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Abstract: In observational studies, high-dimensional multi-site data are subject to heterogeneous per-

vasive hidden confounders across sites, leading to substantial bias in distributed estimation. To address

this challenge, we propose a deconfounded-debiased distributed estimation method, which integrates

majority voting for variable selection and the privacy-preserving aggregation of local deconfounded-

debiased estimators at the central site. This approach corrects biases from both heterogeneous per-

vasive hidden confounders and high-dimensional estimation, while also accommodating site-specific

heteroscedasticity in the random errors. Theoretically, we prove that local deconfounded-debiased

estimators are asymptotically normal, and local individual hypothesis tests are asymptotically valid

with an asymptotic lower bound on their power. Furthermore, we establish variable selection consis-

tency and asymptotic normality for the proposed distributed estimator. We also provide finite-sample

guarantees for variable selection, including an upper bound on the expected false positive rate and

a lower bound on the expected true positive rate. Simulation experiments and an application to a

protein dataset from the UK Biobank demonstrate our method’s superior finite-sample performance.

Key words and phrases: Distributed estimation, heterogeneous pervasive hidden confounders, majority

voting, spectral transformation.
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1. Introduction

In the era of big data, it has become common practice to collect high-dimensional observa-

tional data across multiple sites. A conventional approach for analyzing multi-site data is to

pool observations from all sites into a single large dataset and then analyze, known as global

estimation (Hou et al., 2023). However, as data dimensionality increases dramatically, data

pooling often faces serious challenges such as privacy constraints, insufficient memory capac-

ity, or prohibitive computational costs, rendering global estimation infeasible. Distributed

estimation methods have thus emerged, leveraging information from all sites without the

need to transfer sample-level data (Gao et al., 2022).

Like general observational data, high-dimensional multi-site observational data are in-

evitably subject to pervasive hidden confounders which are unmeasured and simultaneously

affect most predictors and the response. A more complicated issue is that such hidden con-

founders may differ across sites, referred to as heterogeneous pervasive hidden confounding.

For example, our real data application, utilizing data from the UK Biobank (UKB) (Sudlow

et al., 2015), focuses on the association between proteins and white matter hyperintensities

(WMH). Although the UKB implements rigorous standardization protocols, differences per-

sist across assessment centers in terms of MRI scanner models, imaging parameters, blood

collection timings, storage conditions, protein detection batches, among other factors (By-

croft et al., 2018). These factors are difficult to measure and adjust for, thereby posing

a risk of heterogeneous pervasive hidden confounding. Analysis of the singular values of

predictors at each center provides preliminary evidence for the presence of this confound-

ing form (Figure 6). Consequently, our real data analysis motivates the development of

distributed estimation that effectively corrects for bias induced by heterogeneous pervasive
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hidden confounding in high-dimensional multi-site observational data.

Distributed estimation methods for high-dimensional multi-site observational data are

generally categorized into one-shot and iterative methods (Gao et al., 2022). One-shot meth-

ods aggregate local statistics to a central site through averaging (Gu and Chen, 2023; Yu

et al., 2022; Tang et al., 2020; Chen and Xie, 2014), whereas iterative methods optimize

estimates by transmitting local gradients through multiple communication rounds (Shamir

et al., 2014; Jordan et al., 2019; Fan et al., 2023; Liu et al., 2025). When marginal distri-

butions differ across sites, one-shot methods often mitigate distributional bias by weighting

local estimates according to each site’s information content or degree of heterogeneity (Gu

and Chen, 2023; Zhao and Shen, 2025). In contrast, iterative methods rely on multi-round

stepwise corrections, enabling site-specific models to adjust mutually and thus approximate

the global optimum (Yu et al., 2026; Ogier du Terrail et al., 2025). However, most exist-

ing methods are primarily limited to handling heterogeneity in the marginal distributions

of observed variables. In high-dimensional multi-site observational data with heterogeneous

pervasive hidden confounders, hidden confounding not only induces marginal shifts but also

distorts the conditional distribution structure. Consequently, current distributed methods

cannot effectively address such data, and their direct application leads to estimation bias.

Pervasive hidden confounders in high-dimensional observational data have motivated the

development of numerous methods. Classic approaches, such as instrumental variable regres-

sion (Gold et al., 2020), two-stage calibration (Yang and Ding, 2020), and latent confounder

adjustment models (Wang et al., 2017), often require prior knowledge of hidden confounders.

Spectral transformation methods circumvent this limitation by directly shrinking pervasive

hidden confounding without any information about the confounders themselves. Ćevid et al.

(2020) apply the lasso method (Tibshirani, 1996) to spectral transformed data, yielding a de-
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confounded estimator that nevertheless inherits high-dimensional estimation bias from lasso.

Subsequent work by Guo et al. (2022) and Sun et al. (2024)debiases the deconfounded estima-

tor through low-dimensional projections (Zhang and Zhang, 2014) under the sparse precision

matrix assumption. They only provide the asymptotic normality for individual coefficient

estimates. In contrast, (Li et al., 2025) debiases by inverting the Karush-Kuhn-Tucker con-

ditions of the deconfounded estimator (Javanmard and Montanari, 2014), thereby avoiding

the need for precision matrix sparsity. However, its theoretical properties remain to be es-

tablished. The abovementioned methods are not evidently designed for high-dimensional

multi-site observational data with heterogeneous pervasive hidden confounders. This nat-

urally motivates the idea of extending the deconfounded-debiased estimation methods to a

distributed framework.

To address this gap, we propose a deconfounded-debiased distributed estimation method

through two rounds of communication: (1) Each site computes a deconfounded-debiased lo-

cal estimator using the generalization of the method in (Li et al., 2025) that accommodates

flexible precision matrix estimation. (2) The central site selects significant predictors via

majority voting and then aggregates the local estimators using asymptotic confidence dis-

tributions. Because deconfounding and debiasing are performed independently at each local

site before aggregation, the proposed distributed method effectively corrects biases induced

by heterogeneous pervasive hidden confounders and by high-dimensional estimation, while

also allowing for site-specific heteroscedasticity of the random errors.

Our work delivers a comprehensive theoretical analysis, covering both local and dis-

tributed estimation and characterizing their asymptotic and finite-sample behaviors. First,

we fill the theoretical gap left by Li et al. (2025) and give the theoretical properties that

hold at each local site. Specifically, we establish the asymptotic normality of local estima-
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tors for both each individual predictor and all active predictors. We then demonstrate that

local individual hypothesis tests are asymptotically valid and lower-bounded on their power.

Building upon these results, we prove the asymptotic and finite-sample properties for our

proposed distributed estimator. Specifically, it achieves variable selection consistency and

asymptotic normality. To quantify the role of majority voting in variable selection, we de-

rive non-asymptotic bounds on both expected false positive and expected true positive rates.

Simulation experiments and an application to the protein dataset from the UKB demonstrate

the superior performance of our method for both variable selection and coefficient estimation.

Section 2 introduces notation, describes the high-dimensional multi-site data setting

in the presence of pervasive hidden confounders, and presents the corresponding high-

dimensional linear regression model with pervasive hidden confounding. Section 3 first re-

views the deconfounded-debiased estimation method of Li et al. (2025) and then generalizes

it to accommodate flexible precision matrix estimation. Next, we propose the deconfounded-

debiased distributed estimation method. Section 4 establishes the theoretical properties of

both the local estimators and the distributed estimator. Sections 5 and 6 present simula-

tion studies and a real-data application, respectively. Section 7 concludes the paper with a

discussion.

2. Model and notation

We introduce the notation used throughout this paper, describe high-dimensional multi-site

data in the presence of pervasive hidden confounders, and give the corresponding high-

dimensional linear regression model with pervasive hidden confounders.
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2.1 Notation

2.1 Notation

We start with some notation that will be used throughout the paper. Denote by [p] =

{1, . . . , p} for a positive integer p. For x ∈ R, denote by ⌊x⌋ the largest integer no larger

than x. Let Ip ∈ Rp×p denote the identity matrix. For a set B, denote the cardinality of

B by |B|. Denote the complement of B by B∁. For a vector a ∈ Rp, denote by aj the jth

entry. Let aB = (aj)j∈B ∈ R|B| and a−B = a[p]\B ∈ Rp−|B| for any index set B ⊂ [p]. Let

∥a∥0 = |{j ∈ [p] : aj ̸= 0}|. For a matrix A ∈ Rn×p, denote by Ai,j, Ai,·,and A·,j the (i, j)

entry, the ith row, and the jth column, respectively. Let AB,B = (Ai,i)i∈B ∈ R|B|×|B| for any

index set B ⊂ [min{n, p}]. Let ∥A∥max = maxi,j |Ai,j|. Let λi(A) be the ith largest singular

value of A, and λmin(A), λmax(A) be the smallest and largest singular values, respectively.

Let ∥X∥ψ2 = supq≥1 q
−1/2(E|X|q)1/q be the sub-Gaussian norm of a sub-Gaussian random

variable X. For two positive sequences {an} and {bn}, write an ≲ bn if there exists some

constant C > 0 such that an ≤ Cbn for all n, and an ≍ bn if an ≲ bn and bn ≲ an. Write

an ≪ bn if limn→∞ an/bn = 0. For two positive random sequences {Xn} and {Yn}, write

Xn ≲P Yn if Xn ≲ Yn holds with probability tending to 1 as n → ∞. Write Xn
d−→ X if Xn

converges to X in distribution.

2.2 Model description

The high-dimensional multi-site data comprises N =
∑K

k=1 nk independent observations

collected from K distinct sites, where site k contributes nk samples for k = 1, ..., K. At

each site k, we observe i.i.d. high-dimensional predictors and responses
{
X

(k)
i,· , Y

(k)
i

}
i∈[nk]

,

as well as unobserved pervasive hidden confounders
{
H

(k)
i,·
}
i∈[nk]

. The hidden confounders(
H

(k)
i,·
)T ∈ Rqk jointly affect both the predictors

(
X

(k)
i,·
)T ∈ Rp and the response Y

(k)
i ∈ R,

potentially inducing spurious associations if not properly accounted for. We allow for covari-
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2.2 Model description

ate shift across sites, i.e., the distributions Pk(X,H) vary, while the conditional distribution

Pk(Y |X,H) is identical across all sites. Specifically, the hidden confounders may be hetero-

geneous across sites in both dimensions qk and substantive interpretations, though this is

not mandatory. We assume that after fully adjusting for all site-specific hidden confounders,

the coefficients β of X(k)
i,· on Y

(k)
i are identical across all sites and are sparse. Random errors

are permitted but not forced to exhibit heteroscedasticity across sites.

At site k, we consider a high-dimensional linear regression model with pervasive hidden

confounding (nk < p):

Y
(k)
i = X

(k)
i,· β +H

(k)
i,· ϕ

(k) + ξ
(k)
i ,

X
(k)
i,· = H

(k)
i,· Ψ

(k) + E
(k)
i,· ,

(2.1)

where the idiosyncratic error
(
E

(k)
i,·
)T ∈ Rp is independent of H

(k)
i,· and the random error

ξ
(k)
i ∈ R is independent of both H

(k)
i,· and E

(k)
i,· . Let Σ

(k)
E and Σ

(k)
X denote the population

covariance matrices of E
(k)
i,· and X

(k)
i,· , respectively. Without loss of generality, we assume

E
(
E

(k)
i,·
)
= 0, E

(
H

(k)
i,·
)
= 0, Cov

((
H

(k)
i,·
)T)

= Iq, and Σ
(k)
X =

(
Ψ(k)

)T
Ψ(k) + Σ

(k)
E . We further

assume that the random error ξ
(k)
i has zero mean and variance

(
σ
(k)
ξ

)2. The coefficients

ϕ(k) ∈ Rqk and Ψ(k) ∈ Rqk×p characterize, respectively, the linear effects of H(k)
i,· on Y

(k)
i and

on X
(k)
i,· , respectively. The coefficient vector of interest β ∈ Rp captures the true linear effect

of X(k)
i,· on Y

(k)
i , which is assumed identical across sites. The number of confounders qk is

taken to be small but may grow with nk and p for each k ∈ [K].

At site k, pervasive hidden confounders introduce bias in the estimation of the coefficient

vector β. To better understand this issue, we reformulate the model (2.1) as a perturbed

high-dimensional linear regression

Y (k) = X(k)(β + b(k)) + ϵ(k),

ϵ(k) = ξ(k) +H(k)ϕ(k) −X(k)b(k).
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The exogeneity condition Cov
((
X

(k)
i,·
)T
, H

(k)
i,· ϕ

(k) − X
(k)
i,· b

(k)
)
= 0 implies that the perturbed

coefficient is given by b(k) =
(
Σ

(k)
X

)−1(
Ψ(k)

)T
ϕ(k). The perturbation term X(k)b(k) accounts

for pervasive hidden confounding. Pervasive hidden confounders inflate the leading singular

values of X(k), leading to a substantial magnitude in ∥X(k)b(k)∥2. Consequently, when Y (k) is

regressed on X(k) via the lasso, the resulting estimator captures the composite effect β+ b(k)

due to the non-negligible contribution of X(k)b(k). This estimate thus suffers from both

pervasive hidden confounding bias and high-dimensional estimation bias.

A common approach to analyzing multi-site data is to pool observations from all sites

and perform a global estimation. However, this strategy faces both practical and statisti-

cal challenges. From a practical standpoint, pooling data may be infeasible due to privacy

constraints, memory limitations, or prohibitive computational costs. Statistically, hetero-

geneous pervasive hidden confounders and site-specific heteroscedastic random errors can

render naive pooling unreliable, often resulting in severely biased and inconsistent estimates.

Furthermore, one-shot distributed methods remain inadequate in this setting. Since each

site’s data are affected by hidden confounding and high dimensionality, local estimators are

inherently biased, and simple aggregation fails to correct this bias. These challenges under-

score the need for distributed estimation methods that explicitly incorporate deconfounding

and debiasing mechanisms.

3. Deconfounded-debiased distributed estimation

We begin by reviewing the deconfounded-debiased estimation method from (Li et al., 2025)

for a single-site high-dimensional dataset with pervasive hidden confounders. The review

is accompanied by a slight generalization of the precision matrix estimation technique and

the corresponding individual hypothesis testing procedure. Subsequently, we extend the
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3.1 Deconfounded-debiased estimation at one site

method to the multi-site setting and propose a deconfounded-debiased distributed estima-

tion method. It effectively corrects biases stemming from heterogeneous pervasive hidden

confounders and high-dimensional estimation, accommodates site-specific heteroscedastic-

ity in random errors, and supports variable selection in high-dimensional multi-site data

analysis.

3.1 Deconfounded-debiased estimation at one site

In this subsection, we focus on a single-site high-dimensional dataset with pervasive hidden

confounders, using site k as an illustrative example. We first review the deconfounded-

debiased estimation method proposed in (Li et al., 2025) for model (2.1). We then extend

the method to support multiple precision matrix estimation techniques, accommodating

diverse dependency structures among the variables. Finally, we develop the corresponding

individual hypothesis testing procedure.

Step 1. Deconfounding: We correct the pervasive hidden confounding bias by spectral

transformation (Ćevid et al., 2020). Let X(k) = U (k)Λ(k)
(
V (k)

)T be the singular value decom-

position, where λ
(k)
1 ≥ . . . ≥ λ

(k)
nk ≥ 0 denote the singular values. A spectral transformation

matrix is constructed as

Q(k) = U (k)S(k)
(
U (k)

)T
,

S(k) = diag
(
S
(k)
1,1 , . . . , S

(k)
nk,nk

)
, S

(k)
i,i =


λ
(k)
⌊ρknk⌋/λ

(k)
i if i ≤ ⌊ρknk⌋

1 otherwise
,

(3.2)

where λ
(k)
⌊ρknk⌋ represents the ρk-quantile of the singular values of X(k) for a pre-specified

parameter ρk ∈ (0, 1). The choice of ρk requires balancing efficiency against bias correction.

Specifically, smaller values of ρk improve estimator efficiency through more conservative

shrinkage by Q(k). However, for effective deconfounding, ρknk must substantially exceed

Statistica Sinica: Newly accepted Paper 



3.1 Deconfounded-debiased estimation at one site

the number of hidden confounders qk. In practice, ρk = 0.5 is often chosen to strike a

reasonable trade-off. The spectral transformation matrix Q(k) shrinks the dominant singular

values of X(k) toward the quantile λ
(k)
⌊ρknk⌋, ensuring that ∥Q(k)X(k)b(k)∥2 becomes sufficiently

small to be negligible. Consequently, when regressing Q(k)Y (k) on Q(k)X(k) via the lasso, the

pervasive hidden confounding is substantially mitigated due to the diminished contribution

of Q(k)X(k)b(k). The resulting deconfounded estimator is therefore given by

β̂(k),dec = argmin
β∈Rp

{
1

2nk

∥∥Q(k)Y (k) −Q(k)X(k)β
∥∥2
2
+ λk

p∑
j=1

∥∥Q(k)X
(k)
·,j
∥∥
2√

nk
|βj|

}
, (3.3)

where λk is a regularization parameter selected via cross-validation.

Step 2. Debiasing: To mitigate the high-dimensional estimation bias incurred by the ℓ1

penalty, we further debias by inverting the Karush-Kuhn-Tucker conditions of β̂(k),dec (Ja-

vanmard and Montanari, 2014; Van de Geer et al., 2014). Let Σ̂(k) =
(
X(k)

)T(
Q(k)

)2
X(k)/nk

denote the empirical covariance matrix, and let Θ̂(k) ∈ Rp×p be an estimator of the preci-

sion matrix Θ(k) =
{

Cov
((
Q(k)X(k)

)
i,·

)}−1. The estimation for Θ(k) accommodates various

precision matrix estimation techiniques, such as node-wise regression under sparsity (Van de

Geer et al., 2014) or the CLIME-type estimator that do not assume sparsity (Javanmard

and Montanari, 2014), to adapt to different dependence structures among the variables. The

deconfounded-debiased estimator for β is then defined as

β̂(k),decdeb = β̂(k),dec +
1

nk
Θ̂(k)

(
Q(k)X(k)

)T(
Q(k)Y (k) −Q(k)X(k)β̂(k),dec). (3.4)

The error of β̂(k),decdeb can be decomposed as

β̂(k),decdeb − β =
1

nk
Θ̂(k)

(
X(k)

)T(
Q(k)

)2
ϵ(k) + Θ̂(k)Σ̂(k)b(k) +

(
Ip − Θ̂(k)Σ̂(k)

)(
β̂(k),dec − β

)
.

The first term on the right-hand side represents the stochastic variability of β̂(k),decdeb, while

the last two terms correspond to residual biases, which are asymptotically dominated by
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3.2 Deconfounded-debiased distributed estimation

the stochastic variability term under suitable conditions. Thus, the asymptotic variance of

β̂(k),decdeb is consistently estimated by

Σ̃(k) =

(
σ̂
(k)
ξ

)2
n2
k

Θ̂(k)
(
X(k)

)T(
Q(k)

)4
X(k)

(
Θ̂(k)

)T (3.5)

where
(
σ̂
(k)
ξ

)2 is a consistent estimator of
(
σ
(k)
ξ

)2. For j ∈ [p], the individual hypothesis

testing problem regarding βj is H0,j : βj = 0 v.s. H1,j : βj ̸= 0. Based on the asymptotic

normality of β̂(k),decdeb
j in Theorem 1, we compute the p-value as

P
(k)
j = 2

{
1− Φ

((
Σ̃

(k)
j,j

)− 1
2
∣∣β̂(k),decdeb
j

∣∣)}, (3.6)

where Φ(·) denotes the cumulative distribution function of the standard normal distribution.

The null hypothesis H0,j : βj = 0 is rejected when P
(k)
j ≤ α, with α ∈ (0, 1) being a pre-

specified significance level.

3.2 Deconfounded-debiased distributed estimation

Next, we extend the deconfounded-debiased estimation method to high-dimensional multi-

site data with heterogeneous pervasive hidden confounders and under communication con-

straints that preclude full sample‑level data sharing. We propose a deconfounded-debiased

distributed estimation requiring two rounds of communication. It aggregates all sites’ sub-

vectors of local deconfounded-debiased estimators, each corresponding to predictors selected

by majority voting at the central site. The detailed steps of this distributed method are as

follows:

Step 1. Local estimation: Each site performs the deconfounded-debiased estimation

method to address its own pervasive hidden confounders and high-dimensional predictors.

Specifically, we compute the local deconfounded-debiased estimators
{
β̂(k)

}K
k=1

as in (3.4)

and their corresponding asymptotic variance estimators
{
Σ̃(k)

}K
k=1

as in (3.5). (For notational
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3.2 Deconfounded-debiased distributed estimation

simplicity, we omit the superscript “decdeb” from β̂(k) hereafter.) Each local estimation re-

quires the selection of the spectral transformation parameter ρk. Empirical studies indicate

that setting ρk = 0.5 for all k ∈ [K] is a widely adopted and robust choice that accommo-

dates varying levels of confounding across sites (Guo et al., 2022). Next, each site conducts

individual hypothesis tests and computes the p‑values
{
P

(k)
j

}p
j=1

as in (3.6) for all k ∈ [K].

Define the set of statistically significant predictors at site k as Â(k) =
{
j ∈ [p] : P

(k)
j ≤ α

}
.

These sets of significant predictors,
{
Â(k)

}K
k=1

, are then sent to the central site.

Step 2. Majority voting at the central site: To establish consensus on significant

predictors, we aggregate the sets
{
Â(k)

}K
k=1

by majority voting (Chen and Xie, 2014) at the

central site:

Â =

{
j ∈ [p] :

K∑
k=1

I
(
j ∈ Â(k)

)
> ω

}
,

where I(·) denotes the indicator function. Predictors that appear in more than ω sites are

included in the final significant predictor set Â for the distributed estimation. A preassigned

threshold ω ∈ [0, K) must be chosen such that Σ̃
(k)

Â,Â remains positive definite for each

site, ensuring matrix invertibility in the aggregation step. Moreover, ω critically controls the

stringency of selection: larger values eliminate more variables but may also exclude genuinely

relevant predictors. This introduces an inherent trade-off between true positive selection and

false positive control. In practice, ω should be selected to ensure computational feasibility

and to optimize empirical performance. Finally, the consensus set Â is sent back to all local

sites for the subsequent estimation phase.

Step 3. Aggregation of local estimators: In the second communication round, each site

transmits only the local estimation results corresponding to the significant predictors in Â to

the central site. These include the coefficient estimators
{
β̂
(k)

Â

}K
k=1

and the asymptotic vari-

ance estimators
{
Σ̃

(k)

Â,Â

}K
k=1

. Following Corollary 2 and Theorem 2, we aggregate
{
β̂
(k)

Â

}K
k=1

Statistica Sinica: Newly accepted Paper 



3.2 Deconfounded-debiased distributed estimation

via asymptotic confidence distributions (Tang et al., 2020; Wang, 2021) to construct the dis-

tributed estimator. The site-specific asymptotic confidence density function for βÂ is given

by:

f̂k(βÂ) =
( 1√

2π

)|Â|
I
− 1

2

|Â| exp
{
− 1

2

(
β̂
(k)

Â − βÂ
)T(

Σ̇
(k)

Â,Â

)−1(
β̂
(k)

Â − βÂ
)}

,

where Σ̇(k) =
(
σ
(k)
ξ

)2
Θ̂(k)

(
X(k)

)T(
Q(k)

)4
X(k)

(
Θ̂(k)

)T
/n2

k. Combining the K confidence density

functions and simplifying, we obtain a least-squares-type loss function:

L(βÂ) =
K∑
k=1

(
β̂
(k)

Â − βÂ
)T(

Σ̇
(k)

Â,Â

)−1(
β̂
(k)

Â − βÂ
)
.

Minimizing L(βÂ) and substituting Σ̇
(k)

Â,Â with its consistent estimator Σ̃
(k)

Â,Â yields the de-

confounded‑debiased distributed estimator:

β̂Â =

{
K∑
k=1

(
Σ̃

(k)

Â,Â

)−1
}−1 K∑

k=1

(
Σ̃

(k)

Â,Â

)−1

β̂
(k)

Â , β̂−Â = 0. (3.7)

The proposed deconfounded-debiased distributed estimation effectively corrects biases aris-

ing from heterogeneous pervasive hidden confounders and high-dimensional estimation, while

accommodating site-specific heteroscedasticity of the random errors. Furthermore, by incor-

porating majority voting, the method achieves sparsity and enables variable selection in

high-dimensional multi-site data analysis.

Remark 1. The proposed distributed estimation involves two communication rounds, as il-

lustrated in Figure 1(a). While a one-round alternative exists (Figure 1(b)), we recommend

the two-round design in the high-dimensional setting. Although requiring an additional

round to transmit sets
{
Â(k)

}K
k=1

and Â, it significantly reduces communication costs. Ma-

jority voting ensures that the number of significant predictors |Â| is substantially smaller

than the original dimensionality p. Consequently, local estimators sent to the central site de-

crease from p-dimensional vectors to |Â|-dimensional vectors and corresponding asymptotic
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3.2 Deconfounded-debiased distributed estimation

covariance matrices shrink from p×p to |Â|×|Â|. The communication cost for the one-round

procedure scales as O(Kp2), whereas the two-round procedure achieves substantial savings

with a reduced order of O(K|Â|2).

(a) Two-round procedure (b) One-round procedure

Figure 1: Communication procedures of the deconfounded-debiased distributed estimation.

Blue arrows represent the first round of communication, and red arrows represent the second

round.

Remark 2. In the proposed distributed method, neither the lasso (Tibshirani, 1996) nor

the deconfounded lasso (Ćevid et al., 2020) can be directly applied for local estimation, as

both lack the well-defined asymptotic variance properties required by our approach. An

alternative distributed approach based on majority voting (Chen and Xie, 2014) can be

adapted to aggregate local lasso or deconfounded lasso estimates using Hessian-weighted

averaging, which are precisely the two distributed methods compared in our simulation

experiments. However, both alternatives suffer from critical limitations: (i) Chen and Xie

(2014)’s distributed estimation incorporating local deconfounded lasso only corrects bias

due to heterogeneous pervasive confounders, whereas (ii) Chen and Xie (2014)’s distributed

estimation incorporating local lasso offers no bias correction capability.
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Remark 3. Recent works that jointly achieve deconfounding and debiasing, such as (Guo

et al., 2022) and (Sun et al., 2024), both rely on the sparse precision matrix assumption,

and the latter additionally requires consistent estimation of the unknown number of hidden

confounders. These requirements limit their applicability in distributed settings. Further-

more, neither of these approaches can be directly used for local estimation in our proposed

distributed framework. While they establish asymptotic normality for individual coefficient

estimates, merely aggregating local estimates using the asymptotic confidence density func-

tion f̂k(βj) for each βj would yield |Â| distributed estimators β̂j for j ∈ Â, each asymptoti-

cally normal in isolation. However, this does not guarantee the joint asymptotic normality

of the vector β̂Â (Corollary 2), a property essential for constructing a distributed estimator

across all sites.

Remark 4. While the proposed distributed estimation method mitigates information leak-

age via two-round communication, majority voting, and deconfounding techniques, it cannot

entirely eliminate the potential for such leakage. A detailed discussion is provided in Section

S8 of Supplementary Materials.

4. Theoretical properties

First, we establish the asymptotic normality of the local deconfounded-debiased estimators,

thereby completing the theoretical analysis absent in (Li et al., 2025). We also provide the

theoretical properties of the individual hypothesis tests. Furthermore, we prove variable

selection consistency and derive the asymptotic normality of the deconfounded-debiased

distributed estimator. We also analyze the finite-sample property on variable selection.
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4.1 Theoretical properties of local deconfounded-debiased estimators

4.1 Theoretical properties of local deconfounded-debiased estimators

We now formally establish the asymptotic normality of the local deconfounded-debiased

estimators under a set of technical assumptions.

Assumption 1. E(k)
i,· is sub-Gaussian with bounded sub-Gaussian norm maxk∈[K]

∥∥E(k)
i,·
∥∥
ψ2

≤

CE for some constant CE > 0. ξ
(k)
i is sub-Gaussian with bounded sub-Gaussian norm

maxk∈[K]

∥∥ξ(k)i

∥∥
ψ2

≤ Cξ for some constant Cξ > 0. For all j ∈ [p], X(k)
i,j is sub-Gaussian with

bounded sub-Gaussian norm maxj∈[p]
∥∥X(k)

i,j

∥∥
ψ2

≤ Mk, where 1 ≲ Mk ≲
√
qk log p.

Assumption 2. There exist positive constants cmin > 0 and cmax > 0 such that 0 < cmin ≤

mink∈[K] λ
(k)
min

(
Σ

(k)
E

)
≤ maxk∈[K] λ

(k)
max

(
Σ

(k)
E

)
≤ cmax < ∞.

Assumption 3. We have
∥∥ϕ(k)

∥∥2
2
≲ qk

√
log p.

Assumption 4. Let s = ∥β∥0. For some constant C > 0, there exists a constant τ∗ > 0

such that the restricted eigenvalue conditions

RE
(
Σ̂(k)

)
= min

B⊆[p]
|B|≤s

min
x∈Rp

∥x
B∁∥1≤CMk∥xB∥1

xTΣ̂(k)x

∥x∥22
≥ τ∗, k ∈ [K]

hold with probability tending to 1.

Assumption 5. There exists ∆max > 0 such that maxk∈[K]

∥∥Ip − Θ̂(k)Σ̂(k)
∥∥
max

≲P ∆max.

Assumption 6. The qk-th largest singular value of Ψ(k) ∈ Rqk×p satisfies

λ(k)
qk

(
Ψ(k)

)
≫ max

{√
nkqk(log p)

1
4 ,
√

∆maxpqkn
1
4
k (log p)

1
4

}
.

Remark 5. In Assumption 1, the sub-Gaussian conditions rule out heavy-tailed idiosyncratic

errors E(k), random errors ξ(k), and predictors X(k) at each site. Assumption 2 is mild:

the eigenvalue condition on
{
Σ

(k)
E

}K
k=1

ensures well-conditioned covariance matrices across
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4.1 Theoretical properties of local deconfounded-debiased estimators

all sites. Assumption 3 restricts the ℓ2 norm of the hidden confounding coefficient ϕ(k)

at each site to grow at most at a controlled rate. The restricted eigenvalue conditions in

Assumption 4 are widely used in high-dimensional sparse linear regression (Bühlmann and

Van De Geer, 2011; Guo et al., 2022; Sun et al., 2024). Their verification follows from the

final assumption in Guo et al. (2022) and is therefore omitted here. Assumption 5 specifies

the required error rates for the precision matrix estimators at all sites. This condition is mild

and can be satisfied by several common precision matrix estimation methods (Van de Geer

et al., 2014; Javanmard and Montanari, 2014; Fan et al., 2024). Assumption 6 is a pervasive

hidden confounding assumption commonly adopted in factor model literature (Fan et al.,

2018; Guo et al., 2022; Fan et al., 2024). It implies that a substantial fraction of predictors

are influenced by hidden confounders at each site.

In Theorem 1, we establish the asymptotic normality for each inidividual local deconfounded-

debiased estimator β̂(k)
j for j ∈ [p] and k ∈ [K]. The parameters involved in the local estima-

tion include ρk in (3.2) and λk in (3.3). The conditions on ρk, namely (qk + 1)/nk, specifies

the minimal amount of shrinkage needed to sufficiently suppress the hidden confounding at

each site. The requirement on the regularization parameters λk aligns with that given in

(Guo et al., 2022).

Theorem 1. Under Assumptions 1–6, if (qk+1)/nk ≤ ρk < 1, λk ≍
√

(log p)/nk, ∆max < 1

and s∆maxM
2
k

√
log p → 0, then for all j ∈ [p] and k ∈ [K], we have

(
Σ̇

(k)
j,j

)− 1
2
(
β̂
(k)
j − βj

) d−→ N (0, 1).

Based on Theorem 1, we establish the theoretical properties of the individual hypothesis

tests at each site in Corollary 1. Assumption 7 states that the estimator σ̂
(k)
ξ is consis-

tent for σ
(k)
ξ at every site. This condition is satisfied by a number of existing methods,
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4.1 Theoretical properties of local deconfounded-debiased estimators

such as the scaled lasso (Sun and Zhang, 2012), the organic lasso (Yu and Bien, 2019),

and estimation based on the residuals (Guo et al., 2022). Define the null and alterna-

tive hypothesis parameter spaces for βj as H0,j(s) = {β ∈ Rp, ∥β∥0 ≤ s, βj = 0} and

H1,j(s, ν) = {β ∈ Rp, ∥β∥0 ≤ s, |βj| ≥ ν} for some ν > 0. Corollary 1 provides the asymp-

totic validity of the individual hypothesis tests and derives an asymptotic lower bound on

their power, given by G
(
α,∆

(k)
n

)
for each k ∈ [K]. For any fixed α ∈ (0, 1), the func-

tion G(α, x) is continuous and monotonically increasing with respect to x. Consequently,

the power of each test increases as ∆
(k)
n grows. If ∆

(k)
n → ∞ as nk → ∞, the individual

individual tests at site k achieve asymptotic power one.

Assumption 7. We have σ̂
(k)
ξ /σ

(k)
ξ

p−→ 1.

Corollary 1. Under Assumptions 1–7, all conditions of Theorem 1 hold.

• (Validity). For any given significance level α ∈ (0, 1), we have for all j ∈ [p] and

k ∈ [K]

lim
nk→∞

sup
βj∈H0,j(s)

Pβ
(
P

(k)
j ≤ α

)
≤ α.

• (Power). For any given significance level α ∈ (0, 1), if ∆(k)
n ≍ √

nkν, we have for all

j ∈ [p] and k ∈ [K]

lim
nk→∞

inf
βj∈H1,j(s,ν)

Pβ
(
P

(k)
j ≤ α

)
G
(
α,∆

(k)
n

) ≥ 1,

where, for x ∈ R+, the function G(α, x) is defined as follows:

G(α, x) = 1− Φ
(
Φ−1

(
1− α

2

)
− x
)
+ Φ

(
− Φ−1

(
1− α

2

)
− x
)
.

Let A = {j ∈ [p] : βj ̸= 0} and s = |A|. The predictors indexed by A are referred to as

the true active predictors. To establish the asymptotic normality of the local deconfounded-

debiased estimator vector for the active predictors, we first require that Σ̇
(k)
A,A be invertible
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4.2 Theoretical properties of the deconfounded-debiased distributed estimator

in Corollary 2. To this end, we provide Proposition 1, which guarantees that Σ̇
(k)
A,A is pos-

itive definite with probability tending to 1 as nk → ∞ for each k ∈ [K], thereby ensuring

the existence of its inverse. Based on Proposition 1, we extend Theorem 1 to the local

deconfounded-debiased estimator vector for the active predictors, β̂(k)
A for k ∈ [K], and es-

tablish the joint asymptotic normality in Corollary 2. Compared with Theorem 1, which

deals with individual coefficient estimators, the joint asymptotic normality in Corollary 2

requires stronger conditions: a stricter pervasive hidden confounding assumption (Assump-

tion 8) and a tighter sparsity constraint on β.

Proposition 1. Under Assumptions 1–6, if (qk +1)/nk ≤ ρk < 1 and s ≲ M
2
3
k , for k ∈ [K],

we have the positive definite Σ̇
(k)
A,A with probability tending to 1.

Assumption 8. The qk-th largest singular value of Ψ(k) ∈ Rqk×p satisfies

λ(k)
qk

(
Ψ(k)

)
≫ max

{√
nkqk(log p)

1
4 ,
√

∆maxpqkn
1
4
k (log p)

1
4 s

1
4

}
.

Corollary 2. Under Assumptions 1–5 and 8, if (qk + 1)/nk ≤ ρk < 1, λk ≍
√

(log p)/nk,

s∆max < 1, s ≲ M
2
3
k , s ≪ nk, and s

3
2∆maxM

2
k

√
log p → 0, then for k ∈ [K] and any u ∈ Rs

with ∥u∥2 = 1, we have

uT
(
Σ̇

(k)
A,A
)− 1

2
(
β̂
(k)
A − βA

) d−→ N (0, 1).

4.2 Theoretical properties of the deconfounded-debiased distributed estimator

When the number of sites K and the per‑site sample sizes nk tend to infinity, the deconfounded-

debiased distributed estimation achieves variable selection consistency (Theorem 2). The

condition on the significant level α is mild: ω/K is a constant for ω ∈ [0, K) → ∞ as

K → ∞. All remaining conditions are the same as those stated in Theorem 1.
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4.2 Theoretical properties of the deconfounded-debiased distributed estimator

Theorem 2. Under Assumptions 1–7, if (qk+1)/nk ≤ ρk < 1, λk ≍
√
(log p)/nk, ∆max < 1,

s∆max

√
log p(maxk∈[K] M

2
k ) → 0, and α < ω/K, we have

lim
nk→∞
K→∞

P(Â = A) = 1.

Remark 6. The deconfounded-debiased distributed estimator outperforms its global coun-

terpart estimated by the deconfounded-debiased estimation method (introduced in Sec-

tion 3.1) in variable selection. First, the global estimator is intrinsically non‑sparse and offers

no built‑in variable selection. Second, even when variable selection is attempted via hypothe-

sis testing as in (3.6), the resulting procedure suffers from asymptotically non‑vanishing type

I error (Corollary 1), which can produce an unreliable set of selected predictors that may

substantially differ from the true active set. In contrast, the distributed method delivers

sparse solutions directly and achieves asymptotic selection consistency (Theorem 2).

Based on Theorem 2 and Proposition 1, we establish the asymptotic normality of the

deconfounded-debiased distributed estimator for the active predictors β̂A in Theorem 3.

Moving from the local to the distributed setting, the pervasive hidden confounding assump-

tion (Assumption 9) and the sparsity constraint on β in Theorem 3 are stronger than those

in Theorem 1. The condition on the sample sizes suggests that no single local site dominates

the total sample size of the multi-site data.

Assumption 9. The minimum of the qk-th largest singular values of Ψ(k) ∈ Rqk×p across K

sites satisfies

min
k∈[K]

λ(k)
qk

(
Ψ(k)

)
≫ max

{(
K∑
k=1

nk
√
qk

)
N− 1

2 (log p)
1
4 ,
√

∆maxp

√√√√ K∑
k=1

nkqkN
− 1

4 (log p)
1
4 s

1
4

}
.

Theorem 3. Under Assumptions 1–5, 7 and 9, if (qk + 1)/nk ≤ ρk < 1, λk ≍
√

(log p)/nk,

s∆max < 1, s ≲ mink∈[K] M
2
3
k , s 3

2∆max

√
log pN− 1

2 (
∑K

k=1

√
nkM

2
k ) → 0, maxk∈[K] nk/N → 0,
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and α < ω/K, for any D ∈ Rl×s where DDT ∈ Rl×l is positive definite, we have

D

{
K∑
k=1

(
Σ̇

(k)
A,A
)−1

} 1
2 (
β̂A − βA

) d−→ N (0, Il).

Next, we analyze the influence of ω on variable selection. Similar to Theorem 3 in Chen

and Xie (2014), we give the finite-sample properties about false positive rate (FPR) and

true positive rate (TPR). Theorem 4 establishes an upper bound on the expected FPR and a

lower bound on the expected TPR. By the trade-off between the upper and lower bounds, the

choice of ω should balance FPR and TPR in variable selection for the distributed estimation

in practice.

Assumption 10. The distributions of {I(j ∈ Â(k)) : j ∈ A} and {I(j ∈ Â(k)) : j ∈ A∁} are

exchangeable for all k ∈ [K], and E(|A ∩ Â(k)|)/E(|A∁ ∩ Â(k)|) ≥ |A|/|A∁|.

Theorem 4. Let s∗ = max
k∈[K]

s̄k and s∗ = min
k∈[K]

s̄k where sk = E(|Â(k)|). Under Assumption 10,

if ω ≥ Ks∗/p− 1, we have

E(FPR) = E
( |A∁ ∩ Â|

|A∁|

)
≤ 1− F

(
ω | K,

s∗

p

)
,

E(TPR) = E
( |A ∩ Â|

|A|

)
≥ 1− F

(
ω | K,

s∗
p

)
,

where F (· | K, p
′
) is the cumulative distribution function of the binomial distribution with K

trials and success probability p
′.

5. Simulation experiments

We evaluate the finite-sample performance of the deconfounded-debiased distributed estima-

tion method by simulation experiments. The following competing estimation methods are

considered:
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• Deconfounded-debiased distributed estimation with α = 0.01 (DDD);

• Chen and Xie (2014)’s distributed estimation incorporating deconfounded lasso (Ćevid

et al., 2020) for local estimation (DLD);

• Chen and Xie (2014)’s distributed estimation incorporating lasso (Tibshirani, 1996)

for local estimation (LD);

• Global deconfounded-debiased estimation followed by hypothesis testing with α = 0.01

(DDG);

• Global deconfounded lasso estimation (Ćevid et al., 2020) (DLG);

• Global lasso estimation (Tibshirani, 1996) (LG).

All tuning parameters are determined via cross-validation. For DDD and DLD involving the

spectral transformation matrix, we set ρk = 0.5 for local estimation at each site, sufficient to

mitigate various pervasive hidden confounding (Guo et al., 2022). The same setting (ρ = 0.5)

is applied to DDG and DLG. In DDD, the site-specific precision matrix Θ(k) is estimated via

node-wise regression (Van de Geer et al., 2014), and the noise variance (σ(k)
ξ )2 is estimated by

the residuals (Guo et al., 2022). Following the condition α < ω/K in Theorem 2, we fix the

local significance level at α = 0.01. DDG adopts identical procedures for precision matrix

and noise variance estimation. Since the global deconfounded-debiased estimation yields non-

sparse estimates, we conduct additional hypothesis testing to achieve sparsity, maintaining

the same significance level (α = 0.01). Finally, three distributed estimation methods involve

the threshold ω, whose influence on performance will be examined via simulations.

The multi-site data are generated from the model (2.1), where H
(k)
i,l , E(k)

i,j , Ψ(k)
l,j , and ϕ

(k)
l

are independently sampled from standard normal distribution N (0, 1) for i = 1, . . . , nk, j =

1, . . . , p, l = 1, . . . , qk, and k = 1, . . . , K. We define β = (1, 0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3, 0.2, 0.1, 0, . . . , 0)T.

We consider two distinct scenarios in the high-dimensional setting:

Scenario 1 (Homogeneous). All sites share identical simulation configurations: (1) equal
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5.1 Impact of the parameter ω

sample size, and (2) the same number of pervasive hidden confounders (qk = 3). The

random errors ξ
(k)
i follow N (0, 1).

Scenario 2 (Heterogeneous). Local sites feature different simulation configurations: (1)

unbalanced sample sizes, and (2) differing numbers of hidden confounders. The random

errors ξ
(k)
i follow N (0, 1) at half of the sites and N (0, 0.52) at the remaining sites.

Each experiment is repeated 100 times. The performance in variable selection is compre-

hensively evaluated using the accuracy, true positive rate (TPR), false positive rate (FPR).

To assess estimation accuracy, we compute the root mean square error for all coefficients

(RMSE), non-zero coefficients (nzRMSE), and zero coefficients (zRMSE).

5.1 Impact of the parameter ω

In this part, we investigate the impact of the threshold ω on variable selection and esti-

mation accuracy across three distributed estimation methods under both homogeneous and

heterogeneous scenarios. We fix the number of sites at K = 10 in simulation experiments,

and the threshold ω takes integer values from 1 to 9. We analyze the following four cases:

(1) homogeneous small-sample case; (2) homogeneous large-sample case; (3) heterogeneous

small-sample case; (4) heterogeneous large-sample case. Detailed simulation configurations

and results are provided in Figures 2 and 3.

The threshold ω exhibits consistent effects on variable selection and coefficient estimation

across four experimental cases. Specifically, as ω increases, these three methods tend to

incorrectly estimate non-zero coefficients to zero, leading to over-selection. This explains the

decline in both TPR and FPR, resulting in a inverted U-shaped trend for accuracy (first

sharply increasing, then slightly decreasing), which aligns with the theoretical property in

Theorem 4. Furthermore, over-selection induced by larger ω values imposes an increased
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5.1 Impact of the parameter ω
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(a) Homogeneous small-sample case: Each local site contains p = 150 predictors and nk = 100 samples for

k = 1, . . . , 10.
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(b) Homogeneous large-sample case: Each local site contains p = 750 predictors and nk = 500 samples for

k = 1, . . . , 10.

Figure 2: Influence of ω on variable selection and coefficient estimation in the homogeneous

scenario. Across all 10 local sites, the number of hidden confounders is qk = 3 for k =

1, . . . , 10.
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(a) Heterogeneous small-sample case: Each local site contains p = 150 predictors. The local sample sizes nk

are assigned as follows: n1, n2 = 80, n3, n4 = 90, n5, n6 = 100, n7, n8 = 110, and n9, n10 = 120.
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(b) Heterogeneous large-sample case: Each local site contains p = 750 predictors. The local sample sizes nk

are assigned as follows: n1, n2 = 400, n3, n4 = 450, n5, n6 = 500, n7, n8 = 550, and n9, n10 = 600.

Figure 3: Influence of ω on variable selection and coefficient estimation in the heterogeneous

scenario. Across all 10 local sites, site k has qk = k hidden confounders for k = 1, . . . , 10.
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5.2 Varying local sample size and the number of sites

nzRMSE for non-zero coefficients and a reduced zRMSE for zero coefficients. Due to the

trade-off between nzRMSE and zRMSE, the RMSE for all coefficients may follow either a

U-shaped pattern (as seen in DDD and LD) or an increasing trend (as seen in DLD).

In summary, an optimal threshold ω should simultaneously balance TPR against FPR

and nzRMSE versus zRMSE, thereby ensuring robust performance in both variable selection

and coefficient estimation. Beyond this theoretical balance, the choice of ω in practice should

also consider the specific application goals. For instance, if precise variable identification is

prioritized (e.g., in biomarker discovery or causal inference), a larger ω may be preferred.

5.2 Varying local sample size and the number of sites

Under both homogeneous and heterogeneous scenarios, we assess the effects of the local sam-

ple size nk and the number of sites K on variable selection and coefficient estimation across all

six estimation methods. We consider the following four cases: (1) homogeneous small-sample

case; (2) homogeneous large-sample case; (3) heterogeneous small-sample case; (4) hetero-

geneous large-sample case. For each case, we vary the number of sites K = 2, 5, 10, 20. For

each K, the threshold ω takes integer values from 1 to K−1. Since ω impacts the distributed

estimation performance, we determine its optimal value by maximizing the accuracy. All

simulation results correspond to their optimal ω values, which are systematically provided

in Table 1 (Supplementary Materials, Section S5). Detailed simulation configurations and

results are provided in Figures 4 and 5.

In all four simulation cases, DDD demonstrates significant improvements in both variable

selection and coefficient estimation as the number of sites K increases. Specifically, TPR

increases, FPR decreases, and accuracy converges to 1; nzRMSE, zRMSE, and RMSE all

decrease. Furthermore, comparative analysis between small-sample and large-sample cases
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(a) Homogeneous small-sample case: Each local site contains p = 150 predictors and nk = 100 samples for

k = 1, . . . ,K.
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(b) Homogeneous large-sample case: Each local site contains p = 750 predictors and nk = 500 samples for

k = 1, . . . ,K.

Figure 4: Simulation results on variable selection and coefficient estimation in the homo-

geneous scenario. Across all K local sites, the number of hidden confounders is qk = 3 for

k = 1, . . . , K.
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(a) Heterogeneous small-sample case: Each local site contains p = 150 predictors. The local sample sizes nk

are given in Table 2 (Supplementary Materials, Section S5).
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(b) Heterogeneous large-sample case: Each local site contains p = 750 predictors. The local sample sizes nk

are given in Table 3 (Supplementary Materials, Section S5).

Figure 5: Simulation results on variable selection and coefficient estimation in the hetero-

geneous scenario. For K = 2, site 1 and 2 have q1 = 3 and q2 = 4 hidden confounders,

respectively; for K ∈ {5, 10, 20}, site k has qk = k hidden confounders for k = 1, . . . , K.
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5.2 Varying local sample size and the number of sites

reveals that a larger local sample size nk also enhances the performance of DDD in vari-

able selection and coefficient estimation. These simulation results provide strong empirical

validation for the asymptotic properties in Theorems 2 and 3.

Across all four simulation cases, DDD achieves comparable performance in variable se-

lection to both DLD and LD, with marginally reduced TPR and FPR, yet slightly improved

accuracy. This stems from majority voting employed by all three distributed estimation

methods to control the sparsity of estimators. Notably, DDD exhibits superior performance

in coefficient estimation, as evidenced by lower nzRMSE, zRMSE, and RMSE compared to

DLD and LD. This advantage arises from the capability of DDD to correct both the hetero-

geneous pervasive hidden confounding bias and the high-dimensional estimation bias across

sites. In contrast, DLD only corrects for the former, while LD fails to mitigate either bias.

Next, we further compare the distributed and global methods across four simulation

cases. By incorporating majority voting, the distributed methods perform more stringent

variable selection in finite-sample settings. They eliminate irrelevant variables more aggres-

sively, albeit with the risk of excluding some truly relevant variables. This explains why

the TPR of DDD is slightly lower than that of DDG. On the other hand, DDG performs

variable selection through hypothesis testing. According to Corollary 1, the Type I error

rate is nonzero, leading to a higher FPR for DDG than for DDD. Consequently, the two

methods deliver comparable accuracy, both nearing unity.

In the four simulation cases, the non-transferability of site-level data inevitably degrades

the estimation performance of distributed methods. Specifically, when the sample size is

small, DDD exhibits a higher nzRMSE than DDG, but this gap narrows as the sample

size increases. Owing to the variable selection performance, DDD achieves a lower zRMSE

relative to DDG. Consequently, the RMSE of DDD is comparable to that of DDG for small
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sample sizes, and becomes lower than DDG’s as the sample size grows.

6. Real data application

We apply the proposed method to a real-world dataset from the UK Biobank (UKB), a large-

scale biomedical database. White matter hyperintensities (WMH) are identified as areas of

enhanced brightness on T1 and T2 FLAIR magnetic resonance images of the human brain.

WMH are common imaging markers of cerebral small vessel disease and neurodegenerative

disorders, closely associated with protein-mediated pathological processes (Huang et al.,

2025; Festa et al., 2024). For example, hyperphosphorylated tau may indirectly impair

white matter integrity through axonal transport dysfunction (Soldan et al., 2020), and matrix

metalloproteinases degrade extracellular matrix components, disrupt the blood-brain barrier,

and contribute to white matter injury (Egashira et al., 2015). Therefore, we aim to identify

WMH-associated proteins and investigate their effects on WMH, facilitating early disease

diagnosis, risk prediction, and therapy optimization.

The UKB database provides normalized protein expression data for 2923 plasma proteins

of 53014 participants. After excluding 3 proteins with high missingness rates (GLIPR1:

99.7%, NPM1: 74.0%, PCOLCE: 63.6%), we retain 2920 proteins, imputing missing values

by k-nearest neighbors (k = 10) followed by log2 transformation. Predictors consist of 2920

proteins and four potential WMH risk factors including sex, age, body mass index (BMI),

and Townsend deprivation index, as supported by previous literature (Sliz et al., 2022). The

outcome, WHM, is evaluated through total volume of WHM from T1 and T2 FLAIR images.

Due to the positive skewness of the distribution of the outcome, a logarithmic transformation

is applied. We exclude participants with missing data and any of the following disorders:

multiple sclerosis or other demyelinating disorders, cerebral infarction, encephalitis or brain
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abscess, brain tumor, or systemic lupus erythematosus on the basis of the codes from the

International Classification of Diseases, Tenth Revision (ICD-10) (Wartolowska and Webb,

2021). Finally, the real-world dataset includes 5638 participants recruited from 17 UKB

assessment centers. We standardized the dataset to eliminate the influence of differences

in scale and magnitude in the data. All UKB data in this study are available to eligible

researchers after registration and can be accessed at https://biobank.ndph.ox.ac.uk.

Based on UKB assessment centers, 5638 samples can be treated as a multi-site dataset

across 17 sites. We calculate singular values of 2924 predictors for each site (Guo et al., 2022).

Figure 6 shows that top singular values are larger than the rest, indicating that pervasive

hidden confounding still exists in the standardized dataset of each site. The finding supports

the use of the proposed distributed method to identify WMH-associated proteins and explore

the association between proteins and WMH.

We identify variables associated with WMH and estimate their regression coefficients.

The global methods compared with the deconfounded-debiased distributed estimation (DDD)

are the global deconfounded-debiased estimation (DDG) and the global lasso estimation (LG)

(Tibshirani, 1996), using simulation-consistent parameters. In the deconfounded-debiased

distributed estimation, parameters for local estimation align with simulation settings, and

the threshold for majority voting is fixed at ω = 1. Our analysis demonstrates that ω > 1

leads to over-selection, an overly stringent variable selection process that excludes potentially

relevant variables. Specifically, when ω = 2, the selected variables decrease to 4; ω = 3, only

2 variables remain; and ω > 3, all variables are excluded. Detailed results are available in

Table 4 (Supplementary Materials, Section S6).

Variable selection results across the three methods are summarized in Table 1. For

complete details on protein overlapping with DDD, refer to Table 5 in Section S6 of Sup-
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Figure 6: Singular values of 2924 predictors for each site. Each subplot is labeled with the

geographical location of its corresponding UKB assessment center.

plementary Materials. The deconfounded-debiased distributed estimation provides more

precise selection of WMH-related proteins, whereas the global estimations tend to include

potentially irrelevant proteins. This distinction can also be qualitatively demonstrated via

enrichment analysis on proteins identified by each method using g:Profiler (Raudvere et al.,

2019) with the following data sources: Gene Ontology, Kyoto Encyclopedia of Genes and

Genomes, and Reactome Pathway Database. Significant terms were filtered by an adjusted

p-value< 0.05, using only annotated genes as the background set. The formation of WMH

involves multiple physiological mechanisms including endothelial dysfunction, extracellular

matrix remodeling, altered remyelination, inflammation, and response to ischemia (Jickling

et al., 2022). As shown in Figure 7, the proteins selected by the proposed distributed esti-

mation are significantly enriched in pathways closely related to these mechanistic themes.
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Table 1: Variable selection results of three methods. Numbers in the table represent the

number of variables.

Methods Selected variables Risk factors Proteins Proteins shared with DDD

DDD 58 1 (age) 57 -

DDG 28 2 (age, BMI) 26 3

LG 304 2 (age, BMI) 302 17

However, some pathways enriched in proteins identified via DDG show limited relevance to

WMH. For instance, defective binding of VWF variant to GPIb:IX:V describes molecular

pathologies of specific monogenic hereditary diseases, with no direct relevance to WMH.

Similarly, LG yields proteins enriched in low-relevance pathways such as sulfur compound

binding, a metabolic process for which mechanistic links to WMH remains substantially un-

derstudied. Enriched pathways for proteins identified by two global estimation methods are

provided in Figures 1 and 2 (Supplementary Materials, Section S6).

7. Conclusion

For analyzing high-dimensional multi-site data with heterogeneous pervasive hidden con-

founders, we propose a deconfounded-debiased distributed estimation method, requiring two

rounds of communication between local sites and the central site. Each site applies the the

deconfounded-debiased estimation method in (Li et al., 2025) to its own data, thereby simul-

taneously reducing pervasive hidden confounding bias and high-dimensional estimation bias

in the local estimators. The central site aggregates the local estimators corresponding to pre-

dictors selected via majority voting. This yields a sparse deconfounded-debiased distributed

estimator that naturally performs variable selection. The key strengths of the proposed
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Figure 7: Enriched pathways for proteins identified by the deconfounded-debiased distributed

estimation in enrichment analysis.

approach are correcting biases induced by heterogeneous pervasive hidden confounders and

by high-dimensional estimation, while also accommodating site-specific heteroscedasticity of

the random errors.

Theoretically, we establish the following main results: (1) asymptotic normality of each

individual local coefficient estimator and of the local coefficient estimator vector for the

active predictors; (2) asymptotic validity and an asymptotic lower bound on the power of

individual hypothesis tests at each site; (3) variable selection consistency of the proposed

distributed estimator; (4) asymptotic normality of the proposed distributed estimator; (5)

upper and lower bounds on the expected false positive rate and the expected true positive

rate, respectively, which quantify the influence of majority voting on variable selection in

finite samples.
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In simulations, we consider two scenarios involving heterogeneous and homogeneous

pervasive hidden confounding. The results demonstrate that the proposed distributed esti-

mation outperforms alternative distributed methods and their global counterparts in both

variable selection and coefficient estimation. We apply the proposed distributed estimation

to a real-world dataset from the UK Biobank, identify proteins associated with white mat-

ter hyperintensities (WMH), and investigate their effects on WMH. Compared with global

estimation methods, the proposed distributed estimation provides a more precise selection

of WMH-related proteins, as further validated through enrichment analysis.

We only consider the linear regression with continuous outcomes at each site. This dis-

tributed approach may be extended to generalized linear models for categorical outcomes,

Cox models for survival data, and quantile regression models for skewed distributed out-

comes. The challenge, however, is that the practical feasibility and theoretical justification

of spectral transformation for deconfounding in nonlinear models remain unclear. Moreover,

an interesting question for future study is whether the deconfounding technique here can be

extended to the communication-efficient surrogate likelihood method, despite its conceptual

complexity. Additionally, it is promising to explore the integration of our method with

privacy-enhancing technologies to control information leakage risks. For instance, major-

ity voting could be combined with cryptographic protocols, and calibrated Gaussian noise

could be injected prior to transmission at local sites. These directions are highly worth

investigating and will be the focus of our future work.

Supplementary Materials

All proofs of theorems, corollaries, and the proposition, along with additional tables and

figures from simulation experiments and the real data application are available in the online
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