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Abstract: Image data exhibit local correlations and high-dimensional structure,

with their covariance matrix capturing spatial dependencies and governing per-

formance in feature extraction, dimensionality reduction, and reconstruction.

Two-dimensional principal component analysis (2D-PCA) effectively preserves

row/column-wise correlations, enabling accurate covariance estimation and iden-

tification of meaningful components. However, the limiting spectral behavior and

phase transition phenomena of image covariance matrices in high-dimensional

settings remain theoretically unexplored, compromising inference tasks such as

principal component determination. To bridge this gap, we establish a unified

theoretical framework for the asymptotic spectral behavior of the image covari-

ance matrix under general non-i.i.d. assumptions, systematically characterizing

its phase transition from non-spiked to spiked regimes and deriving correspond-

ing central limit theorems for spectral statistics. Building on this theoretical
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foundation, we propose a rigorous sequential hypothesis testing procedure to de-

termine the number of principal components, offering provably consistent and

prior-free detection thresholds that ensure statistical power in high dimensions.

Our method is validated through extensive simulations and on real-world facial

image datasets, demonstrating superior accuracy and robustness over existing

approaches. The resulting framework provides a plug-and-play spectral module

for diverse image processing and machine learning applications.

Key words and phrases: Random Matrix Theory, 2D-PCA, Image Covariance

Matrix.

1. Introduction

Image data possess rich spatial and textural information but involve high

dimensionality, non-stationarity, and strong spatial correlations. Address-

ing these dependencies is crucial for tasks ranging from feature extraction

(Zhao et al., 2021) and spatial modeling of textural patterns (Ding et al.,

2022) to inverse problems like image denoising (Wang et al., 2021). The

efficacy of these methods relies on capturing the spectral phase transition

of the covariance structure, characterized by the emergence of informative

“spiked” eigenvalues from the “bulk” noise spectrum (Xu et al., 2022). This

transition defines the signal-to-noise boundary, intrinsic dimensionality, and

statistical identifiability of structural patterns. Consequently, a rigorous
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understanding of these limiting spectral behaviors is essential for develop-

ing robust statistical methodologies. Two-dimensional principal component

analysis (2D-PCA), proposed by Yang et al. (2004), generalizes classical

PCA to accommodate matrix-form data Wi ∈ Rh×p (i = 1, . . . , n). Unlike

vectorization approaches, 2D-PCA preserves the intrinsic matrix structure

by constructing the image covariance matrix as

Gt =
1

n

n∑
i=1

(Wi −W)⊤(Wi −W), (1.1)

where W = 1/n
∑n

i=1 Wi denotes the sample mean of the image matrices.

Since its inception, the 2D-PCA framework has evolved to address di-

verse image analysis challenges. For instance, robust variants utilize joint-

norm metrics to mitigate outlier sensitivity (Zhang et al., 2023), while meth-

ods like MURE-2DPCA employ data-driven low-rank approximations for

inverse problems (Wang et al., 2021). Despite these practical advancements,

the underlying spectral properties and phase transition phenomena remain

largely underexplored. This limitation matters because the separation of

eigenvalues governs the intrinsic robustness and identifiability of projection

subspaces. Furthermore, determining the number of principal components

is critical for downstream efficacy. In face recognition, this choice regulates

the trade-off between within-class compactness and between-class separa-

bility (Zhao et al., 2021). In image denoising and background modeling, it
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delineates the boundary between signal and noise or establishes the back-

ground rank against dynamic variations (Ades-Aron et al., 2021). Although

recent studies such as sign-flip parallel analysis (SPA) address this issue (Li

and Kuang, 2024), current methods remain largely heuristic. Consequently,

a unified analytic spectral foundation is needed to quantify non-independent

eigenstructures, advancing both inference accuracy and efficiency.

To address this fundamental need, we aim to establish a rigorous theo-

retical foundation for the spectral analysis of high-dimensional image data

exhibiting complex dependencies. A direct application involves determin-

ing the number of principal components, a problem typically addressed via

data-driven heuristics or Bayesian frameworks. Within data-driven meth-

ods, pioneering tools such as the Kaiser criterion and scree plots offer in-

tuitive and computationally simple rules for rank selection. Subsequent

refinements have included cross-validation techniques (Jin et al., 2021) and

eigenvalue stabilization procedures (Ledoit and Wolf, 2020), which improve

robustness in practice. More recent advances, such as the SPA method

introduced by Li and Kuang (2024), provide a resampling-based calibra-

tion that adapts to empirical spectral variability. However, these methods

often rely on subjective or heuristic rules, which can lead to limited robust-

ness in high-dimensional settings and sensitivity to real-world variations in
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imaging conditions, resulting in unstable estimations. Within the Bayesian

framework, methods range from classical evidence maximization (Minka,

2000) to contemporary empirical Bayes models like SuSiE PCA (Yuan and

Mancuso, 2023), which offer principled probabilistic criteria for rank deter-

mination by placing prior structures over the eigencomponents. While these

approaches bring theoretical coherence, they often require vectorization of

image data and assume isotropic noise, thereby overlooking the inter-matrix

dependencies central to 2D image analysis.

To overcome the limitations of the aforementioned works, we utilize ran-

dom matrix theory (RMT) to characterize the underlying spectral phase

transition of the image covariance matrix under complex dependencies.

While RMT results are well-established for covariance matrices of random

vectors (Bai and Yao, 2012; Bao et al., 2022; Jiang, 2023), the analogous

theory for sequences of image matrices remains unexplored. The primary

difficulty arises because the image covariance matrix inherently violates the

independent and identically distributed (i.i.d.) data assumption, thereby

invalidating classical limit spectral results such as the Marčenko-Pastur

(M-P) law and existing central limit theorems (CLTs) (Bai and Silverstein,

2008) for spectral statistics. Furthermore, extending spectral theory from

random vectors to image data introduces additional structural complexity.

5
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At present, no existing framework fully characterizes the limiting spectral

distribution (LSD) or the asymptotic behavior of spectral statistics for such

image-based covariance matrices.

To render these inter-matrix dependencies mathematically tractable un-

der an RMT framework, our analysis explicitly focuses on an adjusted for-

mulation, denoted byG = n{(n−1)h}−1Gt, whereGt is defined in (1.1). In

response to this methodological imperative, this paper undertakes the fol-

lowing objectives: we first establish the asymptotic spectral behavior of the

image covariance matrix G under two typical non-i.i.d. dependence struc-

tures arising in practice, as detailed in Section 2.1. Second, we characterize

the phase transition from non-spiked to spiked regimes and derive the CLT

for linear spectral statistics (LSS). Finally, we develop a sequential hypoth-

esis testing procedure to determine the number of significant 2D-principal

components, ensuring statistical validity in high-dimensional settings. The

main contributions of this work are summarized as follows:

1. We propose a typical but prevalent non-i.i.d. framework for high-

dimensional image data that captures complex spatial dependencies, includ-

ing non-stationarity, long-range dependence, and non-separable row–column

interactions, thereby relaxing the i.i.d. assumptions.

2. We establish the CLT for the spectral statistics of the image covari-
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ance matrix in the bulk phase under representative non-i.i.d. assumptions

and characterize the phase transition from non-spiked to spiked regimes

within a baseline model. This analysis fills a theoretical gap in the asymp-

totics of image sequences and captures the emergence of low-dimensional

principal components, thereby revealing the dynamic spectral evolution of

complex image transformations.

3. Building on our spectral theory, we develop a rigorously justified

sequential testing strategy with theoretically derived prior-free and non-

heuristic thresholds for determining the number of principal components.

This method guarantees high-dimensional consistency and statistical de-

tectability while enhancing robustness to non-separability, thereby reducing

manual tuning.

This paper is organized as follows. Section 2 establishes the CLT for

the LSS of G with non-i.i.d. structure in the bulk phase. Section 3 charac-

terizes the phase transition for spikes of G. Building on these theoretical

foundations, Section 4 develops a sequential testing strategy for determin-

ing the number of 2D-principal components. Sections 5 and 6 validate our

findings through simulation studies and facial image applications. Finally,

Section 7 concludes, with proofs in the Supplementary Materials.

7

Statistica Sinica: Newly accepted Paper 



2. Bulk Phase: CLT under non-i.i.d. structure

2.1 Model Formulation

For clarity of exposition, we express the image sample matrixWi in terms of

its row vectors wji ∈ R1×p, j ∈ [1 : h], as Wi = (w⊤
1i,w

⊤
2i, · · · ,w⊤

hi)
⊤
h×p, i ∈

[1 : n]. Here, the notation [a : b] represents the set of all integers between a

and b. Accordingly, the image covariance matrix G, also referred to as the

row-row covariance matrix, is formed of the row vector expression,

G =
1

(n− 1)h

n∑
i=1

h∑
j=1

(wji − w̄j)
⊤(wji − w̄j), (2.2)

where w̄j = 1/n
∑n

i=1 wji. Exploiting this representation, the jth row wji

of eachWi is extracted to the sample matrix as W̌j = (w⊤
j1,w

⊤
j2, · · · ,w⊤

jn)p×n

for all j ∈ [1 : h], derived from the jth row-population.

Let the row-population sample covariance matrix Sj ∈ Rp×p of W̌j be

noted as Sj = 1/(n − 1)
∑n

i=1(wji − w̄j)
⊤(wji − w̄j) for j ∈ [1 : h]. In

the high-dimensional asymptotic regime where n, p → ∞ with p/n → c ∈

(0,+∞), provided that for each j, the empirical spectral distribution (ESD)

of Sj converges uniformly to its respective compactly supported LSD, the

order of summation in (2.2) can be interchanged. Thus, G can be expressed

as the average of the h row-population sample covariance matrices Sj, i.e.,

G = 1/h
∑h

j=1 Sj.

8
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To accommodate complex phenomena in real-world images, such as

heteroscedastic image noise, spatial and channel variance, and correlation

(Guo et al., 2019; Zhou et al., 2020), we allow the image covariance matrix

to adopt a multi-population non-i.i.d. structure, thereby preserving intrinsic

topological row correlations and lateral spatial information. To empirically

corroborate this, additional facial image experiments in the Supplementary

Materials illustrate the multi-population heterogeneity of G.

Therefore, we consider G corresponding to τ row-population covari-

ance matrices Σ(r) = TrT
⊤
r for r ∈ [1 : τ ], where Tr is a p × p deter-

ministic matrix. With the sample matrices W̌j drawn from Σ(r), the rth

row-population sample matrix W
(r)
j is rewritten as:

W
(r)
j :=

(
w

(r)
ji

⊤)
p×n

= TrX
(r)
j =

(
Trx

(r)
j1 , . . . ,Trx

(r)
jn

)
, j ∈ [1 : hr], (2.3)

where the entries
{
x
(r)
jki

}
of x

(r)
ji are i.i.d. random variables with zero mean

and unit variance for k ∈ [1 : p]. The total number of samples h over

all populations satisfies
∑τ

r=1 hr = h, where τ and hr’s are fixed integers

independent of n and p. Natural images exhibit nonlocal self-similarity and

redundancy, enabling patch group modeling via a unidirectional low-rank

structure. The finite h assumption reflects the intrinsic spatial constraints

on patch grouping, allowing the model to accurately capture the correlations

inherent in the data (Chang et al., 2017). We utilize the sample covariance

9
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S
(r)
j := n−1TrX

(r)
j (X

(r)
j )⊤T⊤

r . For centered data, the factor n−1 is replaced

by (n− 1)−1 to account for the loss of one degree of freedom, following the

substitution principle (Zheng et al., 2015). Thus, G is represented as:

G =
1

h

τ∑
r=1

hr∑
j=1

S
(r)
j . (2.4)

To characterize the non-i.i.d. structure of G, we study the spectral proper-

ties of S
(r)
j and S

(u)
i through the following two pairwise cases:

Case 1: Independent but not identically distributed. For any r ̸= u

within the range [1 : τ ], the populations are independent, implying sample

independence. Consequently, TrX
(r)
j and TuX

(u)
i are independent for all

j ∈ [1 : hr] and i ∈ [1 : hu];

Case 2: Dependent but identically distributed. For all r ∈ [1 : τ ], the

samples within the same population share the same marginal distribution

but are permitted to be dependent. Thus, TrX
(r)
j and TrX

(r)
i may be

dependent for any i ̸= j ∈ [1 : hr]. The dependence can be represented

by the shared-component decomposition x
(r)
jt = x

(r)
0t + ε

(r)
jt , and x

(r)
it =

x
(r)
0t + ε

(r)
it . Here x

(r)
0t is the latent component shared by samples from the

same row-population, whereas ε
(r)
jt and ε

(r)
it are idiosyncratic components.

The dependence structure in Case 2 naturally accommodates the spatial

characteristics of image data. By decomposing row features into a shared

latent component and idiosyncratic residuals, it simultaneously captures

10
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within-population cross-covariance and marginal variability. This aligns

with established image models based on structural similarity, texture statis-

tics, and nonlocal patch correlation (Ding et al., 2022; Zha et al., 2020). The

formal assumptions for this structure are detailed below.

Assumption 1. For each r ∈ [1 : τ ] and j ∈ [1 : hr], the entries {x(r)jkt :

k ∈ [1 : p], t ∈ [1 : n]} of X
(r)
j are i.i.d. with E(x(r)j11) = 0, E|x(r)j11|2 = 1, and

supn E|x
(r)
j11|4 <∞. For complex-valued variables, assume E{(x(r)j11)

2} = 0.

Assumption 2. For each r ∈ [1 : τ ], all ℓ,m ∈ [1 : hr], and all t ∈ [1 :

n], assume Ex(r)
0t = Eε(r)ℓt = 0, Ex(r)

0t (x
(r)
0t )

⊤ = ρrIp, Eε(r)ℓt (ε
(r)
mt)

⊤ = (1 −

ρr)Ip1{ℓ=m}, Ex(r)
0t (ε

(r)
ℓt )

⊤ = 0, where ρr ∈ [0, 1], and {(x(r)0kt, ε
(r)
1kt, . . . , ε

(r)
hrkt

) :

k ∈ [1 : p], t ∈ [1 : n]} are independent across the pairs (k, t).

2.2 CLT for Linear Spectral Statistic of G under non-i.i.d. cases

In statistical applications, the analytical objective of the 2D-PCA frame-

work in image processing is the trace statistic tr(G), which quantifies over-

all variability via the total scatter of the image covariance matrix G over

the whole feature space (Yang et al., 2004). By letting FG
n be the ESD

of G, this trace objective is mathematically formalized as the linear spec-

tral statistic corresponding to the linear test function f0(x) = x, given by∫
f0(x)dF

G
n = 1/p

∑p
i=1 λi(G), where λi(G) denotes the ith real eigenvalue

11
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of the p× p matrix G. By (2.4) and the linearity of the trace, the statistic

admits the following decomposition:

1

p

p∑
i=1

hλi(G) =
1

p
tr{hG} =

τ∑
r=1

hr∑
j=1

1

p
tr{S(r)

j } =

τ∑
r=1

hr∑
j=1

1

p

p∑
i=1

λi(S
(r)
j ). (2.5)

To establish the CLT for this specific linear spectral statistic of G under

non-i.i.d. cases, we analyze the empirical spectral processes of its constituent

matrices S
(r)
j . Specifically, under f0(x) = x, this process is given by

{Q(r)
n (f0)}j = p

∫
x(F

S
(r)
j

n −F c,H(r)
)(dx), for each j ∈ [1 : hr], r ∈ [1 : τ ], (2.6)

where F
S
(r)
j

n (x) is the ESD of the covariance matrix S
(r)
j , and the LSD F c,H(r)

of sample covariance matrices from the same population is consistent. In

accordance with (2.5) and (2.6), the empirical process Gn(f0) for hG can

be exactly expressed as a linear combination of {Q(r)
n (f0)}j. Thus,

Gn(f0) =
τ∑

r=1

hr∑
j=1

{Q(r)
n (f0)}j = h

p∑
i=1

λi(G)− p
τ∑

r=1

hr

∫
xF c,H(r)

(dx)

= p

∫
x
(
hFG

n −
τ∑

r=1

hrF
c,H(r))

(dx). (2.7)

Recently, Jiang (2023) established the CLT for the LSS of a single

general sample covariance matrix, showing that for any f ∈ A, the class

of analytic functions defined on an open subset of the complex plane, the

corresponding empirical process {Q(r)
n (f)}j converges weakly to a Gaussian

12
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limit with mean µ
(r)
f and variance ν

(r)
f , given by

µ
(r)
f =− q

2πi

∮
C
f(z)

c
∫
sr(z)3x2{1 + xsr(z)}−3dH(r)(x)[

1− c
∫
sr(z)2x2{1 + xsr(z)}−2dH(r)(x)

]2 (dz) (2.8)

− β(r)c

2πi

∮
C
f(z)

sr(z)3
∫
x{1 + xsr(z)}−1dH(r)(x)

∫
{1 + xsr(z)}−2dH(r)(x)

1− c
∫
sr(z)2x2{1 + xsr(z)}−2dH(r)(x)

(dz),

ν
(r)
f =− q + 1

4π2

∮
C1

∮
C2

f(z1)f(z2)

{sr(z1)− sr(z2)}2
dsr(z1)ds

r(z2) (2.9)

− β(r)c

4π2

∮
C1

∮
C2
f(z1)f(z2)

∫
xdH(r)(x)

{1 + xsr(z1)}2

∫
xdH(r)(x)

{1 + xsr(z2)}2
dsr(z1)ds

r(z2).

Here β(r) = E|x(r)jki|4 − q − 2, where q = 1 for the real case and q = 0

for the complex case. Let sr(z) be the stieltjes transform of F c,H(r)
, and

sr ≡ s
F c,H(r) be the stieltjes transform of F c,H(r) ≡ (1− c)I[0,∞) + cF c,H(r)

.

Building upon this fundamental result, analyzing the linear combina-

tion in (2.7) reduces to establishing the joint asymptotic distribution of the

constituent processes {Q(r)
n (f)}j under non-i.i.d. cases, as summarized in

Lemma 1, with case-specific derivations deferred to the Supplementary Ma-

terials. We begin by stating Assumption 3 for regularity and Assumption 4,

an analogue to condition (5) in Bai et al. (2007), to facilitate covariance

calculations under within-population dependence.

Assumption 3. For each r ∈ [1 : τ ], Tr := (Σ(r))1/2 is deterministic with

supp ∥Tr∥ <∞, and the ESD H
(r)
n of Σ(r) converges weakly to a probability

distribution H(r).

13
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Assumption 4. For each r ∈ [1 : τ ], assume that max1≤k≤p supz

∣∣e⊤k {Ip +
s(r)(z)Σ(r)}−1ek −

∫
{1 + s(r)(z)x}−1 dH

(r)
n (x)

∣∣ → 0, where ek denotes the

kth standard basis vector for k ∈ [1 : p].

Lemma 1. Suppose Assumptions 1–4 hold, p/n = cn → c ∈ (0,∞) and

let f, g ∈ A be analytic. For any indices (r, j) and (u, i), {Q(r)
n (f)}j +

{Q(u)
n (g)}i ⇒ N (µ

(r,u)
f,g , ν

(r,u)
f,g ), where the symbol ⇒ denotes convergence in

distribution, and the mean and variance terms
(
µ
(r,u)
f,g , ν

(r,u)
f,g

)
are finite and

depend on the underlying non-i.i.d. case; specifically,

(
µ
(r,u)
f,g , ν

(r,u)
f,g

)
:=


(
µ
(r)
f + µ(u)

g , ν
(r)
f + ν(u)g

)
, for Case 1: r ̸= u,(

2µ
(r)
f , 2ν

(r)
f + 2ν

(r)
Cov fji

)
, for Case 2: r = u, f = g.

Here µ
(u)
f , ν

(u)
f are the analogues of µ

(r)
f , ν

(r)
f defined in (2.8) and (2.9).

Moreover, the calculations of the covariance ν
(r)
Cov fji

fluctuate based on the

specific correlation structure considered, where

ν
(r)
Cov fji

= Cov
(
{Q(r)

n (f)}j, {Q(r)
n (f)}i

)
(2.10)

= − 1

4π2

∮
C1

∮
C2
f(z1)f(z2)∂z1∂z2 Cov

(
Ξ
(r)
n,j(z1),Ξ

(r)
n,i(z2)

)
dz1dz2,

where Ξ
(r)
n,j(z1) = tr(S

(r)
j − z1I)

−1 − psr(z1), and Ξ
(r)
n,i(z2) is defined analo-

gously. By leveraging the correlation exhibited between sample matrices X
(r)
i

and X
(r)
j in Case 2, the covariance can be calculated by

ν
(r)
Cov fji

= ν
(r)
f,ρ + o(1), (2.11)

14
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where the cross-covariance is given by

ν
(r)
f,ρ = −q + 1

4π2

∮
C1

∮
C2
f(z1)f(z2)

∂2

∂z1∂z2

[
− log

{
1− ρ2rc s

(r)(z1)s
(r)(z2)

×
∫

x2 dH(r)(x)

{1 + xs(r)(z1)}{1 + xs(r)(z2)}
}]

dz1dz2 (2.12)

− β
(r)
ρ c

4π2

∮
C1

∮
C2
f(z1)f(z2)

∫
x dH(r)(x)

{1 + xs(r)(z1)}2

∫
x dH(r)(x)

{1 + xs(r)(z2)}2
ds(r)(z1) ds

(r)(z2).

Here, β
(r)
ρ = E

{
(x

(r)
jkt)

2(x
(r)
ikt)

2
}
− 1 − (q + 1)ρ2r is assumed to be common

across all k ∈ [1 : p] and t ∈ [1 : n] within the rth row-population.

Remark 1. Even without Assumption 4, explicit formulas can be derived

for special cases. Under diagonal loading, the first terms in (2.9) and (2.12)

remain unchanged, while for finite β(r) and β
(r)
ρ , the contour integrals in the

second terms are replaced by

∮
C1

∮
C2
f(z1)f(z2)

∫
x2 dH(r)(x)

{1 + xs(r)(z1)}2{1 + xs(r)(z2)}2
ds(r)(z1) ds

(r)(z2).

In the particular case of f0(x) = x corresponding to the statistic Gn(f0)

in (2.7), Lemma 1 explicitly characterizes the limiting covariance struc-

ture among its constituent processes {Q(r)
n (f0)}j. Specifically, covariance

contributions from pairs with r ̸= u vanish under Case 1 due to indepen-

dence, whereas pairs with r = u and i ̸= j yield the within-population

cross-covariance under Case 2. Combining these results, we establish the

limiting distribution of Gn(f0) in the following theorem.

15
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Theorem 1. Suppose Assumptions 1–4 hold and p/n = cn → c ∈ (0,∞).

In the bulk regime, Gn(f0) converges weakly to the Gaussian distribution

with mean µG
x and variance νGx , where

µG
x =

τ∑
r=1

hrµ
(r)
f0
, νGx =

τ∑
r=1

hrν
(r)
f0

+
τ∑

r=1

hr(hr − 1)ν
(r)
f0,ρ

. (2.13)

To facilitate practical applications, we define the standardized statistic:

TG
x = (νGx )−

1
2

[
h

p∑
i=1

λi(G)− p

τ∑
r=1

hr

∫
xF c,H(r)

(dx)− µG
x

]
⇒ N (0, 1). (2.14)

To illustrate, Example 1 derives explicit central term formulas for The-

orem 1 assuming a simple H(r) across various structures of G.

Example 1. Let H(r) be specified for τ = 3, r ∈ [1 : τ ] as H(1) =

δ{1}, H
(2) = δ{2}/2 + δ{1}/2, and H(3) = δ{3}/3 + δ{2}/3 + δ{1}/3. Under

several structures (h1, h2, h3) considered in Scenarios 1–3, with h =
∑
hr

and sample eigenvalue λi(G), the statistic in (2.14) simplifies to

Tx = ν
− 1

2
x

[
h

p∑
i=1

λi(G)− bx − µx

]
⇒ N (0, 1), (2.15)

where, for Scenario 1 with (h1, h2, h3) = (2, 1, 1), the central term is bx =

11p/2, µx = 0. In the diagonal case, νdiagx = c{(q + 1)(55/6 + 2ρ21) +

2β(1)+(5/2)β(2)+(14/3)β(3)+2β
(1)
ρ }, whereas under Assumption 4, νA4

x =

c{(q + 1)(55/6 + 2ρ21) + 2β(1) + (9/4)β(2) + 4β(3) + 2β
(1)
ρ }. Its proof and

analogous calculations for Scenarios 2–3 with (h1, h2, h3) = (1, 2, 1) and

(1, 1, 2) are deferred to the Supplementary Materials.
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3. Spiked Phase: Phase Transition for the Spikes of G

This section investigates the extreme eigenvalues of G and their separation

from the limiting spectral bulk under the non-i.i.d. cases. Following the

construction in (2.4), the spectral behavior of G is inherently determined

by the heterogeneous covariance matrices {Σ(r)}τr=1, which are character-

ized by generalized spiked models (Bai and Yao, 2012). Specifically, for each

r ∈ [1 : τ ], these covariance matrices share a common orthogonal eigenbasis

U = (u1, . . . ,up) and take the form Σ(r) = U(D0+Λr)U
⊤ under the homo-

geneous non-spiked baseline. Here, D0 = diag(d1, . . . , dp) is the non-spiked

diagonal matrix with its diagonal entries sorted in descending order, where

the ESD HΣ0
n of Σ0 := UD0U

⊤ converges to the LSD HΣ0 . Addition-

ally, Λr = diag(λ
(r)
1 , . . . , λ

(r)
κr , 0, . . . , 0) is the spiked diagonal matrix with its

non-zero entries sorted in descending order, where κr denotes the number

of spiked eigenvalues for the rth population. We define the joint support of

the spiked components across all populations as M = {1, . . . ,M}, where

M := max1≤r≤τ κr. With this notation, for each r ∈ [1 : τ ],

Σ(r) = U diag(σ
(r)
1 , . . . , σ(r)

p )U⊤, where σ(r)
m =

dm + λ(r)m , m ∈ [1 :M ],

dm, m ∈ [M + 1 : p].

We concatenate the sample matrices from (2.3) along the sample dimen-

sion, and denote the resulting matrix by W̆ =
(
W

(1)
1 , . . . ,W

(1)
h1
, . . . ,W

(τ)
1 , . . . ,W

(τ)
hτ

)
∈
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Rp×N with N = nh. Accordingly, (2.4) admits the equivalent form G =

N−1W̆W̆⊤. Due to the spectral invariance of G under orthogonal transfor-

mations, its extreme eigenvalues are identical to those of N−1W̌W̌⊤, where

W̌ := U⊤W̆, such that Assumption 2 is naturally imposed on the rotated

observations U⊤x
(r)
jt . Consequently, the joint spiked components and the

non-spiked components in W̌ can be decoupled into separate submatrices,

and we partition W̌ as follows:

W̌ =

(
Y1

Y0

)
∈ Rp×N , Y1 =

(
y1
...

yM

)
∈ RM×N , Y0 =

(
yM+1

...
yp

)
∈ Rp0×N .

Here, the submatrix Y1 corresponds to the index set M, and Y0 contains

the remaining p0 = p−M noise components, whose corresponding sample

covariance matrices will be examined separately in our subsequent analysis.

We first define the non-spiked sample covariance matrixQ0 := N−1Y0Y
⊤
0 ,

whose rightmost spectral edge determines the upper boundary of the bulk

support. We then introduce its dual matrix Q̃0 := N−1Y⊤
0 Y0, which has the

identical nonzero spectrum asQ0. It follows that E(Q̃0) = N−1
∑p

m=M+1 E(y⊤
mym),

where each summand satisfies, for m ∈ [M + 1 : p],

E(y⊤
mym) = dmB0 with B0 := diag

(
Rh1(ρ1)⊗ In, . . . ,Rhτ (ρτ )⊗ In

)
. (3.16)

Here, ⊗ denotes the Kronecker product, Rhr(ρr) = (1− ρr)Ihr + ρr1hr1
⊤
hr
,

and the matrix B0 ∈ RN×N captures the within-population sample depen-
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dence structure. Moreover, we define the diagonal matrixA0 = diag(dM+1, . . . , dp).

Based on these formulations, the bulk edge is characterized in the following

lemma, leveraging the results from Ding and Yang (2021).

Lemma 2 (Bulk edge). Under Assumptions 1–4, let cN = p0/N , FA0
p0

and FB0
N denote the ESDs of A0 and B0, respectively. For any z ∈ C+,

let s1,N(z) and s2,N(z) be the unique solutions in C+ to the system of

self-consistent equations s1,N(z) = cN
∫
x[−z{1+ xs2,N(z)}]−1dFA0

p0
(x) and

s2,N(z) =
∫
x[−z{1 + xs1,N(z)}]−1dFB0

N (x). Let FcN be the deterministic

probability measure associated with the ESD of Q0, whose stieltjes trans-

form scN (z) :=
∫
[−z{1 + xs2,N(z)}]−1dFA0

p0
(x), and define its rightmost

positive edge as λ+,N = sup{supp(FcN ) ∩ (0,∞)}.

Next, we consider the corresponding summands associated with the

spiked block Y1. In analogy with (3.16), for each m ∈ [1 :M ],

E(y⊤
mym) = ΓmB0 with Γm := diag

(
σ(1)
m Inh1 , . . . , σ

(τ)
m Inhτ

)
, (3.17)

where Γm ∈ RN×N incorporates the heterogeneous perturbation strengths

across all row-populations. Thus, the multi-population heterogeneity af-

fects the phase transition of G through the matrices ΓmB0 for m ∈ [1 :M ].

Under the additional Assumptions 5, Theorem 2 gives the threshold crite-

rion for separated sample eigenvalues above the bulk edge λ+,N , together
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with the corresponding deterministic outlier location equation.

Assumption 5. There exists a deterministic sequence N−1/2 ≤ ϕN ≤ N−cϕ

for some cϕ > 0, such that max1≤m≤M, 1≤r≤τ, 1≤j≤hr, 1≤t≤n |x(r)jmt| ≤ N1/2ϕN .

Theorem 2 (Threshold criterion). Under Assumptions 1–5, for each m ∈

[1 :M ], define the function ψm,N(x) = −N−1 tr{ΓmB0P0(x)} for x > λ+,N ,

where the deterministic equivalent matrix P0(z) := {−z(IN+s1,N(z)B0)}−1.

Then ψm,N is positive, continuous, and strictly decreasing on (λ+,N ,∞), and

limx→∞ ψm,N(x) = 0. The outlier location equation ψm,N(x) = 1 admits a

unique solution θm,N > λ+,N if and only if limx↓λ+,N
ψm,N(x) > 1. Ac-

cordingly, denote the set of supercritical indices as M+ = {1 ≤ m ≤ M :

limx↓λ+,N
ψm,N(x) > 1}, and define the subcritical set as M0 = M\M+.

Theorem 2 uses the boundary limit of ψm,N at λ+,N to split M into

the supercritical set M+, which generates separated sample outliers, and

the subcritical set M0, whose eigenvalues stick to λ+,N . To analyze the

convergence of the outlier eigenvalues induced by the supercritical compo-

nents in M+, let {θℓ,N}Lℓ=1 be the distinct deterministic roots, arranged

in decreasing order. Partition M+ according to these roots by defining

Mℓ = {m ∈ M+ : θm,N = θℓ,N}, with qℓ = |Mℓ| for ℓ ∈ [1 : L], and

set the total cardinality K =
∑L

ℓ=1 qℓ. The index sets of sample eigen-

value ranks corresponding to Mℓ are Iℓ = {ωℓ−1+1, . . . , ωℓ}, where ω0 = 0
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and ωℓ =
∑ℓ

t=1 qt. Therefore, the phase transition of G is established as

following theorem.

Theorem 3 (Phase transition). Suppose Assumptions 1–5 hold. Assume

the separation condition that there exists a constant c0 > 0 such that, for all

sufficiently large N , min1≤ℓ≤L(θℓ,N − λ+,N) ≥ c0 and minℓ̸=k |θℓ,N − θk,N | ≥

c0. As n→ ∞ with N = nh, the first-order limits of λi(G) satisfy:

(i) For each ℓ ∈ {1, . . . , L}, maxi∈Iℓ |λi(G)− θℓ,N |
a.s.−−→ 0;

(ii) For every fixed integer ϖ > K, maxK+1≤j≤ϖ

∣∣λj(G)− λ+,N

∣∣ a.s.−−→ 0.

Driven by the phase transition in Theorem 3, exactlyK = |M+| sample

outliers of G asymptotically separate from the bulk, providing the theoret-

ical basis for determining K in the next section. Then, for heterogeneous

non-spiked components Dr ̸= Du, the preprocessing alignment used in im-

plementation is described in the Supplementary Materials, together with

the proofs of Lemma 2 and Theorems 2–3.

4. Determining the number of 2D-principal components in G

In 2D-PCA, strong underlying signals in G asymptotically detach from the

bulk spectrum. Their total number, denoted by K in Theorem 3, pro-

vides a direct estimate of the effective number of 2D-principal components.

This quantity plays a key role in image processing: it distinguishes sig-
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nal from noise in image denoising (Ades-Aron et al., 2021) and determines

the dimensionality of feature maps in face recognition (Zhao et al., 2021).

Accordingly, we focus on the following hypothesis testing problem:

H0 : K = K0 versus H1 : K ̸= K0, (4.18)

where K0 represents the true number of supercritical spiked eigenvalues.

The boundary case K0 = 0 reduces to testing for the absence of sepa-

rated spikes, implying that any true signals are subcritical and merge with

the bulk. Guided by the statistical intuition in Jiang (2023), (4.18) can

be tested by separating the detectable signals to evaluate the pure noise

components. Thus, we propose the following test statistic:

p∑
i=1

λi(G)−
L∑

ℓ=1

∑
i∈Iℓ

λi(G). (4.19)

Here, the sample ranks Iℓ index the supercritical subset Mℓ characterizing

the phase transition in Theorem 3. By subtracting these separated sample

eigenvalues from the total linear spectral statistic, the evaluation under H0

is restricted exclusively to the residual bulk spectrum, capturing the pure

noise behavior described by the CLT in Theorem 1. The ensuing asymptotic

distribution is established in the following theorem.

Theorem 4. Suppose Assumptions 1–5 hold and p/n = cn → c ∈ (0,∞).
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For the hypothesis (4.18), the test statistic (4.19) under H0 satisfies

Tx,H(K0) = ν
− 1

2
x,H

[ p∑
i=1

λi(G)−
K0∑
m=1

λm(G)−bx,H(K0)−µx,H

]
⇒ N (0, 1), (4.20)

where bx,H(K0) = p
∫
x dF c,HΣ0 (x)−

∑K0

m=1 θm,N , µx,H = h−1µG
x and νx,H =

h−2νGx . Here µG
x and νGx are defined in (2.13).

When D0 = Ip, Theorem 4 admits deterministic roots θm,N , where each

m ∈ [1 : M ] yields a unique root θm,N > λ+,N of the simplified outlier

location equation ψm,N(x) = 1 from Theorem 2, i.e.,

n

xN

τ∑
r=1

σ(r)
m tr

[
Rhr(ρr) {Ihr + s1,N(x)Rhr(ρr)}

−1] = 1, (4.21)

where s1,N(z) and s2,N(z) satisfy the reduced self-consistent equations s1,N(z) =

−cN/[z{1+s2,N(z)}] and s2,N(z) = −n/(zN)
∑τ

r=1 tr[Rhr(ρr){Ihr+s1,N(z)Rhr(ρr)}−1].

Building on (4.21), a sequential testing procedure is conducted on the hy-

pothesis (4.18) to detect an inflection point in the empirical size curve,

thereby identifying the true number of components K0. The complete al-

gorithm for the sequential tests is deferred to Algorithm 1. In practice,

the population spiked eigenvalues σ
(r)
m and the dependence parameter ρr

are generally unknown and require estimation; see, for example, Ledoit and

Wolf (2020); Jiang and Bai (2021), with details and the proof of Theorem 4

provided in the Supplementary Materials. The overall framework is visually

summarized in Figure 1.
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Algorithm 1 Sequential tests for determining the number of PCs

Require: Replications B; image covariance matrices {G(b)}Bb=1; upper bound Kmax;

significance level α.

Ensure: Empirical sizes {ŝize(K0)}Kmax

K0=0 and estimated number K̂.

1: Compute ordered eigenvalues λ1(G
(b)) ≥ · · · ≥ λp(G

(b)) for b ∈ [1 : B].

2: Solve the equations in (4.21) for m ∈ [1 : Kmax] to obtain the candidate deterministic

outlier locations {θ̂m,N}Kmax
m=1 .

3: for K0 = 1 to Kmax do

4: Compute b̂x,1(K0) = p
∫
xdF c,Ĥ(x)−

∑K0

m=1 θ̂m,N .

5: for b = 1 to B do

6: Compute T
(b)
x,1(K0) via (4.20) using {λi(G

(b))}pi=1,
∑K0

m=1 λm(G(b)), b̂x,1(K0).

7: Set the rejection indicator R
(b)
K0

= 1{|T (b)
x,1(K0)| > z1−α/2}.

8: end for

9: Calculate empirical size ŝize(K0) = B−1
∑B

b=1 R
(b)
K0

.

10: end for

11: Estimate K̂ = argmin0≤K0≤Kmax ŝize(K0).

12: return {ŝize(K0)}Kmax

K0=0 and K̂.
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Figure 1: The framework for determining the PC number of G.
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5. Simulation Study

5.1 Numerical studies of Theorem 1

The following two models are used to evaluate the numerical performance of

the CLT for the spectral statistics of G in the bulk phase under a non-i.i.d.

structure. In both models, we set τ = 3.

Model 1: Assume the population covariance matrix Σ(r) = TrT
⊤
r and

set Tr = L
1/2
r for r ∈ [1 : τ ], where Lr is a diagonal matrix associated

with the LSD H(r) in Example 1, which is specifically set as L1 = Ip, L2 =

diag(2Ip/2, Ip/2), and L3 = diag(3Ip/3, 2Ip/3, Ip/3).

Model 2: Assume the non-diagonal structure Σ(r) = TrT
⊤
r and set

Tr = UL
1/2
r U⊤ for r ∈ [1 : τ ]. Here, Lr is defined as in Model 1, and U

is composed of eigenvectors of a p × p matrix HH⊤ with the entries of H

being independently sampled from N (0, 1).

Aligning with Cases 1–2, the sample matrices W
(r)
j generated via (2.3)

maintain cross-population independence while permitting within-population

dependence. To assess robustness, we examine two specific population set-

tings. For illustration, Scenario 1 adopts (h1, h2, h3) = (2, 1, 1), where

within-population dependence is introduced exclusively for r = 1.

Gaussian Assumption. (i) Independent populations: For r = 2, 3,
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we generate X
(r)
1 independently with i.i.d. N (0, 1) entries and set W

(r)
1 =

TrX
(r)
1 . (ii) Dependent population: For r = 1, the two dependent sample

matrices are constructed as W
(1)
j = T1X

(1)
j for j = 1, 2, where X

(1)
j =

√
ρ1X

(1)
0 +

√
1− ρ1 Z

(1)
j . Here, the shared latent matrix X

(1)
0 and idiosyn-

cratic noises Z
(1)
1 ,Z

(1)
2 are mutually independent with i.i.d. N (0, 1) entries,

while ρ1 ∈ [0, 1] quantifies the inter-sample dependence.

Gamma Assumption. (i) Independent populations: For r = 2, 3, we

generate X
(r)
1 with i.i.d. entries drawn from Gamma(25, 0.2) − 5 and set

W
(r)
1 = TrX

(r)
1 . (ii) Dependent population: For r = 1, let Z1,Z2,Z3 be

independent random matrices where entries z
(1)
ki ∼ Gamma(25ρ1, 0.2) and

z
(ℓ)
ki ∼ Gamma(25(1−ρ1), 0.2) for ℓ = 2, 3. Defining X

(1)
1 = Z1+Z2−51p×n

and X
(1)
2 = Z1+Z3−51p×n, we obtain the observed samples W

(1)
j = T1X

(1)
j

for j = 1, 2, where ρ1 ∈ [0, 1] determines the dependence strength.

To evaluate the tests in a diverse range of events, we examine four ex-

perimental circumstances in such settings. For each condition, the sample

size is set to n ∈ {300, 600, 900} with the dimensional ratio c = p/n ∈

{0.5, 1, 1.5}. All tests are assessed through 1000 replications at the sig-

nificance level α = 0.05. Table 1 summarizes the empirical sizes under

Scenario 1 with (h1, h2, h3) = (2, 1, 1) for ρ1 ∈ {0.5, 0.7, 0.9}. We make the

following observations. First, the empirical sizes remain close to α = 0.05
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Table 1: Empirical size with Scenario 1 for varying ρ1 in Example 1.

Gaussian population Gamma population

Model 1 Model 2 Model 1 Model 2

n c p ρ1 = 0.5 ρ1 = 0.7 ρ1 = 0.9 ρ1 = 0.5 ρ1 = 0.7 ρ1 = 0.9 ρ1 = 0.5 ρ1 = 0.7 ρ1 = 0.9 ρ1 = 0.5 ρ1 = 0.7 ρ1 = 0.9

300

0.5 150 0.055 0.051 0.056 0.056 0.060 0.046 0.052 0.052 0.058 0.048 0.045 0.049

1.0 300 0.051 0.041 0.056 0.039 0.048 0.058 0.053 0.054 0.058 0.056 0.047 0.057

1.5 450 0.052 0.038 0.054 0.040 0.059 0.045 0.047 0.051 0.050 0.052 0.050 0.048

600

0.5 300 0.052 0.035 0.052 0.051 0.065 0.043 0.064 0.054 0.053 0.061 0.055 0.041

1.0 600 0.057 0.051 0.052 0.060 0.058 0.047 0.038 0.043 0.049 0.046 0.059 0.057

1.5 900 0.041 0.062 0.051 0.050 0.046 0.049 0.052 0.053 0.048 0.047 0.050 0.049

900

0.5 450 0.053 0.049 0.047 0.054 0.045 0.044 0.046 0.047 0.052 0.057 0.052 0.051

1.0 900 0.053 0.044 0.048 0.053 0.062 0.056 0.055 0.059 0.040 0.056 0.060 0.059

1.5 1350 0.053 0.042 0.045 0.045 0.047 0.055 0.046 0.056 0.045 0.046 0.040 0.048
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Figure 2: Empirical distributions of Tx in Model 1 under Gaussian.

across sample sizes n and all regimes of c. This stability in both low-

and high-dimensional settings supports the proposed asymptotic approxi-
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mation. Second, for all values of ρ1 considered, the Type-I error is generally

well controlled, with most entries lying within or near the 95% Monte Carlo

error band. Moreover, when the within-population dependence becomes

stronger, especially for ρ1 = 0.9, the deviations from the Monte Carlo error

band are mild, suggesting a tighter agreement with the asymptotic theory.

These results indicate that the proposed asymptotic characterization re-

mains applicable to model structures with complex dependence. Figure 2

shows that the empirical histograms of the test statistic for Model 1 (c = 1)

align well with the standard normal limit, as indicated by the overlaid red

dashed curve. Additional simulations for Models 1–2 across Scenarios 1–3

in Example 1 with ρr = 0.9 are reported in the Supplementary Materials.

5.2 Performance of PC number detection for G

In this section, we demonstrate the practical application and effectiveness

of Theorem 4 for the hypothesis test (4.18) under two non-i.i.d. multi-

population spiked models. In both models, we set τ = 4.

Model 3: Under the homogeneous baseline, we consider the popula-

tion spiked covariance matrix Σ(r) = U(I + Λr)U
⊤ for r ∈ [1 : τ ], where

U is defined in Model 2. The spiked parts take the low-rank form Λ1 =

diag(40, 35, 0, . . . , 0), Λ2 = diag(40, 36, 28, 0, . . . , 0), Λ3 = diag(40, 38, 29, 25, 20, 0, . . . , 0),
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andΛ4 = diag(40, 36, 28, 25, 20, 18, 0, . . . , 0) with (K1, K2, K3, K4) = (2, 3, 5, 6).

The random samples X
(r)
j are generated using the dependent Gaussian

design from Section 5.1, with hr = (1, 2, 3, 4) and ρr = 0.5. We take

n ∈ {600, 1200, 1800} and c ∈ {0.5, 1, 1.5}.

Model 4: Assume the heterogeneous spiked covariance structureΣ(r) =

U(Dr + Λr)U
⊤ for r ∈ [1 : τ ]. The non-spiked parts are given by D1 =

diag(3Ip/3, 2Ip/3, Ip/3), D2 = diag(2Ip/2, Ip/2), D3 = 3Ip, and D4 = Ip. The

spiked parts retain the low-rank structure specified in Model 3. The ran-

dom samples X
(r)
j follow the dependent designs in Section 5.1, utilizing the

Gaussian assumption for r = 1, 2 and the Gamma assumption for r = 3, 4.

We take n ∈ {1800, 2400, 3000} and c ∈ {0.5, 1, 1.5}.

For brevity, we focus on the results for Model 4, which features a more

complex high-dimensional structure and multi-population heterogeneity.

Results for Model 3 are provided in the Supplementary Materials. Table 2

reports the empirical sizes of the sequential test at level α = 0.05 based

on 1000 replications for Model 4. Across varying (n, p, c) configurations,

we observe that the empirical size consistently reaches its minimum at the

true K0 = 6 (bold). Complementing this, the Kolmogorov-Smirnov (KS)

distance serves as an auxiliary diagnostic, which similarly attains its mini-

mum at this specific K0, thereby corroborating the asymptotic validity of
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Table 2: Empirical sizes for Model 4 under varying (n, c, p) and K0.

n c p K0 = 1 K0 = 2 K0 = 3 K0 = 4 K0 = 5 K0 = 6 K0 = 7

1800

0.5 900
0.294 0.195 0.135 0.103 0.072 0.050 0.809

(0.167) (0.113) (0.101) (0.062) (0.041) (0.032) (0.842)

1.0 1800
0.164 0.121 0.107 0.086 0.068 0.051 0.435

(0.122) (0.090) (0.070) (0.062) (0.053) (0.033) (0.621)

1.5 2700
0.133 0.107 0.083 0.059 0.053 0.047 0.250

(0.114) (0.078) (0.070) (0.053) (0.046) (0.043) (0.492)

2400

0.5 1200
0.231 0.159 0.110 0.075 0.055 0.048 0.820

(0.129) (0.088) (0.068) (0.045) (0.032) (0.036) (0.848)

1.0 2400
0.136 0.094 0.085 0.070 0.055 0.047 0.441

(0.078) (0.055) (0.034) (0.039) (0.028) (0.021) (0.655)

1.5 3600
0.137 0.103 0.094 0.077 0.067 0.052 0.281

(0.084) (0.056) (0.043) (0.036) (0.023) (0.019) (0.509)

3000

0.5 1500
0.188 0.141 0.108 0.074 0.063 0.049 0.783

(0.129) (0.098) (0.085) (0.073) (0.049) (0.044) (0.834)

1.0 3000
0.112 0.082 0.061 0.055 0.052 0.049 0.477

(0.080) (0.069) (0.043) (0.032) (0.031) (0.027) (0.653)

1.5 4500
0.088 0.081 0.059 0.058 0.055 0.050 0.266

(0.076) (0.060) (0.050) (0.045) (0.044) (0.037) (0.497)

Note: Empirical size (KS distance in parentheses).

the test statistic. These results indicate that the true K0 is typically asso-

ciated with an inflection of the empirical size curve and that the proposed

method reliably identifies the number of principal components across non-

i.i.d. multi-population settings in both low- and high-dimensional regimes.

Furthermore, Figure 3 illustrates that standard heuristics, such as the

scree plot, Kaiser criterion, and 85% cumulative variance threshold, fail

under strong dependence. As the dimension grows, the accumulation of bulk
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Figure 3: Scree plots and cumulative variance in Model 4.

Tx,1

-4 -2 0 2 4

D
en
si
ty

0

0.1

0.2

0.3

0.4

0.5
(n, p) = (1800, 900)

Tx,1

-4 -2 0 2 4

D
en
si
ty

0

0.1

0.2

0.3

0.4

0.5
(n, p) = (1800, 1800)

Tx,1

-4 -2 0 2 4

D
en
si
ty

0

0.1

0.2

0.3

0.4

0.5
(n, p) = (1800, 2700)

Tx,1

-4 -2 0 2 4

D
en
si
ty

0

0.1

0.2

0.3

0.4

0.5
(n, p) = (2400, 1200)

Tx,1

-4 -2 0 2 4

D
en
si
ty

0

0.1

0.2

0.3

0.4

0.5
(n, p) = (2400, 2400)

Tx,1

-4 -2 0 2 4

D
en
si
ty

0

0.1

0.2

0.3

0.4

0.5
(n, p) = (2400, 3600)

Tx,1

-4 -2 0 2 4

D
en
si
ty

0

0.1

0.2

0.3

0.4

0.5
(n, p) = (3000, 1500)

Tx,1

-4 -2 0 2 4

D
en
si
ty

0

0.1

0.2

0.3

0.4

0.5
(n, p) = (3000, 3000)

Tx,1

-4 -2 0 2 4

D
en
si
ty

0

0.1

0.2

0.3

0.4

0.5
(n, p) = (3000, 4500)

Figure 4: Empirical distributions of Tx,1 under the null in Model 4.

eigenvalues near the spectral edge blurs the separation between spikes and

the bulk and shifts the apparent elbow to later components, causing visually

based rules to absorb close spikes and overestimate K0. In contrast, our
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theoretically justified procedure effectively detects true outliers separating

from the bulk support, accurately identifying K0 = 6 regardless of the non-

i.i.d. structure. Figure 4 corroborates this robustness, showing the empirical

null distribution matchesN (0, 1), validating the asymptotic approximation.

6. Real Data Analysis

In this section, we evaluate the proposed method using the ORL, FERET,

and Extended Yale B facial image databases to cover varying complexities in

dimensionality, sample size, and environmental factors. The ORL database

contains 400 images sized 92 × 112 pixels and serves as a small-sample

baseline characterized by pose variations (available at http://cam-orl.

co.uk/facedatabase.html). The FERET database offers richer expres-

sion diversity and is analyzed in the Supplementary Materials. Finally,

the Extended Yale B database (Georghiades et al., 2001) tests robustness

against high dimensionality (480×640 pixels) and severe noise from illumi-

nation and uncropped backgrounds, utilizing a subset of 13 subjects with

50 images each. In the experimental setup, for the ORL database, G uses

one random image from the first five samples per class (Figure 5), reserving

the rest for testing. For the Extended Yale B database, training ratios of

{0.1, 0.2, 0.3, 0.4} are applied, leaving 390–585 testing images.
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Figure 5: Five sample images from one subject in the ORL database.

Tables 3 and 4 report the empirical sizes and KS distances for the

sequential test, based on 300 replications at α = 0.05. Following the elbow

pattern of the size curve and the KS distance, we identify K0 = 4 for

the ORL database and K0 = 10 for Extended Yale B database. Table 5

summarizes these results alongside comparisons with the scree heuristic and

the SPA methodology (Li and Kuang, 2024), specifically the SPA upper-

edge (SPA-u) and SPA pairwise (SPA-p) thresholds.

On the ORL database, our sequential test selects K0 = 4 (69.44%),

matching SPA-p and surpassing SPA-u and the scree heuristic (68.06%).

Unlike SPA-p, which averages thresholds across classes, our procedure em-

ploys a unified, theoretically derived cutoff. For the Extended Yale B

Table 3: Empirical size and KS distance for (4.18) in the ORL database.

K0 = 1 K0 = 2 K0 = 3 K0 = 4 K0 = 5 K0 = 6

Empirical size 1.000 1.000 0.096 0.056 1.000 1.000

KS distance metric (1.000) (0.999) (0.243) (0.052) (0.956) (1.000)
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Table 4: Empirical size and KS distance for (4.18) under varying ratios in

the Extended Yale B database.

Ratio K0 = 1 K0 = 2 K0 = 3 K0 = 4 K0 = 5 K0 = 6 K0 = 7 K0 = 8 K0 = 9 K0 = 10 K0 = 11 K0 = 12

0.1
1.000 1.000 1.000 1.000 0.999 0.999 0.998 0.836 0.083 0.046 1.000 1.000

(1.000) (1.000) (1.000) (0.999) (0.999) (0.989) (0.987) (0.855) (0.195) (0.045) (0.867) (0.995)

0.2
1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.980 0.075 0.053 0.946 1.000

(1.000) (1.000) (1.000) (1.000) (0.999) (0.997) (0.989) (0.965) (0.122) (0.027) (0.936) (1.000)

0.3
1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.977 0.092 0.046 0.993 1.000

(1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (0.988) (0.964) (0.252) (0.060) (0.978) (1.000)

0.4
1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.194 0.043 0.996 1.000

(1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (0.999) (0.991) (0.334) (0.037) (0.976) (1.000)

Note: Empirical size (KS distance in parentheses).

Table 5: SelectedK0 and test-set classification accuracy for facial databases.

SPA Scree Ours

SPA-u SPA-p

Database Ratio K0 Acc.(%) K0 Acc.(%) K0 Acc.(%) K0 Acc.(%)

ORL 0.1 3 68.06 4 69.44 3 68.06 4 69.44

Extended Yale B

0.1 6 88.03 8 89.05 9 90.59 10 91.28

0.2 6 92.50 8 93.26 8 93.26 10 94.23

0.3 6 93.62 7 94.72 8 94.28 10 95.82

0.4 6 96.41 8 96.15 9 96.41 10 96.67

database, our method consistently selects K0 = 10 across training ratios

0.1–0.4, achieving the highest accuracies (91.28%–96.67%). In contrast,

SPA-p is more sensitive to training ratios, with K0 fluctuating between 7

and 8 and yielding lower accuracy, consistent with background heterogene-

ity and illumination variations that may affect the stability of resampling-

based thresholding. Correspondingly, Figure 6 presents the comparative
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Figure 6: Test-set classification accuracy vs. number of PCs.

classification performance on both databases. As shown by the red solid

curve, our sequential procedure provides stable selection and competitive

accuracy under complex dependencies, achieving a reasonable trade-off be-

tween accuracy and the number of retained principal components K0.

7. Conclusion

This paper develops an asymptotic framework for image covariance matrices

under non-i.i.d. spatial dependence, proposing a tuning-free sequential test
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to determine the number of 2D-principal components. While current theory

relies on the global scatter tr(G) to capture overall covariance variability,

extending this to weighted statistics tr(CG) offers a natural progression.

Employing specific projection matrices C isolates structural information

within localized subspaces, which may be useful for weak signal detec-

tion and downstream tasks such as image compression. Exploring these

anisotropic extensions (Yang, 2024) represents a valuable future direction.

Practically, our procedure serves as a plug-and-play spectral module for

2D-PCA variants and related matrix-structured learning tasks involving

complex dependencies.

Supplementary Materials

The online Supplementary Materials include: technical proofs for Lem-

mas 1–2 and Theorems 2–4; calculations for Example 1; preprocessing de-

tails; additional simulations; and facial database experiments, specifically

empirical support and analysis of the FERET dataset.
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