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Abstract: While classic off-policy evaluation literature typically assumes evenly
spaced decision times for analytical convenience, this assumption is often violated
in real-world applications, such as those involving user-initiated visits. To accom-
modate irregularly-spaced and potentially outcome-dependent decision times in
off-policy evaluation, we introduce a policy evaluation criterion defined through
integrated rewards rather than the traditional cumulative-reward formulation. To
ensure the estimability of the value function of a policy, we further develop a new
reinforcement learning framework that incorporates not only the state-action pro-
cess but also an observation process, where the gap times between observations
can interact with states, actions, and rewards in a more flexible way. Statistical
inference for the proposed policy value is established by positing a modulated
renewal process model for the observation times. The validity of the proposed
approach is further supported by theoretical analysis, simulation studies, and a

real-world application that uses electronic health records to evaluate periodontal

Corresponding author: ~ Wenbin Lu. E-mail:  wlud@Qncsu.edu. ORCID:

https://orcid.org/0000-0002-7320-4755



disease treatments.
Key words and phrases: Modulated renewal process, Policy evaluation, Rein-

forcement learning, Statistical inference.

1. Introduction

A dynamic policy (Azar et al., 2012) is a sequence of decision rules that
guide an agent to select time-varying actions based on updated information
at each decision stage throughout its interaction with the environment.
Traditionally, research on dynamic policies focuses mainly on finite-horizon
settings with a limited number of decision stages (Murphyl [2003; [Robins|,
2004)), where the potential outcome framework (Rubin, [2005) is commonly
used to describe some target of interest, and classical causal inference as-
sumptions, such as unconfoundedness and consistency, are generally suffi-
cient to guarantee the estimability of the target, provided the number of
trajectories is sufficiently large. In recent years, researchers have increas-
ingly directed their attention to dynamic policies with a relatively large
number of decision stages, i.e., long- or infinite-horizon settings, as these are
becoming more common in practical applications such as long-haul treat-
ments for chronic diseases, intensive interventions during stays in the ICU,

and other sequential decision-making tasks in fields like mobile health, gam-



ing, robotics, and ride-sharing. For such policies, the reinforcement learning
framework (Maei and Sutton, 2010; [Sutton and Barto, 2018)) designed for
long trajectories is preferred in tasks, such as learning the optimal policy
(Luckett et all 2019; [Shi et al., [2022)) and evaluating a target policy using
trajectories collected from other policies, i.e., off-policy evaluation (Jiang
and Li, 2016; |[Liu et al., 2018; |[Kallus and Ueharal, 2020; [Shi et al., 2022}
Uehara et al., [2022). In particular, by assuming a Markov decision process
(MDP) model, the value function of a dynamic policy, which is typically de-
fined as the expected cumulative sum of discounted rewards over an infinite
trajectory, can be estimated in infinite-horizon settings.

While most existing off-policy evaluation methods assume that deci-
sions occur at fixed and regular time points, real-world scenarios often in-
volve user-initiated visits, generating observation times that are possibly
irregularly-spaced and outcome-dependent (Yang et al., |2019; Yang), 2021)).
For example, in our motivating periodontal disease treatment data (Clark-
son et al., 2020)), although patients are generally recommended to have
a regular check-up every 6 months, the actual gap times between dental
visits vary from 3 to 24 months. The length of the actual recall inter-
val is correlated with the actions taken at the previous visit (such as the

recommended recall interval made by dentists), as well as the outcomes



(such as the patient’s periodontal status after treatment). Similar sequen-
tial decision problems with irregularly-spaced, outcome-dependent observa-
tion times can also be found in other applications, such as warfarin dose
management in stroke prevention (Fatemi et al., 2022), order dispatching
in ride-sharing (Tang et al., [2019)), and stochastic resource collection tasks
(Du et al.l 2020). Considering the underlying complex relationships be-
tween gap times, states, actions, and rewards, it is crucial to account for
irregularly-spaced, outcome-dependent observation times in off-policy eval-
uation.

In this paper, we propose a framework for off-policy evaluation that can
accommodate irregularly-spaced, outcome-dependent observation times. First,
most existing off-policy evaluation methods consider the expected cumula-
tive sum of discounted rewards as the value function for policy evaluation.
This is natural when decisions are made at fixed and regular time points.
However, since the magnitude of the cumulative sum of discounted rewards
is often highly correlated with the frequency of observation times and the
gap times between decisions, it may not provide a fair evaluation in settings
with irregular observation times. To tackle this problem, we assume that the
observed rewards are from a continuous reward process and consider a value

function based on the integration of this continuous reward process, which



does not depend on the observation process. Similar integrated-reward-
based value functions have been widely used in continuous-time decision-
making settings, such as adaptive control of queueing systems (Bradtke and
Duff, 1994), and preventive maintenance scheduling in production-inventory
systems (Das et al., [1999)).

Second, existing off-policy evaluation methods that allow for irregu-
lar observation times generally rely on the semi-Markov decision process
(SMDP) framework (Bradtke and Duff] |1994; |Parr, 1998), which extends
the MDP framework by allowing the gap times between decisions to be
stochastic and potentially irregular. For example, Du et al. (2020) used
neural ordinary differential equations to construct a reinforcement learning
framework for semi-Markov decision processes. Fatemi et al. (2022) applied
the semi-Markov decision process framework to study offline reinforcement
learning with stochastic observation times and developed its associated pol-
icy learning algorithms. However, to the best of our knowledge, none of the
existing studies has explored off-policy evaluation with irregularly-spaced,
outcome-dependent observation times; in particular, none have formally
studied the conditions on the state-action and observation processes needed
for value function estimation. To fill this gap, we construct a new frame-

work incorporating the observation process, and establish conditions for the



state-action process and observation process aimed at ensuring the feasibil-
ity of value function estimation. The proposed framework is more flexible
than the semi-Markov decision process framework, as it allows the gap
times between decisions to depend on previous states, actions, and gap
times, as well as to affect future states and actions. This flexibility enables
us to make better use of information hidden in the observation process,
and to construct more comprehensive evaluations for dynamic policies with
irregularly-spaced, outcome-dependent observation times.

Finally, to estimate the proposed value function and derive its asso-
ciated inference, we introduce a modulated renewal process model (Coxl
1972; Oakes and Cui, (1994) for the observation process, which character-
izes the dependence structure between states, actions, and gap times. This
model helps us formalize the connection between value functions based on
cumulative and integrated rewards, and enables us to develop a distribution-
modulated Bellman equation. Statistical inference, simulation studies, and
an application to the periodontal disease treatment dataset derived from
electronic health records are also provided to demonstrate the validity of

the proposed off-policy evaluation method.



2. Framework

2.1 Value function

Consider a study where treatment decisions are made at irregularly spaced
time points Ty = 0, T, T, ..., T),.... Foreach k > 1, let Xy =T} — Ty
denote the gap time. For initialization, we select Ty as a decision time for
which the preceding decision time is also observed, and define X as the gap
time between Tj and this preceding decision time, so that X is available
at Ty. Let S, € S be the state variable that summarizes the subject’s
information collected up to and including time Tj. At each Typ(k > 0),
investigators can observe the status S, and the gap time Xj, and then
take an action A, € A based on S) and Xj,. The reward of action A is
observed at Tj1, and thus denoted as R(T}y.1). For simplicity, we assume
that the state space S is a subspace of R? where d is the dimension of the
state vector, and the action space A is a discrete space {0,1,... ,m — 1}
with m optional actions. Let 7(a|s, ) denote a policy that maps the state
and gap time (s,x) € S x [0,00) to a probability mass function on A, and
satisfies m(als,7) > 0 and ) ., m(a’|s,z) = 1 for any a € A, s € S and
x > 0. Under such a policy 7, a decision maker will take action Ay = a

with probability m(a|Sk, Xx) for a € A at Tj.



2.1 Value function

To introduce the value functions for 7 under irregular observations,
we first present a cumulative-reward-based value function that is typically

adopted in the existing reinforcement learning literature:

Vg (s 2) = E{ ST R(T)

k>1

S() = S,Xo :.T}

Here, 0 < 7 < 1 is a discount factor that ensures the existence of infinite
sums and balances the immediate and long-term effects of the actions, E™
denotes the expectation when all the actions { Ay }x>o follow policy 7, and
VZ(s,x) denotes the expected discounted cumulative reward if the state
and gap time take values Sy = s and Xy = z at the initiation point 7y = 0.
By treating {7} }r>0 as jump points of a counting process N(¢) and using
the notation in the counting process theory, V7 (s,x) can be rewritten as
E™{[°~'R(t) AN(t)|So = s,Xo = x}, where R(t), an extension of the
aforementioned notation R(7}), is redefined as a bounded reward process
only observed at {7} }>1, but is potentially available for all ¢ > 0. From this
expression, we can see that the accumulation of rewards is driven by the in-
crements of the observation process dN(t). Since E{dN(t)|Sy = s, Xo = =}
reflects the intensity of the observation process, this representation directly
reveals that the cumulative-reward-based value function depends on the
observation frequency. Consequently, the cumulative-reward-based value

function reflects not only the underlying reward trajectory but also char-



2.1 Value function

acteristics of the observation process. For example, if two policies induce
similar reward trajectories, their values should ideally be similar regardless
of the observation process. However, due to the integration with respect
to dN(t), the cumulative-reward-based value function may assign a larger
value to a policy with more frequent observations than to one with fewer
observations. Moreover, even when the two policies have the same average
observation frequency, their cumulative-reward-based values may still differ
if their observation times are distributed differently over the follow-up. Due
to discounting, a policy with more observations early in the follow-up and
fewer observations later may receive a larger value than one with the op-
posite observation pattern. Therefore, the cumulative-reward-based value
function may not provide a proper evaluation for dynamic policies with
varying observation frequencies or irregularly-spaced observation times.
To address this issue, we introduce a value function that is based on an

integration of the reward process R(t) into ¢:

Vi(s,z)=E" {/OOO Y R(t)dt

S():S,XO:Q?} .

Here, by replacing dN(¢) with dt, this integrated-reward-based value func-
tion V7 (s,2) no longer directly depends on the observation process N (),
and thus is better suited to evaluate policies with irregularly-spaced ob-

servation times or varying observation frequencies. On the other hand,



2.1 Value function

although replacing dN(t) with dt¢ in the value function removes its direct
dependence on intervention frequency or timing, the interventions can still
affect the policy value through their impact on the reward trajectory R(t).
Taking our motivating study of periodontal disease treatment as an exam-
ple, when the outcome of interest is probing pocket depth (PPD) of a patient
after treatment, the reward function R(¢) can be defined as the measure-
ment of PPD at time ¢, and the integrated-reward-based value function V/
measures the patient’s PPD status throughout the treatment period [0, o).
If more frequent treatments improve a patient’s oral health and lead to a
better reward trajectory R(t), then policies with different treatment fre-
quencies will have different integrated-reward-based values. In contrast, if
different treatment frequencies lead to similar reward trajectories, the poli-
cies will have similar integrated-reward-based values despite the differences
in their observation times. Thus, VI provides a more reasonable assessment
of a dentist’s treatment policies than V7. In the following sections, we will
focus on developing off-policy evaluation methods based on the integrated-
reward-based value function V7.

Lastly, we introduce two other functions closely related to VI (s,z).
One is the value function under a reference distribution. Let G(s, z) denote

the reference distribution of the initiation state and gap time {Sp, X}



2.2 Assumptions

Then an integrated-reward-based value function for policy 7= under G can
be defined as V7 (G) = [ VF(s,2)dG(s,z). Another function that usually
plays an important role in policy evaluation is the action-value function

(commonly known as the Q-function). For k£ > 0 and t > 0, define

Qg’k(S,x,a,ﬁ = £ {/ qu*tR(u) dulSp,=s,Xp=2,Ar=a,T, = t} )

t

which is the conditional expectation of the integrated reward over [t, c0),
if taking treatment a at T, = t, Sy = s and X, = x, and following the
policy 7 afterward. It is not hard to see that V] (s,x) and VF(G) can be
computed from Q7F ,(s,x,a,t) by VI (s,z) = > 0 Q7 o(s,2,a,0)7(als, z)

and VIW(g> = f ZaeA Q%,O(‘S?x? a, 0)7T(G|S,l’)dg(8, ﬂ?)

2.2 Assumptions

To ensure the estimability of the functions V7, VI and Q7 , we posit the

following assumptions on the states, actions, rewards, and gap times.
(A1) For all k£ > 0, the next state variable Sk is generated as
pr(Sk+1 € Bol{Sj, Xj, Aj, Tito<j<) = Ps(Bs; Sk, Xi, Ax)

where B, C S and Py denotes the transition function of the next state

conditional on the current state, action, and gap time.



2.2 Assumptions

or a > 0, the next gap time X, satisfies
A2) For all k£ > 0, th ime X, isfi
pr (X1 < z[{S5, X, Ay, TiYo<j<k, Skv1) = Px (25 Sk, Sy Xk, Ar)

where z € RT, and the cumulative distribution function Px is abso-

lutely continuous with respect to the Lebesgue measure.

(A3) (Conditional mean independence) For all £ > 0 and for some bounded

function r, the reward R(T} 1) satisfies

E [R(Tk+l)|{R(7})a Sj7 Xj7 A]}]Sk’v Sk-‘rl 7Xk+1] = T(Sk, Xk‘v Ak7 Sk‘-‘rlv Xk-‘rl)-

Assumption (A1) is similar to the classic Markov and time-homogeneous
assumption for state variables, except that here the next state Siy; can
also depend on the previous gap time Xj. Assumption (A2) posits the
Markov and time-homogeneous properties for gap times, while allowing the
dependence of X1 on Sk after conditioning on Sy, Xi, Ax. For assump-
tion (A3), the conventional conditional mean independence assumption in
the MDP is E[R(Ti1)[{ B(T}), S5, X, Ajbj<r] = E{R(T41)[Sk, Xk, Ax} =
7' (Sk, Xk, Ag), which holds under (A3) with +/(s,z,a) = [[r(s,z,a, s, 1)
dPx(2';s,2,a)dPs(s’; s, z,a). In fact, assumption (A3) is strictly stronger
than the conventional conditional mean independence assumption. For

example, consider a new reward R*(Ty41) = r(Sk, Xk, Ak, Skt1, Xpt1) +



2.3  Comparisons with existing frameworks

{Xk+1 — E(Xk+1|Sk, Xk, Ag) }Tk. Then, under assumptions (A1) and (A2),
it can be shown that E[R*(Ty+1)|[{R*(T}),S;, X;, A;}i<k] = 7' (Sk, Xk, Ak).
However, assumption (A3) no longer holds, because the corresponding con-
ditional mean E[R*(Tj+1)|[{R*(1}), S}, X;, Aj Yo<j<ks Sk+1, Xk+1] depends on
T, = Zle X;, which cannot be written as a function of Sy, Xy, Ay, Ski1, Xpi1
only. In the proof of Lemma 1, we will demonstrate that this stronger con-
ditional mean independence assumption is necessary, because it ensures the

derivation of time-homogeneous properties of the value function.

2.3 Comparisons with existing frameworks

Assumptions (A1)-(A3) form a new framework for off-policy evaluation
with irregularly-spaced, outcome-dependent observation times. For illus-
tration, we provide comparisons of the proposed framework with existing
approaches.

First, Figure |1| shows three data-generation schemes under the classic
reinforcement learning framework (i.e. MDP framework), the SMDP frame-
work and our proposed framework, respectively. It is not hard to see that,
by assuming the observation times to be regularly spaced, the MDP frame-
work in Figure[I|(a) does not take into consideration gap times. The SMDP

framework in Figure [I(b) introduces Xj41 to denote the stochastic sojourn



2.3  Comparisons with existing frameworks

time between states S and Sk, but the distribution of X, is usually
assumed to be fully determined by {Sk, Ak, Sk+1}. So, Xki1 is condition-
ally independent of X, given the previous state S, and action Aj. This
restriction simplifies the derivation of the Bellman equations, but may be
violated in practical applications. On the other hand, our proposed frame-
work generalizes the SMDP in several aspects: (i) It relaxes the conditional
independence assumption by allowing X, to depend on the previous gap
time Xj. (ii) It also allows the next state Sii1 to depend on the previous
gap time X}, providing a more flexible model for the state-action process.
(iii) By allowing the action A to depend on both Sy and X, the proposed
framework can evaluate a more general class of policies, and therefore may
provide valuable insights into optimal policy learning.

Next, although the MDP framework can be extended by incorporating
X} into the state vector, existing policy evaluation methods can not be
directly applied to estimate the value functions defined in Section 2.1. For
example, by replacing Sy, with (S, X;)", the Bellman equation under the

MDP framework (Shi et al., 2022)) can be rewritten as

Q™ (Sk, Xy, Ay) = E{VR(TJCH)—HZ Q™ (Sks1, Xis1, a)m(a|Sksr, Xis1) | Sk, Xy Ai} -

a€A

Although this equation accounts for the gap time X}, we will demonstrate

in Section 4 that this extension of the Bellman equation still results in



2.3  Comparisons with existing frameworks

(c) proposed framework

Figure 1: Data structures of MDP, SMDP, and the proposed framework,
where the differences between the proposed framework and the SMDP

framework are highlighted in red.

biased estimation for the value function under the proposed framework.
Lastly, we emphasize that the existing SMDP approaches also fail to

provide unbiased estimates of the proposed value function, even when ex-



2.3  Comparisons with existing frameworks

panded state variables (S, , X}) " are used for constructing the policy. Specif-
ically, the corresponding Bellman equation under the SMDP can be ex-
pressed as

Xk+1
Q" (Sk, Xiy Ag) :E{ / Y R(Ty, + x)dx + 4+ Z Q" (Sk41, Xi41, )
0

ach

m(alSki1, Xes1)

Sk:anaAk}-

By incorporating the gap time Xj.; into both the discount term ~X#+!
and the integrated reward term fOXk“ v R(Ty + x)dz, this formulation ac-
counts for time-varying discounts, but also introduces challenges in com-
puting the reward term, as the underlying reward process R(t) is not always
observable. The existing SMDP literature addresses this issue using differ-
ent approximations. When R(T} + z) is explicitly known as a function of
{z, Sk, Sk+1, Ax}, the integral can be evaluated directly from observed data
(Crites and Bartol [1998)). When R(7}, + x) is unknown, the reward integral
is commonly approximated by fOX’““ v*dxR(T)41) under the assumption
that R(t) remains constant over (7}, 7y+1] (Bradtke and Duff, 1994), or
simply approximated by y**+1 R(T}, 1), under the assumption that R(Tj1)
can be interpreted as a weighted reward accrued during (T}, Ti11] (Barto

and Mahadevan|, |2003; Fatemi et al., 2022)). It is not hard to see that all

these approximations rely on rather strong assumptions about the reward



function and thus, as we will demonstrate in Section 4, may result in biased

estimation of the target value function.

3. Off-Policy evaluation

3.1 Reformulation

Let n denote the number of trajectories in the observed dataset. For the ith
trajectory, let K; € Z, denote the number of observed decision stages, and
let {S;kiz0, {Xik tiz0, {Aik >0, and {R;(T; k+1) }r>0 denote the sequences
of states, gap times, actions and rewards, respectively. Suppose the trajec-
tories are independently generated according to a behavior policy b(-|-,-).
Then, the observed dataset {X;x,Sik.Aik, Ri(Tiks1);k = 0,..., K1 =
1,...,n} forms n ii.d. copies of {Sk, X, Ak, R(Tk+1) tr>0- Let (|-, -) de-
note a target policy which may differ from b. The goal of this section is to
estimate the policy value of m based on the observed dataset generated by
b.

We first restate assumption (A2) in an equivalent form using the no-
tations of counting process theory. By viewing {Xj}r>1 as the gap times
of a right-continuous counting process {N(t)};>0 with jumps at {7} }g>1,
we introduce notations Ty = Tk, Xny@) = Xi, Avw = Ak, Snve) = Sk,

Sn(y+1 = Sk41 for all T, <t < Ty1. The information collected over [0, 1)



3.1 Reformulation

is denoted as ]:(t_) =0 {{N(u)}u<ta {SN(u) }u<t7 {XN(u)}u<t7 {AN(U)}u<t}
Then we can claim that, under (A1), the gap times { X} }x>1 have the prop-
erty defined in (A2) if and only if the corresponding observation process

{N(t) }+>0 satisfies the following assumption.

(A2') The intensity function of the observation process {N(t)};>¢ condi-

tional on F(t—) and Sy(—)41 satisfies

E{dN@®)|F (=), Sni—y+1} =Mt — Tng—); Sn—)+1, SNty XN(t—)s Ane—y ) dt

:/\(t — Tk; Sk+1, Sk, Xk, Ak)dt 5
where & = max{j;T; < t} and A denotes the intensity function.

Here, (A2') assumes a modulated renewal process which is proposed
by (Cox| (1972) for assessing dependencies in point processes. A detailed
proof of the equivalence is presented in Section S3.1 of the Supplementary
Material. For illustration, we provide two counterexamples to show the
necessity of this modulated renewal process assumption. On one hand, if
we relax the renewal process assumption and consider a general counting
process with intensity A(¢; Sky1, Sk, Xk, Ax), then the hazard function of
gap time Xy, takes the form A(z + Tk; Ski1, Sk, Xk, Ax), under which the
time-homogeneity of {Xj}r>1 no longer holds due to the existence of 7.

On the other hand, if we extend the intensity model to a rate model, for



3.1 Reformulation

example, by introducing a state-dependent unobserved frailty {&x }r>1, then
the Markov assumption also fails since the distribution of X, can depend
on historical observations through {&;}x>1 conditional on the current state,
gap time, and action.

Now we present a reformulation of the value functions based on assump-
tion (A2’). Without loss of generality, we assume the underlying reward pro-
cess R(t) is left-continuous, satisfying R(t) € o{F(t—), Sn(—y+1}. This in-
dicates that R(T+1) is a function of {{7}, S;, X, A;} i<k, Sk+1, Tk+1}. Then
together with (A2'), the Q-function Q7 ,(Sk, Xi, Ax, Ti) can be rewritten

as

{/ 2T R dusk,Xk,Ak,Tk}
Tk
0 YT v R E{dN —), SN(u_
_EW{/ ) SV Q) SkanaAkaTJ
T )\ U - TNu );SN (u—) +178N (u—) XN u—);AN(u— )
> 7" R(u) dN(u) }
_E / S X, A T,
{ 7. A U_TN(u—)7SN u—)+175N ) XN(u-), AN@u-)) R Sk SR
_E" S Xp ) Ae T
{] Skt IAXWSJ’SJ 17XJ 17AJ 1) : : S
—Eﬂ{ Z 5Tk Ry (T, )SkyxkyAkaTk}
j>k+1

where Rz(T;) = R(T;)/N(X;;S;,Sj-1,Xj-1,A,-1) is an inverse-intensity-
weighted reward. This reformulation shows that the conditional expectation

of the integrated reward can be viewed as the conditional expectation of a



3.2 Policy evaluation

sum of inverse-intensity-weighted rewards. Moreover, it is straightforward
to verify that the inverse-intensity-weighted reward sequence { Rz(7%)}r>1
also satisfies assumption (A3). Using the above reformulation results, the
following lemma further establishes the time-homogeneous properties of the
integrated-reward-based value function Q7 (s, z,a,t), with proofs provided

in Section S3.2 of the Supplementary Material.

Lemma 1. Under assumptions (A1)-(A3), the value function QF ,.(s, z, a,t)

1s free of k and t.

Lemma (1| implies that, under the proposed framework, the value of a
dynamic policy 7 is independent of both the number of past decision stages
k and the observation initiation time ¢. Consequently, we can omit k and ¢,
and denote the action-value function simply as Q%(s, z,a) for brevity. The
above result is essential for the classical MDP with fixed and regular decision
time points. Here, we show that this is also true for the considered off-policy
evaluation with irregularly-spaced, outcome-dependent observation times.

Therefore, a Bellman equation can be similarly derived.

3.2 Policy evaluation

Now we develop estimates for Q7 (s, z,a), V7 (s,z) and VF(G). Following the

reinforcement learning techniques (Sutton and Bartol [2018]), we first derive



3.2 Policy evaluation

a Bellman equation for Q% (s, x, a), with a detailed derivation presented in

Section S3.2 of the Supplementary Material.

Lemma 2. Under assumptions (A1)-(A3), the action-value function Q% (s, z,a)

satisfies the Bellman equation

Q7(Sks Xis Ar) :E{/'Vx,Zﬂ'<a|8k+hx,)Qg(Sk+hxlaa)dPX(I/§Sk+17Skak,Ak)

a€h

+ 7 Ry(Tys) | Sk Xy Ai ), for k>0,

The Bellman equation in Lemma 2] differs slightly from the standard ver-
sion QF(Sk, Xy, Ay) = E{y*+ 32, m(a|Spi1, Xir1)QF(Skr1, Xpvr, @) +
7Xk+1RI(Tk+1)|Sk,Xk, Ak} . This is because, following the discussion that
(A2) can be reformulated as (A2'), we can construct an appropriate model
for the gap times X ;. Then, the first term on the right-hand side of the
standard Bellman equation, which is a function of X1, can be replaced by
its integration over Xy ; with respect to the conditional distribution func-
tion Py, thereby obtaining a distribution-modulated version of the Bellman
equation to improve the estimation efficiency.

Next, we use the Bellman equation to construct estimating equations for
Q% (s, x,a). Consider a B-spline model which is indexed by § € © and takes
the form of Q(s,z,a;0) = &(s,7,a)"0, where £(s,x,a) = {®] (s,2)(a =

0). 9] (s.0)I(a = 1),.... 8] (s,2)l(a=m — 1}T, 0 = (6],07.....0% )7,

»Ym—1



3.2 Policy evaluation

Or()={Pr1(-,),...,Prr(-,-)}" is a vector of L B-spline basis functions,
and 6, is a L-dimensional parameter vector for a = 0,...,m — 1. Assume
Q(s,x,a;0;) = QF(s,x,a) for some 0, € ©. Then, following the Bellman

equation, for i =1,...,nand k =0,..., K;, we have
E{y o Ry (T 1) + Uniprr — fi,k)TQﬂ‘Si,k, Xip, Aip} =0,

where Uy i i1 = [ 3, m(a]Sigs1, ¥)E(Si g1, 7' @)APx (25 Sigi, Sipr Xiges Aike)
and & x = &(Sik, Xik, Aix). Furthermore, by replacing A(-) and Px(-) with
their estimators A(-) and Px(-), which will be detailed in the next sub-
section, we obtain the corresponding estimators of Rz ;(7; x+1) and Uy ; g1
Denote them by fizﬁi(Ti’kH) and Z/Almvkﬂ, respectively. Then, the estimating

equation for # can be

n K;—1
> w(Sis Ko Ai) {754 Rrs(Trpen) + Urgnr — &) 0} =0
i=1 k=0

for some predefined weighting function w(s,z,a). For simplicity, we set

w(S;k, Xiks Air) = & k. The resulting estimator of 6 then takes the form

n K;—1 —1 n K;—1
{Z Z gzk Szk 71'1 k—i—l) } { Z Z gi,k/yXi’k-HEI,i(T’i,k—i-l)} )
i=1 k=0 =1 k=0

and the value functions Q7 (s, z,a), V7 (s, z) and VF(G) can be estimated by

~

Q% (s, x,a) = f(s,x,a)T@r, YA/Z?(S,:E) = {ZaeAﬂ(a|s,x)f(s,x,a)}T@r, and

VF(G) = {> e [ mlals, x)€(s x,a)dg(s,x)}Tgﬂ, respectively.



3.3 Modulated renewal process model

3.3 Modulated renewal process model

In this subsection, we develop estimators for A and Px. As discussed in
Section 3.1, the observation process N (t) satisfying assumption (A2’) forms
a modulated renewal process. Therefore, as an illustration, we propose a
Cox-type modulated renewal process model (Cox, |1972; Oakes and Cui,
1994; Lin et al., [2013), while alternative semiparametric models, such as
the proportional odds model, accelerated failure time model, and additive
model (Chen et al., 2018)), can be adopted similarly. Specifically, assume

that the intensity function satisfies
/\(25 — Tk; Sk+17 Sk, Xk, Ak) dt = )\0(15 — Tk) exp(ﬂOTZk) dt, (31)

where k = max{j;T; < t}, Zy = ¢(Sk+1, %, X, Ax) € R? for some pre-
specified g-dimensional function ¢, [y is a vector of unknown parame-
ters and Ao is an unspecified baseline intensity function. Let {N;(t),t >
0}i<i<n denote the n independent and identically distributed trajectories
of N(t). In the ith trajectory, define N;xi1(z) = Ni(Tix + x) — Ni(Tix)
and Z; = O(Siks1, Sips Xig, Aig) for b = 0,...,K; — 1. Let Ag(t) =
f(f Ao(u)du denote the cumulative baseline function, and let 7 be a positive
constant satisfying pr(X;, > 7) > 0. Following model (3.1)), we obtain that

E{dNi7k+1<t) - I(Xi,k—l—l Z t) exp(ﬁOTZZ,k)dAo(t)} = 0 for all = = 17 e, Ny



3.4 Asymptotic properties

k=0,...,K; and 0 <t < 7. Thus, we construct estimating equations for

the cumulative baseline hazard function Ag(:) and the regression coefficient

Bo as
n Ki—l
DY AN (t) = I(Xiper > t)exp(By Ziw)dAo(H)} =0, 0<t<T,
i=1 k=0
T n Kl'—l
/ SN Zin {dNipia(t) = I(Xipar = ) exp(B) Zig)dAo(t)} = 0.
0 =1 k=0
Let B and Ko(~) denote the solutions to the above estimating equations, i.e.,
t n K;—1
~ . o dN; t
Ao(t) _ Zz:l Zk:o 7k+1< ) :

o S SR (X > 1) exp(BT Zig)

and 3 is the solution to U(f3) = 0 with

n Ki-l ., n Kj—1
Z 1(2:1/ {Z L Zj:l oy I(Xjupa = t)exp(B1Z1)Z;,
b n Kj—
Zj=l >0 1 I(Xji1 2 t)exp(B8' Zji)

Let K(-) be a kernel function and b, be the kernel bandwidth. Then

}dNi7k+1(t) .

~

we can estimate the intensity function A(2';¢',s,x,a) by A(2/;¢',s,2,a) =

Xo(2') exp(BT2) with Xo(z) = b;! Jo K{b," (u — 2)}dAg(u), and estimate

Px by 7/5X(a:’; s, s,xa)=1-— exp{—/A\o(:U’) exp(ﬁrz)} for z = ¢(s, s, x,a).

3.4 Asymptotic properties

Now, we present the asymptotic properties of the estimated policy value
‘A/I” (G). In the following theorem, assumption (A4) is a smoothness con-

dition commonly used in nonparametric estimation to control the approx-



3.4 Asymptotic properties

imation power of sieve bases, assumptions (A5) and (A6) ensure the exis-
tence of @r, and assumption (A7) is required for constructing asymptotic
approximation results when K; — oo. (C1)-(C5) are regularity conditions
commonly adopted in the studies of modulated renewal processes (Pons and
de Turckheim), |[1988; Lin et al., [2013)), and (C6) ensures the existence of o~ }J
by assuming A, (€2:) > 0. For brevity, we relegate these conditions, to-
gether with the proof of the theorem, to Section S3.3 of the Supplementary

Material.

Theorem 1. Suppose assumptions (Al)-(AT), conditions (C1)-(C6), and
model hold. Denote N = > " | K;. Suppose L < NY/? /log(Ng),
L2/ > Npe(1+ (Grgllah)?, Nibt — 0 and Ngb? — oo, and there
exists some constant cg > 0 such that pr(maxyg |R(Ty)| < cr) = 1. Then
as Ng — 0o, we have N}!ZU;’IQ{‘A/I’T(Q) —VF(G)} KN N(0,1). Here, D, =
BANG S s enlGin—Un i) T} 02 g = (L gD (D)) ng, Crg =
> aen S mlals, 2)€(s, x,a)dG(s, ), and Qn is given in Section S3.3 of the

Supplementary Material.

Here, Theorem 1 provides a bidirectional asymptotic property for the
policy value functions. Whether n is fixed with K; — oo or K; remains
bounded with n — oo, we always have N = > | K; — oo, and hence

the weak convergence holds. The corresponding property for the estimated



state-value function \7”(8, x) is also bidirectional, which follows directly by

setting G as a Dirac delta function at a fixed point (s,z) € S x R¥.

4. Simulation

In this section, we conduct simulation studies to examine the finite-sample
performance of the proposed estimates. We begin by describing our setup.
Firstly, for the initial values, we generate Sy from a uniform distribution
on [—1.5,1.5], generate X, from an exponential distribution with inten-
sity 0.5, and generate A, according to a behavior policy b(+; Sp, Xo), where
b(a; s,z) can be one of the three distributions: (b1l) Bernoulli distribu-
tion with mean 0.5; (b2) Bernoulli distribution with mean sigmoid(s); (b3)
Bernoulli distribution with mean 0.5sigmoid(s) 4+ 0.5sigmoid(x). Further-
more, given the current state Si, gap time X}, and action Ay, the next state
Sk+1 1s generated from one of the three models: (S1) Ski1 = 0.75(24, —
1)Sk + €x; (82) Sgr1 = {0.75 — 0.251(X), < 0.5)}(2Ax — 1)Sk + €x; (S3)
Skr1 = {0.75 — 0.251( Xy, < 0.5) + 0.251 (Xg11 > 1) }H(2Ar — 1) Sk + €, with
{ex i1 o N(0,0.25). The next gap time X, is generated from one of
the following hazard functions: (X1) A(x) = Ao(x) exp(0.5X%); (X2) A(z) =
Xo(z) exp(—=Sk + 0.5X) + A — 0.55,Ax); (X3) Az) = Ao(x) exp(—Sk +

0.5X% + Ax — 0.55;, Ay, + 0.55k41), where the baseline function Ao(-) takes



one of the following forms: A\g(x) = 1.5, A\g(x) = 0.5x, and \o(z) = 0.522.
The reward of action Ay, which is observed at Ty 1, is defined as R(Tj41) =
(Set1 — Sk — Ag + 0.5) X1 + 15, with {rybeso % A(0,0.25).

From the myriad combinations of generative models, we select 20 rep-
resentative scenarios for a brief illustration, which can be further classified
into four data generation schemes. Detailed settings of the four schemes
are listed in Table S1, and plots for the corresponding data structures are
illustrated in Figure S1 of the Supplementary Material. In general, all four
schemes satisfy assumptions (A1)-(A3), but vary in the dependence struc-
tures among states, actions, and gap times. In Scheme 1, the generation of
Xk41 does not depend on the values of (S, Ax), and the value of X} does
not affect the generation of (Sky1, Agy1) either. This represents the scenar-
ios where the observation process N(t) is independent of the state-action
transition process. In Scheme 2, the generation of gap times is allowed to
be correlated with the actions and states, while X;,; and Sk, are condi-
tionally independent of each other given (Sy, Xj, Ax). More complicated
settings that accommodate correlation between X, and Sy, are given
in Schemes 3 and 4, with Scheme 3 conforming to the observation pro-

cess model (3.1)), whereas Scheme 4 departs from the model (3.1)), thereby

providing an assessment of the robustness of the estimators developed in



Section 3.3.

In the policy evaluation procedure, the target policy 7 is defined as a
member of the following class of linear policies 7(a; s, ) = al(ag + a5 +
asx > 0) 4+ (1 —a)l(ap + a1 + agr < 0), and two values of the coefficient
(v, vy, (), 1.e., (0, —1,0) and (—1, —1, 1), are considered for each generated
dataset. To calculate the true value of V7 (G), we simulate N = 6 x 10° inde-
pendent long trajectories where (Sy, Xy) is distributed according to G, and
{ Ak }x>0 are chosen according to the target policy . Then, V] (G) is approx-
imated by N~ 30, St VB R (Th4n) N X a1; Siasns Sinn Xgs Aja).
Moreover, since state Sy and gap time X} may not have bounded supports,
we transform the data by S; = ®(S;) and X = 1—exp(—Xj), where ®(-) is
the cumulative distribution function of a standard normal random variable,
and 1 — exp(—z) is the cumulative distribution function of an exponential
random variable with rate 1. The basis functions are constructed from the
tensor product of two cubic B-spline sets, whose knots are placed at equally
spaced sample quantiles of the transformed states and gap times. We set
L = LN?(/ 14]. When estimating the B-spline coefficients 6, three methods
were considered, namely, the proposed method, the SMDP method, and
the MDP method. Specifically, the proposed estimator @r is constructed

from the distribution-modulated Bellman equation in Lemma 2, whereas



the SMDP and MDP estimators are obtained by solving the Bellman equa-
tions given in Section 2.3, which treat the gap time X, as a part of the
state variable.

The performances of the three estimation methods are summarized in
Tables S2-S4 of the Supplementary Material. From the results, we observe
that the proposed method performs well under Schemes 1-3. The estimators
are asymptotically unbiased, the estimated standard errors are close to the
standard deviations, and the coverage probabilities of the 95% confidence
intervals approach the nominal level when either n or K increases. In
comparison, the MDP and SMDP estimators are biased across all schemes,
including Scheme 1, where gap times { Xy }>; are independent of the states
{Sk}r>1. This implies that simply extending MDP and SMDP models by
incorporating gap times into the state variable will introduce bias into policy
evaluation, even when the observation process is independent of the state-
action process empirically.

Lastly, since the proposed policy evaluation method requires modeling
the observation process N (t), we also investigate the robustness of the pro-
posed estimates. Specifically, we generate data following Scheme 4, which
violates model , and calculate the estimates using the proposed meth-

ods developed under model (3.1)). Thus, all estimates are obtained under



a misspecified model. From the results reported in Table S5 of the Sup-
plementary Material, the proposed estimates demonstrate limited bias and
provide satisfactory variance estimation. Hence, the proposed methods are

robust to mild misspecification of the observation process model (3.1)).

5. Application: HealthPartners Data

In this section, we illustrate our proposed method by applying it to the pe-
riodontal recall interval selection problem from a HealthPartners database
of longitudinal electronic health records tracking periodontal disease status
and progression, along with other covariates, among subjects in the Min-
neapolis, Minnesota area (Guan et al., |2020). While the current insurance-
mandated standard of care sets a recall interval of 6 months for all pa-
tients, in practice, recall frequencies are closely related to patient outcomes,
provider workload, and dental healthcare costs, making the length of recall
intervals an ongoing topic of debate and research (Riley et al., [2013). Re-
cently, NICE guidelines (Clarkson et al., 2018) suggested that recall inter-
vals should vary over time and be determined based on disease levels and
oral disease risk. However, the selection of an appropriate personalized re-
call interval is a multifaceted clinical decision that is challenging to evaluate

mechanistically.



The goal of our study is to evaluate recall interval recommendation poli-
cies based on the patients’ dental visit records. Specifically, our HealthPart-
ners dataset consists of 7654 dental visit records from 1056 patients enrolled
within the HealthPartners electronic health records from January 1, 2007, to
December 31, 2014. For each visit record, we have recall visit date, probing
pocket depth (PPD, measured in mm) from all available tooth sites as the
periodontal disease assessment endpoint, and the clinician-recommended
recall interval for the follow-up visit. The total follow-up time for these
subjects has a median of 5.95 years, with a maximum of 7.97 years (ap-
proximately 8 years of data). The frequency of recall visits has a median
of 8, with a range from 3 to 29. The gap time (actual recall intervals) has
a median of 181 days (approximately 6 months), with a range of 1 to 2598
days. Due to the unavailability of full-mouth, site-level measures of clinical
attachment level (another important biomarker for periodontal disease) in
the HealthPartners database, we refrain from using the ACES framework
(Holtfreter et al., 2024), the modified 2018 periodontal status classification
scheme for epidemiological survey data, and instead consider the mean PPD
(mean across all tooth sites at a specific visit) as a plausible subject-level
periodontal disease endpoint, with a median of 2.51 mm (range: 0.0-6.2



To apply our methods, let T}, denote the record time, let X} denote the
gap time between T} and Tj_1, let Sy denote (mean) PPD measurements
at Ty, and let A be an indicator of the recommended recall interval at Ty,
where A, = 1 implies the patient is advised to revisit within 6 months, and
A = 0 otherwise. The discount factor is set as v = 0.9. The record time
T} and gap time X}, are rescaled by dividing the actual time in days by 180,
so that the median of Xj is 1. Within the HealthPartners database, the
mean PPD measurements (S) are significantly correlated (p-value <0.001)
with the lengths of clinician-recommended recall intervals, suggesting that
the mean PPD measurements play a crucial role in the dentist’s decisions
regarding revisit dates. On the other hand, although other covariates are
available in the dataset, only PPD and clinical attachment loss (CAL) show
a significant correlation with the treatment decisions made by dentists.
Given the high correlation between PPD and CAL, we select PPD as the
only state variable. For the reward function, since PPD < 3 mm is typically
considered as a threshold to distinguish periodontally healthy sites from
diseased ones (Ireland|, 2010), we define R(t) = I{S(t) < 3} + I{S(¢t) >
3}(4—S(t)). Based on this definition, R(-) represents a continuous function
where R(t) denotes the score of the potential PPD measurement at time

t. Therefore, the value function V7 (s,z), which integrates the patient’s



PPD measurements over the entire treatment process, provides a reasonable
evaluation of the treatment policies.

In the policy evaluation procedure, we considered three target policies
for comparison, namely, the observed stochastic policy m,s, the observed
fixed policy m,¢, and the optimal policy m,,. Detailed definitions of the
target policies are provided in Section S2 of the Supplementary Material,
and plots of the obtained policies are shown in Figure S2. Typically, under
the observed policies m,; and m,,, patients with deeper pocket depth and
more frequent recalls are more likely to be recommended a shorter recall
interval, while under the estimated optimal policy m,,, the relationship
among actions, states, and gap times takes a more complicated nonlinear
form.

The estimated policy value functions are summarized in Figure 2] In
general, the estimated values change with not only the initial state but also
the initial gap time, which indicates that the frequency of recall visits does
affect the performance of the policies and should be taken into account
in the evaluation process. Moreover, by comparing the estimated results
obtained from the proposed method, MDP method, and SMDP method,
we observe that the results from the MDP and SMDP methods exhibit

significant differences from the proposed one in both the magnitudes of
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Figure 2: Plots of the estimated value (solid line) and confidence inter-
vals (dashed lines) of the observed fixed policy 7,¢, the observed stochastic
policy 7,5, and the estimated optimal policy 7., with gap time fixed at 90
days (upper panel) and probing pocket depth fixed at 3.3 mm (lower panel),
which are obtained by the MDP method (red line), SMDP method (green

line), and the proposed method (blue line).

values and the patterns of the function.
Lastly, we compare the estimated value functions of the observed stochas-
tic policy, observed fixed policy, and the optimal policy under the modulated

method. Plots of the corresponding confidence intervals are provided in Fig-



ure S3 of the Supplementary Material. From the results, it is evident that
the changes in action assignments made by the optimal policy, compared

to the other two observed policies, have enhanced the policy value.

6. Discussion

In this paper, we study the off-policy evaluation problem for infinite-horizon
dynamic policies with irregularly spaced and outcome-dependent observa-
tion times. We first introduce a policy evaluation criterion based on inte-
grated reward, rather than the classic cumulative-reward value function, to
better align with practical settings with continuous observation times. To
ensure the estimability of the target value functions, we construct a new
framework which incorporates not only the state-action process, but also
an observation process characterizing the irregularly spaced decision times.
The proposed framework is also more flexible than the SMDP framework
by allowing the gap times between observation times to be correlated with
previous states, actions, and gap times, as well as to affect future states
and actions. This, in turn, enables a more comprehensive utilization of
the information hidden in the observation times, and thus leads to more
reasonable evaluations for dynamic policies.

In the estimation procedure, we used an inverse-intensity-weighted re-



ward Rz ;(T;p+1) = Ri(Tik+1)/ AN Xik41) to construct estimating equations
for the target value functions. To mitigate the numerical instability caused
by small values in the denominator, it would be advantageous to construct
another null intensity model (Lin et al., 2004) and incorporate its estimated
intensity into the weight function of the estimating equation. In addition,
if the policy used to collect data is available, we can further incorporate
the action-selection probabilities into the estimation procedure to construct
doubly robust estimators of policy value, and obtain their efficiency bounds
(Kallus and Uehara, [2022)). Finally, although our paper focuses on the off-
policy evaluation of dynamic policies, it is not hard to adapt the proposed
method to search for an optimal dynamic policy (as shown in Section S2 of
the Supplementary Material), as well as to make inferences on the value of

the estimated optimal dynamic policy.

Supplementary material

The supplementary material includes the proofs of the results in Section
3.1, Lemmas 1-2 and Theorem 1, as well as additional numerical results

from the simulation and the application, respectively.
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