the feasibility condition (3.19) is

simplified into

σ

λ2
· ηp,r

r̄ df(p, r)
√
p
√
N

= o(1).

In the balanced regime pj ≍ d and rj ≍ r for all j ∈ [K], this is implied when-

ever N ≫ d−1η 2
p,r r

2 (Kdr + rK)2, in which case the plug-in error is asymptotically

negligible and the feasible estimator inherits the same first-order limit as the oracle

one.

Corollary 1 establishes asymptotic normality with scaling by the population vari-

ance V . To obtain a feasible pivot, we next show that V̂ is consistent for V , which

justifies studentization and the resulting Wald procedure.

Corollary 2 (Valid Wald inference). Under the assumptions of Corollary 1,

√
N V̂ −1/2 (∆̂A −∆A)

d→ N(0, 1).
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Hence the usual Wald test for H0 : ∆A = ∆A,0 has asymptotic size α, and an

asymptotically valid (1− α) confidence interval for ∆A is ∆̂A ± zα/2

√
V̂ /N.

4. Simulation studies

This section studies the finite-sample behavior of the proposed covariance-weighted

one-step debiased estimator in matrix trace regression (K = 2) and low Tucker-rank

tensor regression with K = 3, respectively. We report bias, root mean squared error

(RMSE), empirical coverage, and average interval length.

4.1 Matrix linear regression

For matrix trace regression, we generate covariates as Xi = L1SiL
⊤
2 , i = 1, . . . , N ,

where N = 2n and the entries of Si ∈ Rp×q are i.i.d. standard normal. We set p = 30,

q = 25, r = 2, and σ = 1, and generate the response from

yi = ⟨Xi,Θ
∗⟩+ εi, εi

iid∼ N(0, σ2).

The true coefficient matrix is Θ∗ = U ∗V ∗⊤, where U ∗ ∈ Rp×r and V ∗ ∈ Rq×r

are obtained by orthonormalizing independent Gaussian matrices. We consider two

covariance designs. (a) Under identity covariance, L1 = Ip and L2 = Iq such that

Σ = Iq ⊗ Ip. (b) Under general Kronecker covariance, we take L1 = UpΛ
1/2
p , and

Statistica Sinica: Newly accepted Paper 



4.1 Matrix linear regression

L2 = UqΛ
1/2
q , where Up and Uq are random orthogonal matrices and

Λk = diag
(
2, . . . , 2︸ ︷︷ ︸

⌊k/4⌋

, 1, . . . , 1︸ ︷︷ ︸
k−2⌊k/4⌋

, 0.5, . . . , 0.5︸ ︷︷ ︸
⌊k/4⌋

)
, k ∈ {p, q}. (4.20)

Then Σ = Σ[2] ⊗Σ[1] with Σ[1] = L1L
⊤
1 and Σ[2] = L2L

⊤
2 . For the target functional

∆A = ⟨A,Θ∗⟩, we consider three representative loading matrices corresponding to

sparse, structured low-rank, and dense directions. Specifically, (i) A1 has a single

nonzero entry equal to one at (1, 1); (ii) A2 = apa
⊤
q /∥apa

⊤
q ∥F , where ap ∈ Rp

has its first 2⌊p1/4⌋ entries equal to one and the remaining entries zero, and aq

is defined analogously; and (iii) A3 has i.i.d. Unif(0, 1) entries and is normalized

to Frobenius norm one. These loadings represent sparse, structured low-rank, and

dense directions, respectively.

We compare the proposed feasible covariance-weighted one-step debiased estima-

tor (CW-DB), the unweighted one-step debiased estimator constructed by (3.18)

(UW-DB), the two-step debiasing method (TS-DB) of Ke et al. (2025), the split

and non-split power-iteration refinements (PI-S and PI-NS) adapted from Xu et al.

(2023), and the vectorized debiasing baseline (Vec-DB) based on (Zhang and Zhang,

2014). In all simulations, the initial estimator is constructed by applying a rank-r

truncation to an empirical moment of the form |J |−1
∑

i∈J Xiyi, where J denotes

the index set for either the full dataset D or a split sample D1,D2, depending on

the method. To standardize initialization quality across regimes, we calibrate the
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resulting estimator to have Frobenius error approximately 0.3
√
rp/n. The sam-

pling regime is indexed by
√

rp/n ∈ {0.4, 0.2, 0.1}, a quantity proportional to the

canonical Frobenius error scale in low-rank estimation and decreasing with sample

size. This scaling is also consistent with the feasibility condition in Remark 6. Each

configuration is replicated 500 times.

Table 1 reports the bias and RMSE. Across all settings, the biases are small for

all debiasing procedures, consistent with their asymptotic unbiasedness. Under iden-

tity covariance, all structured methods except Vec-DB have similar RMSEs, which

agrees with the theory that they share the same asymptotic variance lower bound

in this setting. Under general Kronecker covariance, CW-DB and TS-DB are typ-

ically the most accurate procedures, with CW-DB performing better in the large

majority of settings. Interestingly, UW-DB performs comparably to the two IT-

based procedures, suggesting that exploiting the low-rank structure already yields

a substantial gain. Taken together, the simulations further support CW-DB as the

primary method, especially under dependent designs.

The inferential results are consistent with the asymptotic theory. Figure S1 in

Supplementary Material shows that the studentized statistic
√
N, V̂ −1/2(∆̂A −∆A)

is already close to Gaussian in moderate samples, with the approximation improving

as
√

rp/n decreases. Table 2 shows empirical coverage close to the nominal 95%

level, while the average interval length decreases monotonically as
√

rp/n decreases.
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Table 1: Bias (×103) and RMSE (×102) for matrix trace regression.

A
√

rp/n Statistic
Method

CW-DB UW-DB TS-DB PI-NS PI-S Vec-DB

Identity covariance

A1

0.4
Bias 0.118 0.110 0.441 0.383 0.047 1.119
RMSE 1.590 1.595 1.680 1.524 1.599 3.751

0.2
Bias 0.081 0.079 0.081 0.113 0.060 -0.516
RMSE 0.729 0.729 0.735 0.726 0.732 1.881

0.1
Bias 0.140 0.143 0.110 0.134 0.134 0.248
RMSE 0.395 0.396 0.397 0.397 0.397 0.909

A2

0.4
Bias -0.373 -0.440 -0.599 -2.123 -0.942 -0.457
RMSE 1.483 1.489 1.505 1.435 1.498 3.490

0.2
Bias -0.271 -0.267 -0.382 -0.689 -0.303 -0.362
RMSE 0.670 0.669 0.661 0.665 0.670 1.845

0.1
Bias 0.142 0.141 0.170 0.062 0.142 -0.431
RMSE 0.355 0.356 0.358 0.356 0.356 0.970

A3

0.4
Bias -0.773 -0.798 -1.379 -2.062 -1.195 -0.044
RMSE 1.339 1.344 1.407 1.324 1.372 3.528

0.2
Bias -0.061 -0.059 -0.162 -0.419 -0.093 -0.092
RMSE 0.666 0.667 0.664 0.661 0.670 1.872

0.1
Bias 0.068 0.067 0.050 -0.001 0.071 -0.215
RMSE 0.337 0.337 0.337 0.336 0.338 0.930

General Kronecker covariance

A1

0.4
Bias 0.208 0.027 -0.360 2.054 0.267 0.127
RMSE 1.643 1.756 1.741 1.710 1.767 4.460

0.2
Bias 0.248 0.104 0.270 0.602 0.190 -1.202
RMSE 0.771 0.826 0.790 0.829 0.831 2.180

0.1
Bias 0.020 0.012 0.017 0.126 -0.003 -0.586
RMSE 0.412 0.443 0.412 0.444 0.443 1.111

A2

0.4
Bias 0.430 0.517 0.595 0.560 0.293 -0.115
RMSE 1.488 1.628 1.504 1.626 1.669 4.500

0.2
Bias 0.194 0.168 0.255 0.216 0.169 0.791
RMSE 0.758 0.821 0.770 0.820 0.831 2.254

0.1
Bias 0.326 0.358 0.344 0.351 0.343 0.003
RMSE 0.354 0.383 0.355 0.386 0.385 1.104

A3

0.4
Bias 0.764 1.294 0.622 0.642 1.048 0.976
RMSE 1.389 1.505 1.462 1.502 1.557 3.616

0.2
Bias 0.354 0.498 0.343 0.310 0.501 0.212
RMSE 0.718 0.773 0.743 0.787 0.784 1.989

0.1
Bias -0.080 0.067 -0.071 0.010 0.076 0.013
RMSE 0.348 0.386 0.352 0.390 0.388 0.977
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Table 2: Empirical coverage probabilities and average lengths of nominal 95% Wald

confidence intervals in matrix regression.

A
√

rp/n
Identity covariance General Kronecker covariance

CP Avg. length CP Avg. length

1
0.4 0.948 0.0596 0.956 0.0653
0.2 0.956 0.0295 0.948 0.0320
0.1 0.944 0.0147 0.950 0.0159

2
0.4 0.950 0.0572 0.948 0.0593
0.2 0.960 0.0283 0.932 0.0293
0.1 0.952 0.0141 0.966 0.0146

3
0.4 0.950 0.0530 0.946 0.0558
0.2 0.944 0.0262 0.950 0.0276
0.1 0.944 0.0131 0.958 0.0138

Intervals under general Kronecker covariance are slightly longer than those under

identity covariance, which is consistent with the additional uncertainty induced by

covariance estimation. Overall, these results indicate that CW-DB provides accurate

Wald inference in the matrix model.

4.2 Tucker tensor linear regression

For three-way Tucker tensor regression, we generate covariates by Xi = Si ×1 L1 ×2

L2 ×3 L3, i = 1, . . . , N, where N = 2n and the entries of Si ∈ Rp1×p2×p3 are i.i.d.

standard normal. The true tensor coefficient is T ∗ = G∗ ×1 U
∗
1 ×2 U

∗
2 ×3 U

∗
3 with

U ∗
1 ,U

∗
2 ,U

∗
3 ∈ Rpj×rj are orthonormalized Gaussian matrices and the core tensor

G∗ ∈ Rr1×r2×r3 is diagonal, with the only nonzero entries given by G∗
111 = G∗

222 = 1.
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The response is generated from

yi = ⟨Xi, T ∗⟩+ εi, εi
iid∼ N(0, σ2).

We set p1 = p2 = p3 = p = 30, r1 = r2 = r3 = r = 2, and σ = 1.

As in the matrix case, we study two covariance settings. For the identity design,

we set L1 = L2 = L3 = Ip. For the general Kronecker design, we let Lj = QjΛ
1/2

for j = 1, 2, 3, where each Qj is a random orthogonal matrix and

Λ = diag
(
2, . . . , 2︸ ︷︷ ︸

⌊p/4⌋

, 1, . . . , 1︸ ︷︷ ︸
p−2⌊p/4⌋

, 0.5, . . . , 0.5︸ ︷︷ ︸
⌊p/4⌋

)
.

Each mode covariance matrix Σ[j] = LjL
⊤
j is unknown and is estimated by (2.11)–

(2.12), together with the induced Kronecker covariance (2.13). For the target func-

tional ∆A = ⟨A, T ∗⟩, we consider three loading tensors: (i) A1 has a single nonzero

entry equal to one at (1, 1, 1); (ii) A2 = a⊗3/∥a⊗3∥F , where a ∈ Rp has its first

2⌊p1/4⌋ entries equal to one and the remaining entries zero; and (iii) A3 has i.i.d.

standard normal entries and is normalized to Frobenius norm one. Similarly, these

again represent sparse, structured, and dense directions. We compare CW-DB with

UW-DB and two iterative projection refinements, IT-S and IT-NS, together with

the vectorized baseline Vec-DB. For all methods, initialization is based on a Tucker

low-rank approximation of the empirical moment |J |−1
∑

i∈J Xiyi, where J denotes

either the full dataset or a split sample, depending on the method. The resulting es-

timator is calibrated to have Frobenius error approximately 0.3
√
rp/n. We consider
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Table 3: Bias (×103) and RMSE (×103) for tensor regression with K = 3.

A
√

rp/n Statistic
Method

CW-DB UW-DB IT-S IT-NS Vec-DB

Identity covariance

A1

0.4
Bias 0.181 0.183 0.180 0.044 -3.467
RMSE 2.719 2.721 2.855 3.108 38.903

0.2
Bias -0.034 -0.033 -0.062 -0.039 -0.653
RMSE 1.381 1.382 1.401 1.405 17.763

0.1
Bias -0.003 -0.003 -0.002 0.003 -0.040
RMSE 0.701 0.701 0.704 0.705 9.318

A2

0.4
Bias -0.024 -0.025 -0.242 0.039 -0.712
RMSE 3.382 3.381 3.485 3.754 41.573

0.2
Bias 0.065 0.064 0.056 0.084 -0.197
RMSE 1.835 1.835 1.853 1.826 17.871

0.1
Bias 0.023 0.023 0.024 0.028 -0.144
RMSE 0.874 0.874 0.881 0.873 8.947

A3

0.4
Bias -0.011 -0.011 0.214 -0.145 2.343
RMSE 2.706 2.706 2.764 3.002 41.202

0.2
Bias 0.040 0.040 0.058 0.037 0.084
RMSE 1.280 1.281 1.296 1.316 18.243

0.1
Bias 0.061 0.062 0.065 0.059 0.246
RMSE 0.659 0.659 0.662 0.656 9.002

General Kronecker covariance

A1

0.4
Bias 0.061 -0.018 -0.226 1.012 -0.393
RMSE 1.763 2.355 2.476 3.156 46.163

0.2
Bias -0.033 0.004 -0.015 0.184 -0.262
RMSE 0.869 1.118 1.166 1.188 21.249

0.1
Bias -0.020 -0.040 -0.044 0.007 -0.646
RMSE 0.416 0.548 0.552 0.545 10.126

A2

0.4
Bias -0.131 -0.223 -0.566 -1.034 -0.409
RMSE 1.806 2.299 2.505 2.747 51.431

0.2
Bias -0.037 -0.030 -0.090 -0.188 0.005
RMSE 0.930 1.184 1.206 1.195 21.460

0.1
Bias -0.018 -0.058 -0.070 -0.089 0.008
RMSE 0.461 0.580 0.580 0.576 9.734

A3

0.4
Bias -0.016 -0.091 -0.303 -0.346 -0.742
RMSE 3.443 4.343 4.425 5.129 51.178

0.2
Bias -0.076 -0.077 -0.039 -0.156 0.849
RMSE 1.653 2.105 2.144 2.126 20.506

0.1
Bias 0.008 -0.002 0.018 -0.022 -0.286
RMSE 0.837 1.017 1.024 1.013 10.354
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4.2 Tucker tensor linear regression

Table 4: Empirical coverage probabilities and average lengths of nominal 95% Wald

confidence intervals in Tucker tensor regression.

A
√

rp/n
Identity covariance General Kronecker covariance

CP Avg. length CP Avg. length

1
0.4 0.960 0.0110 0.940 0.0068
0.2 0.958 0.0055 0.948 0.0034
0.1 0.954 0.0027 0.958 0.0017

2
0.4 0.960 0.0137 0.962 0.0074
0.2 0.948 0.0068 0.944 0.0036
0.1 0.950 0.0034 0.942 0.0018

3
0.4 0.938 0.0104 0.946 0.0133
0.2 0.966 0.0052 0.954 0.0065
0.1 0.946 0.0026 0.942 0.0033

√
rp/n ∈ {0.4, 0.2, 0.1} and each configuration is repeated 500 times.

Table 3 reports the bias and RMSE for tensor regression with K = 3. The

main conclusions are similar to those for matrix trace regression. All structured

procedures substantially outperform Vec-DB, and under identity covariance their

RMSEs are close. Under general Kronecker covariance, CW-DB stands out more

clearly: it attains the smallest RMSE in essentially all settings, whereas UW-DB

and the two IT-based procedures are less accurate but remain comparable to one

another. These results further support CW-DB as the preferred procedure for tensor

regression, particularly under dependent designs.

The results for Tucker tensor regression with K = 3 are broadly similar to

those for matrix regression. Table 4 and Figure S2 in Supplementary Material show
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coverage close to the nominal 95% level across settings. The intervals remain well

calibrated under both identity and general Kronecker covariance, further supporting

the validity of the proposed Wald inference for CW-DB in the Tucker model.

5. EEG data analysis

We illustrate the proposed inference procedures using resting-state EEG data from

the Healthy Brain Network (https://fcon_1000.projects.nitrc.org/indi/cmi_

healthy_brain_network/). The response variable is age, and the covariates are

region-by-frequency summaries derived from eyes-closed (EC) and eyes-open (EO)

recordings. The raw data come from HBN releases R1–R4. After data preprocessing

and quality control, the analysis includes 397 subjects aged from 5.04 to 21.00 years.

Band power is computed over eight canonical frequency bands and averaged within

ten prespecified ROI groups, yielding a 10 × 8 matrix covariate for each condition.

Stacking EC and EO further gives a 10×8×2 tensor covariate. The ROI definitions

are reported in Table 5. All inferential targets are prespecified linear functionals

and all loading matrices/tensors are normalized to have Frobenius norm one. For

the matrix model, we consider ROI-slice, band-slice, and global loadings. For the

tensor model, we additionally consider shared and contrast loadings along the EC/EO

mode, corresponding respectively to (1, 1)/
√
2 and (1,−1)/

√
2. Tuning parameters

are selected by cross-validation.
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5.1 Matrix log-contrast model.

Table 5: Coordinate-based aggregation from the 129-channel EGI montage to the 10

ROI groups. ROI-level band power is obtained by averaging the channel-level band

power within each group.

ROI group n Channels

anterior-midline 12 Cz, E5, E6, E7, E11, E12, E14, E15, E16, E17, E21, E106

frontal-left 13 E13, E18, E19, E20, E22, E23, E24, E25, E26, E27, E28, E32, E33

frontal-right 13 E1, E2, E3, E4, E8, E9, E10, E112, E117, E118, E122, E123, E124

central-left 13 E29, E30, E31, E34, E35, E36, E37, E39, E40, E41, E42, E45, E46

central-right 13 E80, E87, E93, E102, E103, E104, E105, E108, E109, E110, E111, E115, E116

temporal-left 10 E38, E43, E44, E48, E49, E56, E63, E68, E127, E128

temporal-right 10 E94, E99, E107, E113, E114, E119, E120, E121, E125, E126

posterior-left 18 E47, E50, E51, E52, E53, E54, E57, E58, E59, E60, E61, E64, E65, E66, E67, E69, E70,

E73

posterior-midline 9 E55, E62, E71, E72, E74, E75, E76, E81, E82

posterior-right 18 E77, E78, E79, E83, E84, E85, E86, E88, E89, E90, E91, E92, E95, E96, E97, E98,

E100, E101

5.1 Matrix log-contrast model.

We first fit a low-rank matrix regression model using the log-contrast covariate

log10(EC)− log10(EO).

Five-fold cross-validation selects rank one. Figure 2 reports point estimates and

nominal 95% confidence intervals for the prespecified ROI-slice, band-slice, and global

loadings. The results indicate a localized rather than diffuse age association. The

anterior-midline ROI loading is significantly positive, whereas the central-right ROI

loading is significantly negative. At the frequency level, only the alpha2 loading is

significantly positive after averaging over ROIs. In contrast, the global loading is not
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5.2 Stacked EC/EO tensor model.

significantly different from zero. Selected intervals are reported in Table 6.

Figure 2: Projection-based inference for prespecified loadings in the rank-one matrix

model with covariate log10(EC)− log10(EO). Shown are point estimates and nominal

95% confidence intervals for ROI-slice, band-slice, and global loadings.

5.2 Stacked EC/EO tensor model.

We next stack the log-transformed EC and EO matrices and fit a Tucker tensor re-

gression model. Cross-validation selects rank (2, 5, 2). The tensor formulation allows

us to separate shared EC/EO effects from EC–EO contrast effects. Combining these

condition-mode loadings with global, band-specific, or ROI-group loadings yields in-

terpretable functionals for inference. Figure 3 summarizes the resulting confidence

intervals. The global, condition-slice, shared-global, and contrast-global summaries

are not significantly different from zero. In contrast, several band-level shared and

contrast summaries are significant. In particular, the shared component shows signif-
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5.2 Stacked EC/EO tensor model.

Figure 3: Projection-based inference for prespecified shared and contrast loadings

in the Tucker tensor model with rank (2, 5, 2). Point estimates and nominal 95%

confidence intervals are reported for global, band-specific, and ROI-group summaries.

icant effects in theta, alpha2, beta1, gamma1 and gamma2, while the contrast compo-

nent shows significant effects in theta, alpha1, beta1, beta2, gamma1, and gamma2.

Among the broader ROI-group summaries, only the posterior shared loading is sig-

nificantly positive. These findings suggest that the age-related association is mainly

concentrated in frequency-specific summaries rather than in global or condition-level

averages.

Taken together, the matrix and tensor analyses give a consistent qualitative

conclusion: the age-related EEG association is structured rather than diffuse. The

global summaries are not significant, whereas selected spatial or frequency-specific

summaries are distinguishable from zero. This pattern is broadly consistent with

developmental resting-state EEG studies reporting age-related variation in specific
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5.2 Stacked EC/EO tensor model.

Table 6: Selected projection-based inference results for the HBN EEG analysis. Panel

A reports point estimates and nominal 95% confidence intervals for prespecified load-

ings under the rank-1 matrix model with covariate log10(EC)− log10(EO). Panel B

reports the corresponding results for prespecified shared and contrast loadings under

the Tucker tensor model with fixed rank (2, 5, 2). All loadings are normalized to have

Frobenius norm one before inference. The reported intervals are pointwise and are

not adjusted for multiplicity.

Loading Description Estimate 95% CI

Panel A: Matrix log-contrast model, rank 1
ROI slice anterior-midline 0.562 [0.169, 0.956]
ROI slice central-right −0.529 [−0.979, −0.080]
Band slice alpha2 0.715 [0.243, 1.187]
Global all elements 0.045 [−0.146, 0.237]

Panel B: Tucker tensor model, fixed rank (2, 5, 2)
Shared global (1, 1)/

√
2 over condition mode 0.003 [−0.126, 0.133]

Contrast global (1,−1)/
√
2 over condition mode 0.282 [−0.110, 0.673]

ROI slice central-left −0.611 [−1.027, −0.194]
Shared ROI group posterior 0.907 [0.329, 1.484]
Shared band theta −1.671 [−2.307, −1.034]
Shared band alpha2 1.142 [0.775, 1.510]
Shared band gamma1 −1.692 [−2.861, −0.524]
Contrast band alpha1 4.340 [2.503, 6.176]
Contrast band beta1 10.112 [6.785, 13.438]
Contrast band gamma1 −19.391 [−24.283, −14.500]

frequency bands, especially theta/alpha-related activity, together with topographic

and condition-dependent structure (Cellier et al., 2021; Petro et al., 2022; McSweeney

et al., 2023; Wilkinson et al., 2024)
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6. Conclusion

We have developed a unified covariance-weighted projection framework for infer-

ence on linear functionals in low-rank matrix and tensor regression with dependent

designs. The debiasing direction should reflect both the local geometry of the low-

rank parameter space and the covariance structure of the covariates. This leads to a

projection-adjusted loading and a one-step debiased estimator, formulated abstractly

for low-rank manifold models and made explicit for low-rank matrix regression and

Tucker tensor regression under Kronecker-type covariance structures.

Supplementary Material

It contains proofs of Propositions, Theorems and additional simulation results.
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