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Abstract: Under measurement constraints, where covariates are always accessible but obtain-

ing responses is costly or restricted, we propose a unified response-free cluster subsampling

framework for massive longitudinal data, focusing on two aspects. First, when the dimen-

sion of covariates is fixed and small, to account for within-subject correlation, we consider

cluster subsampling and formulate a response-free weighted quasi-score to obtain the subsam-

ple estimator with consistency and asymptotic normality. An optimal cluster subsampling

scheme is obtained by optimizing a general criterion that encompasses both A-optimality and

L-optimality criteria. To enhance the estimation efficiency, a response-free unweighted esti-

mator is subsequently constructed based on the optimal subsample and a two-step algorithm

is devised to facilitate practical implementation. Second, when the dimension of covariates is

comparable to or exceeds the subsample size, we further construct a response-free weighted

quasi decorrelated score for the preconceived low-dimensional parameter of main interest and

derive the optimal subsampling schemes. The resulting unweighted estimator and a two-step

algorithm are also proposed. Extensive simulation studies, along with a real-data applica-
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tion, are conducted to empirically demonstrate the effectiveness of the proposed methods.

Key words and phrases: A-optimality, decorrelated score, generalized linear models, longitu-

dinal data, Poisson sampling.

1. Introduction

Longitudinal data, consisting of repeated measurements obtained from a given sub-

ject over time, play an increasingly central role across scientific disciplines. For

accurate analysis of longitudinal data, it is essential to account for within-subject

correlation, because ignoring such dependence may lead to inefficient estimation.

When the full dataset is available and the dimension of covariates remains fixed

and relatively small, a widely adopted method for analyzing longitudinal data is

the quasi-score estimator proposed by Liang and Zeger (1986), which accommodates

within-cluster correlation and achieves consistent parameter estimation regardless

of whether the working correlation is correctly specified (Wang, 2011; Wang et al.,

2012). With the rapid expansion of data collection in modern applications, the size

of available datasets continues to grow dramatically, and the full-data estimator of

Liang and Zeger (1986) is often infeasible due to computational and storage burdens.

Statistica Sinica: Newly accepted Paper 



1.1 Related work

1.1 Related work

To address the challenges posed by large-scale data, subsampling techniques have

been developed to reduce the computational burden and improve efficiency (Wang

et al., 2018; Ai et al., 2021; Wang and Ma, 2021; Wang and Kim, 2022; Yu et al.,

2022; Wang et al., 2022; Yu et al., 2025). These techniques involve selecting a subset

of data that contains more informative observations in the entire dataset. Despite

these advances, subsampling for longitudinal data has received limited attention,

representing a promising area for further exploration. A key impact of longitudinal

data on subsampling design is the need to account for within-subject correlation,

meaning we must sample clusters instead of individual observations. Among the

existing studies, Wang et al. (2023) provided an optimal subsampling strategy for

longitudinal linear models. While highly effective, this method, along with a large

body of subsampling literature, focuses primarily on settings where the dimension

of covariates is fixed and remains small relative to the subsample size (the LD-

scenario). When the dimension is comparable to or exceeds the subsample size (the

HD-scenario), these methods may encounter challenges due to the singularity of the

design matrix.

Massive datasets with high-dimensional covariates are now ubiquitous across

many disciplines, including biology, economics, and the social sciences. This has led

to increased attention on subsampling in high-dimensional settings, with important
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1.1 Related work

contributions from Wang et al. (2024) and Zhang and Wang (2026). While pioneer-

ing, these approaches were tailored to specific settings. For instance, the approach

of Wang et al. (2024) was specifically designed for binary rare-event data, whereas

Zhang and Wang (2026) relied on sample-splitting to enable dimension reduction

and refitted cross-validation. Realizing that not all effects of high-dimensional co-

variates are of primary interest, Gao et al. (2025) proposed optimal subsampling

for longitudinal generalized linear models (GLMs) based on the decorrelated score

(DS; Ning and Liu, 2017) to conduct estimation and inference for a pre-specified

low-dimensional parameter.

In addition to high dimensionality, this paper aims to address subsampling un-

der measurement constraints (Wang et al., 2017), which arise in diverse applications

including superconductivity data (Hamidieh, 2018), galaxy surveys (Zhang et al.,

2021), and semi-supervised learning. In these contexts, covariates are typically plen-

tiful while responses are scarce due to cost, privacy, or administrative barriers. All

the aforementioned subsampling methodologies are inherently response-dependent,

i.e., the sampling probabilities are functions of both covariates and responses, and

thus are not directly applicable under measurement constraints. To overcome these

obstacles, response-free subsampling strategies relying solely on covariates have been

proposed (Ma et al., 2015; Xie et al., 2019; Ma et al., 2022; Zhang et al., 2023; Xie

et al., 2025). For example, Zhang et al. (2021) and Wang et al. (2024) developed
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1.2 Our contributions

optimal response-free weighted and unweighted subsample estimators for GLMs un-

der the LD-scenario, and Shao et al. (2025) advanced the field by employing DS to

derive an optimal response-free subsampling strategy under the HD-scenario. How-

ever, these methods are tailored to non-longitudinal data, highlighting a valuable

opportunity to extend these concepts to longitudinal settings.

1.2 Our contributions

Although significant progress has been made in optimal subsampling for parametric

models with univariate responses, to the best of our knowledge, the development

of an optimal subsampling strategy for longitudinal GLMs under measurement con-

straints remains an open area, particularly under the HD-scenario. To bridge this

gap, this paper introduces four key innovations: (i) the accommodation of within-

subject dependence, (ii) the use of response-free subsampling probabilities, (iii) the

handling of high-dimensional nuisance parameters, and (iv) the development of both

weighted and unweighted subsample estimators. These features collectively address

methodological and theoretical complexities that have yet to be fully explored in

prior literature. The main contributions of this study are summarized as follows.

(1) Given response-free probabilities, we develop a cluster subsampling framework

that maintains and incorporates the correlation structure within each cluster.

Under the LD-scenario, we construct our cluster subsample estimator based on
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1.2 Our contributions

the weighted quasi-score, which enjoys consistency and asymptotic normality

(see Theorem 1). Under the HD-scenario, a quasi DS designed for estimation

and inference for a pre-specified low-dimensional parameter is further proposed

to ensure that the asymptotic properties can still be maintained in the presence

of slowly converging nuisance parameters (see Theorem 5). More importantly,

we derive unconditional asymptotic distributions for the subsample estimators

instead of the conditional distributions given the full data (Wang et al., 2018;

Ai et al., 2021), which is sufficient for valid inference on the true parameter.

(2) To pursue efficient cluster subsampling, Theorems 2 and 6 characterize the

optimal response-free subsampling schemes by minimizing the traces of the

asymptotic covariance matrices associated with the linearly transformed sub-

sample estimators, under A- and L-optimality criteria. Unlike a substantial

body of existing methods that directly leverage the response information, our

design must rely solely on covariates. Consequently, these derivations offer

novel insights that build upon the existing longitudinal subsampling literature

(Wang et al., 2023; Gao et al., 2025). A two-step algorithm is also proposed

for practical implementation, and Theorems 3 and 7 establish the asymptotic

properties of the resultant two-step cluster subsample estimators under the LD-

and HD-scenarios, respectively.
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1.3 Organization

(3) To achieve more stable and efficient cluster subsampling, we further construct

unweighted subsample estimators based on the optimal subsamples, with their

asymptotic properties rigorously established in Theorems 4 and 8. This devel-

opment requires careful consideration and is feasible precisely because of the

response-free subsampling framework, whereas a response-dependent design

would typically introduce bias. Moreover, under the Loewner ordering, Theo-

rems 4 and 8 demonstrate that the unweighted subsample estimators possess

smaller asymptotic covariance matrices than their weighted counterparts, indi-

cating superior efficiency. Both simulation studies and a real-data application

demonstrate that our response-free subsample estimators achieve comparable

performance to the response-dependent subsample estimators proposed by Gao

et al. (2025), and circumvent the costly measurement of responses for every

observation before subsampling. Consequently, our approach offers a dual ad-

vantage: substantial estimation efficiency alongside significant practical cost

savings.

1.3 Organization

The remainder of the paper is organized as follows. Section 2 develops optimal

response-free cluster subsample estimators for GLMs under the LD-scenario, while

Section 3 further presents a quasi DS to obtain optimal cluster subsample estimators
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under the HD-scenario. Numerical studies illustrating the efficacy of the proposed

methods are provided in Section 4, followed by a real-data application in Section

5 that further validates our results. Section 6 provides concluding remarks and

discussions. Detailed proofs of all theorems can be found in the Supplementary

Material.

2. Optimal response-free cluster subsampling under the LD-scenario

For the i-th subject, let Yi = (yi1, . . . , yimi
)T ∈ Rmi and Xi = (xi1, . . . ,ximi

)T ∈

Rmi×p be clustered response vector and covariate matrix, respectively, where yij and

xij ∈ Rp are the j-th measurements for j = 1, . . . ,mi and i = 1, . . . , n. The cluster

sizes mi’s are bounded by a fixed constant m = max1≤i≤nmi. To ease the presenta-

tion, we present the balanced scenario in the main paper (i.e., mi = m for all sub-

jects) and discuss the more notation-intense case with unbalanced measurements in

the Supplementary Material. Assume (Xi,Yi)’s are independent and identically dis-

tributed (i.i.d.) copies from a population (X,Y ), but observations within the same

subject are correlated with a common unknown correlation matrix Π0 = corr(Y |X).

The conditional density of yij on xij satisfies a GLM with canonical link,

f(yij|β0,xij) ∝ exp
{yij(βT

0 xij)− ψ(βT
0 xij)

a(ϕ)

}
,

where ψ(t) and a(t) are specific functions, β0 is the unknown parameter assumed to

be in a compact set and ϕ is the dispersion parameter. Without loss of generality,
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2.1 Response-free weighted cluster subsample estimator

set a(ϕ) = 1.

If the full dataset Fn = {(Xi,Yi), i = 1, . . . , n} is available and p is small, the

customary estimator β̂F of β0 is a solution to the following quasi-score equation

(Liang and Zeger, 1986),

1

n

n∑
i=1

XT
i A

1/2
i (b)R̃−1

F {A1/2
i (b)}−1{Yi − µi(b)} = 0, b ∈ Rp,

where µi(b) = (ψ̇(bTxi1), . . . , ψ̇(b
Txim))

T,A
1/2
i (b) is the diagonal matrix of order m

whose j-th diagonal entry is {ψ̈(bTxij)}1/2, ψ̇ and ψ̈ > 0 are the first and second-

order derivatives of ψ, R̃F is the estimated working correlation matrix based on the

residual-based moment method (Liang and Zeger, 1986). Some common working

correlation structures include independent (IND), compound symmetry (CS) and

first-order autoregressive (AR) structures, which will be specified in Section 2.2.

2.1 Response-free weighted cluster subsample estimator

Under measurement constraints, however, although covariates Xi can be fully ob-

served across the dataset, the observations of the response Yi are unavailable at the

beginning, and we can only afford to measure the responses on a very small por-

tion of the whole dataset. Therefore, β̂F is infeasible. In this paper, our goal is

to determine an optimal response-free cluster subsampling scheme that determines

which data points are most beneficial to measure given a budget constraint, and

then obtains an efficient subsample estimator of β0 with consistency and asymptotic
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2.1 Response-free weighted cluster subsample estimator

normality.

Assume we only observe an extensive dataset {Xi}ni=1 at the beginning. Given

cluster probabilities πi = πi({Xi}ni=1), where
∑n

i=1 πi = r and πi > 0 only depends on

covariates, take a random cluster subsample of expected cluster size r using Poisson

sampling. Once a cluster is selected, all its observations are extracted together, and

we measure the corresponding responses within this cluster. Subsequently, we col-

lect the cluster subsample F∗ = {(X∗
i ,Y

∗
i )}r

∗
i=1 based on the associated subsampling

probabilities {π∗
i }r

∗
i=1, where r

∗ is the actual cluster subsample size produced by Pois-

son sampling satisfying E(r∗) = r. Given an estimated working correlation structure

R̃, the response-free weighted cluster subsample estimator β̂w is the solution to the

following quasi-score:

S∗
w(β; R̃) =

1

n

∑
i∈I

1

π∗
i

X∗T
i {A∗

i (β)}1/2R̃−1{A∗
i (β)}−1/2{Y ∗

i − µ∗
i (β)} = 0, (2.1)

where µ∗
i andA∗

i are µi andAi with (Xi,Yi) replaced by (X∗
i ,Y

∗
i ), respectively, and

I denotes the index set of F∗. Note that the inverse inclusion probability weighting

1/π∗
i ensures that E[S∗

w(β0;R)] = 0, where R = limit of R̃ is a constant positive-

definite matrix but not necessarily the true correlation matrix Π0.

To establish the asymptotic properties of β̂w, some regularity conditions are

listed as follows.

(A.1) The covariates and responses satisfy ∥xij∥ ≤ C, E(∥Yi∥6) ≤ C for some con-
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2.1 Response-free weighted cluster subsample estimator

stant C > 0.

(A.2) The matrix R satisfies 0 < λmin(R) ≤ λmax(R) < ∞, where λmin(R) and

λmax(R) are the minimum and maximum eigenvalues of R, respectively.

(A.3) The subsampling probabilities satisfy max1≤i≤n(nπi)
−1 = OP (r

−1).

Assumption (A.1) contains commonly used conditions on the covariates and re-

sponses (Ai et al., 2021; Yu et al., 2022). Assumption (A.2) poses restrictions on the

limit of the estimated correlation matrix for longitudinal data (Wang et al., 2012;

Gao et al., 2025). Assumption (A.3), which is typical in Poisson subsampling liter-

ature, is introduced to avoid extremely small sampling probabilities that could lead

to unstable estimators; see Wang et al. (2022) and Yu et al. (2022).

Theorem 1. Under Assumptions (A.1)-(A.3), assuming Φ = E[XT
i A

1/2
i (β0)R

−1

A
1/2
i (β0)Xi] is positive-definite, then β̂w − β0 = OP (r

−1/2) and

(Φ−1ΞπΦ
−1)−1/2(β̂w − β0)

d→ N(0, Ip),

where Ξπ = E
[
n−2

n∑
i=1

π−1
i XT

i A
1/2
i (β0)R

−1Π0R
−1A

1/2
i (β0)Xi

]
.

Remark 1. When m = 1 or R = Im, our response-free weighted subsample es-

timator β̂w through Poisson sampling degenerates to its sampling-with-replacement

counterpart proposed by Zhang et al. (2021). Meanwhile, the asymptotic variance of

β̂w does not depend on the limit of r/n, and is generally smaller than that of the

latter.
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2.2 Optimal cluster subsampling probabilities

2.2 Optimal cluster subsampling probabilities

According to Theorem 1, since the asymptotic variance matrix of (β̂w−β0) depend on

{πi}ni=1 through Ξπ, one can select the optimal probabilities that minimize the trace

tr(DΦ−1ΞπΦ
−1DT), where D ∈ Rp×p is a known, fixed and nonsingular matrix.

Theorem 2. Let hDi = [tr{DΦ−1XT
i A

1/2
i (β0)R

−1Π0R
−1A

1/2
i (β0)XiΦ

−1DT}]1/2

for i = 1, . . . , n and denote hD(1) ≤ hD(2) ≤ · · · ≤ hD(n) as the order statistics of {hDi }ni=1.

Under the assumptions of Theorem 1, if the subsampling probabilities are chosen as

πD
i =

hDi ∧MD∑n
i=1(h

D
i ∧MD)

, (2.2)

then tr(DΦ−1ΞπΦ
−1DT) attains its minimum, where MD = (r − ω)−1

∑n−ω
i=1 h

D
(i)

and ω = min{υ | 0 ≤ υ ≤ r, hD(n−υ) <
∑n−υ

i=1 h
D
(i)/(r − υ)}.

Remark 2. Theorem 2 shows that the optimal subsampling design depends on the

term R−1Π0R
−1. If the working correlation structure is correctly specified, i.e.,

R = Π0, this term becomes Π−1
0 . Let X⃗i := A

1/2
i (β0)XiΦ

−1DT, which can be

interpreted as a pseudo-covariate matrix in the i-th cluster. The optimal subsampling

design favors clusters whose pseudo-covariate has a correlation structure that deviates

more from the within-cluster correlation matrix Π0. When the working correlation is

misspecified, the effect of correlation is no longer directly interpretable solely in terms

of Π0. Depending on the discrepancy between R and Π0, the matrix R−1Π0R
−1 can

Statistica Sinica: Newly accepted Paper 



2.2 Optimal cluster subsampling probabilities

take on arbitrary values, potentially leading to systematic misallocation of sampling

effort.

Since the optimal probabilities {πD
i }ni=1 depend on the unknown population level

quantities β0, R, Π0 and Φ, they are thus not directly applicable. Below we provide

a two-step algorithm to approximate the optimal subsampling probabilities for prac-

tical implementation. (i) In the first step, draw a subsample F∗p = {X∗p
i ,Y

∗p
i }r∗pi=1

of expected cluster size rp through uniform Poisson subsampling and then calcu-

late an initial estimator β̃p under the IND working structure as the solution of∑
i∈Ip

(X∗p
i )T{Y ∗p

i − µ∗p
i (β)}/rp = 0 with Ip being the index set of F∗p. Therefore,

Π0 can be estimated by Π̃p =
∑
i∈Ip

[{A∗p
i (β̃p)}−1/2{Y ∗p

i − µ∗p
i (β̃p)}]⊗2/rpσ̃2, where

σ̃2 is the estimated variance of the residual, e.g., σ̃2 =
∑
i∈Ip

m∑
j=1

(y∗pij − β̃T
px

∗p
ij )

2/(rpm)

for linear regression and σ̃2 = 1 for logistic regression and Poisson regression. Next,

one can estimate R under a specific model structure. For example, under the IND

working structure, R̃p = Im; under the CS and AR working structures, all diagonal

elements of R̃p are equal to 1, while the (j, j′)-th off-diagonal elements of R̃p are

equal to

∑
i∈Ip

∑
j ̸=j′

v∗pij v
∗p
ij′/[m(m− 1)rpσ̃2], {

∑
i∈Ip

∑
|j−j′|=1

v∗pij v
∗p
ij′/[2(m− 1)rpσ̃2]}|j−j′|, (2.3)

respectively, with v∗pij = [y∗pij − ψ̇(β̃T
px

∗p
ij )]/{ψ̈(β̃T

px
∗p
ij )}1/2. Furthermore, Φ is esti-

mated by Φ̃p =
∑
i∈Ip

(X∗p
i )T{A∗p

i (β̃p)}1/2R̃−1
p {A∗p

i (β̃p)}1/2X∗p
i /r

p. Therefore, we can
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2.2 Optimal cluster subsampling probabilities

approximate πD
i in (2.2) by

π̃D
i = h̃Di /

n∑
i=1

h̃Di (2.4)

with h̃Di = [tr{DΦ̃−1
p XT

i A
1/2
i (β̃p)R̃

−1
p Π̃pR̃

−1
p A

1/2
i (β̃p)XiΦ̃

−1
p DT}]1/2 for i = 1, . . . , n.

Note that we directly take MD = ∞ as suggested by Yu et al. (2022) to attain

faster calculation, which necessitates a truncation step (π̃D
i ∧ 1) to guarantee the

probability bound. (ii) In the second step, we draw another informative subsample

F∗D = {X∗D
i ,Y ∗D

i }r∗i=1 of expected cluster size r ≥ rp using the estimated (π̃D
i ∧ 1)

in (2.4) from the full dataset after removing F∗p. The final two-step estimator β̂D
w

is the solution to

1

n

∑
i∈ID

1

π̃∗D
i ∧ 1

(X∗D
i )T{A∗D

i (β)}1/2R̃−1
p {A∗D

i (β)}−1/2{Y ∗D
i − µ∗D

i (β)} = 0

with ID denoting the index set of F∗D.

Theorem 3. Under the assumptions of Theorem 1, we have β̂D
w − β0 = OP (r

−1/2)

and

(mDΦ−1ΞDΦ−1)−1/2{
√
r(β̂D

w − β0)}
d→ N(0, Ip),

with ΞD = E
[
XT

i A
1/2
i (β0)R

−1Π0R
−1A

1/2
i (β0)Xi/h

D
i

]
and mD = E(hDi ).

To conduct statistical inference, we propose to estimate the asymptotic covari-

ance matrix of
√
r(β̂D

w −β0) by (Φ̂D)−1Ξ̂D(Φ̂D)−1, where Φ̂D = n−1
∑
i∈ID

(π̃∗D
i ∧1)−1

(X∗D
i )T{A∗D

i (β̂D
w )}1/2R̃−1

p {A∗D
i (β̂D

w )}1/2X∗D
i , Ξ̂D = n−2

∑
i∈ID

(π̃∗D
i ∧ 1)−2(X∗D

i )T

{A∗D
i (β̂D

w )}1/2R̃−1
p Π̃pR̃

−1
p {A∗D

i (β̂D
w )}1/2X∗D

i .
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2.3 Response-free unweighted cluster subsample estimator

To simultaneously bypass inverse probability weighting and improve estimation effi-

ciency, based on the optimal subsample F∗D = {X∗D
i ,Y ∗D

i }r∗i=1, we propose another

unweighted cluster subsample estimator β̂D
uw as the solution to S∗D

uw (β; R̃p) = 0 with

S∗D
uw (β; R̃p) =

1

n

∑
i∈ID

(X∗D
i )T{A∗D

i (β)}1/2R̃−1
p {A∗D

i (β)}−1/2{Y ∗D
i − µ∗D

i (β)}.

(2.5)

The next theorem establishes asymptotic results for β̂D
uw, and further demonstrates

that β̂D
uw attains superior estimation efficiency than its weighted counterpart β̂D

w .

Theorem 4. Under Assumptions (A.1)-(A.2), assuming ΓD = E[hDi X
T
i A

1/2
i (β0)R

−1

A
1/2
i (β0)Xi] is positive-definite, then β̂D

uw − β0 = OP (r
−1/2) and

[mD(ΓD)−1∆D(ΓD)−1]−1/2{
√
r(β̂D

uw − β0)}
d→ N(0, Ip),

where ∆D = E[hDi X
T
i A

1/2
i (β0)R

−1Π0R
−1A

1/2
i (β0)Xi]. Moreover, if R = Π0, then

(ΓD)−1∆D(ΓD)−1 ≤ Φ−1ΞDΦ−1, where the inequalities are in the Loewner ordering.

Remark 3. Our proposed unweighted estimator β̂D
uw still remains asymptotically

unbiased thanks to its response-free subsampling design. In contrast, a response-

dependent strategy, such as that employed by Gao et al. (2025), would introduce

asymptotic bias based on unweighted estimation. On the other hand, similar to Re-

mark 1, the unweighted subsample estimator proposed by Wang et al. (2024) through
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sampling with replacement emerge as a special case of β̂Duw through Poisson sampling

when m = 1, and also yields generally larger asymptotic variance than β̂Duw (Wang

et al., 2022).

To conduct statistical inference, we propose to estimate the asymptotic covari-

ance matrix of
√
r(β̂D

uw−β0) by m̂
D(Γ̂D)−1∆̂D(Γ̂D)−1, where Γ̂D = n−1

∑
i∈ID

m̂D(X∗D
i )T

{A∗D
i (β̂D

uw)}1/2R̃−1
p {A∗D

i (β̂D
uw)}1/2X∗D

i , ∆̂D = n−1
∑
i∈ID

m̂D(X∗D
i )T{A∗D

i (β̂D
uw)}1/2R̃−1

p

Π̃pR̃
−1
p {A∗D

i (β̂D
uw)}1/2X∗D

i .

3. Optimal response-free cluster subsampling under the HD-scenario

In this section, we assume that the dimension of β0 can be larger than the subsam-

ple size r (HD-scenario). Correspondingly, the covariates can be divided into two

components, i.e., xij = (zT
ij,u

T
ij)

T, where zij is a pre-determined low-dimensional

subvector of xij with dimension d ≪ p containing the covariates of primary inter-

est (based on prior knowledge or specified in advance) and the remaining covariates

uij are extraneous (they may be associated with yij and/or zij). Consequently, the

density of yij|xij becomes

f(yij|β0,xij) ∝ exp{yij(θT
0 zij + γT

0 uij)− ψ(θT
0 zij + γT

0 uij)}, (3.6)

and we aim to conduct parameter estimation and statistical inference for θ0 in the

presence of high-dimensional nuisance parameter γ0.
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3.1 Response-free weighted DS cluster subsample estimator

3.1 Response-free weighted DS cluster subsample estimator

Assign response-free subsampling probabilities ϖi = ϖi({Xi}ni=1) to the i-th data

cluster, draw a random subsample of expected cluster size r (r ≪ n) from the

full dataset using Poisson sampling to acquire the measurements of response. Subse-

quently, we collect the cluster subsample F∗ = {(X∗
i ,Y

∗
i )}r

∗
i=1 based on the associated

subsampling probabilities {ϖ∗
i }r

∗
i=1 and E(r∗) =

∑n
i=1ϖi = r. With an estimated

working correlation structure R̆, we define the following weighted subsampling quasi

DS function motivated by Ning and Liu (2017),

Q∗
w(θ;γ,W0, R̆) =

1

n

∑
i∈I

1

ϖ∗
i

(Z∗
i−U ∗

i W0)
T{A∗

i (β)}1/2R̆−1{A∗
i (β)}−1/2{Y ∗

i −µ∗
i (β)},

(3.7)

where

W0 = argmin
ω

E{∥R−1/2A
1/2
i (β0)(Zi −Uiω)∥2F}

=
[
E{UT

i A
1/2
i (β0)R

−1A
1/2
i (β0)Ui}

]−1[
E{UT

i A
1/2
i (β0)R

−1A
1/2
i (β0)Zi}

]
,

and R = limit of R̆. Note that the inverse probability weighting guarantees the

unbiasedness of the estimating equation, i.e., E[Q∗
w(θ0;γ0,W0,R)] = 0. Besides,

Q∗
w(θ0;γ0,W0,R) further satisfies E[∇γQ

∗
w(θ0;γ0,W0,R)] = 0, which is the or-

thogonality property such that the convergence rate of the subsample estimator of

θ0 will not be affected by slowly converging estimators of γ0.

To solve the subsampling quasi DS function (3.7), initial estimators of β0, R and
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3.1 Response-free weighted DS cluster subsample estimator

W0 are needed. As in Shao et al. (2025), we draw another independent pilot sub-

sample of expected cluster size rp from the full data with uniform Poisson sampling,

denoted as F∗p = {(Y ∗p
i ,X∗p

i )}r∗pi=1 with E(r∗p) = rp, and then obtain the following

Lasso-type estimator β̆p under IND structure (Tibshirani, 1996):

β̆p = argmin
β

{ 1

mrp

∑
i∈Ip

m∑
j=1

[
−y∗pij (βTx∗p

ij ) + ψ(βTx∗p
ij )

]
+ λ1∥β∥1

}
, (3.8)

where Ip is the index set of F∗p and λ1 is a regularized parameter. Next, the

estimator R̆p of R can be estimated using the same method in (2.3) of Section 2.2,

and then we obtain a Lasso-type estimator of W0 as follows (Obozinski et al., 2011):

W̆p = argmin
ω

{ 1

rp

∑
i∈Ip

∥R̆−1/2
p {A∗p

i (β̆p)}1/2(Z∗p
i −U ∗p

i ω)∥2F + λ2

p−d∑
j=1

∥ωj∥
}
, (3.9)

where ωj is the j-th row of ω and λ2 is a regularized parameter. Plugging β̆p, R̆p

and W̆p into (3.7), the weighted subsampling quasi DS estimator, denoted as θ̌w,

based on the subsample is the solution to

Q∗
w(θ; γ̆p, W̆p, R̆p)

=
1

n

∑
i∈I

1

ϖ∗
i

(Z∗
i −U ∗

i W̆p)
T{A∗

i (θ, γ̆p)}1/2R̆−1
p {A∗

i (θ, γ̆p)}−1/2{Y ∗
i − µ∗

i (θ, γ̆p)} = 0.

To establish the asymptotic properties of θ̌w, some further regularity conditions

are needed.

(A.4) The covariates and model residuals satisfy ∥xij∥∞ ≤ C, ∥yij−ψ̇(βT
0 xij)∥ψ1 ≤ C

for some constant C > 0, where ∥X∥ψ1
= supc≥1 c

−1
{
E
[∣∣X∣∣c]}1/c

for a random

variable X.
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3.1 Response-free weighted DS cluster subsample estimator

(A.5) The true parameter β0 is sparse with support Sβ0 and |Sβ0| = sβ. The matrix

W0 is sparse with support SW0 = {l : w0l ̸= 0, l = 1 . . . , p − d}, where w0l is

the l-th row of W0, |SW0| = sW and max1≤l≤d |w0luij| ≤ C.

(A.6) For any set P ⊂ {1, . . . , p} and any vector v belonging to the cone C(P , κ) =

{v ∈ Rp : ∥vPc∥1 ≤ κ ∥vP∥1}, where vP is the vector containing components

of v with indexes in P and Pc is the complement of P , there exists a constant

C > 0 such that

inf
0̸=v∈C(P,κ)

∑
i∈I

m∑
j=1

(
vTx∗

ij

)2
ψ̈
(
βT
0 x

∗
ij

)
nϖ∗

i ∥v∥2
≥ C.

(A.7) The subsample sizes satisfy r−1 log p = o(1), r1/2(rp)−1(sW ∨ sβ) log p = o(1)

and (rp)−1/2(sW ∨ sβ) log p = o(1). The regularized parameters λ1 and λ2

satisfy λ1 = O(
√
log p/rp) and λ2 = O(

√
log p/rp).

(A.8) The subsampling probabilities satisfy max1≤i≤n(nϖi)
−1 = OP (r

−1).

Assumption (A.4) is a version of Assumption (A.1) for high-dimensional β0,

which is stronger than Assumption (A.1) but standard for analyzing high-dimensional

GLMs (Wang et al., 2012; Fang et al., 2020). Assumption (A.5) presents the sparsity

of β0 and W0, which is common for high-dimensional GLMs (Ning and Liu, 2017;

Shao et al., 2025). Assumption (A.6), known as the restricted eigenvalue condition,

provides the necessary curvature of the loss function within a cone (Raskutti et al.,
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3.2 Optimal DS cluster subsampling probabilities

2010; Fang et al., 2020; Gao et al., 2025). Assumption (A.7) imposes some restrictions

on the subsampling sizes rp and r, akin to assumptions in Gao et al. (2025) and Shao

et al. (2025). Assumption (A.8) is similar to Assumption (A.4) for LD-scenario.

Theorem 5. Under Assumptions (A.2) and (A.4)-(A.8), assuming Λ = E
[
(Zi −

UiW0)
TA

1/2
i (β0)R

−1A
1/2
i (β0)(Zi − UiW0)

]
is positive-definite, then θ̌w − θ0 =

OP (r
−1/2) and

(Λ−1ΥϖΛ
−1)−1/2(θ̌w − θ0)

d→ N(0, Id),

where Υϖ = E
[
n−2

n∑
i=1

ϖ−1
i (Zi−UiW0)

TA
1/2
i (β0)R

−1Π0R
−1A

1/2
i (β0)(Zi−UiW0)

]
.

3.2 Optimal DS cluster subsampling probabilities

According to Theorem 5, since the asymptotic variance matrix of (θ̌w − θ0) depends

on {ϖi}ni=1 through Υϖ, one can select the optimal probabilities that minimizes

tr(DΛ−1ΥϖΛ
−1DT), where D ∈ Rd×d is a known, fixed and nonsingular matrix.

Theorem 6. Let ℏDi = [tr{DΛ−1(Zi −UiW0)
TA

1/2
i (β0)R

−1Π0R
−1A

1/2
i (β0)(Zi −

UiW0)Λ
−1DT}]1/2 for i = 1, . . . , n and denote ℏD(1) ≤ ℏD(2) ≤ · · · ≤ ℏD(n) as the

order statistics of {ℏDi }ni=1. Under the assumptions of Theorem 5, if the subsampling

probabilities are chosen as

ϖD
i =

ℏDi ∧ LD∑n
i=1(ℏDi ∧ LD)

, (3.10)
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3.2 Optimal DS cluster subsampling probabilities

then tr(DΛ−1ΥϖΛ
−1DT) attains its minimum, where LD = (r− δ)−1

∑n−δ
i=1 ℏD(i) and

δ = min{υ | 0 ≤ υ ≤ r, ℏD(n−υ) <
∑n−υ

i=1 ℏD(i)/(r − υ)}.

Since the optimal probabilities {ϖD
i }ni=1 depend on the unknown population level

quantities β0, R, Π0, W0 and Λ, they are thus not directly applicable. Below we

provide a two-step algorithm to approximate the optimal subsampling probabilities

for practical implementation. (i) In the first step, we draw a pilot subsample denoted

as F∗p = {X∗p
i ,Y

∗p
i }r∗pi=1 of expected cluster size rp through uniform Poisson subsam-

pling and then the initial estimators β̆p, Π̆p, R̆p, W̆p can be calculated in the same

way as in (2.3) and (3.8)-(3.9), respectively. Furthermore, the estimator of Λ is calcu-

lated by Λ̆p =
∑
i∈Ip

(Z∗p
i −U ∗p

i W̆p)
T{A∗p

i (β̆p)}1/2R̆−1
p {A∗p

i (β̆p)}1/2(Z∗p
i −U ∗p

i W̆p)/r
p,

and then we obtain the estimator of ϖD
i by ϖ̆D

i = ℏ̆Di /
∑n

i=1 ℏ̆Di , where

ℏ̆Di = [tr{DΛ̆−1
p (Zi−UiW̆p)

TA
1/2
i (β̆p)R̆

−1
p Π̆pR̆

−1
p A

1/2
i (β̆p)(Zi−UiW̆p)Λ̆

−1
p DT}]1/2.

(ii) In the second step, we draw another informative subsample F∗D = {X∗D
i ,Y ∗D

i }r∗i=1

of expected size r using (ϖ̆D
i ∧1) from the full dataset after removing F∗p. The final

estimator θ̌D
w is the solution to

1

n

∑
i∈ID

1

ϖ̆∗D
i ∧ 1

(Z∗D
i −U∗D

i W̆p)
T{A∗D

i (θ, γ̆p)}1/2R̆−1
p {A∗D

i (θ, γ̆p)}−1/2{Y ∗D
i −µ∗D

i (θ, γ̆p)} = 0.

Theorem 7. Under the assumptions of Theorem 5, we have θ̌D
w − θ0 = OP (r

−1/2)

and

(lDΛ−1ΥDΛ−1){
√
r(θ̌D

w − θ0)}
d→ N(0, Id),
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3.3 Response-free unweighted DS cluster subsample estimator

where ΥD = E[(Zi − UiW0)
TA

1/2
i (β0)R

−1Π0R
−1A

1/2
i (β0)(Zi − UiW0)/ℏDi ] and

lD = E(ℏDi ).

To conduct statistical inference, we propose to estimate the asymptotic covari-

ance matrix of
√
r(θ̌D

w −θ0) by (Λ̌D)−1Υ̌D(Λ̌D)−1, where Λ̌D = n−1
∑
i∈ID

(ϖ̆∗D
i ∧1)−1

(Z∗D
i − U ∗D

i W̆p)
T{A∗D

i (θ̌D
w , γ̆p)}1/2R̆−1

p {A∗D
i (θ̌D

w , γ̆p)}1/2(Z∗D
i − U ∗D

i W̆p), Υ̌
D =

n−2
∑
i∈ID

(ϖ̆∗D
i ∧1)−2 (Z∗D

i −U ∗D
i W̆p)

T{A∗D
i (θ̌D

w , γ̆p)}1/2R̆−1
p Π̆pR̆

−1
p {A∗D

i (θ̌D
w , γ̆p)}1/2

(Z∗D
i −U ∗D

i W̆p).

3.3 Response-free unweighted DS cluster subsample estimator

Similar to Section 2.3, we further define the unweighted subsampling quasi DS func-

tion for θ0 as

Q∗D
uw (θ;γ,W

D
0 , R̆) =

1

n

∑
i∈ID

(Z∗D
i −U∗D

i WD
0 )T{A∗D

i (β)}1/2R̆−1{A∗D
i (β)}−1/2{Y ∗D

i −µ∗D
i (β)},

where WD
0 is another projection matrix to ensure E[∇γQ

∗D
uw (θ0,γ0,W

D
0 ,R)] = 0.

After some derivations, the matrix WD
0 is given by

WD
0 = argmin

ω
E{∥(ℏDi )1/2R−1/2A

1/2
i (β0)(Zi −Uiω)∥2F}

=
[
E{ℏDi UT

i A
1/2
i (β0)R

−1A
1/2
i (β0)Ui}

]−1[
E{ℏDi UT

i A
1/2
i (β0)R

−1A
1/2
i (β0)Zi}

]
,

which can also be consistently estimated using the pilot subsample, i.e.,

W̆D
p = argmin

ω

{ 1

rp

∑
i∈Ip

∥(ℏ̆D∗
i )1/2R̆−1/2

p {A∗p
i (β̆p)}1/2(Z∗p

i −U ∗p
i ω)∥2F +λ3

p−d∑
j=1

∥ωj∥
}
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3.3 Response-free unweighted DS cluster subsample estimator

with a regularized parameter λ3, and ℏ̆D∗
i has the same form as ℏ̆Di with Zi, Ui and

Ai substituted by Z∗p
i , U ∗p

i and A∗p
i , respectively. Therefore, the unweighted sub-

sampling quasi DS estimator, denoted as θ̌D
uw, is a solution to the following equation:

1

n

∑
i∈ID

(Z∗D
i −U ∗D

i W̆D
p )T{A∗D

i (θ, γ̆p)}1/2R̆−1
p {A∗D

i (θ, γ̆p)}−1/2{Y ∗D
i −µ∗D

i (θ, γ̆p)} = 0.

(3.11)

To establish asymptotic properties for θ̌D
uw, some conditions are needed as follows.

(A.9) The matrix WD
0 is sparse with support SWD

0
= {l : wD

0l ̸= 0, l = 1 . . . , p −

d}, |SWD
0
| = sWD and max1≤l≤d |wD

0lu| ≤ C for some constant C > 0.

(A.10) The subsample sizes satisfy r1/2(rp)−1(sWD ∨ sβ) log p = o(1), (rp)−1/2(sWD ∨

sβ) log p = o(1) and λ3 = O(
√
log p/rp).

Theorem 8. Under Assumptions (A.2), (A.4)-(A.6) and (A.9)-(A.10), assuming

ΨD = E[ℏDi (Zi−UiW
D
0 )TA

1/2
i (β0)R

−1A
1/2
i (β0)(Zi−UiW

D
0 )] is positive-definite,

then θ̌D
uw − θ0 = OP (r

−1/2) and

[lD(ΨD)−1ΩD(ΨD)−1]−1/2{
√
r(θ̌D

uw − θ0)}
d→ N(0, Id),

where ΩD = E[ℏDi (Zi−UiW
D
0 )TA

1/2
i (β0)R

−1Π0R
−1A

1/2
i (β0)(Zi−UiW

D
0 )]. More-

over, if R = Π0, then (ΨD)−1ΩD(ΨD)−1 ≤ Λ−1ΥDΛ−1, where the inequalities are

in the Loewner ordering.

Remark 4. Our weighted and unweighted subsample estimators θ̌D
w and θ̌D

uw are also

extensions of estimators proposed by Shao et al. (2025) under the HD-scenario when
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m = 1. To sum up, our proposed estimators broaden the scope of Zhang et al. (2021),

Wang et al. (2024) and Shao et al. (2025) in two aspects, from non-longitudinal data

to longitudinal data, and from sampling with replacement to Poisson sampling.

To conduct statistical inference, we propose to estimate the asymptotic covari-

ance matrix of
√
r(θ̌D

uw−θ0) by ľ
D(Ψ̌D)−1Ω̌D(Ψ̌D)−1, where Ψ̌D = n−1

∑
i∈ID

ľD(Z∗D
i −

U ∗D
i W̆D

p )T{A∗D
i (θ̌D

uw, γ̆p)}1/2R̆−1
p {A∗D

i (θ̌D
uw, γ̆p)}1/2(Z∗D

i − U ∗D
i W̆D

p ), Ω̌D = n−1

∑
i∈ID

ľD(Z∗D
i −U ∗D

i W̆D
p )T{A∗D

i (θ̌D
uw, γ̆p)}1/2R̆−1

p Π̆pR̆
−1
p {A∗D

i (θ̌D
uw, γ̆p)}1/2(Z∗D

i −U ∗D
i W̆D

p ).

4. Simulation studies

In this section, we assess the finite-sample performance of our proposed subsample

estimators through both linear and logistic regression models in Sections 4.1 and 4.2,

respectively. For both models, a full dataset of cluster size n = 106 with m = 3

observations is generated. For a unified presentation, we use the notation δ̄ to

denote a generic estimator representing β̂ under the LD-scenario in Section 2 or

θ̌ under the HD-scenario in Section 3. Seven candidates for comparison are listed

as follows: (a) Our proposed response-free weighted estimators based on A- and L-

optimality criteria, respectively, denoted as δ̄A
w and δ̄L

w; (b) Our proposed response-

free unweighted estimators using the same subsampling probabilities and subsample

as in (a), respectively, denoted as δ̄A
uw and δ̄L

uw; (c) The response-dependent weighted

estimators based on A- and L-optimality criteria (Gao et al., 2025), respectively,
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4.1 Linear regression

denoted as δ̄A
d and δ̄L

d ; (d) The uniform subsampling estimator denoted as δ̄U. We

consider rp = 400 and r = 400, 600, 800, 1000. All simulation results are based on

500 replications.

4.1 Linear regression

For linear regression, we generate correlated observations in cluster i according to

Yi|Xi ∼ N(α0 +Ziθ0 +Uiγ0, Σy|x), i = 1, . . . , n,

where α0 = 1, βT
0 = (θT

0 ,γ
T
0 )

T = (1, . . . , 1)T ∈ R5 under the LD-scenario, and

θT
0 = (1, 1, 1)T ∈ R3,γT

0 = (1, 1, 0 . . . , 0)T ∈ R600 under the HD-scenario. For both

scenarios, Σy|x is a 3× 3 compound symmetry matrix with diagonal elements equal

to 1 and off-diagonal elements equal to 0.8. For all i, the three rows of Xi are

independent and identically distributed, with each row generated from t5(0,Σx/10)

with (Σx)l1,l2 = 0.5|l1−l2|. Note that based on such settings the CS working structure

is correct, while the IND and AR structures are incorrect.

We evaluate the performance of seven candidates listed in (a)-(d) in terms of

bias, empirical MSE, standard deviation (SD), estimated standard error (SE) and

average coverage probability (ACP) of 95% confidence intervals with respect to the

true parameter. Figure 1, Table 1 and Table S1 in the Supplementary Material sum-

marize the detailed results. In terms of MSE, all methods exhibit nearly the same

relative performance under different working correlation structures. Specifically, the
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4.1 Linear regression
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Figure 1: MSEs for linear regression.
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4.1 Linear regression

Table 1: Bias (×100), SE, SD, and ACP for linear regression under the LD-scenario.

Model r β̂U β̂A
d β̂L

d β̂A
w β̂L

w β̂A
uw β̂L

uw
IND 400 Bias 5.354 5.081 5.009 5.111 5.563 5.936 5.891

SE 0.248 0.204 0.210 0.233 0.238 0.225 0.226
SD 0.242 0.194 0.205 0.220 0.230 0.210 0.215
ACP 0.942 0.953 0.944 0.958 0.951 0.954 0.956

600 Bias 4.910 5.275 5.286 4.753 4.915 5.281 5.339
SE 0.203 0.167 0.171 0.190 0.194 0.183 0.184
SD 0.192 0.159 0.160 0.180 0.184 0.170 0.171
ACP 0.951 0.941 0.949 0.953 0.955 0.953 0.958

800 Bias 4.594 5.147 4.830 4.719 4.807 5.192 5.273
SE 0.175 0.144 0.149 0.164 0.168 0.158 0.159
SD 0.164 0.138 0.139 0.158 0.160 0.150 0.147
ACP 0.947 0.939 0.952 0.938 0.944 0.947 0.946

1000 Bias 4.496 4.765 4.840 4.535 4.508 5.196 5.113
SE 0.157 0.129 0.133 0.146 0.150 0.141 0.142
SD 0.151 0.125 0.125 0.139 0.144 0.128 0.131
ACP 0.939 0.928 0.938 0.944 0.943 0.946 0.946

AR 400 Bias 3.147 3.098 3.171 3.310 3.767 2.732 2.983
SE 0.146 0.126 0.130 0.140 0.143 0.132 0.134
SD 0.141 0.122 0.122 0.136 0.139 0.127 0.130
ACP 0.948 0.949 0.957 0.949 0.940 0.951 0.950

600 Bias 3.138 2.672 2.876 2.666 2.500 2.113 2.105
SE 0.120 0.102 0.105 0.114 0.116 0.107 0.109
SD 0.117 0.099 0.102 0.108 0.109 0.100 0.103
ACP 0.946 0.957 0.953 0.952 0.955 0.964 0.951

800 Bias 2.773 2.459 2.554 2.861 2.981 2.304 2.325
SE 0.104 0.089 0.091 0.098 0.101 0.093 0.094
SD 0.097 0.084 0.085 0.091 0.095 0.084 0.088
ACP 0.958 0.950 0.946 0.949 0.944 0.954 0.951

1000 Bias 2.736 2.786 2.951 2.756 2.749 2.166 2.092
SE 0.093 0.079 0.082 0.088 0.090 0.083 0.084
SD 0.086 0.073 0.074 0.082 0.083 0.075 0.076
ACP 0.952 0.941 0.940 0.938 0.940 0.953 0.958

CS 400 Bias 2.831 2.813 3.353 3.205 3.157 2.766 2.797
SE 0.136 0.120 0.123 0.132 0.135 0.124 0.126
SD 0.130 0.116 0.118 0.126 0.128 0.117 0.119
ACP 0.957 0.947 0.946 0.955 0.952 0.959 0.959

600 Bias 3.113 2.636 2.465 3.143 2.982 2.575 2.763
SE 0.111 0.097 0.100 0.108 0.110 0.101 0.103
SD 0.109 0.095 0.096 0.101 0.105 0.093 0.098
ACP 0.934 0.947 0.947 0.943 0.940 0.947 0.941

800 Bias 2.998 2.825 2.619 3.020 3.204 2.433 2.630
SE 0.096 0.084 0.086 0.093 0.095 0.087 0.089
SD 0.091 0.082 0.083 0.085 0.088 0.077 0.081
ACP 0.949 0.929 0.940 0.949 0.949 0.957 0.947

1000 Bias 3.022 2.882 2.943 2.881 3.037 2.404 2.484
SE 0.086 0.075 0.078 0.083 0.085 0.078 0.079
SD 0.081 0.071 0.071 0.076 0.077 0.068 0.070
ACP 0.944 0.933 0.949 0.948 0.945 0.965 0.950
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4.1 Linear regression

uniform subsample estimator δ̄U always results in the largest MSEs, while δ̄A
d and δ̄L

d

using optimal response-dependent probabilities always result in the smallest MSEs,

since they utilize the information and knowledge from responses and thus lead to

superior estimation. However, our proposed optimal response-free subsample esti-

mators also have comparable performances to δ̄A
d and δ̄L

d . Among them, δ̄A
w and δ̄A

uw

have smaller MSEs than δ̄L
w and δ̄L

uw, respectively, and δ̄A
uw and δ̄L

uw have smaller

MSEs than δ̄A
w and δ̄L

w, respectively. These findings align with our theoretical results

in Theorems 2, 4, 6 and 8 that A-optimality minimizes the MSEs of subsample esti-

mators and unweighted estimation strategy is more efficient than weighted strategy.

It is worth noting that δ̄A
d and δ̄L

d require access to the response variable for each

data point, which is infeasible under measurement constraints. By contrast, our

response-free subsampling approach circumvents this limitation and leads to com-

parable performance. The MSEs of all estimators decline as r increases. Since the

CS working structure is correct, all subsample estimators using CS structure have

smaller variances than their analogs under wrong working structures. Although the

AR structure is incorrect, it still leads to substantially lower variances compared

with the IND working structure. This indicates that it is important to model the

correlation even though the working structure may not be correct, rather than ig-

nore the correlation entirely. All seven subsample estimators have small biases close

to 0 even under the misspecification of working correlation structure. Regarding
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4.2 Logistic regression

ACPs, all seven subsample estimators enjoy results close to 0.95 under both LD-

and HD-scenarios. This alignment with the nominal confidence level corroborates

the asymptotic normality of the estimators and validates the accuracy of our pro-

posed covariance matrix formulations. For ALs, all optimal subsample estimators

result in shorter ALs than δ̄U. The A-optimal estimators enjoy shorter ALs than L-

optimal estimators, and the unweighted estimators have shorter ALs than weighted

estimators. As r increases, the ALs of all subsample estimators decrease.

4.2 Logistic regression

For logistic regression, we generate correlated observations in cluster i according to

log
{ P (yij = 1|xij)
1− P (yij = 1|xij)

}
= α0 + θT

0 zij + γT
0 uij, i = 1, . . . , n, j = 1, . . . ,m

with m = 3 correlated binary responses generated by R package mvtBinaryEP (Em-

rich and Piedmonte, 1991) under a correlation matrix whose diagonal elements equal

to 1 and off-diagonal elements equal to 0.4. We set α0 = 0.1, βT
0 = (θT

0 ,γ
T
0 )

T =

(0.5,−0.5, 0.4,−0.4)T ∈ R4 under LD-scenario, and θ0 = (0.5,−0.5)T ∈ R2, γ0 =

(0.4,−0.4, 0, . . . , 0)T ∈ R600 under HD-scenario. For all i, the three rows of Xi are

independent and identically distributed, with each row generated from t10(0,Σx/10).

Note that based on such settings the CS working structure is correct, while the IND

and AR structures are incorrect. We compare the seven candidates described in

Section 4.1 with their performance presented in Figure 2, Table 2 and Table S2 in
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4.2 Logistic regression
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Figure 2: MSEs for logistic regression.
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4.2 Logistic regression

Table 2: Bias (×100), SE, SD, and ACP for logistic regression under the LD-scenario.

Model r β̂U β̂A
d β̂L

d β̂A
w β̂L

w β̂A
uw β̂L

uw
IND 400 Bias 0.883 0.802 0.841 1.180 1.019 0.813 0.800

SE 0.203 0.187 0.198 0.193 0.199 0.189 0.193
SD 0.202 0.187 0.196 0.193 0.201 0.192 0.194
ACP 0.954 0.952 0.955 0.953 0.946 0.946 0.949

600 Bias 0.496 0.738 0.695 0.534 0.712 0.715 0.706
SE 0.166 0.152 0.161 0.157 0.162 0.154 0.157
SD 0.164 0.150 0.157 0.159 0.163 0.155 0.158
ACP 0.950 0.948 0.952 0.949 0.948 0.945 0.946

800 Bias 0.492 0.562 0.732 0.512 0.584 0.734 0.722
SE 0.143 0.132 0.139 0.136 0.140 0.133 0.136
SD 0.142 0.129 0.135 0.135 0.141 0.132 0.136
ACP 0.948 0.950 0.960 0.953 0.951 0.950 0.950

1000 Bias 0.518 0.490 0.541 0.587 0.682 0.793 0.871
SE 0.128 0.118 0.125 0.122 0.125 0.119 0.121
SD 0.125 0.114 0.121 0.118 0.125 0.116 0.120
ACP 0.955 0.962 0.957 0.955 0.953 0.956 0.951

AR 400 Bias 0.863 0.693 0.633 1.029 0.765 0.860 0.835
SE 0.183 0.158 0.167 0.178 0.183 0.171 0.176
SD 0.182 0.157 0.164 0.177 0.181 0.170 0.173
ACP 0.953 0.956 0.956 0.944 0.952 0.949 0.954

600 Bias 0.617 0.681 0.476 0.575 0.445 0.621 0.579
SE 0.149 0.128 0.136 0.145 0.149 0.140 0.143
SD 0.148 0.126 0.134 0.143 0.147 0.137 0.140
ACP 0.953 0.950 0.951 0.955 0.954 0.956 0.955

800 Bias 0.468 0.607 0.496 0.550 0.557 0.701 0.730
SE 0.129 0.111 0.117 0.125 0.129 0.121 0.124
SD 0.128 0.109 0.114 0.122 0.129 0.117 0.122
ACP 0.950 0.950 0.959 0.957 0.952 0.955 0.954

1000 Bias 0.415 0.583 0.624 0.476 0.558 0.643 0.718
SE 0.116 0.099 0.105 0.112 0.115 0.108 0.111
SD 0.113 0.098 0.102 0.108 0.113 0.104 0.107
ACP 0.955 0.956 0.955 0.953 0.957 0.956 0.956

CS 400 Bias 0.605 0.571 0.585 0.742 0.672 0.847 0.641
SE 0.178 0.151 0.160 0.172 0.177 0.165 0.170
SD 0.177 0.148 0.156 0.169 0.174 0.162 0.166
ACP 0.950 0.956 0.949 0.955 0.957 0.954 0.961

600 Bias 0.435 0.593 0.541 0.376 0.383 0.558 0.533
SE 0.145 0.123 0.130 0.141 0.145 0.135 0.139
SD 0.143 0.121 0.125 0.139 0.141 0.133 0.135
ACP 0.955 0.951 0.954 0.955 0.961 0.953 0.958

800 Bias 0.386 0.516 0.482 0.481 0.461 0.670 0.615
SE 0.126 0.106 0.112 0.122 0.125 0.117 0.120
SD 0.124 0.104 0.108 0.119 0.122 0.114 0.117
ACP 0.955 0.955 0.956 0.953 0.958 0.955 0.962

1000 Bias 0.490 0.550 0.567 0.534 0.612 0.705 0.790
SE 0.112 0.095 0.101 0.109 0.112 0.104 0.107
SD 0.109 0.092 0.098 0.105 0.109 0.099 0.103
ACP 0.961 0.957 0.957 0.954 0.957 0.957 0.960
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the Supplementary Material. Similar conclusions can be drawn as those observed in

the linear regression model.

5. Beijing air quality dataset

We demonstrate the applicability of our proposed methods to Beijing Multi-Site Air

Quality dataset (https://archive.ics.uci.edu/dataset/501/beijing+multi+site+

air+quality+data), which comprises hourly emission of PM2.5 and meteorological

variables from 12 nationally-controlled monitoring sites in Beijing from March 1st,

2013 to February 28th, 2017, amounting to a total of 420,768 observations. To

capture the correlation of the emission of PM2.5 and reduce heterogeneity across

regions, we segment the 24 daily observations into 6-hour intervals, thereby trans-

forming them into 4 subjects per day. As a result, we have n = 70128 subjects

with m = 6 observations in each cluster. Since the longitudinal emission of PM2.5

is highly correlated, it is necessary to handle the correlation structure within these

longitudinal data. For i = 1, . . . , n, the response variable Yi ∈ R6 is the concentra-

tion of PM2.5. Our target is to investigate the effects of two relevant air pollutants

Zi ∈ R6×2, i.e., NO2 and CO, on PM2.5 Yi ∈ R6. To enhance the interpretability of

the model, we also involve 210 nuisance variables Ui ∈ R6×210 including temperature,

pressure, dew point temperature, wind speed and their 2nd to 6th order terms and

interaction terms. To apply our proposed method, we consider the linear regression
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model (3.6) and investigate the effects of Zi on Yi, denoted as θ1 and θ2, under the

presence of 210 extraneous covariates Ui.

We consider a pilot subsample of expected cluster size rp = 100 and two choices

of r =100, 200, respectively. Table 3 presents the average of point estimates and

SEs of θ1 and θ2 using methods described in Section 4 under CS and AR working

structures based on 500 independent samplings. For comparison, we also include

full dataset analysis θ̌Full solved from regular DS equation. From Table 3, it can

be seen that the point estimates of all methods under both correlation structures

are close to the full dataset estimates. However, our proposed optimal response-

free subsample estimators yield the smallest SEs in most cases. To be specific, the

SEs of A-optimal estimators are smaller than their L-optimal analogs, and the SEs

of unweighted estimates are smaller than their weighted analogs, which coincides

with our theoretical results. When the subsample size increases, the SEs of all

subsample estimates decrease. Regarding statistical inference, all methods show

that at level 0.05, the effects of both Z1 and Z2 are significantly positive, aligning

with the inference results for θ̌Full.

6. Concluding remarks

For analyzing large-scale longitudinal data under GLMs when the full dataset is un-

available due to measurement constraints, we have developed a response-free cluster
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Table 3: Point estimates and standard errors for NO2 and CO.

Model r θ̌Full θ̌A
uw θ̌L

uw θ̌A
w θ̌L

w θ̌A
d θ̌L

d θ̌U

AR 100 θ̌1 0.315 0.285 0.298 0.292 0.290 0.293 0.294 0.265
SE 0.004 0.033 0.035 0.039 0.040 0.054 0.055 0.076
θ̌2 0.309 0.290 0.282 0.331 0.339 0.333 0.336 0.387
SE 0.006 0.025 0.030 0.033 0.036 0.045 0.049 0.085

200 θ̌1 0.315 0.293 0.303 0.300 0.296 0.293 0.293 0.275
SE 0.004 0.023 0.024 0.028 0.029 0.037 0.038 0.062
θ̌2 0.309 0.286 0.275 0.329 0.334 0.337 0.335 0.379
SE 0.006 0.018 0.020 0.024 0.025 0.032 0.034 0.068

CS 100 θ̌1 0.298 0.275 0.260 0.272 0.267 0.272 0.272 0.255
SE 0.003 0.032 0.034 0.038 0.039 0.052 0.053 0.075
θ̌2 0.357 0.336 0.360 0.368 0.378 0.359 0.361 0.403
SE 0.005 0.030 0.031 0.036 0.037 0.048 0.052 0.088

200 θ̌1 0.298 0.272 0.261 0.269 0.268 0.266 0.268 0.258
SE 0.003 0.023 0.023 0.026 0.027 0.036 0.037 0.057
θ̌2 0.357 0.329 0.351 0.363 0.369 0.366 0.368 0.396
SE 0.005 0.020 0.022 0.025 0.026 0.034 0.036 0.067

subsampling approach and a general optimality subsampling criterion that incorpo-

rates within-subject correlation. Extensive simulations and a real-data application

demonstrate the superior statistical and computational performance of the proposed

method in both LD- and HD-scenarios.

Several further problems warrant investigation. First, the subsample size allo-

cation between the two steps affects the accuracy of the initial pilot estimates and

the precision of the final estimator, thereby impacting the overall estimation effi-

ciency under a fixed budget. However, a systematic investigation into determining

the optimal subsample size allocation between these two steps is still lacking. Sec-

ond, while R = Π0 is a sufficient condition for efficiency gains from unweighted
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estimation, it is important to identify alternative, easily verifiable conditions that

still guarantee efficiency improvements even when R ̸= Π0. Because perfectly spec-

ifying the true correlation structure Π0 is often difficult in practice, discovering

relaxed conditions would significantly enhance the robustness and practical utility of

our estimators. Third, with nonuniform subsamples, widely used augmented inverse

probability weighting (Han, 2014; Qin et al., 2017) is effective in improving estima-

tion efficiency; empirical likelihood weighting techniques (Fan et al., 2026) may also

yield higher estimation efficiency than standard inverse probability weighting. Effec-

tively integrating these advanced methods into our response-free cluster subsampling

framework warrants further investigation. Addressing this requires carefully incor-

porating within-cluster correlation structures alongside these techniques to achieve

higher estimation efficiency.
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