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Abstract: Covariate-adaptive randomization (CAR) leverages covariates at the
design stage to enhance comparability between treatment groups, but typically
allows only a limited set of covariates to be incorporated. We therefore study
covariate adjustment at the analysis stage to achieve more efficient estimation of
the treatment effect under CAR. Existing work on covariate adjustment under
CAR typically relies on a single, pre-specified model. Although this complies with
regulatory guidance that the adjustment model be specified before the trial, a
single-model approach can be vulnerable to misspecification and may be less effi-
cient when the covariate-outcome relationship is uncertain. To address this issue,
we propose a model averaging framework for covariate adjustment under CAR
that accommodates a collection of pre-specified candidate models. The averag-
ing weights are selected via K-fold cross-validation to minimize the asymptotic
variance of the treatment effect estimator. We establish that the resulting es-
timator is asymptotically normal and achieves asymptotic variance optimality
within the candidate model class under mild regularity conditions. Simulation

studies demonstrate that the proposed approach yields substantial variance re-
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duction compared with single-model adjustment. Overall, this paper introduces
a theoretically grounded and flexible framework for treatment effect estimation
under CAR that complies with regulatory pre-specification requirements while

effectively handling uncertainty in covariate-outcome relationships.

Key words and phrases: Covariate-adaptive randomization, Covariate adjust-

ment, Cross-validation, Model averaging, Machine learning

1. Introduction

Covariate-adaptive randomization (CAR) is widely used in clinical trials.
It incorporates baseline covariates during the randomization process to im-
prove the balance between treatment arms, thus enhancing the statistical
efficiency and credibility of treatment effect estimates (ICH E9,|1998; |[EMA|
2015; |[Holmberg and Andersen, 2022). Traditional CAR procedures, such as
the stratified biased-coin design (Efron| 1971)), stratified block randomiza-
tion (Zelen, [1974)) and Pocock and Simon’s minimization (Pocock and Si-
mon, |1975), focus on achieving balance within discrete covariate categories
or strata. Recent advances have extended designs to balance general covari-
ate features (Ma et al. [2024)). However, CAR is constrained to a limited
number of covariates, leaving substantial covariate information available
for exploitation through adjustment during the analysis stage. Moreover,

regulatory guidelines recommend that covariates used for randomization be



included in the analysis stage to preserve type I error control and ensure
valid inference (FDA| 2023). Consequently, this paper focuses on covari-
ate adjustment for treatment effect estimation in the analysis stage under
CAR.

Over the past decades, researchers have explored the efficiency gains
achievable through covariate adjustment under complete randomization,
especially when the model relating covariates to outcomes is correctly spec-
ified (e.g., Robinson and Jewell, [1991; Yang and Tsiatis, 2001; Pocock et al.,
2002; Tsiatis et al., 2008). Recent research also focuses on developing ro-
bust covariate-adjusted estimation and valid inference for treatment effects
under CAR (e.g., Bugni et al| 2018| 2019; [Ma et al., [2022; |Ye et al., 2022;
Tu et al. [2024). However, existing approaches to covariate-adjusted esti-
mation typically rely on a single model, which poses practical challenges
because investigators often possess incomplete knowledge of the true rela-
tionships between numerous baseline covariates and outcomes at the design
stage (Morris et al. 2022). Meanwhile, regulatory guidelines generally re-
quire that covariate adjustment models be pre-specified in the statistical
analysis plan before outcome data are examined or unblinded (ICH E9
(R1), [2017; [FDA| 2023). Although such pre-specification protects trial in-

tegrity, prevents data-driven bias, and aids in controlling type I error, the



chosen model may not adequately capture the underlying relationships in
the observed data. Treatment effects can still be estimated validly under
model misspecification (Ma et al.,|2022; |Ye et al., 2023)); however, accurately
modeling the outcome—covariate relationship can substantially improve es-
timation efficiency (Rafi, [2023; Tu et al., 2024). This consideration becomes
particularly critical in modern clinical trials, where high-dimensional prog-
nostic covariate information is increasingly abundant (Rosenblum and Van
Der Laan| 2010; Cerreia-Vioglio et al., 2025)). The resulting challenge is
to retain the benefits of pre-specification while accommodating uncertainty
about the underlying outcome-covariate relationship. To address this is-
sue, we propose a model averaging framework for covariate adjustment in
treatment effect estimation. Unlike conventional methods that depend on
a single model, our framework combines estimates from a diverse yet pre-
defined set of candidate models. This ensemble approach improves inferen-
tial efficiency while fully adhering to regulatory mandates.

Model averaging has emerged as a powerful tool for enhancing pre-
diction and estimation accuracy, with substantial methodological advance-
ments over recent decades (e.g., Yang, 2000; Hansen, [2007; |Wan et al.| 2010;
Hansen and Racine,, [2012; Zhang et al., 2015/ 2016; [Liao et al.|, 2019; Li et al.|

2022; |[Fang et al., 2022)). However, previous research on model averaging



has primarily focused on improving predictions, such as in risk assessment,
while its application to treatment effect estimation remains relatively lim-
ited. Existing contributions in this area include the treatment effect esti-
mation by mixing (TEEM) method of Rolling et al|(2019)), which employs
a minimax-regret approach but does not target asymptotic optimality; the
optimal model averaging estimator of |Zhao et al.| (2024) for linear models
under squared-error loss; and the spline-based additive model approach of
Li et al. (2025)) for estimating conditional treatment effects. To the best of
our knowledge, no prior work has used the asymptotic variance of the treat-
ment effect estimator as the explicit criterion for determining model weights
under CAR, nor has it developed valid inference procedures in this setting
that accommodate potential model misspecification. We specifically target
minimizing the variance of treatment effect estimators because employing
different models for covariate adjustment only influences the variance of
the oracle estimator. Thus, minimizing this variance is equivalent to en-
hancing statistical efficiency, which is the primary goal of our study. Our
proposed framework improves efficiency, ensures valid inference, and offers
a principled yet flexible approach to treatment effect estimation.

To select the optimal model weights, we employ a K-fold cross-validation

(CV) procedure that determines data-driven weights by minimizing a crite-



rion serving as a proxy for the asymptotic variance of the treatment effect
estimator. This process operates entirely within a pre-defined set of candi-
date models, rigorously adhering to the pre-specification principles to ensure
regulatory compliance. Under mild regularity conditions, we establish that
the selected model weights are asymptotically optimal in the sense of achiev-
ing the minimal possible variance among all feasible weight combinations
within the candidate set. We further prove that the proposed treatment
effect estimator is asymptotically normal and provide a consistent variance
estimator to support the construction of valid confidence intervals and hy-
pothesis tests. Notably, these theoretical results remain valid across various
covariate-adaptive randomization procedures.

The remainder of this paper is organized as follows. Section 2 intro-
duces the framework and notation. We detail the model averaging estimator
and the CV-based weight selection procedure in Section 3, and derive the
asymptotic optimality and normality of the proposed treatment effect es-
timator in Sections 4 and 5. Section 6 reports the simulation results and
demonstrates the practical performance of the model averaging estimator

based on a clinical trial example; Section 7 provides conclusions.



2. Framework and notation

This paper considers a two-arm randomized trial involving n subjects. For
subject i = 1,2,...,n, let A; be the treatment assignment indicator, where
A; = 1 denotes assignment to the treatment arm and A; = 0 to the control
arm. The target proportion of subjects assigned to treatment is 7 = P(A; =
1) € (0,1). We adopt the Neyman—Rubin potential outcomes framework,

in which the observed outcome for subject 7 is

Vi = A;Y;(1) + (1 — A)Yi(0),

where Y;(1) and Y;(0) are the potential outcomes under the treatment
and control groups, respectively. Before randomization, we observe p-
dimensional baseline covariates X; = (x;1, .. . ,:vl-p)T for each subject. The
subjects are then stratified into S strata based on some or all components of
X, via a deterministic function that maps the support of X; to {1,...,S}.
We denote the resulting stratum label by B;. Since the labels are obtained
through a deterministic function of the independent covariates X;, the B;
are independent across subjects. To rule out the degenerate case, we as-
sume that subject assignment probabilities are strictly positive across all
strata, i.e., P(B; = s) > 0for s € {1,...,S}. Subscripts 1 and 0 are used to

denote quantities relating to the treatment and control groups, respectively.



Let ny =Y, A; be the number of treated subjects and ng = > (1 —A4;)
the number of subjects assigned to the control group. Within each stratum
s, we use the subscript [s| to index statistics calculated using information
from Jj, where [Jjy denotes the set of subjects in stratum s. Specifi-
cally, we define nyg = >, T 1 as the total number of subjects in stratum
5, N1 = Ziej[s] A; as the number of treated subjects in stratum s, and
Nisjo = Ziej[s] (1 — A;) as the number of control subjects in stratum s. The
proportion of the total sample and the proportion treated within stratum
s are denoted by ppig = njg/n and 7, = npgi/ng, respectively. The

parameter of interest is the average treatment effect (ATE)
7= E{Yi(1) = Yi(0)}.

Define the Ly norm of a random variable V as ||V||;, = {E(V?)}Y/2.
Applying this definition to V' = f(X) gives ||f(X)||r, = [E{f(X)?}] 2
Let Ry = {V : max,—y g Var{V|B; = s} > 0} be the set of random vari-
ables that have positive variance in at least one stratum. The following

assumptions are imposed on the data-generating process and the random-

ization procedure.
Assumption 1. {Y;(1),Y;(0), X;}" , is an independent and identically dis-
tributed (i.i.d.) sample from the population distribution of {Y(1),Y(0), X }.

Moreover, E{Y*(a)} < oo and Y;(a) € Ry for a =0, 1.



Assumption 2. Conditional on B™ = {B,..., B,}, treatment assign-

ments A™ = {A;,... A,} and {Y;(1),Y;(0), X;}"_, are independent.

Assumption 3. In each stratum s € {1,...,S}, where the total num-
ber of strata S is finite, the proportion of treated units m,y converges in

probability to 7.

Remark 1. Assumption [I| ensures that the sample is representative of the
population and prevents issues with extreme values dominating the results,
thus allowing for valid inference. Importantly, the treatment indicators
{A;}, are allowed to be dependent across subjects, as naturally occurs
under covariate-adaptive randomization. When applying different estima-
tion methods to baseline covariates, additional assumptions are imposed
on X;. Assumption [2 formalizes the independence between the treat-
ment assignment mechanism and the potential outcomes, conditional on
the stratification variables. It holds under simple and restricted random-
ization (Rosenberger and Lachin, 2015), and is widely satisfied by existing
covariate-adaptive randomization methods, including the stratified biased-
coin design (Efron, 1971)), stratified block design (Zelen| |1974)), stratified
adaptive biased-coin design (Wei, |1978), Pocock and Simon’s minimization
(Pocock and Simon) 1975), and Hu and Hu’s method (Hu and Hul 2012).

Assumption [ ensures the asymptotic balance in treatment allocation across



strata, which prevents systematic imbalances that may inflate variances.

The mean and variance of a random variable V' are denoted by puy =
E(V) and ¢ = Var(V), respectively. Let V = V — E(V|B) denote V
centered at its stratum-specific conditional mean. Here B € {1,...,S}
denotes the stratum label, indicating which stratum the subject belongs to.
For random variables r;(a),i = 1,...,n, and a € {0,1}, the sample means
under treatment and control are defined as 7, = (1/n1) Y ., Air;i(1) and
To = (1/ng) > 7, (1 — A;)r;(0), respectively. The corresponding stratum-
specific sample means in stratum s are 71 = (1/n41) Ziej[s] A;ri(1) and
Tiso = (1/n40) Eiej[s] (1 — A;)r;(0), respectively. Building on the results of
Tu et al.|(2024), we first establish the asymptotic normality of the treatment

effect estimator constructed using the oracle transformed outcomes:

Proposition 1. Suppose that the oracle covariate-adjusted outcomes r;(a) =
Yi(a) —h(X;) belong to Ry and have finite second moments for a = 0,1 and
1=1,...,n, where h is a fixed measurable function of the covariates. Then,

under Assumptions [1{3,
Vi(F =) 5 N(0,2(m) + <3y, ), SE(m) + Sy 5 ) + Sy

where T = Zle Pufs) {751 —T[so} denotes the stratum-weighted difference-in-

means treatment effect estimator based on the oracle transformed outcomes



across treatment arms.

The asymptotic variance decomposes into two intuitive components:
¢2(m), which captures the within-stratum variability in the transformed
outcomes, and ¢%,., which quantifies the between-stratum heterogeneity in

treatment effects. Formally,
2 2 L,
S (m) = —07«1-(1)_E{m(1)\3i} + mari(o)—E{ri(O)\Bi}a

) 2
= Zps( B{ri(1)|Bi = s} — E{ri()}] = [E{ri(0)|B; = s} - E{ri(0)}] ) .
To facilitate inference, we construct plug-in estimators for these vari-
ance components, expressed as sample analogs that leverage observed or

estimated transformed outcomes 7;(a):
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3. Model averaging estimator and weight selection procedure

Under complex data-generating processes, traditional single-model covariate-

adjusted methods for treatment effect estimation are susceptible to model



misspecification and may lead to inefficient estimators. For example, a
linear model may fail to adequately capture the nonlinear relationships be-
tween covariates and outcomes. To address this limitation and enhance
efficiency, we adopt a model averaging approach that integrates projections
from a set of candidate models into a weighted linear combination, where the
weights are constrained to be nonnegative and to sum to 1. This approach
mitigates the limitations of individual models while aiming to minimize the
asymptotic variance of the ATE estimator.

The performance of the model averaging estimator hinges critically on
the selection of weights assigned to candidate models. Although various
weight selection criteria exist, such as those based on information crite-
ria including AIC or BIC (Singh et al., 2010), their theoretical properties
under the complex dependence structures induced by CAR are not well un-
derstood. Moreover, these criteria may not align well with the objective of
precise treatment effect estimation. As established by [Tu et al.| (2024)), the
covariate adjustment methods in the oracle treatment effect estimator influ-
ence only its asymptotic variance, without affecting bias. Consequently, our
goal is to enhance efficiency by directly minimizing the asymptotic variance
¢2(m) + <%, of the treatment effect estimator. Notably, for any transformed

outcomes of the form r;(a) = Y;(a) — h(X;),a = 0, 1, the difference between



these transformed outcomes equals that between the original outcomes, im-
plying <%, = <#y, where ¢Z is obtained by replacing the transformed out-
come r with the original outcome Y in the statistic ¢%,. Consequently, we

only need to minimize ¢?(m). The proposed procedure proceeds as follows:

I. Partition the data set into K folds, where each of the first K — 1
folds contains J = |n/K | observations and the final fold contains the

remaining n — (K — 1) x [n/K| observations.
II. Fork=1,..., K,

(a) Exclude the k-th fold from the data set and use the remaining
observations to fit m =1, ..., M models for covariate adjustment.
Here, M is assumed to be fixed. Denote the estimated covari-

ate adjustment functions for stratum s and treatment group a by

hoH(La) form=1,...,M,s=1,....S and a = 0,1.

mls]
(b) Compute the predictions for observations within the k-th fold us-

ing the M fitted models for each treatment group.

ITI. Compute the transformed outcomes for each model combination as

follows: for the i-th observation in fold £ and stratum s,

M
Pi(w, a) = Yi(a {1 T Zw jh (X, 1) —|—7rZw(m m[Sf(XuO)}
m=1

=1



IV.

where w = (w1, W)L, - - -, W), W10, WR)0, - - - Wary) - 18 a 2M-
dimensional vector, and w(,); and wgy) can be different for model
m. In the following statements, we use the subscript m to denote the
statistics corresponding to model m, and the subscript k£ to denote the
statistics computed within fold k. Then, for each fold, we construct a

variance estimator éf(w) > and the K-fold cross-validation criterion is

CVK Z S (w)k*

Here éf(w) . 1s the plug-in within-stratum variance estimator computed
from the transformed outcomes in the held-out fold I, using nuisance

functions trained on I.

Select the model weights by minimizing the K-fold cross-validation
criterion:

w = arg min C'Vi (w),
wew

where W = {w : Zn]‘le Wimya = 1, Wimye > 0,a = 0,1}. The final

treatment effect estimator is

S
Z Pns]
s=1

_ 1 M
{Y[sp—n > (A=) D Zﬂ[zeu mis] X“l)}

[s]1 1€J]s) m=1

M K
_ 1
—{Y[slﬁn > (A= mugg) D o D Lierhiygs Xwo)}]
[s]0 1€y m=1 k=1



Remark 2. The transformed outcomes used in the proposed treatment ef-
fect estimator are designed to improve estimation precision by subtracting
the variation in potential outcomes that can be explained by baseline co-
variates. In this sense, the proposed estimator can be conceptualized as a
model-averaged and cross-fitted extension of the covariate-adjusted estima-
tors developed by Liu et al.| (2023)) and [Tu et al| (2024). In addition, we
retain the out-of-fold predictions in the final estimator to preserve the fold-
level separation between nuisance fitting and treatment effect estimation.
This is analogous to the role of cross-fitting in double machine learning
(Chernozhukov et al., |2018)). A full-sample refit of h,, may improve pre-
diction accuracy, but it defines a different estimator that requires further

conditions for valid inference.

Remark 3. The performance of the cross-validation procedure can be sen-
sitive to the choice of K, reflecting a trade-off between nuisance fitting
and validation precision. A larger K uses more observations for fitting
the candidate models, but leaves fewer observations in each validation fold,
which may make the foldwise variance estimates less stable, particularly
when some stratum-treatment cells are small. A smaller K provides larger
validation folds but uses fewer observations for model fitting. In practice,

values around 5 are commonly adopted in the statistical literature.



4. Optimality of the selected weights

In this section, we establish the optimality properties of the cross-validated
weights proposed in Section 3 under standard regularity conditions. The
decomposition in the Supplementary Material shows that, under the con-
ditions stated below, the proposed treatment effect estimator is asymp-
totically equivalent at the root-n scale to applying a stratified difference-
in-means estimator to a transformed outcome of the form Y;(a) — {(1 —
7)hi (X, 1) + 7hg(X;,0)}. As shown in |Liu et al.| (2023)), the asymptotic
variance of the treatment effect estimator based on this transformed out-
come is minimized when hi(X;, a) = E{Y;(a)|X;, B; = s},s =1,...,5,a =
0,1. This result directly motivates our choice of the risk function. Specif-
ically, the asymptotic variance of the ATE estimator depends critically on
how accurately the weighted combination of candidate model predictions
approximates the true conditional means. A more accurate approximation
leads to a smaller asymptotic variance. Accordingly, within each stratum s,

we define the risk as the variance of the discrepancy between the weighted



prediction and its optimal conditional mean target:

R(w, s)
M K o M X -
= Var ({(1 )Y Wyt Y ]l[ielk]h,(g[s]) (X0 D)+ 7> Wimpo ]l[ielk]hfg[s])(xi, 0)}
mt k=1 m=1 k=1

[0 BB = 5} + B0 B = 5} ),

where the variance is taken with respect to X;. By minimizing this risk

function over the weights, we find the weighted combination of candidate
models that best approximates the true conditional means, which directly
reduces the asymptotic variance of the ATE estimator and improves the effi-
ciency of inference on the target estimand. The overall risk function is then
scaled and aggregated across strata: R(w) = {r(1—m)}"' 327 p,R(w, s),
with ps denoting the expected proportion of units in stratum s.

Ideally, one would select weights w € W to minimize R(w). However,
this objective is infeasible in practice, as it depends on the unknown con-
ditional expectations. Instead, we adopt a data-driven approach and select
weights by minimizing a K-fold cross-validation criterion. We show that
the resulting empirical weights asymptotically minimize R(w). This result
fills an important gap in the existing literature. To the best of our knowl-
edge, previous studies have not systematically investigated weight selection

among multiple candidate models under covariate-adaptive randomization.



Establishing this result is non-trivial, as the dependence among observa-
tions induced by CAR requires careful theoretical treatment. Moreover,
we demonstrate that the proposed method is not only practically imple-
mentable but also asymptotically optimal in large samples.

For each model m € {1,..., M}, stratum s € {1,...,S}, and treatment
arm a € {0, 1}, let hy (-, a) be the limiting function of ﬁg:[];])(-, a). Suppose
that subject ¢ € [ lies in stratum s, and let X'l- ~ X;|B; = s be an
independent copy of X; given B; = s that is also independent of the out-
of-fold observations {Y}, X, A;, Bj}jere. We next state the assumptions

required for establishing these asymptotic results.

Assumption 4. Conditional on the training-fold data used to construct

h k)( a), both ﬁg:[f]) (X;,a) and Poats) (X, a) have bounded second moments

mls]

foralme {1,...,M},se{l,...,5}, and a =0, 1.

Assumption 5. Let ([;,)%_, denote a random K-fold partition of the index
set {1,...,n}, and let I{ denote the complement of I;. Then the following

condition holds uniformly over m, s and a:
2
[{h Xzaa m[s](XZ’a)} | B; = s, {Y}anvAj’Bj}J'GId = OP(l)v (4'1)

where the conditional expectation is taken with respect to X;. The esti-

mated function izfg[f])(-, a) is treated as fixed given {Y}, X;, A;, Bj}jere and



the stratum indicator B; = s. In addition, the conditional squared-error

risks in (4.1)) are uniformly integrable.

Remark 4. Assumption [5]imposes uniform Ly consistency of the out-of-fold
projection estimators ltaf?;[f])(-, a) toward their population limits %}, (-, a).
This condition controls the estimation error of the cross-validated predic-
tions and ensures that the resulting risk estimates are stable across folds,
which is essential for valid weight selection in model averaging. This as-
sumption is satisfied by a broad class of estimators commonly used in prac-
tice. With low-dimensional covariates, one may take h to be the ordinary
least-squares or maximum-likelihood fitted regression function; under stan-
dard regularity conditions, the squared error is O,(n~') (Van der Vaart,
2000). With high-dimensional covariates, if the regression function is as-
sumed to be sparse and approximately linear, one may take h to be the
Lasso-type fitted function. Under a restricted eigenvalue condition, the
squared error is then O,(slogp/n) (Bickel et al., 2009). If the covariate-
outcome relationship is assumed to be possibly nonlinear, one may take h
to be a function estimated using a random forest, and the squared error
is 0,(1) under suitable regularity conditions (Chi et al. 2022). Since each

training sample I{ has size n(1 — 1/K) and K is fixed, these rates have

the same order as their full-sample counterparts. Moreover, because the



numbers of candidate models, strata, and treatment arms are finite, taking

the supremum over (m, s,a) does not change the convergence order.

For any w € W and B; = s, define the common oracle adjustment and

the corresponding oracle transformed outcomes by

qw(XZ7 S 1 -7 Z w(m 1h X’L) 1) Z w(m)Oth[s](Xu 0)7

r*(w,a) :Y;(a) _qj:u(XzaBz)a a:()al'

)

The two variance components in Proposition[l], evaluated at these outcomes,

are denoted by ¢2.(,,\(7) and .. (), respectively.

Denote
M M
R*(w,s) = Var({(l — ) Z W(m)1 o ( Xy 1) + 70 Z 0P (X, 0)}
m=1 m=1

[ - MBI B = s} + mE 01X, 5= 51] ),

and define R*(w) = {#x(1 —m)}! ZlepsR*('w, s) as the population risk
function obtained by replacing the estimated projection functions with their
corresponding limiting functions.

Let ¢ = inf R*(w) denote the minimum risk over the candidate weight

weWw

set W. A direct expansion shows that, for any w,w’ € W,

{§3*(,w)<’ﬂ'> + g?fr*(w)} - {§3*(w’)(7r) + gIQJT*(w’)} = R*(w) - R*(w,)



Thus, minimizing R*(w) over W is equivalent to minimizing the asymptotic
variance over the same candidate weight set.

We impose the following assumption, which rules out the degenerate
case where the optimal conditional expectation is exactly represented by

the candidate model class.
Assumption 6. The minimum population risk & is strictly positive.

Under the above assumptions, we can establish the following theorem,
which shows that the K-fold cross-validation weights asymptotically mini-

mize the population risk function.

Theorem 1. Under Assumptions[1H6], it holds that

R(w) P
_ 1.
infpey R(w)

Remark 5. The proof of Theorem [If relies on several technical ingredi-
ents. In particular, Lemma S3 establishes the uniform integrability of con-
vex combinations of the projection functions h(-). Building on this result,
Lemma S4 derives a uniform law of large numbers. These two lemmas to-
gether allow us to verify the conditions of Lemma 1 in Gao et al.| (2019)),

which requires uniform convergence with respect to the weight vector w.

Next, we consider the special case where & = 0. In this setting, there ex-



ists a convex combination of candidate models that achieves the optimal co-
variate adjustment, in the sense that inf,,c)y R*(w, s) = 0 for every stratum s.

We treat this as a supplementary case and establish the following result.
Theorem 2. Under Assumptions [1H3, if £ =0, then R(w) = op(1).

Theorem [2| shows that, when the optimal covariate adjustment lies in
the convex hull of the candidate models, the cross-validated weights consis-

tently recover such an optimal combination, leading to vanishing risk.

5. Inference with the model averaging estimator

After establishing the asymptotic optimality of our CV-selected weights,
we now turn to statistical inference for the proposed estimator. Valid in-
ference for model averaging estimators under covariate-adaptive random-
ization is complicated by the data-dependent CV-selected weights and the
dependence induced by CAR. We address these challenges by establishing
asymptotic normality of the proposed estimator, which supports asymptot-
ically valid confidence intervals and hypothesis tests.

In the theorem below, r(w*, a) denotes the oracle transformed outcome

induced by an oracle risk minimizer w*, and qf*(w*)(w) and ¢z, are the

*(’LU*)
corresponding variance components that account for this weight-dependent

transformed outcome.



Theorem 3. Let w* be the optimal weight vector and w be the estimated

weights obtained from the proposed model averaging procedure. Suppose that
ri(w*, a) € Ry. Under Assumptions [1H], we have

VF)=T) B N (0,62 ) (M) FH 1 0r))r ) )y = S a0r) (1) TS He (a0 -
Remark 6. The estimation error of ﬁgn_[g) is absorbed through Assump-
tion [5} In the proof of Theorem [3in the Supplementary Material, the first
two terms of Eq. (S3.3) are considered together as a paired CAR imbal-
ance contrast of the fitted adjustment, conditional on the training folds.
The accuracy of h(=%) is used when the leading plug-in transformed out-
come is replaced by its oracle version based on hfn[s]. Under Assumption ,
candidate learners may converge at different rates, and the cross-validation
criterion selects the asymptotically optimal convex combination for the risk

objective among the candidate adjustments.

Remark 7. When the candidate set contains only one model, the pro-
posed estimator reduces to the standard single-model covariate-adjusted
estimator, making Proposition [1|a special case of Theorem |3 with the same
limiting distribution. This single-model constraint differs from model se-
lection, where multiple candidates are available but the final estimator is
still restricted to a single selected model. By contrast, model averaging

allows data-driven convex combinations of the candidate models, which



can be asymptotically preferable (Le and Clarke], 2022)). The model av-
eraging weights directly affect the first-order asymptotic variance and are
selected to identify the optimal combination over the entire weight space,
whereas model selection is restricted to its vertices. Theorem [I] establishes
the asymptotic optimality of the cross-validation weights over this weight
space. Consequently, the proposed model averaging estimator is asymptot-
ically no less efficient than model selection and can be strictly more efficient
when a combination of candidate models approximates the optimal condi-

tional mean functions more accurately than any individual model.

Based on the above asymptotic normality, we derive a model averaging
framework for valid statistical inference on the ATE 7 that permits hy-
pothesis testing and the construction of confidence intervals at the nominal
level a € (0,1). To test the null hypothesis Hy : 7 = 7y against the two-
sided alternative H; : 7 # 7y, we consider a Wald-type test based on the

standardized estimator:

P(Z"

7 (W) —7g ’

H \/ Sy (DT ()7

where z;_g is the (1—%)-quantile of a standard normal random variable, and

>Zl%:|

A= \/(AQ %((ﬁ;:go > is the test statistic. While this procedure relies on
Sr() \ ) TS Hr () )/ T

large-sample approximations, simulations in the next section demonstrate




good finite-sample performance.

6. Numerical experiments

6.1 Simulation studies

In this section, we examine the empirical performance of estimators with
different candidate models. The detailed data-generating process can be
found in the Supplementary Material. For covariate adjustment, we em-
ploy four candidate models: linear regression (linear), local linear kernel
regression (kernel), natural spline (ns), and random forest (rf). We also
perform model averaging (ma) and model selection (ms) based on these
four models. We conducted simulation studies under various randomization
schemes, including complete randomization, stratified block randomization,
Pocock and Simon’s minimization, and Hu and Hu’s method. For brevity,
we present here only the results obtained under Pocock and Simon’s mini-
mization with a biased-coin probability of 0.75 and equal marginal weights.
Additional results for other randomization procedures are provided in the
Supplementary Material. They suggest that the asymptotic properties of
the treatment effect estimators are insensitive to the specific choice of ran-
domization scheme. The relative bias, standard deviation (SD) of the treat-

ment effect estimators, and empirical coverage probability (CP) of the 95%
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confidence interval are computed using 1, 000 replications. To determine the
number of folds in the subsequent simulations, we first examine changes in
the standard deviations of the treatment effect estimators for K = 2,5, 10,

with the sample size fixed at n = 500.
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Figure 1: Standard deviations of the treatment effect estimators with

different numbers of folds under each model.

As illustrated in Figure [ the performance of the treatment effect es-
timators is generally stable across the considered values of K. Increasing
K from 2 to 5 produces modest reductions in standard deviation in some
settings, whereas further increasing K to 10 yields little systematic im-

provement and occasionally leads to slight increases. The relative biases
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and coverage probabilities are also broadly comparable across values of K,
except for the instability of the local linear kernel-adjusted estimator un-
der Model 3. In view of its generally stable performance and moderate

computational cost, we use K = 5 in the subsequent simulation studies.
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Figure 2: Relative biases, standard deviations, and coverage probabilities
of the treatment effect estimators with K = 5 and different numbers of

units under each model.

Figure [2| shows that the relative biases of most treatment effect esti-
mators are negligible across the scenarios considered. The main exception
is the local linear kernel-adjusted estimator under Model 3, which exhibits

unstable relative bias with small sample sizes because sparse observations
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make it difficult to estimate the highly nonlinear relationship involving X;
in the control group. The proposed model averaging estimator generally has
the smallest standard deviations among the estimators considered, with its
efficiency advantage being most pronounced under Model 3, where no sin-
gle candidate model is correctly specified. Across all settings, the standard
deviations decrease as the sample size increases, while the coverage proba-

bilities remain reasonably close to the nominal 95% level.
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Figure 3: Dominance counts for each adjustment method across 1000

simulation replications with different numbers of units under each model.

Figure |3| summarizes how often each candidate adjustment method
dominates across simulation replications. The dominant method varies

substantially across data-generating models, treatment arms, and sample
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sizes, indicating that no single adjustment method is uniformly optimal.
In Model 1, the linear and kernel adjustments dominate most frequently
in both treatment and control groups, consistent with the relatively simple
outcome structure. In Model 2, the dominant method differs sharply by
treatment arm: natural spline, kernel, and random forest all contribute in
the treatment group, whereas the kernel method overwhelmingly dominates
in the control group. Model 3 shows an even stronger arm-specific pattern,
with kernel adjustment dominating in the treatment group, while natural
spline dominates the control group for smaller sample sizes and kernel be-
comes increasingly competitive as the sample size grows. In Model 4, the
natural spline dominates in the control group, whereas the treatment group
exhibits a more mixed pattern. These results highlight substantial model
uncertainty and treatment-arm heterogeneity and provide empirical sup-
port for the proposed model averaging approach, which efficiently combines

candidate adjustments rather than relying on a single model.

6.2 Clinical trial example

In this section, we consider a clinical trial example based on synthetic data
generated from a chronic depression trial, which was conducted to compare

the efficacy of three treatments (Keller et al. 2000). We focus on two of
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the treatments, Nefazodone alone and the combination of Nefazodone and
the cognitive behavioral-analysis system of psychotherapy (CBASP). The
total number of subjects is 440. To generate the synthetic data, we first fit a
nonparametric spline with the function bigssa in the R package bigspline
and the selected covariates detailed in Table S17 of the Supplementary Ma-
terial. The response of interest is the total Hamilton anxiety score (HAMA
score), with a lower score indicating less severe anxiety.

Then, we use gender for stratification and generate the treatment as-
signments using different randomization procedures. Once the treatment
assignments are produced, we generate subject responses through the fitted
model. For the data analysis, each model uses a different set of covariates
for treatment effect adjustment; details are provided in the Supplemen-
tary Material, Table S18. Here, we present the treatment effect estimates
and variance reductions of the same covariate-adjusted estimators as those
used in the simulation study under stratified block randomization, using
the stratified difference-in-means estimator as the reference.

First, all estimators considered show that patients receiving the com-
bination of Nefazodone and CBASP have lower HAMA scores than those
receiving Nefazodone alone, suggesting a benefit of the combined therapy.

Moreover, all covariate-adjusted treatment effect estimators achieve sub-



Table 1: Performance of covariate-adjusted estimators in the synthetic

depression trial data: treatment effect estimates and variance reductions.

Allocation Statistics sdim linear kernel ns rf ma
Estimates -3.55 -333 -346 -3.35 -341 -3.39
Equal (7 = 3)
Variance Reduction -  7.60% 9.08% 8.45% 8.94% 12.29%
Estimates -3.57 -3.53 -3.53 -3.51 -3.73 -3.58
Unequal (7 = 2)
Variance Reduction 6.07% 4.10% 4.75% 9.40% 11.02%

Abbreviation: sdim, stratified difference-in-means; ns, natural spline; rf, random

forest; ma, model averaging.

stantial efficiency gains relative to the unadjusted stratified difference-in-
means estimator. Under equal allocation, the kernel-adjusted estimator
achieves the largest variance reduction among the single-model approaches,
whereas under unequal allocation (7 = %), the random forest-adjusted es-
timator yields the greatest efficiency gain. In both settings, however, the
model averaging estimator attains the smallest variance, illustrating the

potential efficiency gain from model averaging.

7. Conclusion

This paper proposes a novel model averaging framework for covariate ad-

justment under covariate-adaptive randomization, aiming to reconcile reg-



ulatory requirements for pre-specifying analysis models with the practical
difficulty of selecting a single optimal adjustment strategy. The approach
employs K-fold cross-validation to compute data-driven weights across a
pre-defined set of candidate models, yielding robust and efficient treatment
effect estimates. We further establish the asymptotic normality of the pro-
posed estimator and derive a consistent variance estimator, ensuring valid
statistical inference under a broad class of covariate-adaptive randomization
procedures.

Simulation studies and an application to synthetic clinical trial data
demonstrate the favorable performance of our model averaging estimator.
Across all simulated scenarios and the clinical trial application, it gener-
ally attains the lowest or near-lowest variance, particularly under complex
model misspecification where no single candidate is correct, while finite-
sample bias diminishes as the sample size increases. In practice, the choice
of fold partition is not expected to substantially affect the efficiency of the
treatment effect estimator, provided that each training sample remains suf-
ficiently large for nuisance estimation. Our simulations suggest that even
when the sample size within each stratum-treatment cell is only approxi-
mately 30-50, the proposed estimator can still perform well. Moreover, fold

splitting is also required by many machine learning methods to ensure valid



inference, so the use of model averaging does not introduce an additional
validity burden; rather, it mainly provides an opportunity for efficiency im-
provement by combining candidate estimators. The main practical limita-
tion is therefore the convergence behavior of the candidate nuisance models.
When the sample size is extremely small, machine learning methods may
fail to converge sufficiently fast. In such cases, we recommend averaging
across faster-converging parametric models, such as linear regression models
with different covariate specifications. Importantly, the theoretical validity
of the proposed estimator follows under the stated consistency condition on
the candidate learners entering the averaging procedure, while the model
averaging criterion selects the asymptotically optimal convex combination
for the variance-risk objective.

The proposed framework also yields interpretable information through
the estimated weights. These weights summarize the relative contribution
of candidate models to outcome prediction in the observed data. This post
hoc information may help inform future trial designs or refine covariate ad-
justment strategies in subsequent studies, while remaining compatible with
pre-specification requirements. In summary, this work provides a principled
and regulatory-compliant approach to covariate adjustment that accounts

for model uncertainty. The framework can also be extended to other out-
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come types, including binary and time-to-event outcomes, thereby broad-

ening its applicability in clinical research.

Supplementary Materials

Detailed proofs of the main theorems, additional technical lemmas, and ta-

bles of simulation results are available in the online supplementary material.
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