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Abstract: When confronted with features subject to outliers or asymmetry that

cause deviations from Gaussianity, classification remains a challenging task in

statistical learning. We develop novel classification methods robust to Gaus-

sian assumptions by adopting a flexible feature distribution, which is further

exploited to construct transformed features used in regularized logistic regres-

sion to achieve reliable binary classification and perform feature selection. We

investigate theoretical properties of the proposed classifier under realistic condi-

tions that allow model misspecification, and establish consistency in separating

signal and noise features. Superior robustness and accuracy in classification of

the proposed methods compared to many existing methods are demonstrated in

simulation experiments, where we generate synthetic data representing a wide

range of distributional characteristics of features and data patterns. We showcase

the rich interpretable information beyond class labels that the proposed method

extracts from data in three real-life case studies.

Key words and phrases: heavy-tailed distribution, LASSO, likelihood ratio, logistic

regression, mode.
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1. Introduction

Classification is a classic and fundamental task, and an effective classifier

is expected to achieve more than an accurate class label. In high-stakes

domains such as medicine and finance, trustworthy decision-making and

scientific inquiry demand a classifier that embodies three key virtues: (i)

robustness, to handle heavy-tailed and skewed features ubiquitous in real-

world data; (ii) interpretability, providing a transparent mechanism to ex-

plain and validate both the model and its predictions (Rudin, 2019); and

(iii) parsimony, the capacity to capture informative features among poten-

tially many within a simple and generalizable model. Existing classification

methods, reviewed comprehensively in James et al. (2023), mostly fall into

two mainstreams that typically excel in at most two of these objectives.

The first mainstream is based on penalized generalized linear models,

such as L1-regularized logistic regression. These methods are widely em-

ployed for their excellent interpretability and parsimony (Tibshirani, 1996;

Friedman et al., 2010). However, maximum likelihood estimators in this

setting suffer from unbounded influence functions (Hampel, 1986). Con-

sequently, the framework can be overly sensitive to outliers. The linear

predictor inherently restricts these models from learning nonlinear deci-

sion boundaries, which are ubiquitous in real-world applications. Although
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outlier-robust loss functions can mitigate the effect of anomalies, such as the

weighted least absolute deviation loss, the adaptive Huber loss, and the den-

sity power divergence (Arslan, 2012; Sun et al., 2020; Basu et al., 2024), they

still fail to address the nonlinearity of the underlying decision boundaries.

The second mainstream emerges in pursuit of flexibility. Methods along

this vein include ensemble methods such as random forest (Breiman, 2001)

and the light gradient boosting machine (Ke et al., 2017), parametric meth-

ods based on mixture models such as Gaussian mixture models (Scrucca

et al., 2023), and nonparametric approaches such as the mode-based kernel

density classifier (Xiong et al., 2025). While these methods demonstrate

robustness in handling non-Gaussian features and nonlinear classification

boundaries, they typically sacrifice interpretability. Ensemble methods are

inherently black-box and rely on post-hoc attributions (Lundberg and Lee,

2017; Rudin, 2019), whose feature importance scores carry no information

on directionality or magnitude, making it impossible to reconstruct a classi-

fier’s decision process from these scores alone. Methods based on nonpara-

metric or mixture models generally lack explicit mechanisms for achieving

parsimony. Consequently, these methods still fall short of simultaneously

delivering all three virtues: robustness, interpretability, and parsimony.

In this paper, we propose a framework of classification built upon ro-
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bust likelihood ratios that addresses this trilemma in two steps. In the

first generative step, we flexibly model each feature and capture its infor-

mation via the ratio of its class-specific likelihood functions. In the second

discriminative step, we exploit these log-likelihood ratios as transformed

features and feed them as covariates into an L1-penalized logistic regres-

sion model for the class label. These are elaborated in Section 2, and

Section 3 presents asymptotic analyses providing theoretical guarantees for

the new classifier. Section 4 reports a comparative study on data simulated

from a variety of data-generating mechanisms, and Section 5 analyzes three

datasets from biomedical studies and astrophysics research. Section 6 con-

siders extensions of the proposed method to accommodate various types

of features modeled by different distributions, and Section 7 summarizes

our study and discusses the future research agenda. The source R code

and reproducible analysis are available on the first author’s GitHub site,

https://github.com/xiuchuan18/robust-classification.

2. Methodology

2.1 A flexible feature distribution

Consider n independent observations {(Xi, Yi)}ni=1, where Yi ∈ {0, 1} is the

class label of the i-th subject and Xi = (Xi1, . . . , Xip)
⊤ ∈ Rp collects its p
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2.1 A flexible feature distribution

continuous features. We suppress the index i when referring to a subject’s

class label and features generically.

For a generative model of a feature robust to violations of Gaussianity,

we adopt the two-piece scale distribution (TPSC, Fernández and Steel,

1998; Liu et al., 2024) indexed by four parameters in Ψ = (τ, w, σ, δ)⊤ and

specified by the probability density function (pdf) below,

fTPSC(x|Ψ) = w
2

σ1

g

(︃
x− τ

σ1

; δ

)︃
1(x < τ) + (1− w)

2

σ2

g

(︃
x− τ

σ2

; δ

)︃
1(x ≥ τ),

(2.1)

where g(t; δ) = (1 + t2/δ)−(δ+1)/2Γ((δ + 1)/2)/{
√
πδΓ(δ/2)} is the pdf of

Student’s t with δ degrees of freedom, 1(·) is an indicator function, σ1 =

σ
√︁
w/(1− w), σ2 = σ

√︁
(1− w)/w, τ ∈ R is the unique mode providing

a robust anchor for central tendency, w ∈ (0, 1) is the weight parameter

modeling skewness, and σ > 0 is the scale parameter. Setting w = 0.5

gives a symmetric distribution centered at τ , and letting δ → ∞ gives

Gaussian-like light tails. Denoting by fjk(·) the pdf of feature Xj under

class k, we assume fjk(x) = fTPSC(x|Ψjk), which allows the j-th feature to

be light-tailed or heavy-tailed, symmetric or asymmetric within class k, for

j ∈ [p] = {1, . . . , p} and k ∈ {0, 1}.

Density (2.1) joins the left and the right half of two shifted-and-scaled t

densities at their common mode. The more general TPSC in Fernández and
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2.2 The log-likelihood ratio transformation

Steel (1998) allows any unimodal symmetric densities, not limited to the t

densities, in its formulation. The construction models the skewness and tail

behaviors of non-Gaussian features flexibly. The location (mode) parameter

τ provides a more faithful representation of the typical data region compared

with the mean when a distribution is asymmetric or heavy-tailed. Next,

we use this generative model to capture features’ characteristics such as

mode, skewness, and tail behavior. Incorporating this information allows

downstream classifiers to establish more informative decision boundaries.

2.2 The log-likelihood ratio transformation

By Bayesian decision theory, the optimal classification boundary is specified

by P (Y = 1|X) = P (Y = 0|X) (Duda et al., 2012), or equivalently f(X|Y =

1)/f(X|Y = 0) = P (Y = 0)/P (Y = 1), with the left-hand side being a ratio

typically nonlinear in X. Under the naive Bayes assumption stating that

features are independent given the class label, the logarithm of this ratio

decomposes into
∑︁p

j=1 log(fj1(Xj)/fj0(Xj)) =
∑︁p

j=1 Tj(Xj), with Tj(Xj) =

log(fj1(Xj)/fj0(Xj)). Therefore, the optimal Bayes classification boundary

under this assumption is
∑︁p

j=1 Tj(Xj) = log(P (Y = 0)/P (Y = 1)), which

is linear in the transformed features in T = (T1(X1), . . . , Tp(Xp))
⊤.

Even without the naive Bayes assumption that supports the optimality
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2.3 Classification based on transformed features

of this decision boundary, the transformed features are inherently inter-

pretable. Firstly, unlike features in X, which can be in different units,

each transformed feature is unitless, with a larger Tj(Xj) indicating more

evidence from the j-th feature supporting Y = 1. Secondly, T carries a

natural information-theoretic interpretation. Using the definition of Tj(Xj),

for j ∈ [p], one can show that E{Tj(Xj)|Y = 1} − E{Tj(Xj)|Y = 0} =

DKL(fj1 ∥ fj0) + DKL(fj0 ∥ fj1), where DKL(a ∥ b) denotes the Kullback-

Leibler divergence of a from b. With the right-hand side of the above

identity non-negative and symmetric in (fj1, fj0), the expected difference

on the left-hand side encapsulates the overall discriminative information

between the two classes. This non-negative expected difference is zero if

and only if the j-th feature is non-informative, i.e., fj1 ≡ fj0. In essence,

the mapping from X to T converts implicit distributional differences into

explicit mean shifts in the transformed feature space.

2.3 Classification based on transformed features

Because T depends on unknown parameters in {(Ψj0,Ψj1), j ∈ [p]}, the fea-

tures we ultimately use are T̂ = (T̂1(X1), . . . , T̂p(Xp))
⊤, in which T̂j(Xj) =

log(fTPSC(Xj|Ψ̂j1)/fTPSC(Xj|Ψ̂j0)), for j ∈ [p], and {(Ψ̂j0, Ψ̂j1), j ∈ [p]}

are the maximum likelihood estimators (MLE) of the unknown parameters.
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2.3 Classification based on transformed features

Adapting the optimal Bayes classifier under the naive Bayes assumption

gives a simple classifier that assigns a new observation x = (x1, . . . , xp)
⊤

to class 1 if
∑︁p

j=1 T̂j(xj) > 0. To highlight its robustness to non-Gaussian

features, we name this method the robust log likelihood ratio classifier, or

RoLLR for short. By signifying the mode, the use of TPSC makes RoLLR a

parametric analogue to the mode-based kernel classifier (MOKE) in Xiong

et al. (2025), which relies on nonparametric mode-based density estimates

for robustness against skewness and heavy tails.

Like MOKE in its original form, RoLLR is a component-wise classifier

that puts equal weight on all transformed features, which is well justified

under the naive Bayes assumption. To let features contribute differently,

with the contributions learnt from data, we regress Y on T̂ according to the

logistic regression model,

P (Y = 1|T̂) =
1

1 + exp(−β0 −
∑︁p

j=1 βjT̂j(Xj))
, (2.2)

where entries of β = (β1, . . . , βp)
⊤ reflect different contributions of the p

features. To extract informative features, we estimate θ = (β0,β) via an

L1-penalized MLE, θ̂ = (β̂0, β̂), that minimizes the negative log-likelihood,

− 1

n

n∑︂
i=1

{︂
Yi(β0 + T̂⊤

i β)− log(1 + exp(β0 + T̂⊤
i β))

}︂
+ λn∥β∥1, (2.3)

where T̂i = (T̂1(Xi1), ..., T̂p(Xip))
⊤, and λn > 0 controls the penalty, which

Statistica Sinica: Newly accepted Paper 



tends to zero as n → ∞.

In contrast to the hard classifier RoLLR, we now have a soft classifier

assigning x the probability 1/{1+exp(−β̂0−
∑︁p

j=1 β̂jT̂j(xj))} of belonging to

class 1, and conventionally assigns the label 1 if this value exceeds 0.5. The

L1 penalty facilitates feature selection by pushing regression coefficients

associated with non-informative features to zero, as shown in the next

section. We call this classification method the sparse (or soft version of)

RoLLR, or S-RoLLR for short.

3. Theoretical Properties

We present in this section properties of S-RoLLR as the sample size n → ∞

while p is fixed, focusing on the risk of the classifier and its ability to

filter out non-informative/noise features from a fixed number of candidate

features. Henceforth, denote by I = {j ∈ [p] : Xj ̸⊥ Y } the signal set and

by IN = [p] \ I the noise set, and define s = |I| as the cardinality of I.

3.1 Risk analysis under correct model specification

Let π∗(X) = P (Y = 1|X), then η∗(X) = log(π∗(X)/{1 − π∗(X)}) is the

true logarithm of odds, and g∗(X) = 1(η∗(X) > 0) is the Bayes classi-

fier achieving the minimal Bayes risk R∗ = E{min(π∗(X), 1 − π∗(X))}.
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3.1 Risk analysis under correct model specification

S-RoLLR estimates η∗(X) via η̂(X) = β̂0 +
∑︁p

j=1 β̂jT̂j(Xj), and uses the

classifier ĝn(X) = 1(η̂(X) > 0) with risk R(ĝn) = P (ĝn(X) ̸= Y ). Theo-

rem 1 suggests that S-RoLLR is asymptotically optimal under the following

conditions.

(A1) The class-specific distribution of Xj is a TPSC, with the true param-

eter vector Ψ∗
jk in (2.1) lying in the interior of a compact parameter

space, for j ∈ [p] and k ∈ {0, 1}.

(A2) X1, . . . , Xp are independent given the class label.

(A3) The regression coefficients θ in (2.2) belong to the compact parameter

space Θ = {θ = (β0,β
⊤)⊤ : ∥θ∥1 ≤ M}, where M is a constant

satisfying M > |β◦
0 |+ s with β◦

0 = log(P (Y = 1)/P (Y = 0)).

Theorem 1. Under Conditions (A1)–(A3), the classification risk of S-

RoLLR converges to the minimal Bayes risk, that is, limn→∞ R(ĝn) = R∗.

Appendix A in the Supplementary Materials gives the proof. Condition

(A1) enforces correct specification of class-specific feature distributions and

guarantees consistency of MLEs in {(Ψ̂j0, Ψ̂j1), j ∈ [p]}. Condition (A2) is

the naive Bayes assumption. Condition (A3) is mostly standard in regu-

larized regression, with the lower bound for M imposed to ensure that the

true log-odds η∗(X) is attained at some value of θ in Θ. Simply put, Theo-

rem 1 states that, when the data-generating mechanism is consistent with
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3.2 Risk analysis under model misspecification

the assumed feature distributions and satisfies the naive Bayes assumption,

S-RoLLR achieves the theoretical minimum classification risk.

3.2 Risk analysis under model misspecification

Relaxing (A1) and (A2), we now allow the true feature distributions to fall

outside the TPSC family and (2.2) to be an incorrect model for the class

label. We derive in the Supplementary Materials (see Appendix B) an upper

bound for the increment in risk of S-RoLLR presented in Theorem 2. In

addition to (A3), the following conditions are imposed in the derivations:

(A4) The true class-specific density of Xj, denoted by f̃j(· | Y = k), does

not vanish, for j ∈ [p], k ∈ {0, 1}.

(A5) Define Ψ†
jk = argminΨDKL{f̃j(· | Y = k) ∥ fTPSC(· | Ψ)} as the

model parameters in the Kullback–Leibler projection of the true class-

specific density of Xj onto the TPSC family, and define ejk(t) =

log f̃j(t | Y = k)− log fTPSC(t | Ψ†
jk), for j ∈ [p], k ∈ {0, 1}. For every

j ∈ I and k ∈ {0, 1}, E{e2jk(Xj)} ≤ δf for some positive constant δf .

(A6) The true class-specific joint density of p features, denoted by f̃(X|Y ),

satisfies that E[{log(f̃(X|Y = 1)/f̃(X|Y = 0))}2] < ∞.

(A7) For k ∈ {0, 1}, E[{log(f̃(X|Y = k)/
∏︁p

j=1 f̃j(Xj|Y = k))}2] < ∞.

Conditions (A4) and (A5) require the discrepancy between the true and
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3.2 Risk analysis under model misspecification

the assumed feature distribution to be well controlled, which is realistic given

the flexibility of the TPSC family. The restriction is needed only on the

informative features, since for j ∈ IN the two Kullback–Leibler projections

coincide and the two class-specific fitting errors cancel. Conditions (A6)

and (A7) make the linear predictor a reasonable approximation for η∗(X):

writing T ∗
j (Xj) = log(f̃j(Xj|Y = 1)/f̃j(Xj|Y = 0)), they imply that η∗(X)−

{a+
∑︁p

j=1 bjT
∗
j (Xj)} has a finite second moment for some (a, b1, . . . , bp)

⊤ ∈

Rp+1, whose tight upper bound we denote by δlo.

Theorem 2. Under Conditions (A3)–(A7), the S-RoLLR classification risk

R(ĝn) converges to R∗ +∆R as n → ∞, where the asymptotic excess risk

∆R compared with the optimal Bayes classifier satisfies

∆R ≤
√︃

1

2
[δlo + {2|J1|(1− ρ̄1) + |J2|}M2δf ]. (3.4)

Here, M and δf are given in (A3) and (A5), respectively; J1 = {j ∈ I :

−1 ≤ ρj ≤ 0.5}, J2 = {j ∈ I : 0.5 < ρj ≤ 1}, ρ̄1 = |J1|−1
∑︁

j∈J1 ρj, with

ρ̄1 = 0 when J1 = ∅, and

ρj =
E{ej1(Xj)ej0(Xj)}√︂
E{e2j1(Xj)}E{e2j0(Xj)}

, j ∈ I. (3.5)

If either second moment in the denominator of (3.5) is zero, we set ρj = 1/2

by convention.
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3.2 Risk analysis under model misspecification

Theorem 2 reveals three insights. First, as shown in (3.4), the excess

risk arises from two distinct sources: the generative stage, reflected in δf

that arises from modeling non-TPSC features via the TPSC family; and the

discriminative stage, captured by δlo that stems from assuming the log-odds

are linear in the transformed features. Both quantities vanish in the absence

of misspecification, reducing the bound to zero as in Theorem 1. Second,

when both second moments in (3.5) are positive, ρj measures the normalized

alignment between the fitting errors of the j-th feature’s two class-specific

distributions. The bound remains small when these errors are positively,

but moderately, aligned. This behavior highlights an intrinsic robustness in

the design of the transformed features: the two estimation errors partially

offset each other within the likelihood ratio T̂j(Xj), thereby preserving the

discriminative signal even under imprecise marginal fits. Conversely, strong

negative alignment between the errors tends to distort the signal, elevating

the overall classification risk. Third, the generative contribution in (3.4)

is governed by the number of informative features, s = |I|, rather than

the ambient dimension p, as the two class-specific fitting errors of any non-

informative feature cancel out in the log-likelihood ratio. As we establish in

the next subsection, this property is crucial for screening out noise features

via L1-penalized logistic regression. Section 6.2 further elaborates on the im-
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3.3 Variable selection analysis

plications of this signal-adaptive structure for high-dimensional extensions.

3.3 Variable selection analysis

Putting back (A1)–(A3), we now investigate the feature-selection aspect

of S-RoLLR, with the finding summarized in Theorem 3. Let Qn(θ) be

(2.3) without the LASSO penalty, so that −Qn(θ) is n
−1 times the logistic

regression log-likelihood evaluated at {(Yi, T̂i)}ni=1. Under (A1)–(A2), the

true log-odds η∗(X) can be attained by setting θ at θ◦ = (β◦
0 ,β

◦⊤)⊤, yielding

η∗(X) = β◦
0+T∗⊤β◦, where T∗ = (T ∗

1 (X1), . . . , T
∗
p (Xp))

⊤ contains the oracle

transformed features resulting from evaluating T at the truth of TPSC

parameters, {(Ψ∗
j0,Ψ

∗
j1), j ∈ [p]}, and

β◦
0 = log(P (Y = 1)/P (Y = 0)), β◦

j = 1(j ∈ I), for j ∈ [p]. (3.6)

Because IN = {j ∈ [p] : fj0 ≡ fj1}, T ∗
j (·) ≡ 0 for j ∈ IN , and thus any

θ ∈ Θ◦ = {θ ∈ Θ : β0 = log(P (Y = 1)/P (Y = 0)), βj = 1 for j ∈ I} gives

the same η∗(X) as the oracle linear predictor. We take θ◦ ∈ Θ◦ defined in

(3.6) as the target of the regularized logistic regression analysis, which is

the canonical sparse representative of the set of regression coefficients Θ◦.

This canonical sparse representative is an identifiable target because θ◦ is

the unique minimizer of ∥β∥1 over Θ◦.
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3.3 Variable selection analysis

Theorem 3. Under Conditions (A1)–(A3),

max
j∈I

⃓⃓⃓⃓
∂Qn(θ)

∂βj

⃓⃓⃓⃓
θ=θ◦

⃓⃓⃓⃓
= Op(n

−1/2), max
j∈IN

⃓⃓⃓⃓
∂Qn(θ)

∂βj

⃓⃓⃓⃓
θ=θ◦

⃓⃓⃓⃓
= Op(n

−1). (3.7)

Theorem 3 suggests that, at θ◦, the gradient functions in (3.7) fall on

two scales, those associated with noise features being smaller by a factor of

order n−1/2. As elaborated in the proof of Theorem 3 in Appendix C, having

T ∗
j (·) ≡ 0 for j ∈ IN contributes to this separation in scale, causing T̂j(Xj)

to reflect only the gap between two fits of the same distribution (fj0 ≡ fj1).

We show in Appendix D that the penalty can exploit the separation to

achieve consistent feature selection. In particular, setting λn ≍ n−1/2 makes

the gradients for noise features fall below λn, which in turn push their

regression coefficients to zero by the Karush–Kuhn–Tucker conditions (Park

and Hastie, 2007). This is formally stated in the following theorem.

(A8) The principal submatrix of the oracle Fisher information I∗ = E{∇2Q∗
n(θ

◦)},

denoted by I∗SS , has its minimum eigenvalue bounded from below by

2κ, where κ is a positive constant, S = {0} ∪ I indexes the inter-

cept together with the informative features, and Q∗
n(θ

◦) is (2.3) with

λn = 0, θ evaluated at θ◦ in (3.6), and {T̂i}ni=1 replaced by {T∗
i }ni=1.

Theorem 4. If λn ≍ n−1/2, then the penalized MLE θ̂ satisfies

limn→∞ P
(︁
β̂j = 0 for all j ∈ IN

)︁
= 1 and limn→∞ P

(︁
β̂j ̸= 0 for all j ∈

I
)︁
= 1 under Conditions (A1)–(A3) and (A8).
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Condition (A8) constrains only the signal block I∗SS of the information ma-

trix I∗. The noise block of I∗ is irrelevant because the noise features are

controlled through the rate separation indicated in Theorem 3 and the L1

penalty, as elaborated in Appendix D. Theorem 4 indicates that, on one

hand, S-RoLLR achieves consistent noise elimination without requiring the

irrepresentable condition (Zhao and Yu, 2006), as long as λn matches the

order of the signal rates in (3.7). On the other hand, S-RoLLR asymptoti-

cally recovers informative features because β◦
j = 1 for such features, so that

the
√
n-consistency of θ̂ established in Appendix D rules out false nega-

tives without a separate minimum-signal condition. Together, the two give

consistent support recovery, that is, limn→∞ P ({j ∈ [p] : β̂j ̸= 0} = I) = 1.

4. Simulation Study

4.1 Design of the simulation experiment

We now compare RoLLR and S-RoLLR with six widely accepted classifiers

in their finite-sample performance: MOKE, the mode-based nonparametric

classifier of Xiong et al. (2025); the Gaussian mixture model under the naive

Bayes assumption (GMM-NB, Scrucca et al., 2023); L1-regularized logistic

regression (L1-RL), the classical classifier that implements feature selection

on X; the support vector machine (SVM) with radial basis function kernel
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4.1 Design of the simulation experiment

(Schölkopf and Smola, 2002), a nonparametric black-box method; random

forest (RF, Breiman, 2001), well-suited for nonlinear and high-dimensional

data; and the light gradient boosting machine (LightGBM, Ke et al., 2017),

designed specifically for high-efficiency learning with large n and p.

We simulate data {(Yi,Xi)}ni=1 according to twelve data-generating

mechanisms referred to as Cases 1–12, tabulated in Table 1, with detailed

formulation of each case provided in Appendix E. The first |I| features

are informative, and the remaining p− |I| are non-informative drawn from

N (0, I). We set n = 800, p = 30 and |I| = 20 throughout, except in Case 9

where we reduce n to 300 while raising p to exceed n at 700. Class labels are

drawn from Bernoulli(0.5) in all cases but Case 8, where we first generate

features, conditioning on which labels are simulated from a probit regression

model with a nonlinear predictor.

The twelve simulation settings cover diverse classification challenges.

Case 1 serves as a Gaussian baseline where classes differ solely in their

means. Cases 2–5 and 10 introduce various departures from Gaussianity:

nonexistence of moments (Case 2), high skewness (Case 3), asymmetric

tail behavior (one heavy-tailed versus one light-tailed class, Case 4), severe

outliers (Case 5), and mean-matched skewness that yields zero first-moment

separation (Case 10). While the naive Bayes assumption holds in Cases 1–5,
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4.1 Design of the simulation experiment

Table 1: Generative models of the informative features XI in Section 4

Case Xj | Y = 0 Xj | Y = 1 Xj ⊥ Xj′ | Y

1 N (−0.5, 4) N (0.5, 4) Yes

2 Cauchy(0, 1) Cauchy(0.5, 1) Yes

3 Lognormal(0, 1) Lognormal(0.5, 1) Yes

4 N (0, 1) t2 + 0.5 Yes

5

0.9N (µ0j, σ
2
j )+ 0.9N (µ1j, σ

2
j )+

Yes

0.1N (µ0j, 100σ
2
j ) 0.1N (µ1j, 100σ

2
j )

6 N
(︁
0|I|,Σ

)︁
N
(︁
0.31|I|, 2Σ

)︁
No

7 N
(︁
0.51|I|, ˜︁Σ)︁

N
(︁
−0.51|I|, ˜︁Σ)︁

No

8 XI ∼ N
(︁
0|I|, I|I|

)︁
, Y | XI ∼ Bernoulli{Φ(h(XI))} No

9 same as Case 4 but with n = 300 and p = 700 Yes

10 mean-zero TPSC mirror image of fj0 Yes

11 bimodal mixture normal mirror image of fj0 No

12 bimodal mixture t mirror image of fj0 No
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4.2 Simulation results

9, and 10, the remaining settings have dependent features given Y , with Case

7 exhibiting stronger dependence than Cases 6, 11, and 12. Case 6 further

introduces unequal covariance matrices for informative features between two

classes. Cases 10–12 represent mean-matched scenarios: each informative

feature shares the same mean across classes, with class-specific distributions

that are mirror images of each other. Consequently, the classes differ only

in the sign of their skewness while sharing all even-order moments, mak-

ing them distinguishable solely through higher-order distributional shapes.

Among these, Case 10 uses TPSC-distributed features to match the working

model of (S-)RoLLR; Cases 11 and 12 use bimodal features to make the

working model a severely misspecified one.

4.2 Simulation results

We train the eight classifiers on 70% of each simulated dataset and test

them on the remaining 30%. We choose the penalty term λn in S-RoLLR by

five-fold cross-validation, minimizing the binomial deviance over the data-

dependent grid constructed via the R package glmnet, and in L1-RL by

ten-fold cross-validation as the default in cv.glmnet. Appendix F gives the

numerical protocol for the exercise of testing following training, including

the construction and the realized range of λn. This exercise is repeated for
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4.2 Simulation results

300 Monte Carlo replicates under each case, and the area under the receiver

operating characteristic curve (AUC) on the testing data is presented in

Figure 1. A larger AUC suggests a better classification performance.

Case10: Mirrored Skew Case11: Light Bimodal Case12: Heavy Bimodal

Case7: Signal Correlation Case8: Nonlinear Case9: HighDim HeavyTail

Case4: Normal vs. HeavyTail Case5: Outliers Case6: Unequal Covariance
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Figure 1: AUC boxplots for eight classifiers across twelve simulation settings

RoLLR and S-RoLLR show strong and competitive performance across

all twelve cases. They remain effective even when the naive Bayes assump-

tion is violated, as in Cases 6–8, 11, and 12. The advantage of the flexible

TPSC distribution becomes clear when features are far from Gaussian (Cases
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4.2 Simulation results

2–5). GMM-NB is a strong competitor, especially with Gaussian or con-

taminated Gaussian features in Cases 1 and 5. However, it falls behind

when features have heavy tails or high skewness (Cases 2 and 3). While

both RoLLR and MOKE model the mode of a feature, RoLLR clearly

outperforms MOKE in Cases 1–11. This shows the advantage of flexible

parametric modeling over nonparametric modeling. Although S-RoLLR

assumes a linear predictor with the logit link in the binary regression, its

performance remains robust to violations of these assumptions (Cases 6–8),

or is less affected than other methods, such as L1-RL, a method also assum-

ing logistic regression. When p > n (Case 9), S-RoLLR clearly improves

upon RoLLR, thanks to the feature screening function of S-RoLLR. Even so,

with informative features that differ in tail heaviness between two classes,

RoLLR still beats most other competitors.

Cases 10–12 illustrate the benefit of extracting richer distributional char-

acteristics via flexibly modeling features within each class, as opposed to

classification mostly relying on mean separation of features between classes.

Without such separation, L1-RL finds no useful signal for classification,

resulting in an AUC around 0.5 in these cases; SVM is another method suf-

fering a noticeable decline in performance. When the feature distributions

are actually TPSC (Case 10), RoLLR and S-RoLLR achieve the highest
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4.2 Simulation results

accuracy. In the presence of bimodal features (Cases 11 and 12), GMM-NB

and tree-based methods slightly outperform our methods.

For the two sparse classifiers, S-RoLLR and L1-RL, Table 2 summarizes

their performance in feature selection, including the number of selected

features denoted by |Î|, true positive rate (TPR), false positive rate (FPR),

and the F1 score (Christen et al., 2023). In all twelve cases, S-RoLLR

achieves higher F1 scores. Notably, L1-RL fails (with F1 < 0.1) in Cases 2,

8, and 10–12, where L1-RL selects so few features that its TPR drops to

near zero. S-RoLLR maintains high TPR and low FPR in these challenging

settings, avoiding the selection collapse seen in L1-RL.

Table 2: Averages of |Î|, TPR, FPR, and F1 score associated with S-RoLLR/L1-

RL across 300 Monte Carlo replicates in each of twelve simulation settings

# |Î| TPR FPR F1 # |Î| TPR FPR F1

1 23.8/26.0 1.00/1.00 0.38/0.60 0.91/0.87 7 15.4/15.9 0.69/0.63 0.17/0.32 0.77/0.71

2 25.9/1.9 1.00/0.07 0.59/0.06 0.87/0.09 8 23.6/1.6 0.83/0.05 0.70/0.05 0.76/0.08

3 23.9/25.8 1.00/1.00 0.39/0.59 0.91/0.87 9 34.1/24.6 0.95/0.32 0.02/0.03 0.71/0.27

4 21.3/23.5 1.00/0.94 0.13/0.47 0.97/0.86 10 21.9/1.5 1.00/0.05 0.19/0.05 0.96/0.08

5 22.1/19.2 0.92/0.76 0.36/0.39 0.88/0.77 11 16.9/1.7 0.83/0.05 0.04/0.06 0.89/0.08

6 23.4/23.2 1.00/0.91 0.35/0.50 0.92/0.84 12 16.4/1.6 0.80/0.05 0.03/0.06 0.88/0.08

In summary, S-RoLLR outperforms L1-RL in both classification and fea-
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ture selection. As for computational cost, RoLLR and S-RoLLR are mostly

comparable with SVM and LightGBM. These methods are far less cum-

bersome than GMM-NB, whereas MOKE and L1-RL are the fastest, and

LightGBM scales best for large p. Runtime comparison of these eight clas-

sifiers in the simulation experiment is reported in Table E.2 of Appendix E.

5. Three Case Studies in Real-life Application

We now apply the classifiers considered in Section 4 to three datasets from

biomedical studies and astrophysics.

5.1 Prostate cancer dataset

We first consider expression profiles of p = 200 genes from n = 102 radical

prostatectomy specimens, 50 nontumor and 52 tumor. The 200 genes result

from a pre-screening step, as in Fan and Lv (2008) and Xiong et al. (2025),

applied to the 6,033 genes of the prostate cancer study of Singh et al. (2002).

Even after pre-screening, p exceeds n, and a common goal in such studies

is to identify genes that correlate with the clinical behavior of a disease,

which calls for a classifier that achieves high accuracy and effective feature

selection. We compare the eight classifiers over 300 random 70/30 training-

testing splits. According to the AUC in the left panel of Figure 2, S-RoLLR
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5.1 Prostate cancer dataset

and L1-RL yield the most accurate classification of specimens, followed by

LightGBM and RF, whose post-hoc importance scores can facilitate feature

selection via appropriate thresholding.

Prostate Cancer (n=102, p=200) Pima Diabetes (n=768, p=8) HTRU2 Pulsar (n=17,898, p=8)
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Figure 2: AUC boxplots of eight classifiers across three datasets: prostate cancer

(left), Pima diabetes (middle), and HTRU pulsar (right)

Both leading methods incorporate intrinsic feature selection capabilities.

Across the 500 splits, L1-RL selects an average of 10.1 genes, while S-

RoLLR selects only 7.1. Thus, at comparable classification accuracy, S-

RoLLR yields a more parsimonious model. It is also more consistent in gene

selection. As shown in Figure 3, only a few of its top 15 genes are frequently

selected while most are rarely chosen—a contrast that is far less distinct in

L1-RL. Moreover, S-RoLLR selects 5/4 of the top 7 genes ranked by the

importance scores of RF/LightGBM, against 4/3 of the top 10 for L1-RL,

indicating closer agreement with the two ensemble classifiers on the most

influential features. This is because the linear predictor on transformed

features (T̂) in S-RoLLR is more powerful than that on raw features (X) in
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5.1 Prostate cancer dataset

L1-RL. As a result, S-RoLLR selects informative features more effectively,

even when the data are nonlinear.

(a) S−RoLLR (b) L1−RL
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Figure 3: Selection frequencies of the fifteen most frequently selected genes in the

prostate cancer data, for (a) S-RoLLR (left panel) and (b) L1-RL (right panel)

A closer look at the selected genes highlights gene 2215. S-RoLLR

selects it 136 times across the 500 splits, as its fifth highest frequency. In

contrast, L1-RL selects it in only 20 splits (4.0%), and it does not appear

in the top ten importance scores for LightGBM or RF. Figure 4 (see the

left panel) explains this difference: the discriminative signal of gene 2215

is encoded in its variance and distributional shape rather than its location.

While the between-class difference in sample means is modest (a gap of 0.41),
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5.1 Prostate cancer dataset
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Figure 4: Histograms and kernel density estimates (left panel) of the expression

level of gene 2215 for the nontumor group (Class 0, solid line) and the tumor

group (Class 1, dashed line), with vertical lines marking the modes; and AUC

(right panel) of five classifiers using gene 2215 alone.

the shape discrepancy is substantial. Specifically, the estimated modes from

kernel density estimates differ by 1.53, and the tumor class exhibits a notice-

ably more concentrated spread (variance ratio 0.46, with p-value of 0.006

from an F -test for equal variance). To further confirm the hidden informa-

tion in this gene is useful for classification, we compare the leave-one-out

cross-validated AUC of five classifiers using gene 2215 alone in Figure 4 (see

the right panel). The traditional mean-based classifiers, including logistic

regression (linear LR) and linear discriminant analysis (LDA), yield the

lowest AUC. By accommodating higher moments of the feature, quadratic

discriminant analysis (QDA) and logistic regression with a quadratic term
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5.2 Pima Indians diabetes dataset

(quadratic LR) improve over the first two. S-RoLLR achieves the highest

classification accuracy by using this gene alone and more fully accounting

for its distinct non-Gaussian characteristics across the two classes, which

are absorbed into the transformed feature.

This case study demonstrates that S-RoLLR can capture signals in

features reflecting their shapes and higher-order moments, which are utilized

to achieve more accurate classification and feature selection when compared

with mean-based linear selectors and tree ensembles. This contributes to

S-RoLLR’s ability to yield more parsimonious models with greater stability

in identifying informative genes, corroborating Theorems 3–4.

5.2 Pima Indians diabetes dataset

Model interpretability and decision transparency are critical in precision

medicine, an area where S-RoLLR demonstrates clear advantages when

analyzing the Pima Indians diabetes dataset (Smith et al., 1988). Available

in the R package mlbench, this dataset comprises p = 8 routine clinical

measurements from n = 768 females of Pima Indian heritage (500 non-

diabetic and 268 diabetic). The eight features are number of pregnancies,

2-hour post-load plasma glucose from an oral glucose tolerance test, diastolic

blood pressure, triceps skinfold thickness, 2-hour serum insulin, body mass
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5.2 Pima Indians diabetes dataset

index (BMI), a diabetes pedigree function reflecting genetic predisposition,

and age. Physiologically implausible zero entries are imputed using the

respective feature medians.

The class-imbalanced data here present challenges in classification. Nev-

ertheless, S-RoLLR outperforms all competing methods in terms of AUC

based on 300 random splits (see Figure 2). While L1-RL remains a strong

competitor, S-RoLLR offers deeper interpretability. Figure 5-(a1) presents

the class-specific histograms of BMI, a well-established risk factor for type 2

diabetes (Kahn et al., 2006), with the fitted TPSC densities superimposed.

These capture the right-skewed empirical distributions well and show a dis-

tinct upward shift in the mode under the diabetes group. Figure 5-(a2)

plots the transformed feature against BMI. The curve is clearly nonlinear,

switching from negative to positive at around BMI = 30 and steepening

beyond 40. These are precisely the clinical thresholds for obesity and for ex-

treme obesity (World Health Organization, 2000). The transformed feature

successfully captures the critical risk threshold at BMI = 30 and reveals an

elevated risk above 40. This demonstrates how feature transformations can

uncover domain insights hidden in the raw data.

S-RoLLR also enables transparent examination of individual predictions.

As shown in Figure 5-(b1), S-RoLLR correctly and confidently identifies a

Statistica Sinica: Newly accepted Paper 



5.2 Pima Indians diabetes dataset
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Figure 5: Pima diabetes analysis: (a1) class-wise BMI histograms with fitted

TPSC densities; (a2) transformed BMI vs. BMI; (b1) waterfall plot for a true

positive instance; and (b2) waterfall plot for a false negative instance.

diabetic patient, presenting her six selected transformed features alongside

the estimated log-odds. The model’s prediction is primarily driven by high

plasma glucose combined with frequent pregnancies at a relatively young age,

characteristic of gestational diabetes. Conversely, Figure 5-(b2) illustrates

a misclassified diabetic patient. Her unexpectedly low plasma glucose and
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5.3 HTRU pulsar dataset

minimal contributions from other features yield an atypical clinical profile.

Such an anomalous profile presents a diagnostic challenge in clinical practice,

suggesting possible data quality issues. The negative intercept indicates

that the model tends to assume a baseline diagnosis of non-diabetic when

all transformed features are null.

This case study showcases that S-RoLLR can provide stage-wise inter-

pretability, explaining each step of the classification process. Such trans-

parency is crucial for both scientific insight and high-stakes decisions. The

weak feature correlations and accurate marginal fits observed here satisfy

the conditions of Theorem 1, validating S-RoLLR’s theoretical strengths.

5.3 HTRU pulsar dataset

In certain applications, feature construction inherently introduces within-

class correlations, as observed in the present dataset. Lyon et al. (2016) used

this dataset to develop pulsar candidate filters, identifying genuine pulsar

signals from sky surveys while filtering out radio frequency interference and

other celestial phenomena. The data are available at the UCI Machine Learn-

ing Repository (https://archive.ics.uci.edu/dataset/372/htru2).

Measured by the High Time Resolution Universe (HTRU) survey, the

dataset contains n = 17, 898 candidate signals: 1,639 pulsars and 16,259
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non-pulsars (e.g., radio frequency interference and artifacts). The p = 8

features comprise four summary statistics (mean, standard deviation, excess

kurtosis, and skewness) of the integrated pulse profile, and the same four

statistics for the dispersion-measure signal-to-noise ratio curve, inherently

violating the naive Bayes assumption of Theorem 1. Regardless, S-RoLLR

still outperforms the others in classification (see Figure 2), demonstrating

robustness to strong correlations among features. This resilience stems from

the L1 penalty, which selects a sparse subset from correlated feature groups,

ensuring that the retained features remain weakly correlated.

6. Extension of S-RoLLR

6.1 Methodological extension

An immediate extension of S-RoLLR is to adopt different distribution fam-

ilies, not limited to TPSC, at the generative step to model features that

can be continuous or discrete. After all, the ratio of two class-specific fea-

ture likelihoods is well-defined for most distributions under mild conditions.

These likelihood ratios of different features can then be concatenated to form

the transformed features T. The discriminative step of S-RoLLR based on

(2.3) operates on T̂ regardless of the specific distributions used to construct

T. For this extension, let D be the set of (working) distributions adopted
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6.1 Methodological extension

at the generative step, and denote the resulting classifier as S-RoLLR(D).

When the two class-conditional Gaussian models are homoscedastic,

Tj is affine in Xj. Hence, S-RoLLR(D) and L1-RL have the same linear

predictor space, although their penalized finite-sample fits need not coincide

because the L1 penalty is scale dependent. More generically, when a working

distribution for Xj is a one-parameter exponential family with a complete

sufficient statistic linear in Xj, such as Poisson and Bernoulli distributions,

Tj(Xj) is affine in Xj, leaving T̂j in the same linear span as Xj. The

transformed feature thus provides little information beyond a location shift

of the raw feature between two classes. This in turn suggests the potential

gain in incorporating flexible working distributions in D to extract richer

feature information that can be used to distinguish two classes.

For illustration purposes, we consider six choices of D: Gaussian, t,

skew-normal, skew-t (Azzalini and Capitanio, 2003), TPSC, and a finite

location-scale mixture (originating from t’s) whose number of components

K ∈ {1, 2, 3} and degrees of freedom ν ∈ {5,∞} are selected via the

Bayesian information criterion. We compare the resultant six variants of

S-RoLLR(D) with L1-RL using data generated from the six configurations

in Table 3. Table 4 summarizes their performance in classification and

feature selection. More elaborate experiments on these and other settings
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6.2 Theoretical extension

with discrete features are reported in Appendix G. Results in Table 4 and

Appendix G suggest that S-RoLLR(TPSC) strikes a better balance between

flexibility and computational complexity than other variants considered,

while remaining competitive in classification and feature selection.

Table 3: Generative models of XI in the methodology extension experiment

Setting Xj|Y = 0 Xj|Y = 1

C1 N (0, 1) N (0.55, 1)

C2† SN(0, 1.5, 5) SN(0.4, 1.5, 5)

C3† ST(0, 1.5, 3, 3) ST(0.75, 1.5, 3, 3)

C4 mean-zero TPSC mirror image of fj0

C5 bimodal mixture normal mirror image of fj0

C6 0.9N (0, 1) + 0.1N (0, 100) 0.55 + {0.9N (0, 1) + 0.1N (0, 100)}

† SN(ξ, ω, α) and ST(ξ, ω, α, ν) denote the skew-normal and the skew-t distribu-

tions with location ξ, scale ω, slant α, and ν degrees of freedom.

6.2 Theoretical extension

Practically speaking, the choice of D depends on the features’ distributional

characteristics one wishes to capture and use for classification, as well as the

data needed to infer the chosen distributions reliably. On the other hand, if
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D encompasses correct models for the features, a scenario parallel to that

under which Theorems 1, 3, and 4 are established, most of these theoretical

results hold for S-RoLLR(D) with a revised Condition (A1) to account for

the more general D. In particular, under a correct model specification,

because T ∗
j (·) ≡ 0 for a noise feature, the canonical sparse representation of

regression coefficients in (3.6) remains intact, which is the key to proving

Theorem 3. Consequently, the gradient separation between signal and noise

features stated in this theorem is preserved for S-RoLLR(D).

A further theoretical extension of S-RoLLR is to allow p to grow as n

increases. Although the asymptotic analyses in Section 3 assume a fixed

p, many of the underlying mechanisms are not tied to a fixed p. For

example, the excess risk bound in Theorem 2 depends on p only through

the number of signal features s, which can be fixed even when p grows.

Without diving into technical details, we point out four modifications or

challenges in the extension of S-RoLLR(D) to a diverging-p regime with

theoretical guarantees similar to those stated in Theorems 1–4. First, the

error incurred in estimating model parameters in D that are passed into

T̂ would have to be controlled uniformly over j ∈ [p]. Second, in (A3),

which bounds ∥θ◦∥1 by a constant exceeding |β◦
0 |+ s, now with p diverging,

this bound would be replaced by an explicit sparsity condition that ties s
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and log p to n. Third, the assumption on the Fisher information in (A8)

and the proof of Theorem 4 need to be restructured. If p > n, a restricted

eigenvalue condition on T̂ would be needed, which is harder to establish

than in standard regression with an observed design matrix. Fourth, while

Theorem 4 scales λn at order n−1/2 to match an individual signal gradient

in (3.7), a diverging p would require λn to dominate the maximum gradient

across all p features, shifting its leading scale to
√︁

log p/n.

In summary, extending S-RoLLR to S-RoLLR(D) is operationally straight-

forward; asymptotic analyses of S-RoLLR(D) with p growing call for a

separate study to follow through.

7. Discussion

In this study, we propose a new classifier, S-RoLLR, for classification using

continuous features that can be non-Gaussian. S-RoLLR integrates a flex-

ible log-likelihood ratio transformation into regularized logistic regression,

resolving the trilemma of robustness, interpretability, and parsimony. We

provide theoretical insights on its properties in the absence or presence of

model misspecification. Its feature selection capability is driven by asymp-

totic rate separation in regression coefficient estimation between signal and

noise features, which is further supported by empirical evidence from studies
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covering Gaussian and non-Gaussian features in low or high dimensions.

Even with the extension of S-RoLLR in Section 6, a source of infor-

mation S-RoLLR overlooks is cross-feature dependencies since, here, one

models one feature at a time at the generative step. Modeling features

jointly can lead to classifiers outperforming S-RoLLR. One possible solution

is to use copula functions to model the joint distribution of the features while

preserving the flexibility of the marginals. Another methodological exten-

sion is to go beyond binary classification. Extending S-RoLLR to multiclass

settings is nontrivial, and a careful redesign of the feature transformation

is needed to balance theoretical guarantees with computational efficiency.

Supplementary Materials

Supplementary Materials include Appendices A–D for proofs referenced in

Section 3, Appendices E and F for implementation and simulation referenced

in Section 4, and Appendix G complementing discussions in Section 6.1.
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Table 4: Average classification AUC and average feature selection F1 score across

300 Monte Carlo replicates for L1-RL and six variants of S-RoLLR in the six

simulation settings with continuous features, along with maximum AUC shortfall

and median runtime across the six settings

Setting L1-RL Gaussian Student-t skew-normal skew-t TPSC mixture

AUC for classification (with the highest in each setting highlighted in boldface)

C1 0.949 0.948 0.947 0.942 0.941 0.941 0.947

C2 0.894 0.892 0.883 0.942 0.940 0.940 0.913

C3 0.875 0.792 0.961 0.910 0.982 0.982 0.938

C4 0.511 0.527 0.780 0.914 0.959 0.961 0.923

C5 0.507 0.526 0.526 0.992 0.992 0.994 1.000

C6 0.652 0.530 0.889 0.532 0.871 0.877 0.888

F1 score for feature selection (with the highest in each setting highlighted in boldface)

C1 0.655 0.785 0.743 0.694 0.672 0.672 0.765

C2 0.655 0.700 0.604 0.691 0.670 0.659 0.550

C3 0.682 0.541 0.757 0.591 0.810 0.805 0.573

C4 0.032 0.198 0.521 0.664 0.695 0.690 0.537

C5 0.025 0.148 0.146 0.944 0.944 0.952 0.992

C6 0.565 0.199 0.676 0.324 0.578 0.581 0.528

Summary across the six settings (with the lowest value highlighted in italics)

AUC shortfall† 0.494 0.474 0.474 0.357 0.018 0.013 0.043

Runtime (second) 0.4 0.6 7.8 7.7 57.8 8.8 81.4

† AUC shortfall of a classifier is the gap between its average AUC across 300 Monte

Carlo replicates and that of the best-performing classifier.
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