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Abstract: Data privacy is important in the Al era, and differential privacy (DP)
is one of the golden solutions. However, DP is typically applicable only if data
have a bounded underlying distribution. We address this limitation by leverag-
ing second-moment information from a small amount of public data. We propose
Public-moment-guided Truncation (PMT), which transforms private data using
the public second-moment matrix and applies a principled truncation whose ra-
dius depends only on non-private quantities: data dimension and sample size.
This transformation yields a well-conditioned second-moment matrix, enabling
its inversion with a significantly strengthened ability to resist the DP noise. Fur-
thermore, we demonstrate the applicability of PMT by using penalized and gen-
eralized linear regressions. Specifically, we design new loss functions and algo-

rithms, ensuring that solutions in the transformed space can be mapped back to
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the original domain. We have established improvements in the models’ DP esti-
mation through theoretical error bounds, robustness guarantees, and convergence
results, attributing the gains to the conditioning effect of PMT. Experiments on
synthetic and real datasets confirm that PMT substantially improves the accu-

racy and stability of DP estimators.

Key words and phrases: Differential privacy, Public data, Data truncation, Pe-

nalized regression, Generalized linear model

1. Introduction

Data privacy has become an increasingly critical challenge in today’s data-
driven world. Protecting large volumes of sensitive information is essential,
especially when analytical results are derived from private data. Differen-
tial Privacy (DP; Dwork et al. (2006)) provides a rigorous mathematical
framework that ensures the output of an algorithm is statistically insensi-
tive to any single data point, thus offering strong privacy guarantees. To
enhance the utility and composability of standard DP, Dong et al. (2022)
introduced Gaussian Differential Privacy (GDP), which achieves the tight-
est known composition bounds for Gaussian mechanisms. GDP has since
found broad applications across statistics (Awan and Vadhan, 2023; Avella-
Medina et al., [2023; Zhao et al., [2025), machine learning (Bu et al., [2020b;

Cao et all [2023; Nasr et al., 2023), and other areas, demonstrating its



theoretical and practical effectiveness.

GDP relies on adding Gaussian noise to the output of a data-dependent
algorithm, a process known as the Gaussian mechanism in differential pri-
vacy. However, when such mechanisms rely solely on private data, they
often suffer from limited utility. More importantly, it requires data to be
strictly bounded in order for GDP to be applicable (Bu et al., [2020a). One
common practice for handling unbounded data is to apply truncation. How-
ever, this inevitably compromises data usefulness. On the one hand, using
a small truncation radius can substantially distort the original data dis-
tribution. On the other hand, using a large truncation radius necessitates
injecting a large noise to satisfy the same level of differential privacy guar-
antee, which can also degrade utility. In either case, truncation imposes
unavoidable alterations to the data and compromise subsequent analysis.
Public data, as a high-quality and privacy-free resource, has been increas-
ingly leveraged to improve the performance and utility of DP algorithms
in query release, synthetic data generation, learning, and prediction (Ji
and Elkan, 2013} Nandi and Bassily, [2020; Bassily et al.; 2020; |[Liu et al.|
2021; Bi and Shen, [2023). More practically, many public datasets do not
contain raw sensitive data, but rather privacy-preserving yet informative

statistics, such as means or moments. For statistical estimation, Ferrando



et al.| (2021)) proposes a principled approach to combining public and pri-
vate data. In differentially private Gaussian distribution estimation, [Bie
et al.| (2022) shows that even a small amount of public data can substan-
tially enhance performance. Public data has also been used to improve
the utility of DP gradient-based learning algorithms, as demonstrated in
works such as Kairouz et al. (2021), |Amid et al| (2022), and Nasr et al.
(2023)). In contrast to these uses of public data as auxiliary samples or
guidance for private estimation and optimization, our work exploits a pub-
lic second-moment matrix as a geometric preconditioner for private data.
This distinction allows to directly address two regression-specific bottle-
necks under DP: sensitivity control for unbounded covariates and stability
of noisy second-moment inversion.

In the context of differentially private regression, the literature mainly
focuses on the linear regression, penalized linear regression, and general-
ized linear models. The prior studies on DP ordinary least squares (OLS)
focus on linear regression under the assumption of bounded private data
(Sheffet, 2017; Wang, 2018; Bernstein and Sheldon), 2019). DP penalized
regression with the Lo regularization also is studied, where injecting noise
into the sufficient statistics can produce a DP-compliant solution (Wangj,

2018; Bernstein and Sheldon| 2019). These methods typically treat the Lo



regularization as a tuning parameter to stabilize the inverse of the noisy
second-moment matrix. Generalized linear models with DP guarantees is
another direction in the literature, which can be solved via a convex loss, re-
quiring iterative solving to the convex optimization problem. large body of
work explore DP gradient-based optimization methods under bounded-data
assumptions (Abadi et al., 2016; Ivkin et al., 2019; Wang and Zhang, 2019;
Koloskova et al.| 2023). More recently, DP Newton methods, which leverage
second-order information, have gained attention for their faster convergence
and reduced privacy budget consumption (Ganesh et al., 2023} |Cao et al.,
2023; Nasr et al., 2023). However, these approaches exhibit sensitivity to
the ill-conditioning of the Hessian matrix, frequently leading to numerical
instability during iterations, and struggle with appropriately adjusting the
regularization value within the DP framework. Selecting an appropriate
regularization is challenging, especially when it depends on private data.
Small regularization is unable to resist the DP noises effectively, but large
regularization leads to over-regularization and substantial estimation bias.

In this paper, we provide a practical solution for achieving differential
privacy with unbounded data by leveraging a public second-moment ma-
trix and demonstrating its effectiveness in regression settings. We propose

Public-moment-guided Truncation (PMT), a transformation—truncation frame-



work that maps private data into an approximately isotropic space using the
public second-moment matrix, where the /,-norm of each transformed data
point is bounded by \/m with high probability, enabling princi-
pled truncation unrelated with private data. This transformation alleviates
truncation distortion and produces a well-conditioned second-moment ma-
trix, whose inverse is more stable and less sensitive to DP noise. Further-
more, we analyze the robustness of inverse second-moment estimation under
differential privacy and prove that PMT significantly improves inverse accu-
racy by improving the condition number of the transformed matrix, reduc-
ing sensitivity to DP noise, weakening dependence on regularization, and
lowering the private sample size requirement, with extensions to weighted
second-moment matrices. To demonstrate its applicability, we develop two
algorithms: DP-PMTRR for ridge regression, which combines PMT with
sufficient statistics perturbation and a tailored loss function to obtain a
closed-form and robust estimator, and DP-PMTLR for logistic regression,
which integrates PMT into a DP Newton’s method with a modified cross-
entropy loss to improve convergence, numerical stability, and estimation
accuracy without manual regularization tuning. More broadly, we establish
the general applicability of PMT to penalized generalized linear models by

constructing invariant loss functions in the transformed domain and show-



ing how solutions can be mapped back to the original parameter space. We
provide rigorous theoretical guarantees, including formal DP estimator error
bounds for DP ridge regression and stable convergence results for DP logis-
tic regression, and show that PMT yields substantial utility improvements
over private-data-only approaches by mitigating ill-conditioning, large in-

verse norms, and excessive regularization dependence.

2. Preliminaries and Motivation

In this section, we firstly remind readers of the background of differential

privacy. Next, we illustrate the existing problems in DP and our motivation.

2.1 Background of Privacy

Definition 1 (Differential Privacy [Dwork et al.| (2014)). A randomized
algorithm M : X™ — S satisfies (e,9)—differential privacy ((e,9)-DP), if
for any neighboring datasets X, X' € X" (they differ in only one sample)

and VS C S,e > 0,0 > 0, the following probability inequality hold

PM(X) € S] < exp(e)P[M(X') € S] + 4,

when 6 = 0 means e-DP.



2.1 Background of Privacy

This definition strictly controls the distinguishability of outputs under
neighboring datasets; hence, algorithms satisfying DP are insensitive to
someone individual and protect the individual privacy. Dong et al.| (2022)

proposes another definition of DP as follows.

Definition 2 (f-Differential Privacy Dong et al.|(2022)). Let X and X' be
two meighboring datasets with domain X" and a randomized function M :
X" — RP. We say that M satisfies f-differential privacy (f-DP), if any
a-level test on the hypotheses of M outputs, Hy : M based on X vs. Hy :
M based on X', has power function (o) < 1— f(«a), where f is a convez,

continuous, non-decreasing function satisfying f(a) < 1 — « for all a €
0, 1].

Definition 3 (Guassian Differential Privacy Dong et al| (2022))). If M
satisfies f-DP and f(a) = ®(P7(1 — a) — p) for all a € [0, 1], where O is
the cumulative distribution function of the standard normal distribution and

i is a constant, then M satisfies p-Gaussian differential privacy (u-GDP).

There exists a relationship between (¢, §)-DP and p-GDP as the follow-
ing lemma. These DPs hold two important properties: the composition and
post-processing. (i) The post-processing property means that the output of
a DP algorithm will not lose any privacy budget after any post-processing of

not contacting the private data. (ii) The composition property means that



2.1 Background of Privacy

the privacy loss of two DP algorithms is the composition of their privacy
losses. Because u-GDP possesses the better composition property, we state

it as the following theorem.

Lemma 1 (Corollary 1 in Dong et al.| (2022))). A mechanism M satisfies

p-GDP if and only if it is (€,0(¢))-DP for V e > 0, where 6(e) = ®(— +

NS

) - (=5~ 5).

Theorem 1 (The T-fold composition, Dong et al.| (2022))). If M;(X, M;_1, ...

X" x Yy x - x Yy = Y is u-GDP for i = 1,..,T, then M(X) =

MioMyo..oMp: X" =Yy X - X Ypis p= /S, u>-GDP,

And the simple way to achieve GDP is to add Gaussian noise to the
output of the algorithm, called the Gaussian mechanism. The Gaussian
mechanism requires the bounded algorithmic sensitivity. The sensitivity
of an algorithm always depends on the domain of the private data. Par-
ticularly, when the data domain is unbounded, the sensitivity needs to be
controlled by truncating the data. The related definition and theorem are

as follows.

Definition 4 (Sensitivity). The ly-sensitivity of a function h : X™ — RP is
defined as

Ap=_max [[f(X)— f(X)]]2,

X X/exn



2.2  Problems and Motivation

where X and X' are neighboring datasets.

Theorem 2 (Gaussian Mechanism in Dong et al.| (2022)). Let h : X" — RP
be a function with ly-sensitivity Ay. Let g € RP be a standard normal
random vector, g ~ N(0,1,,). The Gaussian mechanism G(X) is defined

as

G(X) is u-GDP.

2.2 Problems and Motivation

In this paper, we assume that both private and public data are indepen-
dently and identically distributed from a sub-Gaussian distribution subG (%)
with second-moment matrix Y, which covers many common bounded and
unbounded distributions (Wainwright, 2019). However, the unboundedness
leads to infinite sensitivity for fundamental statistics such as the sample
mean and second-moment matrix, making direct application of differential

privacy infeasible. A common remedy is data truncation,

X, HXH2 S R?

—2R, x|l > R,



2.2  Problems and Motivation

where R is the truncation radius. A larger radius preserves more informa-
tion but increases sensitivity and DP noise, while a smaller radius reduces
sensitivity at the cost of severe information loss. This trade-off raises a

fundamental question:

How to truncate unbounded data with a principled radius?

The second-moment matrix and its inverse play a central role in many
statistical procedures, including regression and Newton-type optimization
methods. In the DP setting, the second-moment matrix is typically per-
turbed by Gaussian noise, and its inverse is computed based on the noisy
version. When the original matrix is ill-conditioned, the perturbed inverse
becomes unstable and highly sensitive to noise, often requiring heavy reg-
ularization that introduces substantial bias and degrades statistical utility.

This leads to a second key question:

How to obtain a robust and accurate inverse second-moment matriz under

differential privacy?

For isotropic sub-Gaussian data, the sample norm concentrates around

Vd, yielding a natural truncation radius of order \/d(1+ log(1/n)) with
high probability. However, for general non-isotropic data, this radius de-

pends on the eigenvalues of ¥ and may be excessively large, exacerbating



both truncation and inverse instability issues. This observation suggests
that an appropriate transformation that makes the data approximately
isotropic can simultaneously yield a principled truncation radius and im-
prove the conditioning of the second-moment matrix. Consequently, the
transformed data admit bounded norms and a more stable inverse, improv-
ing robustness and utility in subsequent DP procedures. Since private data
cannot be used directly for this transformation, it is natural to consider
whether the second-moment matrix estimated from public data can serve
as an effective proxy. This motivates the development of a public-moment-

guided transformation framework.

3. Public-moment-guided Truncation

In this section, we propose the public-moment-guided truncation (PMT)
in Subsection 3.1l Subsection [3.2] will show the inverse second-moment
matrix estimation of the transformed data is more robust and accurate. In
particular, we show the detailed comparison between PMT and the private-

data-only method in theoretical results.



3.1 Public-moment-guided Truncation Method

3.1 Public-moment-guided Truncation Method

In this subsection, we propose Algorithm [1| which uses the public second-
moment matrix to transform the private data to be an approximate isotropic
form and then truncates the transformed data within a principled radius.
Theorem [3|guarantees the transformed data with an approximate isotropic
form. Corollary (1] shows the transformed data can be truncated with a

principled radius.

Algorithm 1 Public-Moment-guided Truncation (PMT)

1: Input: Private dataset {£;}.%,, the public second-moment matrix 5=
% S vivl, parameters d, ng, n, and 7.

2. Transform private data: & = >72¢;, | = L..,n

3: Truncate data: for every transformed data &;,7 =1, ..., ng,
4: while ¢ € [n¢] do

5 Af €l > (/d(1+log(*%)) then

6 & \Jd(l+log(3e)) - S

7. else

8: &; is itself.

9: end if

10: end while \ )
11: Output: Dataset {£;},, and the public second-moment matrix 3.

Remark 1. The algorithm only needs a second-moment matriz S. Hence,
we can weaken the public data requirement to a public second-moment esti-

mation X which is easier to attain and more safe for privacy.

Theorem 3 (Bound the second-moment matrix). Denote that a random



3.2 Robust Private Second-moment Matrix

vector & € R ~ subG(X), where ¥ = E(EET) is the second-moment
matriz. Suppose X € R™*? is a data matriz whose elements vis are i.i.d.s
sample drawn from subG(%) and 3= %TTT s an estimation of the second-
moment matriz. Then € = 7€ ~ subG(S?LE") and, with at least
probability 1 — 2n,

LI =S89 < U1,

where L = and U

(Vr+O(Va+\floa(1)))? T (a0t floa(3))?

Corollary 1 (Untility of truncation). Denote that random vectors &; €
Rx1 - subG(X), i = 1,...,n¢, where ¥ = E(&&]) is the second-moment
matriz. Suppose ¥ € R™*? s a data matriz whose elements are i.i.d.
samples drawn from subG (%), i.i.d. and X= %TTT is an estimation of the
second-moment matriz. Let ¥ = 72NN then & = L72¢ ~ subG(X)

and, with at least probability 1 — 3n,
Z 2 ~ 2%5 2715 i
1€z < Tr(X) + O(dlog(T)) < O(d(1+ log(T))% Vi € [ne].

3.2 Robust Private Second-moment Matrix

Next, we give the DP second-moment matrix of the transformed data and

guarantee its u-GDP.



3.2 Robust Private Second-moment Matrix

Theorem 4 (Private Second-moment). Denote that private random &; €
Rx1 "5 subG(X), i = 1,...,ng, where ¥ = E(EET) is the second-moment
matriz. Suppose ¥ € R™*4 js q public data matriz whose elements v;’s are
i.i.d. samples drawn from subG(X). If the transformed data &'s are from
Algorithm (1] with 1 > n > 0 , the DP transformation second-moment

matrix
. 1 <&
EDP == n_zgzng + G
S

satisfies the u-GDP, where G ~ SG4(0?) is a d—dimensional symmetric

2
2d(1+10g(%

Gaussian random matriz with the parameter o = e )). And with at

least probability 1 — O(n), the G has bound as following:
d log(24)(1 + log (<))

Glls < . 3.1
IGll, < N (3.1)

There exist relationships between the transformed matrices and the
original matrices. Moreover, we consider the regularized second-moment
matrix, which is more general than the second-moment matrix. The follow-
ing theorem shows the transformed data offer the more robust and accurate
inverse second-moment matrix.

1 z.’g\.Jd.

Theorem 5 (Robust DP Inverse). Denote that private random &; € R

subG(X), i = 1,...,n¢, where ¥ = E(&E) is the second-moment matriz



3.2 Robust Private Second-moment Matrix

and flg = é S &ET. Suppose X € R™*? s a public data matriz whose
elements v;’s are i.i.d. samples drawn from subG(X) and 3, = %TTT
s an estimation of the second-moment matriz. The transformed data és
and their data matriz 2 € R"*? gre from Algorithm |1 with 1 > n > 0.
Considering the reqularized second-moment matriz with the regularization

parameter \

_ . 1 <& .
S+ AN == L&+ au
e i3

we have the following results:

1. Recovery. With at least probability 1 — O(n),

2. Inverse error. When the public data satisfies \/n, > 0(\/8 +
@ 10g(20) (1-+log( 1))

<
(L-0(, [ [P NS g
%, with at least probability 1 — O(n), we have

log(1/n)) and the private data n. makes

. . q A d®log(%) (1 + log(22))
[(GAXS G = (BAAS") 2 < . z —
U L2(1 _ O( + log(l/n)))4 + /\2||2J||_2

(3.2)

~ |

here L = n .
e S = s oW fos(D)?

Moreover, with at least probability 1 — O(n), we have the error bound



3.2 Robust Private Second-moment Matrix

about the original inverse regularized second-moment matriz

d*log (%) 155,711 + log(2%))

g~ .L2(1 _ O(\/%—i- /log;l/n)>>4+)\2”ﬁ]UH72'
(3.3)

=02 (EAAE +G) S —(SeAA) 2 <

It is worth noting that the terms involving public data, ﬁ]v, are retained
in the bound Eq., but it typically has negligible impact on the overall
utility of the inverse matrix. Then, we show that, based solely on private
data, the utility of the inverse DP second-moment matrix is impacted by

f]g or Y. Without loss of generality, we assume that the ly-norm of private

data &; € R? is bounded by \/Tr(Z) + dlog(%f), w.p. 1 —n>0.

Theorem 6. Denote that private random &; € R ||&]| < \/Tr(E) +dlog(7),
i =1,...,n¢ with the second-moment ¥ = E(£,£7) and 3 = é S &Er
Considering the reqularized second-moment matriz with the regularization

parameter \

S + AL
and its p-GDP form
S+ M+ G,
0, 3 d31log( 24)(d 1 Tr(2)+1o e
where G ~ SGy(0?), 0 = 2Tr(E)tdlog(5) Ifne makes g( )(d 1 Te(3)+log ()

png M'nf;' mzn 1 O( [ d \/log(l/n)) +)\

%, we have the error bound of the inverse reqularized second-moment matmx



3.2 Robust Private Second-moment Matrix

with at least probability 1 — O(n),

) ) d3log(24) (d'Tr(X) + log(™))
|(BeAMN+G) ™ = (X A4 7| < [ — ) d 107;(1/77) 4 2’
X2, (2) (1= O [ + Bl Ty )

where Amin(2) represents the smallest eigenvalue of X.

We compare Theorem [5| and Theorem [6] to highlight the advantage of
incorporating public moments. More details are provided in the Supple-
mentary Material. For enough private and public sample size n., n, and a

small regularization parameter A, the simplified error bound in Theorem [0

\/ B log(%d) .
17 (R(Z) + [1%7] Tog(

U3

18

),

SRPS

where £(X) = cflzle Ri(2) 2 1, ki(X) = % > 1 and A;(+) is the i-th
eigenvalue. But the simplified error bound of the public-moment-guided

approach in Theorem [5] is

d*log ()

3

n
. log _E . Z_l ,
. (77) =]

where the public data n, makes L tend to 1 and ||[S7] tend to |7
The non-public approach depends critically on both the spectral norm

|X7!| and the average condition number (), indicating substantial degra-



dation when the underlying second-moment matrix is ill-conditioned. In
contrast, the public-moment-guided approach reduces the impact of ¥ and

substantially improves both robustness and accuracy.

4. Application to Penalized Regression

In this section, we apply the proposed method to accommodate penalized

regression. We consider the linear regression model:

% =EB+ €,

where 2 is a n X d data matrix and Z = [¢T ... ¢1]T & ~ subG(X) € R¥*!
is the ¢-th sample. y is the response variable vector. The noise vector
€ ~ N(0,0%1,,,). For ridge regression, the general loss function is defined

as

L(B:8.%) = oIl — 28I + S 118113,
2n 2

where ) is the regularization parameter. The analytical solution of the ridge

regression is given by




Next, we give the DP ridge regression based on PMT (DP-PMTRR, Al-
gorithm [2). In theory, Theorem [7] guarantees that the recover operation
in the line 6 of Algorithm [2|is right. Theorem |8 provides the privacy
guarantee and the estimator error bound. The content of private-data-only

method, DP-RR, is provided in the Supplementary Material.

Algorithm 2 Differentially Private PMT Ridge Regression (DP-PMTRR)

1: Input: Private dataset {(&,y.)" € R}, public dataset
{(vi,y,,)T € R} Parameters y, A, d, ne, n, and 7.
2: Transform covariates:

({élz 17A> PMT<{£1117{T = 1>dn£nv77)
3: Transform responses

({y£ =1 u) PMT<{yEZ = lv{yv,}z 171777’6777‘0777)'

4: Private parameter:
2d(1+log( %)) 2V/A(1-+log(2E))
o= —— 1=, 0= ———"—.
LS (e
5: Gaussian mechanism and estimator:
~ T ~ -1 /=T
B = (‘T—= FAS 4 G) (—“:f + g>,
where G ~ SGy(07) and g ~ N(0, 031).
6: Recover: B « 4, 2‘1/2 B,
7. Output: DP estimator BF.

Remark 2. Note that g, = 0"y, and 0, = ,/i - y2 is the root of

second-moment estimation of the public response y,.

Theorem 7 (Equivalent ridge estimator). The setting is same as Algo-

. e -
rithm . Let the original ridge regression be (3 = (“:: + AI) <%> and

[l%’
[

~ " 1 /=T~
the PMT ridge regression is 3 = ( + AEj) (%) then with at least

3



probability 1 — O(n), we have

A~

B =SB, (1.4
Remark 3. The PMT ridge regression estimatorﬁ = (é:fﬂL)\if)_ (%)

is the minimizer of the loss function L(3728;8,%,) = L5 — 2613 +

5

3|
2

“2B]|2. Moreover, it holds reqularization parameter \ invariant.

Theorem 8 (DP-PMTRR). Algorithms|d satisfies \/2-GDP. When the

number of public data makes \/n, > O(Vd+ +/log(1/n)) and the number of

a3 log(24) (1+1og(*7%))

the private data n. makes < l, the DP
g ‘ (L0, [t [ Sl eme 2
estimator 3" satisfies, with at least probability 1 — O(n),
o @log() G SIS BINL + log(%26))
18— Bll < o A P e ).
" a ogtt/n) 2
¢ D-0(/Z+ /D) s
where L =

o ——. Moreover, based on Theorem (7, the out-
(VAA+O(Vad+ /log(1)))?

put BPF satisfies, with at least probability 1 — O(n),

U L2(1 —O( /n% + /logilg/n)>)4+)\2||i“_z

Remark 4. The improvements achieved by DP-PMTRR are analogous to

. \/ @ log(%) SENBI (L + log(2E
HﬁDp_ﬁngO( 0 X IZNBI(L + log(=F)) )



those in Theorem [5, where the influence of the average condition number
R(X) and the matriz norm ||X7| is effectively removed. Moreover, DP-
PMTRR significantly reduces the sensitivity of e, from d (R(X) + log(ne)) || 3|

to V/dlog(n). This eliminates the dependence on the unknown B and X.

5. Application to Generalized Linear Models

In this section, we study the application to a classical generalized linear
model, logistic regression. Then, we extend to generalized linear models

provided in the Supplementary Material.

5.1 Application to Logistic Regression

We consider DP logistic regression based on the PMT and the transformed
data. Logistic regression is a classical generalized linear model that needs to

be solved by iterative optimization. We consider logistic regression model:

y; ~ Bernoulli(p;)

1 (5.5)

= Teee b2

Di

Denote Z is a n x d data matrix and Z = [¢T ... €117 & ~ subG(X) €

R is the i-th sample. y € {0,1}" is the respond variable. For logistic



5.1 Application to Logistic Regression

regression, the loss function with the regularization is defined as

£
£B:2) =~ 3 [wloa(p) + (1 =) loa(1 = )] + 511

=1
o (5.6)

A
= > L(Ers) + 518l

i=1

where [;(¢]8) = y:£78 — log(1 + exp(€783)) and A is the regularization
parameter.

When the data are transformed, the loss function is

’ : = — i Ly ¢ A
B = agmin £(8:8) = argmin { > 1(€78) + S]]

=1

That results in the different estimation, 8’ # argming £(3; Z). We give
the following theorem and redefine a new loss function so as to get the same

estimation as the original one.

Theorem 9 (Equivalent estimation). Define the following loss function

- A A e
L(B;E) = —- D L& B) + SI=B1, (5.7)
=1

where 3, is the second-moment estimation of the public data, and its min-



5.1 Application to Logistic Regression

imizer 3 = arg ming ,C~(,6’, é) Then we have the equivalent optimization

578 = Bi=argmin £(3; ).

Especially, for Newton’s method, we also have the equation XA)U‘VQB(” = B30

at each t iteration.

Algorithm 3 Differentially Private PMT Logistic Regression (DP-
PMTLR)

1:

Input: Private dataset {(&;, ;) € R?x {0,1}};,, public dataset {v; €
R4}™. . Parameters p, \, d, ne, n, and 1.

. Transform covariates:

({éz ?ilviv) - PMT({él ;%:17 {Ui}?ilad>n€7nu7n>‘

: Private parameter:

o1 = 2ung y 02 = e

4: ,3(0) =0

:fort=0,....,T do

Gaussian mechanism and Newton update:
B = BY — (VEL(BY:E) + G) (VL(B":E)+g).
where G ~ SGy4(0?) and g ~ N (0, 021).

7. end for

: Recover: 37" « f]v‘m - 3D,

Output: DP estimator 3.

Next, we propose differentially private logistic regression based on PMT,

Algorithm [3] In the logistic regression, the responses y; € {0,1} are

bounded naturally and aren’t transformed. In theory, Theorem guar-

antees the differential privacy and Theorem provides its convergence.



The content of private-data-only method, DP-LR, is provided in the Sup-

plementary Material.
Theorem 10 (Privacy). Algorithm @ satisfies v/2u-GDP.

Theorem 11 (DP-PMTLR). Suppose B; € subG(YX), the minimizer 3,
BO e B,(B) and |[VL(B?;E)|| < min {%r,g—?}, where v, = 1oL(1 —
¢

\/’ Jrel)2 L NS Let /iy > O(Vd+ \/log(1/n)), ne makes
3 1o 2Td o 2
\/Td? 10g(224)(1+10g(<%)) _ The T* DP

e small enough and T = O(loglog(n)).

Newton’s method satisfies |3 — 8| < O(

Td3 log(m)(1+log(2—ﬂ§))
n n w.p
M'”{"Y% );

1—n.
Remark 5. Due to the Newton’s iteration invariant in Theorem [9, we

also conclude the convergence of the DP estimator 3°F.

6. Experiments

In this section, we set up separate subsections for DP ridge regression and
logistic regression evaluated in simulations and real-world datasets. For real
data, DP-RR/DP-LR uses full-sample moments as oracle calibration and
is reported only as a favorable utility benchmark, not as an end-to-end DP

implementation. The Supplement shows more details and experiments.
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6.1 DP Ridge Regression
6.1.1 Simulations

In the simulation, we generate data from a linear model using a feature
matrix X with the dimension d = 10 and its distribution is N (u, ¥), the

noise w ~ A(0, (0.05)?) and the parameter 3 ~ N (0,I). Namely,

y =XB+w.

According the linear model setting, we generate the private data (E,y:) €
R"%*@+Y and the public data (Y,y,) € R~*“ . Typically, we denote the
second moment of feature data as X = W + uu?. We present the averaged
[>-norm errors between the true model parameters and the DP estimations,
with each experiment being conducted 300 times.

Firstly, we evaluate the proposed method against the change of different
privacy parameters g and the numbers of the private data n., as shown
in Figure @ In the simulation, we fix the public data n, = 20, the
regularization parameter A = 0.01, and the probability parameter n = 0.05.
Secondly, we explore the impact of the regularization parameter, seeing
Figure [[(b). We fix the private data n, = le4, the public data n, = 100,

the privacy parameter u = 3, and the probability parameter 1 = 0.05.



6.1 DP Ridge Regression

~ DP-PMTRR Mean Error (4 =5) —— DP-PMTRR Mean Error
—— DP-PMTRR Mean Error (1u=7) .

--- DP-RR Mean Error (4= 10)

0100
penalty A values

(a) Different private data sizes and pri-  (b) Different regularization parameters
vacy parameters

Figure 1: Simulations about ridge regression.

Figure [Ifa]) illustrates the averaged errors (depicted as lines) and the
standard deviations of errors (shown as shaded areas). Overall, the results
indicate that DP-PMTRR performs better accuracy and robustness than
DP-RR, even with a smaller privacy-budget, and well across different pri-
vacy parameters and private data sizes. Notably, the method exhibits clear
decreasing trends in averaged errors and standard deviations as the size of
private data and the privacy parameters increase. These verify our theoret-
ical results. Figure[l(b) presents the averaged errors (shown as lines) and
the standard deviations of errors (shown as shaded areas). Overall, increas-
ing the regularization parameter A tends to reduce the standard deviation
of the errors, indicating improved robustness, but at the cost of increased
averaged errors. In particular, these reveal a trade-off in DP-RR: there

exists an optimal A that minimizes the averaged error, but this choice does
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not offer significant robustness. Conversely, choosing a larger A improves
robustness but results in higher averaged error. By contrast, both the ac-

curacy and robustness of our approach are less sensitive to the choice of .

6.1.2 Real-world Datasets

We use two real-world datasets from UCI, White-wine Quality Cortez et al.
(2009) and Combined Cycle Power Plant Tfekci and Kayal (2014). The
goal of the White-wine Quality dataset is to model wine quality based
on physicochemical tests, which includes 4898 samples with 11 continuous
physicochemical features and one integer target (quality, scored between
0 and 10) and is viewed as a linear regression task. The Combined Cycle
Power Plant dataset contains 9568 samples collected from a Combined Cycle
Power Plant over 6 years (2006-2011). The 4 features consist of hourly
average ambient variables to predict the net hourly electrical energy output
of the plant. We separate them into two parts: private dataset and public
dataset. We present the averaged ls-norm errors between the DP and the
non-DP estimations, with each experiment being conducted 300 times.
We first evaluate the proposed method under varying privacy param-
eters p and private sample sizes n,, as shown in Figure () (D). For the

white-wine and power-plant datasets, we set (n,,\,n) = (245,0,1le — 3)
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and (192,0,1e — 3), respectively. We then study the effect of regular-
ization in Figure @ For this experiment, the fixed parameters are
(ng, iy, 1y m) = (4649, 245, 20, 1e — 3) for white wine and (9376, 192, 3,0.05)

for power plant.

—— DP-PMTRR Mean Error (u=5) o016 —— DP-PMTRR Mean Error (1= 3)
~— DP-PMTRR Mean Error (= 10) ~—— DP-PMTRR Mean Error (i =5)

W — g::a;: :ean Ermr(ui jg:} o1 —— DP-PMTRR Mean Error (u=7)
- lean Error (4= 100) —— DP-PMTRR Mean Error (1 =10)
-~~~ DP-RR Mean Error (= 100)
- ~-=-. DP-RR Mean Error (4= 10)

010 L L N «L» |

L2 Error to Non-DP Estimati
L2 Error to Non-DP Estimati

004

3500 1000 653 1000 2000 3000 4000 5000 6000 7000 8000, 0376
Number of Private Data Points ne

1000 1500 2000 2500 3000
Number of Private Data Points ns

(a) White-wine Quality (b) Combined Cycle Power Plant

— DP-PMTRR Mean Error — DP-PMTRR Mean Error
—— DPAR HMean Error — DPRR Mean Eror

L2 Error to Non-DP Estimation

penalty A values

penalty A values

(¢) White-wine Quality (d) Combined Cycle Power Plant
Figure 2: Real-world experiments with different private data sizes and pri-

vacy parameters in the top. And the bottom shows the experiments about
different regularization values.

Figure 2f(fa)) (b)) illustrates the averaged errors (depicted as lines) and the
standard deviations of errors (shown as shaded areas). The results in real-
world datasets indicate that DP-PMTRR performs as well as the previous

simulation. Figure @ exists with the same effect in the simulation
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about the regularization. The real-world experiments verify our method in

practice.

6.2 DP Logistic Regression
6.2.1 Simulations

We design a simulation of the logistic regression model, where the feature
data X with the dimension d = 8 and the true model parameters are gen-
erated the same as the simulation in Subsection [6.1] And the responses
are generated according to these settings. All experiments are repeated 100
times, and we show the averaged [y-norm errors between the true model
parameters and the DP estimations at every iteration.

Firstly, we compare the DP-LR and DP-PMTLR (our method) with
different privacy parameters u, as shown in Figure . In the simulation,
we fix the private data n, = le4, the public data n, = 100, the regularization
parameter A = le—3, and the probability parameter n = 0.05. Secondly, we
explore the impact of the regularization parameter, seeing Figure [B[[b). In
the simulation, we fix the private data n, = 8000, the public data n, = 100,
the privacy parameter u = 10, and the probability parameter n = 0.05.

Figure @ displays the averaged errors (as lines) and the standard de-

viations of errors (as shaded areas). We typically show the final iterations
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in Figure @ to allow for detailed comparison. Overall, increasing the
privacy parameter—corresponding to weaker privacy protection and lower
noise—leads to more accurate DP estimations and more stable iterations.
Notably, Figure @ shows that even when using smaller privacy parameters
(i.e., stronger privacy protection and higher noise), DP-PMTLR achieves
lower errors and greater robustness than DP-LR. In contrast, DP-LR with
the largest privacy parameter still exhibits higher error and less robust-

ness. These results demonstrate that our method outperforms standard

DP logistic regression in both utility and robustness.

All Iterations From 5th Iteration

— DPPMTLR =3
—— DPPMTLR =4
—— DPPMTLR =5
— DPPMTLR =6 | 030
—— DPPMTLR =10
=== DPLR =10

Meration

(a) Different privacy parameters.

Iteration

All Iterations Iteration 5 to 10

— DPPMTLR A=0.0
DP-PMTLR A=0.01
DP-LR A=0.01

The L2 norm error between true parameters and estimati
1
|
|
|
}
i
|
|
|
|
‘The L2 norm error between true parameters and estimati

s —— DPPMTLR A=0.015
-=- DP-LRA=0.015
2 —— DP-PMTLR A=0.02
5] -=- DPLRA=0.02
—— DP-PMTLR A=0.025
--- DPLR)=0.025
— DPPMTLR A=0.03

--- DPLRA=0.03

1 2 3 4 H 6 7 H H 10 H 6
Ieration

Reration

(b) Different regularization parameters.

Figure 3: Simulation comparisons of DP-PMTLR and DP-LR.
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Figure [3|[b]) illustrates the averaged errors (shown as lines) and the
standard deviations of errors (depicted as shaded areas), where the narrow
and dark shaded area is the standard deviation of DP-PMTLR. The result
verifies DP-PMTLR is more robust in iterations. Increasing the regular-
ization parameter A\ reduces the standard deviations, indicating improved
robustness, but also results in larger averaged errors. Notably, DP-LR fails
to converge when A = 0 (original regularization parameter), while DP-
PMTLR remains robust and converges successfully under the same condi-
tion. These results demonstrate that our approach effectively resolves the
trade-off about the regularization and that its utility and robustness are

only weakly dependent on the choice of A.

6.2.2 Real-world Datasets

About the real-world datasets, we use two datasets from UCI, Bank Mar-
keting (Moro et al.|(2014)) and Banknote Authentication (Lohweg, Volker
(2012)). The Bank Marketing dataset is related to direct marketing cam-
paigns (phone calls) of a Portuguese banking institution, including 45211
samples and 16 features. The classification goal is to predict if the client
will subscribe to a term deposit. We set aside 10% for the public dataset.

All experiments are repeated 100 times, and we show the averaged lo-norm
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errors between the DP and the non-DP estimations at every iteration. The
experiment about the dataset Banknote Authentication is provided in the
Supplementary Material.

Firstly, we compare the DP-LR and DP-PMTLR (our method) with
different privacy parameters yu, as shown in Figure . In the real datasets,
we use all private data and public data. In the Bank Marketing dataset,
we fix the regularization parameter A = 0 and the probability parameter
1n = le—3. Secondly, we explore the impact of the regularization parameter
in the real-world datasets, seeing Figure (]ED We fix the private data,
the public data, and the probability parameter n = le — 3. The privacy
parameters is p = 3.

Figure displays the averaged errors (as lines) and the standard
deviations of errors (as shaded areas). We typically show the final iterations
in Figure (ED to allow for detailed comparison. Overall, this result is
similar to Figure @), where our method also outperforms standard DP
logistic regression in both utility and robustness in practice. Figure (]ED
illustrates the averaged errors (shown as lines) and the standard deviations
of errors (depicted as shaded areas), where the narrow and dark shaded area
is the standard deviation of DP-PMTLR. All results verify DP-PMTLR is

more robust in iterations. In the real-world experiments, increasing the
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regularization parameter \ also reduces the standard deviations, indicating

improved robustness, but also results in larger averaged errors.

All Iterations From 5th Iteration
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Figure 4: Real-world experiments of DP-PMTLR and DP-LR.

Notably, in Figure (]ED, DP-LR fails to converge when A = 0 (origi-
nal regularization parameter), while DP-PMTLR remains robust and con-
verges successfully under the same condition. This illustrates that DP-LR
must abandon the prior regularization parameter for stability; however, DP-

PMTLR can make use of it and achieves a tuning-free effect. These results



indicate that our method adequately addresses the trade-off concerning reg-
ularization, and its utility and resilience exhibit minimal dependence on the

selection of .

7. Conclusion

In this paper, we address the challenge of unbounded private data un-
der differential privacy by leveraging the second-moment matrix estimated
from public data. We propose a public-moment-guided truncation (PMT)
method that transforms private data into an approximately isotropic space
and applies principled truncation with a radius determined solely by non-
private quantities. This transformation produces a well-conditioned second-
moment matrix and significantly improves the robustness and accuracy of
its DP inverse by removing dependence on the average condition number
and reducing sensitivity to both the inverse norm and regularization.
Based on this framework, we develop loss functions and algorithms for
ridge regression and logistic regression under differential privacy. The re-
sulting estimators achieve improved robustness, tighter error bounds, and
more stable optimization, particularly by mitigating the need for heavy
regularization. These improvements are supported by rigorous theoreti-

cal analysis and extensive experiments, demonstrating that even a small



amount of public data can substantially enhance the utility of DP regres-
sion methods.

Our results highlight the value of incorporating public information to
improve differentially private estimation. Future work includes extending
this framework to other DP algorithms and exploring the use of additional
forms of public information, such as other public statistics or pretrained

models, to further enhance DP performance.

8. Supplementary Material

The supplementary material provides a comparison between PMT-based
and private-data-only inverse second-moment estimation, introduces DP-
RR and DP-LR baselines, and includes the key notation, complete proofs,

additional theoretical discussions, and supplementary experiments.
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