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Abstract: We develop a distribution-free, nonparametric family of optional naive
tests for high-dimensional covariance identity testing. Within the naive test
framework of Hu and Bai (2016), we consider an operator-indexed family of
optional naive tests defined by a positive-definite operator W acting on the co-
variance structure. Classical U-statistic-based identity tests, such as that of
Chen et al. (2010), arise as isotropic choices of W, thereby embedding standard
Frobenius-norm-type procedures as special cases within a single operator-based
framework. We establish high-dimensional limiting distributions under the null
and alternatives and, to our knowledge, provide the first rigorous formalization
of a locally most powerful naive test (LMPNT) for high-dimensional covariance
identity testing. We propose a spectral optimization criterion for selecting W
by aligning its eigenvectors and eigenvalues with the departure spectrum; at the
oracle level, it yields an explicit operator Wy, 20Dt that is LMPNT over a struc-

tured class of alternatives. Extensive Monte Carlo experiments under Gaussian
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and non-Gaussian designs show accurate size control and substantial power gains

over existing methods.

Key words and phrases: High-dimensional covariance identity testing, Locally

most powerful naive test, Optional naive test, Spectral optimization, U-statistic.

1. Introduction

Testing hypotheses about covariance matrices is a classical and well-established
topic in multivariate analysis. Traditional multivariate methods are typi-
cally developed under the asymptotic regime where the sample size n tends
to infinity while the dimension p remains fixed; see, for example, Anderson
(2003). However, modern applications in genomics, signal processing and
finance routinely involve data sets whose dimensionality is comparable to or
even much larger than the sample size. In such high-dimensional settings,
many classical procedures either break down theoretically or suffer from se-
vere loss of power, and substantial efforts have been devoted to constructing
new tests together with an appropriate asymptotic theory.

In this paper, we consider the high-dimensional covariance identity test-
ing problem. Let x1,...,x, be independent and identically distributed p-

dimensional observations with mean vector g and covariance matrix 3. We



are interested in
Hy:X=1, vs. H:X=%,#1, (1.1)

where I, denotes the p X p identity matrix and X, is a positive-definite co-
variance matrix under the alternative. More generally, if the null hypothesis
is Hy : X = ¥, for a fixed positive-definite matrix ¥y, then applying the
linear transformation % 2%, reduces the problem to (1.1). We therefore
focus on the identity case without loss of generality.

In particular, hypotheses of the form (1.1) arise naturally in the analysis
of gene-expression microarray data and the associated large-scale multiple
testing. A common working simplification in such settings is that gene-
expression measurements are approximately independent across genes, or
at least exhibit a relatively simple covariance structure. It is therefore
statistically prudent to examine whether the covariance structure of the
data is compatible with the identity model, for example by testing Hj :
3 = I, before applying high-dimensional inferential procedures that rely
on such assumptions.

In the classical low-dimensional Gaussian setting, with S,, denoting the

unbiased centered sample covariance matrix, the likelihood ratio statistic

L, =tr(S,) —log|S,| —p



is a natural candidate for testing covariance identity, and its scaled version
is asymptotically chi-square; see Anderson (2003), Nagao (1973) and Wilks
(1932). However, when p grows with n, the chi-square calibration breaks
down and the uncorrected likelihood ratio test may suffer from severe size
distortion and power loss; see Bai et al. (2009).

To address this breakdown of classical procedures, a substantial liter-
ature has developed high-dimensional identity tests, which can be broadly
grouped into three lines. The first line consists of spectral procedures cali-
brated by random matrix theory. Early developments along this direction
include corrected likelihood ratio tests (CLRT) and their variants; see Bai
et al. (2009), Jiang and Yang (2013), Jiang and Qi (2015) and Zheng et al.
(2015), among others. These works establish asymptotic normality of suit-
ably centered and scaled LRT-type statistics when p/n — ¢ € (0,1), but
the resulting procedures are not directly applicable in the p > n regime.
More recently, Ding and Wang (2025) established global and local central
limit theorems for linear spectral statistics (LSS) of general sample covari-
ance matrices in ultra-high-dimensional regimes where the dimension may
be much larger than the sample size, and used these results to develop tests
based on linear spectral statistics. Relatedly, Ding et al. (2025) studied

two-sample covariance testing in ultra-high dimensions. These recent de-



velopments further highlight the importance of random matrix theory in
high-dimensional and ultra-high-dimensional covariance testing. A second
line of research develops tests based on quadratic functionals of ¥ —1,,, typi-
cally measured by the squared Frobenius norm. Early contributions include
Nagao’s trace-type statistic (Nagao, 1973) and its Gaussian refinement by
Ledoit and Wolf (2002). A prominent milestone is the unbiased U-statistic
of Chen et al. (2010), which estimates || X — IL,||% and yields a simple, pow-
erful and nonparametric procedure that remains valid in high-dimensional
settings where both the dimension p and the sample size n may be large,
without imposing explicit constraints on their relative growth. Further ex-
tensions and related developments can be found in Fisher (2012), Srivastava
et al. (2014) and the optimality-oriented work of Cai and Ma (2013), among
others. A third line focuses on maximum-type tests, which are particularly
effective against sparse alternatives. Xiao and Wu (2013) proposed a test
based on the maximum standardized entrywise deviation of the sample co-
variance matrix from the identity and established its limiting extreme-value
distribution. Such procedures complement Frobenius-type tests, but may
be less sensitive to dense or moderately dense alternatives. Further related
developments include Wu and Li (2020) and Chen et al. (2023).

These developments have substantially advanced our understanding



of high-dimensional covariance testing in terms of size control, detection
boundaries and minimax optimality. Nevertheless, there remains a notice-
able gap between the high-dimensional literature and the classical Neyman—
Pearson theory. In particular, Frobenius-norm-based tests, for example
those proposed by Ledoit and Wolf (2002), Chen et al. (2010) and Srivas-
tava et al. (2014), among many others, are typically evaluated in terms of
detection rates and asymptotic power under specific classes of alternatives,
and have not, in general, been developed within an explicitly defined class
of competing tests or equipped with a systematic theory of most power-
ful tests analogous to that in low-dimensional statistics. To the best of
our knowledge, a rigorous theory characterizing naive tests that are most
powerful within structured families in high-dimensional covariance identity
testing has so far received little attention in the statistics literature.

The present paper aims to bridge this gap by viewing high-dimensional
covariance identity testing through the lens of the nonparametric naive test
framework of Hu and Bai (2016) and by developing an operator-indexed
family of naive tests together with an accompanying local optimality the-
ory. The main contributions of this paper are threefold. First, working
within this framework, we introduce a positive-definite operator W acting

on the covariance structure and use it to index a distribution-free optional



naive test family for testing covariance identity. For this operator-indexed
family we establish high-dimensional central limit theorems for the associ-
ated test statistics under both the null and alternative hypotheses, valid
for arbitrary combinations of dimension p and sample size n. In this for-
mulation, classical U-statistic-based identity tests, such as that of Chen
et al. (2010), arise as isotropic choices of W, so that standard Frobenius-
norm-type procedures are embedded as special cases within a single uni-
fied framework. Second, within this operator-indexed family we propose
a spectral optimization principle for selecting the indexing operator W' by
maximizing the local asymptotic power at a fixed alternative covariance
matrix Xj,. At the oracle level, this optimization yields an explicit op-
erator Wy, ¢ whose spectral structure can be expressed in closed form
in terms of the eigen-decomposition of (X, — I,)?, thereby aligning both
the eigenvectors and eigenvalues of W with the principal directions of the
covariance departure. Third, building on these distributional and optimiza-
tion results, we formally introduce the notion of a locally most powerful
naive test (LMPNT) for high-dimensional covariance identity testing and
show that the test based on W, ¢ is LMPNT within the optional naive
test family under a suitably structured class of local alternatives. Exten-

sive Monte Carlo experiments under Gaussian and non-Gaussian designs



show that suitable choices of W maintain accurate size control and pro-
vide substantial power gains over existing competing procedures. Related
evidence from high-dimensional inference also suggests that explicitly mod-
elling covariance or precision structure can improve test sensitivity; see,
for example, Yang et al. (2024) in two-sample mean testing via structured
precision estimation.

We focus on local alternatives, as violations of the local condition typ-
ically lead to covariance matrices ¥ that deviate substantially from the
identity matrix I,, rendering the two hypotheses easily distinguishable. In
such asymptotic settings, the power of any reasonable test approaches one
as the sample size n increases, making it difficult to meaningfully compare
the relative performance of different procedures. From a practical stand-
point, it is more natural to consider scenarios in which the power converges
to a finite value § with a < # < 1. In this context, the framework developed
in this paper is expected to play a significant role.

To make the following discussion precise, we detail some notation. The
notation || - || denotes the spectral norm of a matrix or the Euclidean norm
of a vector. The symbol =2 denotes almost sure convergence. Here-
after, we use — and 5 for convergence in probability and in distri-

bution, respectively. Given any matrix A = (a;;)mxn, We denote its trace



by tr(A) when A is square, its transpose by A’, its Frobenius norm by
[AllFr = (2 20 la;;|?)/? = \/tr (A’A), and its largest eigenvalue by
Amax(A) when A is symmetric. Lastly, we write A,,, = (nf—'r), and use Y.
to denote summation over mutually distinct indices. For example, Z;‘ ik
means summation over {(i,7,k) : i # j, j # k, k # i}.

The remainder of the paper is organized as follows. Section 2 intro-
duces the optional naive test family indexed by a positive-definite operator
W and derives the limiting distributions of the corresponding test statis-
tics under both the null and alternative hypotheses. Section 3 develops the
spectral optimization criterion and identifies the oracle operator W, .
Section 4 establishes the existence of a locally most powerful naive test un-
der suitable structural constraints. Section 5 presents simulation studies
that support the optimization theory in Sections 3 and 4, and Section 6 re-
ports a real-data analysis comparing the proposed test with several existing
methods. Section 7 provides a discussion. Detailed proofs, additional sim-

ulation results, and further details for the real-data analysis are provided

in the Supplementary Material.



2. The optional naive test family and its asymptotic distribution

For the hypothesis testing problem described in (1.1), we construct a family
of test statistics indexed by a p X p positive-definite operator W. We
consider a class of naive tests discussed in Hu and Bai (2016) that utilizes
the squared Frobenius norm. The test is established based on the central
limit theorem (CLT), where o, h(0,,) — N(0,02), and h(6,) is a consistent
estimator of h(6,,). Here, h(0,) satisfies h(6,,) = 0 under the null hypothesis

and h(6,,) > 0 under the alternative hypothesis. Note that

11" B B :lr Q_gr tr(W)
pt (Z-1L)W((ZX -1,)] pt (WXF) pt (WX) + Pt (2.2)

When W = I, the quantity in (2.2) reduces to the squared Frobenius norm
pH|X — L,||%, and the resulting naive test coincides with the U-statistic-
based procedure of Chen et al. (2010). Allowing for general positive-
definite W therefore embeds the classical Frobenius-type identity tests into
a broader operator-indexed family, within which we will later optimize both
the eigenvectors and the eigenvalues of W.

Following Chen et al. (2010), we construct unbiased estimators of the



terms in (2.2) via U-statistics. Define

1 « 1 1
1 _ / 2 _ S ) 3 __ / )
U, = " g x,Wx;, U, = T E x;X; X;Wx;, U, = " g x; Wx;,
n,1 i—1 n2 . n,2 .
= i#] 7]
R~ R
4 / / 5 / !
U, = " E XX X;Wxg, U = E x;X; X, Wxy,
3 gk gk

Remark 1. For efficient numerical implementation, U} and U? can be
computed without directly enumerating all triples and quadruples. Since
T, (W) is translation invariant, we work with the centered data matrix
X.=(x1 —X,...,X, — X), where x = n 'Y " x;. Let G = X/X, and
H = X/ WX.,. A straightforward calculation gives A, 30U} = —tr(HG) +
2tr(H o G) and A, 4U. = tr(H)tr(G) + 2tr(HG) — 6tr(H o G). Hence,
after forming G and H, the additional cost of evaluating U} and U? is only
O(n?). For a general W, the overall computational cost is O(np? + n?p),

which reduces to O(n?p) when W = 1,,.

Then unbiased estimators of tr(WX) and tr(WX?) are given respec-

tively by
U,(1)=U!}—-U? and U,(2)=U?-2U'+U>.

Consequently, we define the family of test statistics

T,(W) = ~Up(2) — U, (1) + , (2.3)



and refer to the collection {7,,(W) : W > 0} as the operator-indexed
family of test statistics, where W ranges over positive-definite operators.
The corresponding optional naive test family is generated by these statistics.

Below, we list the main assumptions:

Assumption 1. The observations x1, Xs, . . . , X;,, admit the following model:
x,=p+Iz;, 1=12,...,n,

where p € R? denotes the mean vector, I' € RP*™ is a matrix with m > p
such that TTY = X, and {z; = (2i1,- .., 2im) }I~; are i.i.d. m-dimensional
random vectors with E(z;) = 0 and Var(z;) = I,,. Moreover, we assume
that sup, E(2¥,) < oo, E(z},) = 3+ A for some constant A, and for any

integers £, > 0 with > 7_ ¢, =8,

lp o Ly o 21 0o Lq
E (Zlilzlig o 'Zliq> =E (Zlil) E (Zlig) B (le’q ;

whenever 1,79, .. ., 4, are distinct indices.

Assumption 2. As n — 00, p = p(n) — oo, tr(X?) = 0o and Ay (%) =

o{tr(X?)}.

Remark 2. Assumption 1 incorporates a linear representation of x; along
with a pseudo-independence condition, which includes the multivariate Gaus-

sian distribution among others, as discussed in Bai and Saranadasa (1996)



and Chen et al. (2010). Assumption 2 is necessary for establishing the
asymptotic normality of the test statistic. This condition can be viewed as
a completely equivalent reformulation of the condition proposed by Chen
et al. (2010), yet it offers a more intuitive expression. A similar assumption
was also utilized in Wang et al. (2015). It is important to note that both
conditions—Assumption 2 and the condition in Assumption 2 of Chen et al.
(2010)—are relatively weak. They hold trivially when all the eigenvalues of

3} are bounded away from zero and infinity.

Theorem 1. Under Assumptions 1-2, as n,p — 00,

o {PTH(W) = tr[W(S = 1,)?] } <5 N(0,1),

where
2 2 2 2 2 2\12
Ol =—5tr (WX)?) tr(2?%) + 3 {tr(Wx?)}
4A
+ 7tr[(AF'Wr —I'WT) o (AI'WT — I'WT)]

4
+ —tr(WEWXZ? + WE*WE? - 4AWIWX? + 2WEWX),
n

A =TT, and o denotes the Hadamard product. In particular, under the

null hypothesis 3 = 1,,,
o p Tu(W) =% N (0,1),

where 03, = 2tr(W?) + 2 {tr(W)}>.



Theorem 1 thus provides a high-dimensional central limit theorem for
the operator-indexed statistic 7,,(W). In the special case W = I, the

asymptotic variances simplify to

ot = o L)+ e (39 + (e - a)o (a7 )
4 2
=2

These expressions coincide with those derived in Chen et al. (2010).

Remark 3 (Proof strategy for Theorem 1). We briefly outline the
proof strategy for Theorem 1 here. First, after decomposing pT,,(W) into
its leading stochastic component and remainder terms arising from the U-
statistic construction, we identify the leading variance term and show that
the remainders are negligible after normalization. This step uses moment
bounds for quadratic forms and trace inequalities under Assumptions 1-2.
Second, the leading component is written as a sum of martingale differences
with respect to the observations. After verifying the convergence of the
conditional variance and the Lyapunov condition, the martingale central
limit theorem yields the asymptotic normality of the normalized statistic.

The detailed proof is given in the Supplementary Material.

The next step is to determine how the operator W should be chosen

so that the test based on 7, (W) can achieve improved local power under



high-dimensional alternatives.

3. Design and optimization of test operators

3.1 Oracle construction of the test operator

This section addresses the central design problem of our framework: within
the optional naive test family introduced in Section 2, how should a positive-
definite operator W be chosen so that the resulting statistic 7;,,(W) achieves
high local power in the high-dimensional regime? The question is tackled
by analyzing the asymptotic power function under local alternatives and,
for each fixed alternative covariance matrix 3;,, deriving an oracle operator
Wsx,, opt that maximizes this power within the optional naive test family.
To formalize the local regime in which different procedures are com-

pared, the following notion of local alternatives is introduced.

Definition 1 (Local alternatives). Under the asymptotic regime n, p — oo,

an alternative hypothesis H; is termed a local alternative if it satisfies
2 _ 2
0t =00, [1+0(1)] as m,p — 00. (3.4)

Remark 4. Definition 1 captures the situation where H; is asymptoti-
cally close to Hy. The analysis in this paper focuses on such local regimes.

Without such restrictions, the covariance matrix 3 typically departs sub-



3.1 Oracle construction of the test operator

stantially from I, as n,p — oo, and the powers of all reasonable tests
converge to one, making meaningful comparison impossible. From a practi-
cal perspective, it is more informative to study scenarios in which the power

converges to a non-degenerate limit g with o < 5 < 1.

We now derive the oracle choice of W by maximizing the asymptotic
power under a fixed alternative covariance matrix 3;,. The construction
consists of three steps: first, formulating the optimization objective via
the power function; second, aligning the eigenvectors of W with those of

(31, — I,)% and third, determining the optimal eigenvalues of W.

Step 1: Constructing the objective via the power function.
Let z, denote the upper a-quantile of the standard normal distribution.
According to Theorem 1 and Definition 1, the asymptotic power function

of the test with significance level a € (0, 1) is

B(%,) = Pr (a(;;an(W) > 2, |2 =3, # Ip)

AN (_ “a00n | r{W(Sy, - 1p>2}) 4 o)

O1,n O1,n

(o W, L
2 (_1 +0o(1) * oon[l + o(1)] ) +o(1),

where ® is the distribution function of the standard normal distribution

N(0,1).



3.1 Oracle construction of the test operator

Motivated by this expression, the oracle optimal operator is defined as

{tr (W(Elp - Ip)Q) }2 '

2
UO,n

Ws,, opt = arg max (3.5)

which maximizes the asymptotic power under the given alternative 3,
over the optional naive test family indexed by W. Since X, is unknown in
practice, W, ¢ should be interpreted as a theoretical benchmark rather
than a directly available operator. In applications, scientifically meaning-
ful structural information about the alternative, together with data-based
estimates of the unknown covariance quantities, can guide the construction

of a feasible operator toward this oracle target.

Step 2: Optimizing the eigenvectors of W.

Let Ay > --- > X, > 0 and uy,...,u, denote the eigenvalues and asso-
ciated orthonormal eigenvectors of W, ¢, respectively. Similarly, denote
the eigenvalues of (X3, — L,)> by ¢ > -+ > ¢, > 0 and the corresponding
eigenvectors by vi,...,v,. Using the spectral decompositions of W and

(3, — I,)?, the maximization problem in (3.5) can be rewritten as

2
{tr(W(Zy, - L)%)}” 2 Aiqj(ui-vj)Q]
W ol T ME eSO ey 22 3P A2+ 2 (P )
0n 1222 >0ty T8 5 5N+ e (i M)
(3.6)
To optimize the eigenvectors uy, ..., u,, define

Ay =diag(Mi, ..., Ny), A,=diag(qr,...,q), D= (dy) = (ajv;).

(2



3.1 Oracle construction of the test operator

By von Neumann’s trace inequality and the orthogonality of D,

Z)\ qj(uiv;)? = tr(A,DA,D’) < Zs, (A,D) s;(AD') = Z)\Zq,,

7.7 i=1

with equality if and only if u; = v; for i = 1,..., p, where s;(-) denotes the

i-th singular value. Hence, (3.6) reduces to

[zm g;(u}v >2]2 - (3% )
max 2 2 = Jnax 20 P 2 2 p
M3 ,..>-,/\p>0 i _2( ) - DY P ﬁ( ol /\i)
(3.7)

Thus the oracle operator W, ot shares its eigenvectors with (X4, — Ip)2.
The optimization over directions is completely characterized by the align-
ment u; = v;, and the remaining task is to determine the optimal eigenval-

ues Ai, ..., A

Step 3: Optimizing the eigenvalues of W.
Note that if (A1,...,A,) is replaced by c¢(Aq,...,\,) for any positive
constant ¢, the value of the objective function in (3.7) remains unchanged.
p2

The overall scale is therefore fixed by imposing the normalization o7, = £5.

Under this constraint, define

p p p p p
AZZ)\?, BZZ/\i; CZZM% QlZZ% Q2=Zqz‘2-
i=1 i=1 i=1 i=1 i=1
(3.8)

The optimization of (3.7) is then considered in two cases.

5"



3.1 Oracle construction of the test operator

Case 1: pQ, — Q1 =0.

This condition implies that ¢; = --- = g,. By Jensen’s inequality,

( 1 )‘iql')2 Q%( i1 )‘i)z L5,

< g
B AL AT

and equality holds if and only if Ay =--- =\, =
Thus, when (3, — I,)? is spherical, the oracle operator is a scalar
multiple of the identity, that is, Wx, ¢ o< I,. Under the normalization

2
o)

n= p*/n?, this corresponds to A\; = -+ =\, = % If one instead chooses
the scale so that Wy, o = I, then 05, = 4p*/n®, which coincides with
the null variance derived for the U-statistic in Chen et al. (2010). In this
sense, the statistic of Chen et al. (2010) arises as the isotropic special case

W = I, within the optional naive test family indexed by the positive-

definite operator W.

Case 2: pQy — Q2 # 0.

We now use the method of Lagrange multipliers to determine the opti-

mal spectrum. Let

2 & 2 /<& 2
= A§+—< Ai) —1],
pzzl P Zl

where p denotes the Lagrange multiplier. To find the critical points, we

FOuyev ) Ap pt) = (iAiqZ)Q +
=1

take the partial derivatives of f with respect to A\; and p and set them to



3.1 Oracle construction of the test operator

Zero.
a)\j ;:1 141 J p J pz ;:1 7 ) R

of 2L 2 [~ )2,
@_Z—D;A%E(;AJ —1=0.

Using the definitions of A, B, and C in (3.8), this system of equations

yields
—2uB - p*Cq; .
A= , J=1...,p. 3.9
Combining this with (3.8) gives
—2uB? — p*C? C B(2 - Q?
A: /L p ’ Iu:_p Ql’ C: ( pQ2 Ql)7 (310)
2pp 4B pC1

together with the normalization o, = 24 + £ B? = sz. It then follows

that
8pQ2B* — 4Q1B* — p°Q7 = 0.

Since B > 0, we obtain

_ PR '
2¢/2pQ2 — Q3

Substituting this result into (3.9) and (3.10), we obtain the eigenvalues that

maximize (3.7), denoted by A} > --- > A»:

. B (2 4



3.1 Oracle construction of the test operator

By the Cauchy—-Schwarz inequality, one verifies that this extremum is indeed
the global maximum of (3.7).
To ensure that each eigenvalue A} in (3.11) is strictly positive, we in-

troduce the following assumption.

Assumption 3. The minimum eigenvalue g, of (X1, — I,)” satisfies g, >

%, where Q1 = >0, ;.

Remark 5. Assumption 3 prevents the smallest eigenvalue of (21, — I,)?
from being too small relative to the empirical average Q)1 /p. In particular,
Assumption 3 guarantees that the explicit solution in (3.11) satisfies A7 > 0
for all j = 1,...,p, so that the resulting operator Wx, .. is positive-
definite. This condition is naturally suited to relatively dense alternatives
and provides a convenient setting for establishing the optimality properties

of the proposed optional naive test based on Wy, opt.

Finally, expanding and simplifying (3.9) yields the more transparent

representation

MN=——=P g @ =1,....p. (3.12)

q v J =
’ vV 2pQ2 — Q% ! 2¢/2pQs — Q%
Equation (3.12) reveals an explicit linear relationship between the eigen-

values \* of Wy, o and the eigenvalues g; of (X1, — I,)*>. The lincar



3.2  Summary of the oracle operator construction

coefficient

P
V2pQ2 — Qi
is strictly positive (since pQy — @3 > 0 in Case 2) and depends only on

p
j=1

the departure spectrum {g¢;} reflecting a clear spectral correspondence
between the test operator and the covariance structure. Consequently,
W, opt adapts to the eigen-structure of (X1, — I,)*: the eigenvalue Aj
increases linearly with the departure level g;. In particular, the mapping
qj — Aj is strictly increasing, so the eigenvalue ordering of (X, — I,)? is
preserved by W, opt. This construction jointly optimizes the eigenvectors
and eigenvalues of W, accentuating directions along which 3J;, deviates

more strongly from I, and thereby enhancing the discriminatory power of

the resulting test.

3.2 Summary of the oracle operator construction

Based on the above analysis, we summarize the construction of the oracle

test operator Wy, op¢ in Algorithm 1.

Theorem 2. Under Assumptions 1, 2 and 3, consider the testing problem
(1.1) and a fized alternative covariance matriz 3, € RP*P. Then the oper-
ator W, opt constructed in Algorithm 1 maximizes the asymptotic power,

as characterized in Theorem 1, over the optional naive test family indexed



3.2  Summary of the oracle operator construction

Algorithm 1: Oracle construction of the test operator W, ot

Input: Alternative covariance matrix 3;, € RP*?
Output: Oracle test operator Wy, ope € RPXP

Perform spectral decomposition (X1, — L,)* = >F | ¢;v;vi;
Compute @ = Z?Zl ¢j and Q2 = Zé’:l %2'5

if ¢ = q, (spherical case) then

Set A = --- = A\* = 5 under the normalization og, = p*/n?;
else
S SRR - S T
V2pQe — QF 24/2pQ2 — Q1

Construct the oracle operator W, opt = D o q AjViVi;

by W.

Remark 6. When Assumption 3 is not satisfied, the explicit solution in
(3.12) may yield some nonpositive eigenvalues A}, typically corresponding
to directions with extremely weak signals. In practice, we retain the posi-
tive eigenvalues and replace only the nonpositive ones by a small positive
constant e, that is, we set 5\j = Aj it A7 > 0, and 5\j = ¢ otherwise, for

j=1,...,p. The resulting regularized operator is defined as

p
ngp,tmnc— g /\]VjVj.
=1



In our implementation, we take ¢ = 1071%. We also checked ¢ = 1077,
which gave essentially unchanged empirical powers. This regularization
preserves the oracle eigendirections and the ordering induced by the depar-
ture spectrum {g; }, while ensuring that the implemented operator remains
positive-definite. Since Theorem 1 is stated for a general positive-definite
operator W, the corresponding asymptotic null distribution and the asso-
ciated local power expression continue to apply to the statistic constructed
from Wy, trune. By contrast, the oracle optimality result in Theorem 2 and
the LMPNT conclusion in Section 4 are stated for Wy, op¢ under Assump-
tion 3, and are not claimed for the regularized operator when Assumption 3
fails. Nevertheless, Wx, ¢runc Temains a practically useful choice. The ad-
ditional simulation results in the Supplementary Material indicate that this
regularized operator remains effective and still provides power gains even

when Assumption 3 fails.

4. The locally most powerful naive test

In this section, we show how the pointwise oracle optimality result obtained
in Section 3 can be extended to a classwise local optimality statement. The
key step is to identify a structured alternative space on which the oracle

operator remains invariant.



Let ¢opt,,, (%) denote the test function corresponding to the optional
naive test statistic constructed from the oracle operator Wx, ¢ in Sec-
tion 3. We begin by specifying the structured class of alternatives under

which the local optimality result will be established.

Definition 2 (Structured alternative space ©1). Let 3, be a fixed alterna-
tive covariance matrix for the testing problem (1.1), and write (X, — I,,)?

for its squared departure matrix. The structured alternative space ©; is

defined as
0, = {2 ‘ (S-L)?=k(Sy, L) k> o} , (4.13)

where k is a positive scalar that controls the overall magnitude of the de-

parture from the identity.

The class © thus forms a local ray of alternatives: for ¥ € Oy, the
quadratic departure (X —I,,)? has the same eigen-directions as (X1, —I,)?,
and its eigenvalues are uniformly scaled by k.

As shown in Section 3, the oracle operator W, ¢ is spectrally aligned
with (31, —I,,)%, and its eigenvalues {\5}]_, depend linearly on the depar-
ture eigenvalues {¢;}7_, via (3.12). Substituting the relation (X —1I,)* =

k(X1, —1I,)? for ¥ € O into (3.12) therefore shows that the optimizer, and



hence the oracle operator, remains unchanged along ©;:
Wron = We o VE €O,

Thus the spectral structure of the oracle operator is invariant on ©;, while
the scalar k£ indexes the strength of the departure from H,. Within this
class, tr{ W, opt (2 —1I,)*} is proportional to k, so the asymptotic power is
an increasing function of k. In particular, k = 0 corresponds to (X —1I,)? =
0, that is Hy : ¥ =1,,.

To formulate the local optimality result, consider the composite testing

problem
Hy:X=1, vs. H:X€0;. (4.14)

For a test function ¢(x), write 5,(X) for its power function. Throughout
this section, the term “naive test” refers to a test based on 7,,(W) for some
positive-definite operator W, and hence belonging to the operator-indexed
optional naive test family introduced in Section 2. The following definition

formalizes the notion of a locally most powerful naive test.

Definition 3 (Locally most powerful naive test (LMPNT)). For the struc-
tured alternative space ©; in Definition 2 and the testing problem (4.14),
a naive test ¢*(z) is called a locally most powerful naive test (LMPNT) of

asymptotic level « if:



1. its asymptotic level is «, that is,

lim By (1,) = a;

n,p—00

2. for any other naive test ¢ with the same asymptotic level a,

By (X) > Bp(X), VX € 04, for all sufficiently large n, p.

By Theorem 1, the test ¢op s, (#) has asymptotic level . Moreover,
by Theorem 2, for each fixed 3 # I,,, the oracle operator Wy, ,,y maximizes

the asymptotic power among all optional naive tests indexed by W, so that
Booms(B) > By(X), for all sufficiently large n, p, (4.15)

for any naive test ¢ with asymptotic level a.
For 3 € O, the structural definition (4.13) and Algorithm 1 imply that

the oracle operators coincide:
WE,Opt = W21p,0pt’ VY € 0.

Consequently, the associated oracle tests also coincide, i.e. Qopt,2 = Popt,x1,

on ©1, and hence

/6¢opt,21p (E) = /B¢opt,2 (E) > ﬂ¢(2)7 Ve 61’ (416)

for all sufficiently large n, p and any naive test ¢ with asymptotic level a.



5. Simulation studies

5.1 Oracle implementation

This subsection investigates the finite-sample performance of the proposed
optional naive test indexed by the oracle operator Wy, ¢, referred to
as Trumpnt. The procedure is compared with several existing methods for
testing the identity covariance matrix, including T¢yzz from Chen et al.
(2010), Trishera and Tighern, from Fisher (2012), the corrected likelihood
ratio test Teprr from Zheng et al. (2015), the maximum-type test Txw
from Xiao and Wu (2013), and the test Tpw based on the CLT in (IV.2)
of Ding and Wang (2025), with the test function taken to be h(x) = z*
in their LSS framework. Empirical sizes and powers are reported under
a variety of high-dimensional regimes and structured departures from the
identity. The aims are threefold: (i) to assess whether the proposed test
attains the nominal level under the null; (ii) to illustrate its locally most
powerful behavior under local alternatives of order O(1/p); and (iii) to
examine its robustness when Assumption 3 is mildly violated and when the
signal strength is of fixed, nonlocal order.

The sample vectors xi,...,X, are generated from the independent-



5.1 Oracle implementation

component model

xi:Elmzi, 1=1,...,n,

where z; = (21, ..., 2;p)" and the latent coordinates {z;;} are i.i.d. with
Zig ™~ N(O, 1) or 2z ~ F(4, 2) — 2.

For numerical implementation, we use centered observations throughout
the simulation study. The alternatives are generated as eigen-structured
perturbations of I,. For each scenario, let {(m;, ¢;)};_, denote the initially
generated pairs, where m; = 1 + /¢;, with the choice of sign specified by
the corresponding scenario. These pairs are rearranged jointly in decreasing
order of m;, and the reordered pairs are denoted by {(m;, ¢;)}_;, so that

¢; = (m; — 1)%.. We then construct

p p
Y= Z mivivg, (2 — Ip)2 = Z quZ'V,/i,
=1 i=1

where vy,...,v, are the eigenvectors of the AR(1)-type correlation ma-
trix Mg = (0.1|i_j|)pxp, ordered according to the decreasing eigenvalues
of Xar. The following four scenarios specify the initially generated pairs
{(m, @) Y-

Scenario 1 (Balanced local perturbation). For i = 1,...,[p/2], set
G = 1.6/p and m; = 1 — \/q;; for i = [p/2] +1,...,p, set ¢ = 4.4/p and

mi = 14/



5.1 Oracle implementation

Scenario 2 (Unbalanced local perturbation). For i = 1,...,[p/2],
set ¢ = 1/p and m; = 1 — /¢q;; for i = [p/2] +1,...,p, set ¢ = 6/p and

m; = 1 + +/¢. This local scenario violates Assumption 3.

Scenario 3 (Multi-bulk local perturbation with multiple spikes).

Let b, = 0.5 + 10p~ /2. The values of §; are

22 14 b,+020 b,+010 b

? Y ?

Yp
p’ pp p  p D

8
p
with respective multiplicities

1, 2, p—107p] -1, |0.7p] —10.3p] —2, [0.3p] —3, 3.

For the first four groups, set m; = 1+ 1/¢;, whereas for the last two groups,
set m; = 1 — +/¢. This scenario is motivated by the multi-bulk spectral

structures discussed in Ding (2021).

Scenario 4 (Fixed-order perturbation). For i = 1,2, set ¢; = 0.2 and
m; =1—+/q; fori=3,...,p, set ¢; = 0.015 and m; = 1 + /.

Each scenario induces a population covariance matrix 3 and hence
an oracle operator Wy, .. Scenarios 1-3 are local alternatives with
¢; = O(1/p). Scenarios 1 and 3 satisfy Assumption 3, whereas Scenario 2
provides a robustness check when this condition fails. Scenario 4 is a fixed-
order, nonlocal alternative under which the powers of reasonable procedures

are expected to approach one as n increases.



5.1 Oracle implementation

To explore a range of low- to high-dimensional regimes, we consider
p = 0.5n, p = n, and p = 1.5n with n € {50,100, 150, 200, 250, 300},
so that, under O(1/p) local perturbations in Scenarios 1-3, the empirical
powers do not collapse to either 0.05 or 1 over the grid of sample sizes
considered.

The significance level is set at a = 0.05, and all statistics are averaged
over 5,000 independent replications. The empirical sizes under Scenarios 1—
4 are reported in Tables 5.1-5.8 in the Supplementary Material. These
tables report the empirical sizes of seven different tests under four distinct
covariance structures 3, corresponding to four choices of Wy, opi. The
results indicate that the empirical sizes of the proposed test Tivpnt are
well controlled around the nominal level a = 0.05 across all scenarios,
and that the other tests—Ttyz, ToLrT, TFishera, I Fisherb and Tphw —exhibit
broadly similar behavior. By contrast, Tcyrr is applicable only when p < n.
Moreover, Trighery performs well only under a Gaussian population, and
its empirical sizes deviate markedly from 0.05 when z;; follows a Gamma
distribution. The maximum-type test Txw also shows a notable departure
from the nominal level 0.05, which can be attributed to the slow convergence
rate of the Type I extreme value distribution; nevertheless, as (p,n) — oo,

its empirical sizes tend to approach 0.05.



5.1 Oracle implementation

Figures 1-2 display the empirical powers of the seven tests under Sce-
narios 3—4. The corresponding power curves for Scenarios 1-2 are reported
in Figures 5.1-5.2 of the Supplementary Material.

Under local alternatives with ¢; = O(1/p), as in Scenario 3, the pro-
posed Tivpnt consistently achieves the highest power among all competi-
tors across the considered (n,p) combinations. A clear power gain over
Tczz is observed, with the improvement particularly pronounced in this
heterogeneous multi-bulk setting, where multiple spikes in the covariance
structure allow the procedure to concentrate more power on the most in-
formative directions. This behavior is also in line with the LMPNT theory
developed in Sections 3 and 4, which predicts that Tiypnt is locally most
powerful within the optional naive test family under suitably structured
local alternatives.

In Scenario 4, where the perturbation parameters {¢;} are of constant
order, the alternative represents a stronger, nonlocal departure from the
identity. As m increases, many procedures gradually approach power one,
reflecting the stronger separation between the null and alternative. Nev-
ertheless, T1vpnT reaches high power at substantially smaller sample sizes
than most competing methods, indicating that its advantage persists be-

yond the local asymptotic regime. We also observe that Tpw performs well
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in higher-dimensional regimes, especially when p > n.

Overall, the simulation results suggest that TiypnT attains accurate
size and favorable local power under O(1/p) alternatives, exhibits stable
performance when Assumption 3 does not hold, and continues to perform
well under fixed-order perturbations, often outperforming the classical test

Tezz of Chen et al. (2010) in the settings considered.

5.2 Plug-in implementation with estimated W

The simulations in Section 5.1 evaluate Tpypnt using the oracle operator
Ws,,.0pt; Which depends on the population alternative covariance matrix
and is therefore unavailable in applications. To examine practical imple-
mentability, we also consider a sample-splitting plug-in version, denoted by
Tspvpent. In each Monte Carlo replication, the sample is randomly split
into a training part and a testing part. A Ledoit—Wolf shrinkage covariance
estimator of Ledoit and Wolf (2004) is computed from the training sample,
Algorithm 1 is applied to construct a plug-in operator \/7\\7, and the testing
sample is used only to evaluate T),,, (W) Conditional on the training sam-
ple, W is fixed with respect to the testing sample. Hence, the fixed-W null
calibration in Theorem 1 applies conditionally.

The detailed simulation setting and numerical results for this plug-in
implementation are reported in Section 53.3 of the Supplementary Material.

The corresponding results show that the empirical sizes of TspypnT are
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Method = TLMPNT & T.CZzzZ = T Fishera ® T_Fisherb TXW e TCLRT & T.DW

Gaussian distribution with p = 1.5n

Gaussian distribution with p = 0.5n Gaussian distribution with p = n
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Figure 1: Empirical powers of seven tests at 5% significance in Scenario 3.
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Figure 2: Empirical powers of seven tests at 5% significance in Scenario 4.



reasonably close to the nominal level and that its empirical power exceeds

that of Ty in several settings.

6. Real-data analysis

We illustrate the proposed procedure using two independent breast cancer
gene-expression cohorts publicly available from the NCBI Gene Expression
Omnibus and profiled on the same Affymetrix Human Genome U133A Ar-
ray: the TRANSBIG cohort (GSE7390; Desmedt et al., 2007), containing
n = 198 samples, and the NKI cohort (GSE2034; van de Vijver et al., 2002),
containing n = 286 samples. Both cohorts contain the same 22,283 probe
sets. We use the identity covariance model as a basic statistical benchmark
and assess whether the covariance structure of the NKI gene-expression

data is compatible with

Hy:¥ =1, versus Hy ¥ #1,

The TRANSBIG cohort is used only for feature screening and operator con-
struction, whereas the NKI cohort is reserved solely for the final hypothesis
test. Consequently, with respect to the NKI testing sample, both the se-
lected subset of probe sets and the learned operator W are determined

externally and may be regarded as fixed.



After aligning the common probe sets across the two cohorts, we per-
form feature screening using only the original TRANSBIG expression ma-
trix. Specifically, we retain the p = 2000 probe sets with the largest sam-
ple mean expression levels in the TRANSBIG cohort. Both cohorts are
then restricted to the same set of selected probe sets and centered sepa-
rately within each cohort. Based on the centered TRANSBIG data, we
compute the Ledoit—Wolf shrinkage covariance estimator f]Lw (Ledoit and
Wolf, 2004) and construct W according to Algorithm 1. The final covari-
ance identity tests are applied only to the centered NKI data. Detailed
information on data acquisition and preprocessing is provided in Section 54

of the Supplementary Material.

Table 1: Results of covariance identity testing for the NKI breast cancer

dataset (GSE2034) with p = 2000.

TrvpNT Tezz TFishera TFisherb Txw Tcrrr Tow

Test statistic  2.91 x 10" 7.45 x 10'® 491 x 10  2.90 x 103  1.85 x 102 NA 7.83 x 108

log(p-value)  —4.23 x 10%¥ —2.78 x 10 —1.20 x 10 —4.19 x 10 —9.25 x 10" NA  —3.06 x 10

Table 1 reports the test statistics and the corresponding log-p-values
for the competing methods. Since p > n, the CLRT method of Zheng et al.
(2015) is not applicable in this setting. All remaining procedures yield

extremely small p-values, indicating that Hy : ¥ = I, is rejected at any



conventional significance level. For the selected p = 2000 probe sets, this
suggests that the covariance structure of the centered NKI expression data
deviates substantially from the identity matrix. This real-data example
further illustrates the practical implementability of the proposed optional

naive test in a high-dimensional setting.

7. Discussion

Beyond the setting considered in this paper, several directions merit fur-
ther study. First, it would be natural to extend the operator-indexed naive
framework and the associated local optimality perspective to other high-
dimensional covariance testing problems, such as testing sphericity, band-
edness, or the equality of two covariance matrices. Testing whether a cor-
relation matrix is the identity is another important related problem. How-
ever, after standardizing the data using sample means and sample standard
deviations, the resulting statistic involves additional randomness and de-
pendence, so this problem is not directly covered by the covariance identity
framework considered here and requires separate theoretical treatment.
Second, it would be worthwhile to extend the theoretical analysis of the
proposed statistic to elliptical models. Recent results indicate that classical

covariance U-tests may require additional corrections to retain valid asymp-



totic null distributions in elliptically distributed high-dimensional settings;
see, for example, Ding and Xie (2025) and Xu et al. (2025). This sug-
gests that such an extension is not merely a routine relaxation of the linear
pseudo-independence condition in Assumption 1. Establishing the null dis-
tribution and local power theory of T,,(W) under such models is therefore
left for future work.

A remaining practical issue is the choice of W when the alternative
covariance structure is unknown. Scientifically meaningful structural infor-
mation, when available, can guide the construction of a feasible operator;
otherwise, a general-purpose covariance estimator, such as a shrinkage es-
timator, can be used to estimate 3;, and construct a plug-in operator W
through Algorithm 1. Since the null theory in Theorem 1 is established
for an operator W that is fixed with respect to the final testing sample,
any data-driven construction of W should rely on data independent of that
sample. This motivates the sample-splitting procedure in Section 5.2 and
the external-cohort analysis in Section 6. If this independence condition
fails, the present fixed-W null theory is no longer directly applicable, and
fully adaptive choices of W are left for future work.

Overall, this paper provides a first step toward formulating local opti-

mality principles for high-dimensional covariance identity testing. We iden-
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tify an operator-indexed optional naive test family and show that, within
this family and under a structured class of local alternatives, the oracle
operator yields a locally most powerful naive test. This perspective helps
make precise the notion of “most powerful within a structured family” in
high-dimensional covariance testing. We hope that this perspective will
stimulate further work on optimality principles for high-dimensional infer-

ence.

Supplementary Material

The Supplementary Material contains detailed proofs, additional simulation

studies, and further details for the real-data analysis.
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