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Abstract: Compositional data represent the relative abundances of individual

components within a whole and arise in a wide range of scientific fields. A

central task in compositional data analysis is to characterize conditional depen-

dence among components, typically through estimation of the precision matrix

in graphical models. Most existing methods are designed for a single composi-

tional vector. In microbiome studies, however, multiple compositional vectors

— such as bacterial and fungal profiles — are often observed for each sample,

posing additional challenges for network inference. In particular, precision ma-

trix estimation is complicated by compositional constraints, high dimensionality

and the need to jointly model multiple interdependent compositional vectors. In

this paper, we propose an adaptive procedure, called Amcoda, for estimating

the precision matrix of latent absolute abundances from multiple compositional

vectors. We establish convergence rates for the Amcoda estimator under vari-

ous matrix norms and provide theoretical guarantees for support recovery. Ex-

tensive simulations demonstrate that Amcoda outperforms existing methods in

both estimation accuracy and edge detection for network inference from multiple
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compositional vectors. We further apply Amcoda to a real microbiome dataset

to infer bacterial-fungal cross-domain networks and identify several interactions

of potential biological interest.

Key words and phrases: Compositional data analysis, graphical models, high-

dimensional inference, microbiome networks, precision matrix estimation.

1. Introduction

Compositional data lie in the positive simplex and represent relative pro-

portions of components, such as microbial abundances in biology, sector

contributions in economics and word frequencies in text mining. Under-

standing conditional dependence — typically characterized by the inverse

covariance matrix (also called precision matrix) — is crucial for uncovering

complex interactions among components, for example, microbe-microbe re-

lationships that may influence host health in microbiome studies. While

most existing methods focus on a single compositional vector, many mod-

ern applications generate multiple compositional vectors per sample. This

setting brings several challenges: (i) the constant-sum constraint, which

invalidates classical correlation analyses and can induce spurious depen-

dencies; (ii) high dimensionality, which exacerbates both statistical and

computational difficulties in precision matrix estimation; and (iii) the need
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to jointly model interdependent compositional vectors (e.g., bacterial and

fungal abundances) while respecting multiple simplex constraints.

Several methodological directions have been developed for a single com-

positional vector. Early approaches rely on approximating the covariance

structure via the centered log-ratio (clr) transformation. SPIEC-EASI

combines the clr transformation with neighborhood selection or graphi-

cal lasso to infer the precision matrix (Kurtz et al. , 2015). Its key as-

sumption — that the clr covariance approximates the covariance of la-

tent absolute abundances — may fail for certain network structures. Re-

lated clr-based covariance approximations have also been combined with

SCIO-type estimators (Liu and Luo , 2015; Zhang and He , 2019). A sec-

ond line of work develops likelihood-based methods. GCoda imposes a

logistic-normal model on compositional data and estimates the precision

matrix via penalized maximum likelihood (Fang et al. , 2017); to ad-

dress the resulting non-convex optimization, gCoda employs a majorization-

minimization algorithm to improve computational efficiency and stability

relative to SPIEC-EASI. More recent contributions introduce regularized

and robust approaches: one replaces the sample covariance in ACLIME

with a Huber-type estimator (Liang, Wu and Ma , 2022; Cai, Liu and Luo ,

2011), and CARE establishes asymptotic identifiability of the precision ma-
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trix of latent absolute abundances and adapts CLIME to the compositional

setting with convergence guarantees and provable support recovery (Zhang,

Wang and Lin , 2025).

Most existing methods, however, are designed for a single compositional

vector. In practice, multiple compositional vectors routinely arise. For ex-

ample, in microbiome research, bacterial abundances are typically quanti-

fied using 16S rRNA sequencing, whereas fungal abundances are measured

using internal transcribed spacer (ITS) sequencing, yielding two composi-

tional vectors for each sample. Extending single-vector approaches to the

multi-vector setting poses at least two challenges. First, the constraint

structure changes fundamentally: the single-vector case imposes one sim-

plex constraint (components sum to 1), whereas the multi-vector case im-

poses multiple simplex constraints — one for each compositional vector —

so multiple constraints must be handled simultaneously. Second, both the-

ory and computation become more challenging. Correlation across composi-

tional vectors complicates the derivation of key estimator properties relative

to the single-vector setting, and the computational burden increases due

to higher dimensionality and the need to account for multiple constraints.

Tipton et al. (2018) extends SPIEC-EASI to infer bacterial-fungal interac-

tions, but this approach inherits the limitations of clr-based approximations
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and may fail under certain conditions. More recently, gmcoda uses an ad-

ditive logistic-normal model to estimate partial correlations across domains

and performs well empirically (Fang , 2023). Nevertheless, general statis-

tical methods for precision matrix inference with multiple compositional

vectors remain underdeveloped.

In this paper, we propose an adaptive procedure, called Amcoda, for

estimating the precision matrix of latent absolute abundances from multiple

compositional vectors. Amcoda extends single-vector methodology to the

multi-vector setting and provides theoretical guarantees including conver-

gence rates and support recovery. Through comprehensive simulations, we

show that Amcoda outperforms competing approaches in both estimation

accuracy and edge detection, particularly in high-dimensional regimes. We

further apply Amcoda to microbiome data to infer bacterial-fungal networks

and identify several interactions of potential biological interest.

This manuscript is organized as follows. Section 2 introduces the model

specification and presents the proposed methodology. Section 3 establishes

the theoretical properties of Amcoda including convergence rates and sup-

port recovery. Section 4 reports simulation studies and an application to

microbial cross-domain network inference. Section 5 concludes with a dis-

cussion. Proofs of all theoretical results and additional simulation results
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are provided in the Supplementary Material.

2. Methods

2.1 Preliminaries

We begin by introducing the notations and definitions used throughout. All

vectors are column vectors. For a matrix A, let A⊤ denote its transpose.

Let Ip, 1p and ej for j = 1, . . . , p denote the p × p identity matrix, the p-

vector of ones and the p-vector with a 1 in the jth position and 0s elsewhere,

respectively. For 1 ≤ α ≤ ∞, let ∥a∥α denotes the vector ℓα-norm for a

vector a. For a matrix A, let ∥A∥α, ∥A∥max and ∥A∥F denote the matrix

ℓα-norm, the entrywise max-norm and the Frobenius norm, respectively.

For a vector a = (ai) and a matrix A = (aij), define exp(a) = (exp(ai)),

log(a) = (log(ai)) and sgn(A) = (sgn(aij)) where sgn(·) denotes the sign

function. For a positive semidefinite matrix A, let λmin(A), λmax(A) and

λ+
min(A) denote, respectively, (i) the smallest eigenvalue, (ii) the largest

eigenvalue and (iii) the smallest strictly positive eigenvalue of A.

Assume that d compositional vectors X(1), . . . ,X(d) are observed where

X(i) = (X
(i)
1 , . . . , X (i)

pi
)⊤,

pi∑
j=1

X
(i)
j = 1, i = 1, . . . , d.

Let p =
∑d

i=1 pi and without loss of generality assume p1 ≥ . . . ≥ pd. Each
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2.1 Preliminaries

compositional vector X(i) is linked to an unobserved log-basis vector Y (i) =

(Y
(i)
1 , . . . , Y

(i)
pi )⊤ through

X
(i)
j =

exp(Y
(i)
j )

1⊤
pi
exp(Y (i))

, j = 1, . . . , pi, i = 1, . . . , d. (2.1)

Define the concatenated vectors

X =
(
(X(1))⊤, . . . , (X(d))⊤

)⊤
, Y =

(
(Y (1))⊤, . . . , (Y (d))⊤

)⊤
.

Our goal is to infer the conditional dependence structure of the latent vec-

tor Y based on observations of X. Let Σ0 and Ω0 = Σ−1
0 = (ω0

kl) denote

the covariance matrix and the precision matrix of Y , respectively. If Y fol-

lows a multivariate normal distribution, then the conditional independence

between the kth and lth variables of Y (given the other p − 2 variables)

is equivalent to ω0
kl = 0. Thus, Ω0 encodes the conditional dependence

network under multivariate normality of Y .

Taking logarithms on both sides of Equation (2.1) gives

log(X
(i)
j ) = Y

(i)
j − log

{
1⊤
pi
exp (Y (i))

}
, j = 1, . . . , pi, i = 1, . . . , d.

Let R = diag(1p1 , . . . , 1pd) and define the block-diagonal projection matrix

G = Ip −R(R⊤R)−1R⊤. Then

G log(X) = GY . (2.2)
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2.1 Preliminaries

Let Σc = (σc
kl) denote the covariance matrix of G log(X). From Equation

(2.2),

Σc = GΣ0G. (2.3)

Moreover, for d ≥ 1,

∥Σc −Σ0∥max ≤ 3∥Σ0∥1/pd.

In particular, if ∥Σ0∥1 = o(pd), then ∥Σc − Σ0∥max = o(1). This suggests

approximating Ω0 = Σ−1
0 by an “inverse” of Σc. However, due to the

d constant-sum constraints, Σc is singular. We therefore work with its

Moore-Penrose inverse Ωc = (ωc
kl). The relationship among Σc, Ωc and the

target Σ0 is summarized in Proposition 1 (proved in Supplementary Text

S1).

Proposition 1. Let Ωc be the Moore-Penrose inverse of Σc. Then

Ωc = Ω0 −Ω0R
(
R⊤Ω0R

)−1
R⊤Ω0,

and

(a) ΣcΩc = G;

(b) GΩc = Ωc and ΩcR = 0;

(c) λmin (Ω0) ≤ λ+
min (Ωc) ≤ λmax (Ωc) ≤ λmax (Ω0);
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2.1 Preliminaries

(d) min1≤k≤p σ
c
kkω

c
kk ≥

(
1− 1/pd

)2.
Proposition 1 shows that Ωc behaves similarly to Ω0, up to a rank-d

correction induced by the simplex constraints. In particular, part (a) implies

that ΣcΩc equals G rather than the identity matrix. Part (b) follows from

the special structure of G and the identity R⊤G = 0. Part (c) relates the

positive eigenvalues of Ωc to those of Ω0, and part (d) provides a diagonal-

dominance-type bound linking Σc and Ωc.

To study identifiability and convergence, define the matrix class

Uq,r (s0(p),Mp) = {Ω = (ωkl) : Ω ≻ 0, max
1≤l≤p

p∑
k=1

|ωkl|q ≤ s0(p), ∥Ω∥1 ≤ Mp,

1/r ≤ λmin(Ω) ≤ λmax(Ω) ≤ r},

where Ω ≻ 0 denotes positive definiteness, 0 ≤ q < 1 and r > 1 are con-

stants, and s0(p) and Mp may diverge with p. If Ω0 ∈ Uq,r (s0(p),Mp), then

the following properties hold (proved in Supplementary Text S2).

Proposition 2. Suppose Ω0 ∈ Uq,r (s0(p),Mp). Then

(a) pd
rp21

≤ ∥Ωc −Ω0∥max ≤
rM2

p

pd
;

(b) ∥Ωc∥1 ≤
(
1 + r2

√
dp1

pd

)
Mp;

(c) 1/r ≤ λ+
min (Ωc) ≤ λmax (Ωc) ≤ r.
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2.2 Amcoda: Adaptive estimation of precision matrix from multiple
compositional vectors

Proposition 2(a) quantifies the identification error incurred when us-

ing Ωc as a surrogate for Ω0. In particular, if Mp = o(
√
pd), then this

error vanishes as pd → ∞, so that Ωc provides an asymptotically accu-

rate approximation to Ω0. Parts (b) and (c) show that the ℓ1-norm and

positive eigenvalues of Ωc remain bounded within the same matrix class

Uq,r (s0(p),Mp).

2.2 Amcoda: Adaptive estimation of precision matrix from mul-

tiple compositional vectors

Suppose we observe independent and identically distributed samples X1, . . . ,Xn

of X from the representation in Equation (2.1). The sample covariance es-

timator of Σc is

pΣc =
1

n− 1

n∑
s=1

G

{
log(Xs)−

1

n

n∑
l=1

log(X l)

}{
log(Xs)−

1

n

n∑
l=1

log(X l)

}⊤

G.

By Equation (2.3), pΣc consistently estimates GΣ0G. Propositions 1-2 fur-

ther imply that both pΣcΩc and pΣcΩ0 concentrate around G. This motivates

estimating Ω0 via a constrained ℓ1-minimization procedure:

Ω̃ = argmin
Ω

∥Ω∥1 s.t. ∥pΣcΩ−G∥max ≤ λ, (2.4)

where λ > 0 is a tuning parameter. If compositional constraints are ignored,

the procedure (2.4) reduces to the classical CLIME estimator. However, the
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solution Ω̃ = (ω̃kl) is not guaranteed to be symmetric. We therefore define

the symmetrized Amcoda estimator pΩ = (pωkl) by

pωkl = pωlk = ω̃klI (|ω̃kl| ≤ |ω̃lk|) + ω̃lkI (|ω̃kl| > |ω̃lk|) ,

where I(·) denotes the indicator function. The resulting matrix pΩ is our

estimator of Ω0.

For numerical computation and tuning parameter selection, Amcoda

adopts the optimization framework and tuning strategy developed in CARE,

which ensures computational stability and aligns with our theoretical anal-

ysis (Supplementary Text S7).

3. Theoretical properties

In this section, we establish theoretical guarantees for the Amcoda estima-

tor, focusing on its convergence rates and support recovery under suitable

conditions. Without loss of generality, we assume that each component of

the log-basis vector Y has mean 0. Let v1, . . . , vp denote the column vec-

tors of GΩ0. To derive finite-sample guarantees for estimating the precision

matrix Ω0, we impose tail conditions on Y .

Condition 1.

(i) (Sub-Gaussian tails) There exist constants η > 0 and K ≥ 1 such
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that

max
a∈{e1,...,ep,v1,...,vp}

E

[
exp

{
η

(
a⊤Y

∥a∥2

)2}]
≤ K.

(ii) (Polynomial-type tails) There exist constants τ > 4 and K ≥ 0 such

that

max
a∈{e1,...,ep,v1,...,vp}

E

(∣∣∣∣a⊤Y

∥a∥2

∣∣∣∣τ) ≤ K.

Compared with the tail conditions assumed for a single compositional

vector in Zhang, Wang and Lin (2025), Condition 1 is weaker. Specifically,

Zhang, Wang and Lin (2025) requires the corresponding bounds to hold for

all unit vectors in Rp, whereas Condition 1 restricts the requirement to the

particular set of vectors by the columns of Ip and GΩ0. The next theorem

provides the convergence rate of the Amcoda estimator.

Theorem 1. Suppose Ω0 ∈ Uq,r (s0(p),Mp) with Mp = o
(√

p
)
.

(a) If Y satisfies Condition 1(i), then for any θ > 0, there exist constants

C1 > 0, η1 > 0 and η2 > 0 such that, if log p
n

≤ η2 and

λ =

√
p+ 1

pdλmin (Ω0)
∥Ω0∥1 + η1

√
log p

n
,

then the Amcoda estimator pΩ satisfies

∥pΩ−Ω0∥max ≤ C1Mp

(√
log p

n
+Mp

√
p

pd

)
(3.1)

with probability at least 1−O
(
p−θ
)
.
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(b) If Y satisfies Condition 1(ii) and p ≤ Cnτ0 for constants C > 0

and 0 < τ0 < τ/4 − 1, then for any θ > 0, there exist constants

C1 > 0, η1 > 0 and η2 > 0 such that, if log p
n

≤ η2 and λ is chosen as

in part (a), then

∥pΩ−Ω0∥max ≤ C1Mp

(√
log p

n
+Mp

√
p

pd

)
(3.2)

with probability at least

1−O
(
p−θ + n−τ/4+1+τ0 (log p)τ/4

)
.

Theorem 1 shows that the estimation error pΩ − Ω0 naturally decom-

poses into two components: the error from estimating Ωc based on compo-

sitional observations, and the error incurred when identifying Ω0 from Ωc.

The quantity Mp affects both terms. If Condition 1 is further relaxed to

require only max1≤j≤p E{exp(ηY 2
j )} ≤ K or max1≤j≤p E(|Yj|τ ) ≤ K, anal-

ogous results continue to hold, with the constants multiplying
√

(log p)/n

in Inequalities (3.1)-(3.2) modified accordingly (Supplementary Text S3).

To extend these guarantees to other matrix norms, we use the following

inequality (proved in Supplementary Text S4).

Lemma 1. If ∥b∥1 ≤ ∥a∥1 for two vectors a and b, then for any C > 0

and 0 ≤ α ≤ 1,

∥b− a∥1 ≤ 2
(
C−α + C1−α

)
∥a∥αα∥b− a∥1−α

∞ .
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In particular, when C = 1,

∥b− a∥1 ≤ 4∥a∥αα∥b− a∥1−α
∞ .

Combining Theorem 1 with Lemma 1 yields the following convergence

rates for the Amcoda estimator (proved in Supplementary Text S5).

Theorem 2. Suppose Mp = o
(
pd

√
log p
np

)
. Under the conditions of Theorem

1(a) (or 1(b)), the Amcoda estimator pΩ satisfies

∥pΩ−Ω0∥max = O

(
Mp

(
log p

n

)1/2
)
,

∥pΩ−Ω0∥1 = O

(
s0(p)M

1−q
p

(
log p

n

)(1−q)/2
)
,

∥pΩ−Ω0∥2 = O

(
s0(p)

√
pM1−q

p

(
log p

n

)(1−q)/2
)
,

1

p
∥pΩ−Ω0∥2F = O

(
s0(p)M

2−q
p

(
log p

n

)(2−q)/2
)

with probability at least 1 − O
(
p−θ
)

(or with the corresponding probability

bound in Theorem 1(b)).

To recover the support of Ω0, let ω∗ = min1≤k,l≤p
ω0
kl ̸=0

|ω0
kl| denote the mini-

mum signal strength. For a threshold τnp > 0, define the hard-thresholding

estimator pΩτ = (pωτ
kl), where pωτ

kl = pωklI(|pωkl| > τnp). Successful recovery

requires ω∗ to exceed the estimation noise level. The following corollary

shows that, under suitable conditions, the hard-thresholding estimator pΩτ
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can recover the support set of Ω0 with high probability (proved in Supple-

mentary Text S6).

Corollary 1. Under the assumptions of Theorem 1, if the threshold τnp

is chosen as the upper bound on the right-hand side of Inequality (3.1)

(or (3.2)) and ω∗ > 2τnp, then the hard-thresholding estimator pΩτ satisfies

sgn
(

pΩτ
)
= sgn (Ω0)

with probability at least 1 − O(p−θ) (or with the corresponding probability

bound in Theorem 1(b)).

4. Numerical Results

4.1 Simulation studies

We compare the numerical performance of Amcoda with three competing

methods: gmcoda (Fang , 2023), glasso (Friedman, Hastie and Tibshirani ,

2008) and SPIEC-EASI (Tipton et al. , 2018). We simulate n independent

observations of Y from a multivariate normal distribution with mean µ and

covariance Ω−1
0 . Throughout, we set d = 2 and generate two compositional

vectors from Y using the relation in Equation (2.1). The mean vector

µ is drawn uniformly from [−0.5, 0.5]p, and the precision matrix Ω0 is

constructed under four sparse network structures — band, hub, block and
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4.1 Simulation studies

random — following the procedure in Zhang, Wang and Lin (2025).

Our goal is to recover the conditional correlation network of the latent

vector Y from the observed compositional data X. Estimation accuracy is

evaluated using the matrix ℓ1, ℓ2 and Frobenius norms of pΩ−Ω0, while edge

recovery is assessed using the false positive rate (FPR), recall, precision and

F1 score. Each experiment is repeated 20 times and results are summarized

by averaging each metric over the replications. Computations are performed

on a Windows Server system equipped with a Hygon C86 5380 16-core

processor (2.50 GHz) and 128 GB of RAM.

The competing methods differ in both modeling assumptions and im-

plementation details. Glasso is designed for absolute (unconstrained) data

and therefore is applied after a log transformation of the compositional

observations, whereas SPIEC-EASI relies on the centered log-ratio trans-

formation. Amcoda selects tuning parameters via 5-fold cross-validation,

while gmcoda uses the Bayesian information criterion. For edge recovery,

glasso and SPIEC-EASI use stability selection (Liu, Roeder and Wasserman

, 2010).

Table 1 reports results for the four network structures under both a

large-sample regime (n > p1 + p2) and a high-dimensional regime (n ≤

p1 + p2). Across all configurations, Amcoda achieves substantially smaller
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4.1 Simulation studies

estimation errors than the competing methods. Amcoda also attains higher

recall, precision and F1 scores while maintaining a lower FPR in most

settings. In contrast, gmcoda and SPIEC-EASI tend to exhibit higher FPR,

resulting in excessive false edges, whereas glasso performs the worst overall

— highlighting the importance of explicitly accounting for compositional

constraints.

Amcoda is not the fastest method considered, but it provides the best

overall performance. Its computational cost — driven primarily by cross-

validation for the column-wise tuning parameters — can be substantially

reduced via parallel computing. To illustrate this, we compare the running

time of Amcoda and its competitors for the band network with p = 100,

200, 300, 400, 500 (Table S1). The parallel implementation of Amcoda

using 20 threads is significantly faster than glasso and SPIEC-EASI, and

remains computationally feasible in practice.

To assess performance with more than two compositional vectors, we

conduct additional simulations with p = 300 and d = 3, 4, 5, where the

total dimension is allocated approximately evenly across the d vectors. The

results (Table S2) are consistent with those in Table 1, confirming that

Amcoda performs robustly for multiple compositional vectors (d ≥ 2). To

further evaluate performance in a high-dimensional regime resembling real
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4.1 Simulation studies

microbiome studies (e.g., thousands of taxa), we also consider the simula-

tion setting with p = 1000 and d = 3. Amcoda remains computationally

feasible and maintains strong estimation accuracy in this setting (Table S3).

To study unbalanced cross-domain dimensions, simulations are con-

ducted with ratios p1 : p2 = 2, 4, 8, 10 while keeping p1 + p2 = 300. The

results (Table S4) show that Amcoda’s performance is stable across these

ratios, with only minor fluctuations across evaluation metrics.

To further demonstrate the advantage of Amcoda for multiple compo-

sitional vectors, we apply CARE — a method designed for a single com-

positional vector — directly to the multi-vector data. Across all scenarios,

Amcoda substantially outperforms CARE in terms of precision, recall, and

F1 score, highlighting the benefit of explicitly accounting for multiple sim-

plex constraints (Table S5).

We also assess Amcoda’s performance under varying levels of sparsity.

Specifically, for the band network with p = 100 and p = 300, we gen-

erate count data from a multinomial distribution, Multinomial(mi,X i),

where the total counts mi are sampled uniformly from three ranges —

[20p, 20p + 5000], [4p, 5p] and [p, 2p] — yielding approximately 5%, 25%

and 50% zeros, respectively. As expected, Amcoda’s performance deterio-

rates as the proportion of zeros increasing (Table S6).
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4.2 Real data analysis

Finally, to assess robustness under more realistic abundance heterogene-

ity, we conduct simulations in which the mean vector µ is drawn uniformly

from the broader range [0, 5]p, rather than the narrower interval [−0.5, 0.5]p

used in Table 1. Amcoda continues to outperform competing methods in

estimation error and F1 score, demonstrating robust performance under

heterogeneous abundances (Table S7).

4.2 Real data analysis

Amcoda is applied to a gut microbiome dataset from Haak et al. (2021)

to infer a microbial interaction network involving both bacteria and fungi.

The dataset consists of fecal samples from 59 subjects, with bacterial abun-

dances profiled by 16S rRNA sequencing and fungal abundances measured

by ITS sequencing, yielding 180 bacterial and 18 fungal operational tax-

onomic units (OTUs). We remove OTUs present in fewer than 20% of

samples and discard samples with more than 80% zero counts. After pre-

processing, 47 samples remain, containing 33 bacterial and 15 fungal OTUs.

For the remaining zeros, we add a pseudo-count of 0.5 to all counts and then

convert the data to compositions.

Table 2 reports the numbers of inferred edges for Amcoda and the

competing methods. Amcoda, gmcoda and SPIEC-EASI all detect cross-
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4.2 Real data analysis

Table 1: Performance comparisons of Amcoda and its competitors (gmcoda,

glasso and SPIEC-EASI) for band, hub, block and random networks with

(n, p1, p2) = (200, 50, 50) and (200, 150, 150). Results are averaged over 20

simulation replicates.
p1 = p2 Method ∥pΩ−Ω0∥1 ∥pΩ−Ω0∥2 ∥pΩ−Ω0∥F FPR Recall Precision F1 Time (s)

Band
50 Amcoda 3.57 2.83 10.92 0.03 0.85 0.51 0.64 19

gmcoda 3.79 3.39 14.74 0.07 0.80 0.31 0.45 1
glasso 4.22 3.84 17.32 0.02 0.01 0.02 0.01 98

SPIEC-EASI 3.84 3.35 14.40 0.03 0.76 0.54 0.63 35
150 Amcoda 3.75 3.23 23.19 0.01 0.68 0.63 0.65 316

gmcoda 3.97 3.55 27.37 0.03 0.68 0.25 0.37 11
glasso 4.45 3.89 29.75 0.02 0.01 0.01 0.01 4312

SPIEC-EASI 3.99 3.32 24.05 0.01 0.81 0.49 0.61 641
Hub

50 Amcoda 4.34 2.02 7.74 0.01 0.86 0.59 0.70 20
gmcoda 6.51 3.09 13.78 0.02 0.48 0.38 0.43 1
glasso 9.43 4.32 19.89 0.09 0.06 0.01 0.01 203

SPIEC-EASI 7.18 3.56 17.81 0.05 0.64 0.21 0.32 59
150 Amcoda 4.92 2.24 13.48 0.01 0.86 0.50 0.63 318

gmcoda 6.73 3.26 23.07 0.01 0.59 0.42 0.49 8
glasso 8.01 4.11 35.79 0.00 0.00 0.04 0.01 4310

SPIEC-EASI 6.28 3.44 28.73 0.01 0.91 0.35 0.51 768
Block

50 Amcoda 5.10 3.00 10.08 0.02 0.76 0.58 0.66 18
gmcoda 6.23 4.17 15.82 0.03 0.57 0.39 0.46 1
glasso 7.58 4.86 20.52 0.17 0.21 0.04 0.07 120

SPIEC-EASI 6.38 4.09 17.63 0.04 0.80 0.39 0.52 49
150 Amcoda 6.52 3.65 20.75 0.00 0.73 0.66 0.69 320

gmcoda 7.36 4.38 29.09 0.02 0.66 0.35 0.45 14
glasso 8.90 5.79 44.70 0.00 0.02 0.07 0.03 3654

SPIEC-EASI 7.69 4.86 37.87 0.02 0.74 0.34 0.46 945
Random

50 Amcoda 5.41 3.26 11.42 0.02 0.76 0.65 0.70 20
gmcoda 8.01 4.42 17.30 0.04 0.59 0.36 0.44 1
glasso 9.61 5.89 27.07 0.01 0.00 0.01 0.00 109

SPIEC-EASI 9.39 5.63 25.82 0.09 0.39 0.15 0.21 85
150 Amcoda 6.33 3.41 21.73 0.01 0.73 0.64 0.68 339

gmcoda 8.36 3.96 27.35 0.02 0.77 0.32 0.45 29
glasso 9.18 6.02 48.03 0.02 0.04 0.04 0.04 3214

SPIEC-EASI 8.53 5.37 43.82 0.03 0.63 0.25 0.35 1835
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4.2 Real data analysis

domain interactions — with 15, 81 and 1 edge(s), respectively — whereas

glasso identifies none. Figure 1 shows the overlaps among inferred edges.

Notably, all methods except glasso identify a negative association between

Agathobacter (bacteria) and Aspergillus (fungi), consistent with findings

from a COVID-19 microbiome study (Lv et al. , 2021). In addition, both

Amcoda and gmcoda detect interactions between Streptococcus and Can-

dida, in agreement with Sridhar et al. (2020).

To assess false discoveries for Amcoda, we permute the fungal samples

to disrupt any genuine cross-domain associations. Across 20 permutations,

the average numbers of false positives are 18 (Amcoda), 15 (gmcoda), 7

(glasso) and 6 (SPIEC-EASI). Although Amcoda yields most false posi-

tives, it also exhibits substantially higher power for edge detection in this

dataset. To determine whether this tendency is specific to the gut micro-

biome dataset or reflects a more general pattern, we conduct an additional

simulation under a null network (i.e., a true graph with no edges), using

the same sample size and dimensions as in the real data (n = 47, p1 = 33

and p2 = 15). The results show that Amcoda tends to produce a higher

false discovery count than the competing methods, consistent with the em-

pirical findings (Figure S1). This suggests that there remains room for

improvement in Amcoda’s tuning-parameter selection procedure.
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Table 2: Number of network edges inferred by Amcoda, gmcoda, glasso and

SPIEC-EASI for the microbiome dataset from Haak et al. (2021).

Method Bacteria-Bacteria Fungi-Fungi Bacteria-Fungi Total

Amcoda 23 9 15 47

gmcoda 148 37 81 266

glasso 11 7 0 18

SPIEC-EASI 23 9 1 33

Figure 1: Overlap of network edges inferred by Amcoda, gmcoda, glasso

and SPIEC-EASI on the microbiome dataset from Haak et al. (2021).

5. Conclusion

In this manuscript, we develop a new estimation framework for estimating

the precision matrix of unobserved latent absolute abundances from ob-

served multiple compositional vectors. We derive a closed-form expression

for the Moore-Penrose inverse of the covariance matrix of the log-ratio-
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transformed multiple compositional vectors, expressed directly in terms of

the precision matrix of latent absolute abundances. Leveraging this rela-

tionship, we propose Amcoda, a constrained ℓ1-minimization estimator, and

establish convergence rates under various matrix norms as well as support

recovery guarantees. Simulation studies show that Amcoda consistently

outperforms existing methods in both estimation accuracy and edge recov-

ery. An application to microbiome data further demonstrates its ability to

identify biologically meaningful cross-domain interactions between bacteria

and fungi.

Overall, Amcoda provides a principled extension of precision matrix

estimation from a single compositional vector to the multi-vector setting,

combining strong theoretical guarantees with robust empirical performance.

Future work includes developing likelihood-based inference under multivari-

ate normal models for latent absolute abundances and exploring likelihood-

driven strategies for the tuning-parameter selection.

Supplementary Materials

Proofs of all theoretical results and additional simulation studies are pro-

vided in the Supplementary Material.
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