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Abstract: In comparative studies, balancing influential baseline covariates is fun-

damental to the credible assessment of treatment effects. Two prominent de-

sign strategies are covariate-adaptive randomization (CAR) and rerandomiza-

tion (RR). CAR is typically used in clinical trials in which subjects are enrolled

sequentially, whereas RR is formulated for settings in which all subjects are

randomized simultaneously. Although both approaches aim to reduce covariate

imbalance, their mechanisms differ substantially, which has hindered system-

atic comparisons between them. This article develops a unified framework for

rigorously comparing CAR and RR. We show that RR can match the balance

properties of CAR only under increasingly stringent acceptance thresholds. We

also study the implications of these thresholds for treatment-effect estimation

and for the computational burden of RR. Under such stringent thresholds, the

computational cost of RR grows polynomially with sample size but exponentially

with feature dimension. Consequently, while RR can effectively balance covari-
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ates in small to moderate studies, its computational cost escalates rapidly as the

sample size and feature dimension increase, limiting its scalability in large tri-

als. In contrast, CAR remains computationally efficient while delivering strong

balance guarantees under both sequential and simultaneous enrollment settings.

These results clarify the theoretical properties of CAR and RR and provide new

insights into their relative merits for the design of randomized controlled trials.

Key words and phrases: Covariate-adaptive randomization; Rerandomization;

Covariate imbalance; Treatment effect estimation; Computational cost.

1. Introduction

Balancing influential baseline covariates is fundamental to the design

of credible comparative studies, as improved covariate balance enhances

the comparability of treatment groups and can increase the efficiency of

treatment effect estimation (Rosenberger et al., 2008). The choice of a

covariate-balancing design is largely dictated by the enrollment mechanism.

Broadly speaking, comparative studies can be classified into two settings:

subjects are either enrolled sequentially and require treatment immediately

after enrollment, or all subjects are enrolled before treatment assignment

and randomized simultaneously. The first setting is common in clinical tri-

als and naturally motivates covariate-adaptive randomization (CAR), which

adaptively assigns balanced treatments during sequential enrollment (Taves,
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1974; Pocock and Simon, 1975). The second setting is frequently encoun-

tered in social science research and motivates the use of rerandomization

(RR), under which candidate treatment allocations are repeatedly gener-

ated until a prespecified covariate balance criterion is satisfied (Morgan

et al., 2012). Although both approaches are designed to improve covariate

balance, they differ substantially in their implementation, computational

requirements, and practical applicability. Systematic comparisons of these

two designs remain limited, and the regimes under which one approach is

preferable to the other are not yet fully understood.

CAR is widely adopted in clinical trials to ensure the balance of the

covariates (Bruce et al., 2022). By appropriately specifying the imbalance

measure, CAR can accommodate discrete covariates (Hu and Hu, 2012),

continuous covariates (Yang et al., 2023; Qin et al., 2024), and multiple

treatment arms (Hu et al., 2023). Under mild conditions, the resulting

imbalance process can be represented as a recurrent Markov chain, whose

magnitude is typically op(n
1/2) and may even attain the Op(1) rate (Ma

et al., 2024). Such improved covariate balance enhances the comparability

of treatment groups and can lead to substantial gains in the efficiency of

treatment-effect estimation (Ma et al., 2015; Liu and Hu, 2023). Although

CAR was originally developed for sequential enrollment settings, it can also
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be applied without modification when all subjects are enrolled simultane-

ously (Liu et al., 2024), thereby providing a flexible design strategy across

a broad range of experimental settings.

It is worth noting that, in clinical trials, “rerandomization” also refers

to a recruitment strategy in which patients with recurrent conditions are

re-enrolled and rerandomized for separate episodes of the same disease (Ka-

han et al., 2015). By contrast, the RR design formulated by Morgan et al.

(2012) is a covariate-balancing strategy in which treatment assignments for

a given set of experimental units are repeatedly generated until a prespeci-

fied balance criterion is satisfied. With a sufficiently stringent criterion, RR

can achieve near-optimal balance (Wang and Li, 2022) and yield substan-

tial gains in the efficiency of treatment-effect estimation (Li et al., 2018;

Li and Ding, 2020). Moreover, the Mahalanobis distance can be modified

to accommodate a wide range of covariate structures, including discrete

covariates (Johansson and Schultzberg, 2022; Wang et al., 2023) and non-

linear associations (Johansson et al., 2021). Because RR requires baseline

covariate information for all units to be available before randomization, it

may be impractical in many clinical trials, where patients are enrolled se-

quentially and require immediate treatment. Nevertheless, RR has been

widely used in social-science research; see, for example, Brune et al. (2021)
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and Owen (2023). Because “rerandomization” is already well established in

the statistics literature, we use this term throughout this paper to denote

the covariate-balancing strategy described above.

Despite these developments, formal comparisons between CAR and RR

have remained difficult because the two methods are typically analyzed

under different theoretical frameworks: CAR is often studied under super-

population asymptotics through a Markov-process formulation, whereas RR

is commonly analyzed under finite-population theory (Li et al., 2018). This

methodological divide has contributed to different perspectives on their rela-

tive merits. While some researchers advocate RR for its conceptual simplic-

ity and transparent balance criterion (Johansson and Schultzberg, 2022),

others argue that covariate balance should be enforced directly through the

randomization procedure itself. As Athey and Imbens (2017) state,

“We recommend simply taking care in the original design so that as-

signments that correspond to unacceptable balance are ruled out from

the outset, rather than ruled out ex post, which complicates inference.”

A unified theoretical framework is therefore needed to clarify when the two

approaches achieve comparable covariate balance and when their perfor-

mance differs in a practically meaningful way.

In this article, we develop a unified theoretical framework for comparing
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CAR and RR. We establish sufficient conditions under which RR attains

the same asymptotic order of covariate balance as CAR and characterize

the corresponding computational cost through the expected number of ran-

domization draws, N . We show that E[N ] grows polynomially with the

sample size n, with an exponent that increases with αq, where α character-

izes the stringency of the balance requirement and q is the dimension of the

balancing feature vector. Consequently, although RR can attain balance

comparable to, or even finer than, that achieved by CAR when n and q are

relatively small, its computational burden may become prohibitive in large-

scale or feature-rich studies. By contrast, CAR remains computationally

scalable while providing strong balance guarantees and can be implemented

under either sequential or simultaneous enrollment. Numerical studies il-

lustrate the finite-sample implications of these theoretical results.

The rest of this article is organized as follows. Sections 2 and 3 introduce

the framework for the comparison and present the main theoretical results.

Section 4 examines practical implications for trial design. Numerical studies

are reported in Sections 5 and 6. Concluding remarks are given in Section 7.

Proofs and additional results are provided in the Supplementary Materials.
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2. Framework

Consider a two-arm trial with n patients. For 1 ≤ i ≤ n, let Ti denote

the treatment assignment, with Ti = 1 indicating the assignment to treat-

ment and Ti = 0 indicating the assignment to control. The treatment and

control sample sizes are n1 =
∑n

i=1 Ti and n0 = n − n1, respectively. For

t ∈ {0, 1}, let Yi(t) denote the potential outcome of patient i under treat-

ment t. The observed outcome is Yi = TiYi(1)+(1−Ti)Yi(0). The goal of the

trial is to obtain comparable treatment arms and to estimate the average

treatment effect τ = E[Yi(1)− Yi(0)]. We consider the difference-in-means

estimator τ̂ = Ȳ1 − Ȳ0, where Ȳt = n−1
t

∑
i:Ti=t

Yi for t ∈ {0, 1}.

Covariate-Adaptive Randomization

Input: 1. covariates: 𝑋1, … , 𝑋𝑛
           2. imbalance score: 𝐼𝑚𝑏𝑛 𝜓

3. probability of a biased coin: 𝜌 >1/2

For 1 ≤ 𝑖 ≤ 𝑛 − 1

Adaptive steps: 𝑖 = 𝑖 + 1
1. Given 𝜓𝑖 = 𝜓∗, assume 𝑇𝑖 = 1 and evaluate the potential imbalance

score: 𝐼𝑚𝑏𝑖
[1]

𝜓∗ ; assume 𝑇𝑖 = 0 and evaluate the potential imbalance

score: 𝐼𝑚𝑏𝑖
[0]

𝜓∗ ;

2. If 𝐼𝑚𝑏𝑖
[1]

𝜓∗ < 𝐼𝑚𝑏𝑖
[0]

𝜓∗ , then assign 𝑇𝑖 = 1 with probability 𝜌;

if 𝐼𝑚𝑏𝑖
[1]

𝜓∗ > 𝐼𝑚𝑏𝑖
[0]

𝜓∗ , then assign 𝑇𝑖 = 0 with probability 𝜌;

if 𝐼𝑚𝑏𝑖
[1]

𝜓∗ = 𝐼𝑚𝑏𝑖
[0]

𝜓∗ , then assign 𝑇𝑖 = 1 with probability

      1/2

Initial step: 

assign 𝑇1 = 1 with probability  1/2

Rerandomization

Input:  1. covariates: 𝑋1, … , 𝑋𝑛
2. choice of imbalance score: 𝐼𝑚𝑏𝑛 𝜓
3. value used for rejection:  𝑟𝑛

Randomization step:

Generate {𝑇𝑖}𝑖=1
𝑛 by complete randomization

Output: 

{𝑇𝑖}𝑖=1
𝑛

Evaluation step:

Check whether 𝐼𝑚𝑏𝑛 𝜓 calculated based on

{𝑇𝑖}𝑖=1
𝑛 satisfies  𝐼𝑚𝑏𝑛 𝜓 < 𝑟𝑛

Output: {𝑇𝑖}𝑖=1
𝑛

True

False

True

False

Figure 1: Flowcharts of CAR and RR.

Suppose that patient i has a p-dimensional vector of baseline covariates
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Xi = (Xi,1, . . . , Xi,p)
⊤, observed prior to assignment. Because the random-

ization design may involve discretizations or other transformations of Xi,

let ψi = ψ(Xi), where ψ : Rp → Rq represents a feature map that summa-

rizes the covariate information used to assess balance. Define the imbalance

vector and the corresponding imbalance score after n assignments as

Λn(ψ) =
n∑
i=1

(2Ti − 1)ψi, and Imbn(ψ) = Λn(ψ)
⊤Λn(ψ). (2.1)

The imbalance score in (2.1) provides a common basis for describing CAR

and RR. Specifically, one may seek to reduce Imbn(ψ) as the enrollment

proceeds, as in CAR, or by repeatedly generating assignments and retain-

ing one that satisfies a prespecified balance criterion, as in RR. Figure 1

illustrates the two procedures.

Both designs seek to reduce Imbn(ψ), but they achieve this objective

through different mechanisms. CAR is designed for sequential enrollment

and improves covariate balance by updating treatment assignment proba-

bilities according to the covariates and treatment assignments of previously

enrolled patients. This is often implemented through a biased-coin design

(Efron, 1971), which assigns, with probability ρ > 1/2, to the treatment

that would reduce the current imbalance. In this way, CAR adaptively

steers the allocation toward better balance while preserving randomization.
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By contrast, RR requires baseline covariate information for the full

cohort prior to randomization and is therefore naturally suited to settings in

which treatment assignments can be generated simultaneously for a fixed set

of patients. It is typically implemented using a Mahalanobis-type imbalance

score Imbn(ψ̃), where ψ̃(X) = Σ
−1/2
ψψ [ψ(X)−µψ]. In practice, when µψ and

Σψψ are unknown, they are replaced by their empirical analogues. Given a

prespecified threshold rn, RR repeatedly generates completely randomized

assignments until Imbn(ψ̃) < rn. The tuning parameters in CAR and RR

therefore play distinct roles. ρ in CAR governs the strength of the local

preference for assignments that reduce the imbalance, whereas rn in RR

determines the stringency of the global acceptance criterion and is typically

chosen as a function of both n and q. More stringent balance requirements,

corresponding to smaller values of rn, admit fewer acceptable allocations

and hence entail greater computational burden. In the next section, we

compare CAR and RR in terms of their balance properties and discuss

their implications for treatment-effect estimation.

3. Main Results

Let “∼” denote asymptotic equivalence: for two positive functions f(x)

and g(x), we write f ∼ g as x → x0 if limx→x0 [g(x)]
−1f(x) = 1. For any

p-dimensional vector x, let ∥x∥ = (x⊤x)1/2 denote the Euclidean norm,
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and let Ip denote the p-dimensional identity matrix. To study the effects

of CAR and RR on τ̂ , define, for t ∈ {0, 1}, mt(X) = E[Y (t) | X] −

E[Y (t)], ϵ(t) = Y (t) − E[Y (t) | X], and ΣY (t)ψ = Cov[Y (t), ψ(X)]. Let

µψ = E[ψ(X)] and Σψψ = V[ψ(X)], and define ΣY ψ = ΣY (1)ψ + ΣY (0)ψ,

σ2
Y = 2(σ2

Y (1)+σ2
Y (0)). For RR, let N denote the number of randomizations

required to obtain an acceptable assignment, and let Fχ2
q
(x) denote the

cumulative distribution function of a chi-square random variable with q

degrees of freedom. The following assumptions will be used throughout the

theoretical developments.

Assumption 3.1. 1. {Xi, Yi(1), Yi(0)}ni=1 are i.i.d. copies of {X, Y (1),

Y (0)}, with σ2
Y (t) = V[Y (t)] <∞ and E[V[Y (t)|X]] > 0 for t ∈ {0, 1}.

2. The feature map ψ(X) satisfies E[∥ψ(X)∥r] < ∞ for some r > 5,

∥ΣY (t)ψ∥ <∞, and Σψψ is invertible.

Assumption 3.2. Suppose that the distribution of ψ(X) is Γψ and that

there exists an integer nc and a constant 1 ≥ cν > 0 such that Γnc
ψ (A) ≥

cν
∫
A
ν(y) dy for any Borel set A, where ν(y) is a density function satisfying

infy∈O ν(y) > 0 for an open set O, and Γkψ is the k-fold convolution of Γψ.

Assumption 3.1 provides basic moment conditions on {ψ(X), Y (1), Y (0)}

needed to establish the theoretical properties of CAR and RR. Assump-

tion 3.2, following Ma et al. (2024), guarantees that the process {Λn(ψ)}∞n=1
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3.1 Covariate Balance and Treatment Effect Estimation

is ψ-irreducible and underlies the proof that it is Harris positive recurrent

(Meyn and Tweedie, 2013).

3.1 Covariate Balance and Treatment Effect Estimation

We first compare the balance properties of CAR and RR in the following

proposition (Morgan et al., 2012; Ma et al., 2024).

Proposition 3.1. 1. Under Assumption 3.1 and CAR, E[∥Λn(ψ)∥2] =

O(n1/(c−1)) and thus Λn(ψ) = Op(n
1/(2c−2)) = op(n

1/2) for c > 2. If

Assumption 3.2 also holds, {Λn(ψ)}n≥1 is a positive Harris recurrent

Markov chain, and Λn(ψ) = Op(1).

2. Suppose Assumption 3.1 holds and RR is adopted with rn = nr. Let

v(r, q) = Fχ2
q+2

(r)/Fχ2
q
(r) denote the efficiency factor. Then

n−1Imbn(ψ̃)
D−→ Λ⊤

RRΛRR and n−1/2Λn(ψ)
D−→ Σ

1/2
ψψΛRR, (3.1)

where Zq = (Z1, . . . , Zq)
⊤ follows N (0, Iq), ΛRR

D
= Zq|Z⊤

q Zq < r,

and ΛRR satisfies E[ΛRR] = 0q and V[ΛRR] = v(r, q)Iq.

Proposition 3.1 compares the balance properties of CAR and RR. Under

Assumptions 3.1 and 3.2, CAR yields covariate imbalance Λn(ψ) of order

Op(1), which corresponds to the optimal rate studied in Hu and Hu (2012)

and Ma et al. (2024). Even without Assumption 3.2, CAR still guarantees

the slightly weaker rate Λn(ψ) = op(n
1/2) in general.
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3.1 Covariate Balance and Treatment Effect Estimation

For RR, the efficiency factor v(r, q) characterizes the degree of covariate

balance achieved under the threshold r. As shown in (3.1), the asymptotic

behavior of Imbn(ψ̃) and Λn(ψ) is governed by the limiting random vec-

tor ΛRR, whose variance is proportional to v(r, q). Smaller values of v(r, q)

therefore correspond to finer covariate balance. Theorem 3.3 further es-

tablishes that v(r, q) is increasing in the threshold r and decreasing in the

feature dimension q. In particular, as r ↓ 0, we have v(r, q) ↓ 0, implying

that n−1/2Λn(ψ) and n
−1Imbn(ψ̃) can be made asymptotically negligible by

imposing a sufficiently stringent acceptance criterion. When r is bounded

away from zero, however, CAR achieves substantially finer balance.

In summary, when r is sufficiently small, RR can attain balance com-

parable to, or even finer than, that achieved by CAR. In principle, RR

may identify an assignment that minimizes Imbn(ψ). The key challenge

is whether such an assignment can be found with a feasible number of

randomization draws N . By contrast, CAR may be viewed as a sequen-

tial randomized optimization procedure that provides a computationally

feasible way to approximately minimize Imbn(ψ), thereby maintaining a

trade-off between computational cost and the pursuit of optimal covariate

balance. We next compare the impact of CAR and RR on τ̂ , following the

analyses of Li and Ding (2020) and Ma et al. (2024).
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3.1 Covariate Balance and Treatment Effect Estimation

Proposition 3.2. 1. Suppose Assumptions 3.1 and 3.2 hold and CAR

is employed. There exists σ2
m ≥ 0 such that

n−1/2Λn(m1 +m0) =
1√
n

∑n
i=1(2Ti − 1)[m1(Xi) +m0(Xi)]

D−→ N (0, σ2
m),

and
√
n(τ̂ − τ)

D−→ N (0, σ2
Y (1− γY ψ,CAR)),

where γY ψ,CAR = σ−2
Y (V[m1(X) +m0(X)]− σ2

m).

2. Suppose Assumption 3.1 holds and RR is implemented with rn = nr.

Let Z0 be a standard normal random variable independent of Zq de-

fined in Proposition 3.1(ii). Then

√
n(τ̂ − τ)

D−→ σY
(√

γY ψ,RR Lq,r +
√
1− γY ψ,RR Z0

)
, (3.2)

where γY ψ,RR = σ−2
Y ΣY ψΣ

−1
ψψΣψY , Lq,r

D
= Z1 | Z⊤

q Zq < r, and Lq,r is

symmetric about zero with V[Lq,r] = v(r, q).

Proposition 3.2 shows that CAR and RR affect the distribution of τ̂

in different ways. For CAR, the covariate balance induced by adaptive

randomization reduces the variance of
√
n(τ̂ − τ), yielding σ2

Y (1−γY ψ,CAR).

Under complete randomization (CR), the variance of n−1/2Λn(m1 + m0)

is V[m1(X) +m0(X)], and the variance of
√
n(τ̂ − τ) is σ2

Y . By contrast,

balancing ψ(X) under CAR generally ensures 0 ≤ σ2
m < V[m1(X)+m0(X)]

(Ma et al., 2024), implying that γY ψ,CAR is positive and bounded above by

σ−2
Y V{m1(X) +m0(X)}. When m1(X) +m0(X) lies in the linear span of
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3.1 Covariate Balance and Treatment Effect Estimation

ψ(X), Proposition 3.1 (i) implies that σ2
m = 0. In this case, CAR achieves

the minimal asymptotic variance 2(V[ϵ(1)] + V[ϵ(0)]).

By contrast, RR affects τ̂ through the decomposition in (3.2). The first

term, σY
√
γY ψ,RR Lq,r, represents the component attributable to residual

covariate imbalance and depends on the threshold r through v(r, q). As

r decreases and v(r, q) ↓ 0, this component vanishes. The second term,

σY
√
1− γY ψ,RR Z0, is orthogonal to Λn(ψ) and therefore reflects the ir-

reducible variation remaining after balancing ψ(X). Thus, in the limiting

case of increasingly stringent rerandomization, the minimal asymptotic vari-

ance is σ2
Y (1−γY ψ,RR). Here, γY ψ,RR = σ−2

Y ΣY ψΣ
−1
ψψΣψY is closely related to

the squared multiple correlation between ψ(X) and Y (1) + Y (0) (Morgan

et al., 2012), and plays a role analogous to that of γY ψ,CAR.

These observations highlight two key distinctions between CAR and

RR. First, unless r is chosen sufficiently small, the term σY
√
γY ψ,RR Lq,r

contributes additional variability under RR, reflecting residual covariate

imbalance. Second, even when v(r, q) ↓ 0, the efficiency gains of CAR and

RR arise through different mechanisms: the gain under CAR depends on

the Markovian behavior of Λn(m1 +m0), whereas the gain under RR is de-

termined by the strength of the correlation between ψ(X) and Y (1)+Y (0).

Despite these differences, both procedures lead to the same qualitative con-
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3.2 Computational Cost of RR

clusion: the more prognostic information encoded in ψ(X), the greater the

variance reduction in τ̂ .

3.2 Computational Cost of RR

Proposition 3.2 demonstrates that the balance and efficiency gains of

RR depend critically on selecting a sufficiently stringent threshold r. It

does not, however, quantify the computational burden associated with such

a choice. To assess the trade-off between statistical efficiency and compu-

tational feasibility, we study the relationship among r, q, v(r, q), and the

expected number of randomizations, E[N ] ≈ {Fχ2
q
(r)}−1 by extending Zhou

et al. (2018) in the following theorem.

Theorem 3.3. Let h(x) = x − 1 − log x, and suppose q → ∞. Then the

following statements hold.

1. Suppose r = cq+o(1) with c ̸= 1, c > 0. (i) If 0 < c < 1, then Fχ2
q
(r) ∼

[(1− c)
√
πq]−1 exp{−2−1qh(c)}, logE[N ] = 2−1qh(c) + 2−1 log(πq) +

log(1 − c) + o(1), and v(r, q) → c. (ii) If c > 1, then Fχ2
q
(r) ∼ 1 −

[(c− 1)
√
πq]−1 exp{−2−1qh(c)}, E[N ] → 1, and v(r, q) → 1.

2. Suppose r = q + o(
√
q), then Fχ2

q
(r) → Φ(0), E[N ] → [Φ(0)]−1 = 2,

and v(r, q) → 1, where Φ(x) is the cumulative distribution function of

a standard normal random variable.
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3.2 Computational Cost of RR

3. Suppose r = (q + 2)n−α → 0 for some α > 0. Then Fχ2
q
(r) ∼

π−1/2 exp {2−1q(1− α log n)− 2−1 log q + 1}, logE[N ] = 2−1αq log n−

2−1q + 2−1 log(πq)− 1 + o(1), and v(r, q) ∼ r/(q + 2) = n−α → 0.

Theorem 3.3 and Proposition 3.2 together characterize the fundamental

trade-off underlying RR. A smaller value of v(r, q), corresponding to finer

covariate balance, requires a more stringent rejection threshold r, which

reduces the acceptance probability and consequently increases E[N ]. For

example, if one targets a balance level of the form v(r, q) ∼ n−α, by choosing

r = (q+2)n−α, then logE[N ] ∼ O(αq log n). Thus, the expected computa-

tional cost grows polynomially with the sample size n, while the polynomial

degree increases linearly with αq. Consequently, increasing α improves co-

variate balance but also substantially increases the computational burden.

In practice, moderate choices such as α ∈ (0.4, 0.7) often provide a reason-

able compromise between computational efficiency and covariate balance.

Section 5 illustrates the effect of α on covariate balance, while Section S3.2

of the Supplementary Materials examines the corresponding computational

cost in more details. Alternatively, if a fixed level of balance is deemed

sufficient, choosing the rejection threshold so that r/q → c ∈ (0, 1) yields

v(r, q) → c, while logE[N ] ∼ O(q). In this case, the computational cost

grows exponentially with q, but at a substantially slower rate than under
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3.2 Computational Cost of RR

the stringent-threshold regime, at the expense of achieving only a fixed level

of covariate balance.

It is important to note that computation can quickly become prohibitive

when the feature dimension q is large. Enforcing a stringent balance require-

ment v(r, q) ∼ n−α necessitates setting r ∼ (q + 2)n−α, which yields E[N ]

of exponential order in αq log n. This burden may be intractable for large n

or q. When exact implementation becomes impractical, practitioners may

reduce the feature dimension used in the design or relax the target level of

v(r, q) by choosing a more moderate threshold. In such settings, CAR may

offer a more efficient alternative for achieving covariate balance.

Since v(r, q) ↓ 0 leads to the optimal performance of RR, the following

corollary summarizes the corresponding properties of covariate balance and

treatment-effect estimation, in line with the findings of Wang and Li (2022).

Corollary 3.1. Suppose RR uses rn ∼ (q + 2)n1−α for some α > 0 and q

is sufficiently large, then v(r, q) ∼ n−α,

Λn(ψ) = op(
√
n),

√
n(τ̂ − τ)

D−→ N (0, σ2
Y (1− γY ψ,RR)) ,

and the number of computations needed satisfies logE[N ] ∼ O(α log n · q).

By choosing the rejection threshold as rn ∼ (q + 2)n1−α for some

α ∈ (0, 1), the covariate imbalance n−1/2Λn(ψ) converges to zero in prob-

ability, yielding the optimal rate of covariate balance under RR. In this
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3.2 Computational Cost of RR

regime, the contribution of Lq,r vanishes, and τ̂ is asymptotically normal.

While the preceding discussion highlights the distinct mechanisms through

which CAR and RR affect treatment-effect estimation, the next corollary

formalizes the conditions under which both designs achieve the same mini-

mal asymptotic variance of τ̂ through balancing ψ(X).

Corollary 3.2. Suppose Assumptions 3.1 and 3.2 hold and q is sufficiently

large. Under either CAR or RR with Λn(ψ̃) and r ∼ (q + 2)n−α, we

have n−1/2Λn(ψ) = op(1). Furthermore, if m1(X) + m0(X) = {ψ(X) −

E[ψ(X)]}⊤η +mψ⊥(X) for some η ∈ Rq, such that E[ψ(X)mψ⊥(X)] = 0

and E[mψ⊥(X)] = 0, then γY ψ = γY ψ,CAR = γY ψ,RR = σ−2
Y η

⊤Σψψη and

√
n(τ̂ − τ)

D−→ N (0, σ2
Y (1− γY ψ))

holds for both CAR and RR.

Corollary 3.2 delivers two key conclusions. First, RR can attain covari-

ate balance comparable to that of CAR (i.e., v(r, q) ↓ 0) when the threshold

is chosen as r ∼ (q + 2)n−α for α > 0. Second, when the decomposition

and orthogonality conditions in Corollary 3.2 hold, the effects of covariate

balancing under CAR and RR become asymptotically equivalent, implying

γY ψ,CAR = γY ψ,RR. In this case, the estimator τ̂ has the same asymptotic

distribution under both designs.
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4. Applications to Trial Design

We illustrate the use of CAR and RR in clinical trial design using

the study of Keller et al. (2000). The trial evaluated the effectiveness

of nefazodone (NEF) and the combination of nefazodone with the Cogni-

tive Behavioral–Analysis System of Psychotherapy (NEF+CBT) in patients

with chronic nonpsychotic depression. The primary endpoint was the final

score on the 24-item Hamilton Rating Scale for Depression (FinalHAMD).

Five baseline covariates are available: two discrete variables, i.e., treated

current depression (TreatCD; 1 = Yes, 0 = No) and race (Race; 1 = White,

0 = otherwise), and three continuous variables, i.e., body mass index (BMI),

age (Age), and baseline Hamilton Depression Rating Scale (HAMD). For

illustration, we set the sample size to 500.

In practice, clinical trial designs often rely on discrete covariates. When

continuous covariates are included, they are typically discretized according

to prespecified rules. Let the first p0 components of Xi be discrete and

the remaining p − p0 components continuous, denoted by Xi,D and Xi,C,

respectively. Suppose the j-th discrete covariate Xi,j has lj levels, with

values {xsjj : 1 ≤ sj ≤ lj}. For each continuous covariate (p0 + 1) ≤ j ≤ p,

let dj(·) denote the discretization rule such that dj(Xi,j) = x
sj
j when Xi,j

falls into the sj-th interval. This yields a total of
∏p

j=1 lj strata.
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Example 4.1 (CAR for Discrete Covariates). Hu and Hu (2012) introduced

the following imbalance measure for CAR:

Imbn(ψ) = woD
2
n +

∑p
j=1

∑lj
sj=1wm,jD

2
n(j; sj) + ws

∑
s∈S D

2
n(s) (4.1)

and ψi =
(√

wo, . . . ,
√
wm,jIi{j; sj}, . . .︸ ︷︷ ︸∑p

j=1 lj marginal terms

, . . . ,
√
wsIi{s1, . . . , sp}, . . .︸ ︷︷ ︸∏p
j=1 lj stratum terms

)⊤, (4.2)

where S is the set of all possible strata s, and Dn, Dn(j; sj), and Dn(s)

denote the overall, marginal, and within-stratum imbalances, respectively.

The nonnegative weights wo, wm,j, and ws are associated with the three

levels of imbalance satisfying wo +
∑p

j=1wm,j + ws = 1. The indicators

Ii{j; sj} and Ii{s1, . . . , sp} specify whether Xi,j = x
sj
j , and whether Xi falls

into the stratum (xs11 , . . . , x
sp
p )⊤.

Several covariate-adaptive randomization procedures arise as special cases

of the CAR defined by (4.2). When ws = 1, the procedure reduces to the

stratified biased-coin design of Baldi Antognini and Zagoraiou (2011), which

targets within-stratum imbalance only. When wo = ws = 0, it coincides with

the minimization procedure (Taves, 1974; Pocock and Simon, 1975), focus-

ing exclusively on marginal imbalance. By Proposition 3.1(i), if wm,j > 0,

then Dn(j; sj) = Op(1), and if ws > 0, then Dn(s) = Op(1), ensuring an

adequate level of covariate balance.

Example 4.2 (RR for Discrete Covariates). Using RR to balance discrete
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covariates is slightly more complicated. The feature ψ in (4.2) cannot be

directly used, since Dn(j; sj) and Dn(s) are linearly dependent and Σψψ is

singular. When within-stratum imbalance is prioritized, one may remove the

linear dependence by treating one stratum as the reference level, namely,

ψi = (I{1, . . . , 1}, . . . , I{l1, . . . , lp − 1})⊤ , (4.3)

where the last stratum {l1, . . . , lp} is treated as the baseline. We refer to

this design as stratified RR. Note that the number of strata
∏p

j=1 lj grows

exponentially in p, so balancing at the stratum level alone may be insufficient

to ensure adequate overall covariate balance when p is relatively large.

In such settings, marginal balancing is often preferred (Taves, 1974;

Pocock and Simon, 1975), leading to the feature specification:

ψi = (I{1; 1}, . . . , I{1; l1 − 1}, . . . , I{p; 1}, . . . , I{p; lp − 1})⊤, (4.4)

where, for each covariate, the last level (j; lj) is treated as the baseline, and

we refer to this design as marginal RR. With an appropriate choice of r ∼

(q+2)n−α, where q =
∏p

j=1 lj − 1 for stratified RR and q =
∑p

j=1 lj − p for

marginal RR, the two procedures can achieve covariate balance comparable

to that attained by stratified and marginal CAR, respectively.

Nevertheless, the feature dimensions
∏p

j=1 lj−1 and
∑p

j=1 lj−p increase

with p, resulting in a potentially substantial computational burden. In the

Statistica Sinica: Newly accepted Paper 



study of Keller et al. (2000), discretizing the three continuous covariates

into two levels leads to 32 strata and 10 margins. As a consequence, strat-

ified RR can be computationally inefficient, while marginal RR may still

require a nontrivial trade-off between the degree of balance, governed by the

choice of α, and the associated computational cost reflected in N .
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Figure 2: Estimated nonlinear effect of the covariates under the additive model for
the study by Keller et al. (2000).

Discretizing continuous covariates may induce non-negligible informa-

tion loss (Ma et al., 2015). For example, the association between Xi and Yi

may be intrinsically nonlinear, as illustrated in Figure 2, and such nonlin-

ear structure is typically obscured by coarse discretization. These consid-

erations motivate the development of designs that explicitly accommodate

potential nonlinear covariate–outcome relationships (Ma et al., 2024).

Example 4.3 (CAR and RR for mixed Discrete and Continuous Co-

variates). To balance both discrete and continuous covariates, we adopt
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ψi = (ψ⊤
i,D, ψ

⊤
i,C)

⊤ for implementing CAR, where

ψi,D = (
√
wo,

√
wm,1Ii{1; 1}, . . . ,

√
wm,p0Ii{p0; sp0})⊤, (4.5)

ψi,C = (
√
wc,1X

⊤
i,C,

√
wc,2vech(Xi,CX

⊤
i,C))

⊤. (4.6)

Here, ψi,D targets marginal imbalance for each component of Xi,D, whereas

ψi,C incorporates both linear and unique quadratic functions of Xi,C to ac-

commodate potential nonlinear covariate–outcome relationships; and vech(·)

stacks the lower-triangular elements of a symmetric matrix. In practice,

ψi,D and ψi,C may be further augmented with stratum indicators, analo-

gous to (4.2), or with additional basis functions to capture more general

forms of nonlinearity. Using this specification of ψi ensures that Dn(j; sj),∑n
i=1(2Ti − 1)Xi,C, and

∑n
i=1(2Ti − 1)vech(Xi,CX

⊤
i,C) are all Op(1).

To implement RR, we replace ψi,D with the feature vector for balancing

marginal distributions as defined in (4.4), while retaining the distinct com-

ponents of ψi,C corresponding to the continuous covariates. We further set

the rejection threshold as r ∼ (q + 2)n−α with a moderately large value of

α (e.g., α = 0.5) to ensure adequate balance. In the study of Keller et al.

(2000), this specification yields q = 8, resulting in αq log n ≈ 25, which can

still lead to a nontrivial computational cost.

In summary, both CAR and RR can be employed to balance discrete
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and continuous covariates. With an appropriate specification of ψi, the two

procedures can be designed to target the same imbalance measure. In the

following sections, we compare CAR and RR in terms of covariate balance,

the efficiency of treatment-effect estimation, and computational cost.

5. Numerical Studies

We conduct simulation studies to compare CR, CAR, and RR in terms

of covariate balance and the performance of τ̂ = Ȳ1 − Ȳ0. Suppose the

outcomes are generated from the following linear model:

Yi = Tiµ1 + (1− Ti)µ0 + ξ
⊤
i,DβD + ξ⊤i,CβC + ϵi, (5.1)

where µ1 and µ0 denote the effects of the treatment and control; ξi,D and ξi,C

are vectors of discrete and continuous covariates that are directly associated

with Yi, with corresponding coefficients βD = 1k0 and βC = 1k−k0 ; and

ϵi are independent and identically distributed (i.i.d.) N (0, 1). Detailed

specifications of (ξ⊤i,D, ξ
⊤
i,C)

⊤ are provided in the following subsections.

We consider two simulation settings. In Study 1, all prognostic covari-

ates are discrete. In Study 2, both discrete and continuous covariates are

present, and nonlinear relationships are allowed. In each setting, we com-

pare CR with several CAR and RR designs that differ in the choice of ψ

and r. For the CAR design, we set the biased-coin probability to ρ = 0.9.
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5.1 Study 1: Discrete Covariates

For each RR design, we consider both a fixed threshold, where r is chosen

as the 5th percentile of a χ2
q+2 distribution, and an adaptive threshold of

the form r = (q+2)n−α, with α ∈ {0.1, 0.3, 0.5, 0.7}. We set n ∈ {400, 800}

and conduct 10,000 simulation replicates. To limit the computational bur-

den, we cap the number of randomization draws at N = 200,000. If the

balance criterion is not satisfied within this limit, we retain the allocation

with the smallest observed imbalance. We also report simulated values of

E[N ] and the proportions of simulation replicates that reach the cap. In

these cases, the target threshold r is unattainable within the computational

budget, and the resulting allocations should be viewed as approximations

to the intended RR designs.

5.1 Study 1: Discrete Covariates

In this study, we set ξi,C = 0 and ξi,D = Xi,D = (Xi,1, . . . , Xi,k0)
⊤,

where Xi,1, . . . , Xi,k0 are i.i.d. Bernoulli(1/2). We consider two values of k0:

(i) k0 = 2 and (ii) k0 = 5, corresponding to settings with a relatively small

and a relatively large number of strata, respectively. For CAR, we adopt

the HH procedure in (4.2) with weights wo = 0.1, ws = 0.3, and wm,j =

0.6/k0 for 1 ≤ j ≤ k0. For RR, we consider the marginal RR implemented

with ψi defined in (4.4), and the stratified RR with ψi specified in (4.3).
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5.1 Study 1: Discrete Covariates

The marginal RR and stratified RR with fixed and adaptive thresholds

are denoted by RRm,fix, RRs,fix, RRm,adp,α, and RRs,adp,α, respectively. To

facilitate the comparison, we take ψi = (Xi,1, . . . , Xi,k0)
⊤ when computing

Imbn(ψ), and report
∑n

i=1(2Ti − 1)Xi,1 for the marginal imbalance.

Table 1: Evaluation of covariate imbalance and treatment effect estimation under
different design schemes for Study 1.

k0

Design Imbn(ψ)
∑n

i=1(2Ti − 1)Xi,1 τ̂

n
400 800 400 800 400 800

mean mean mean/s.d. mean/s.d. mean/
√
ns.d. mean/

√
ns.d.

2

CR 399.47 794.29 -0.05/14.19 0.10/19.93 1.00/2.48 1.00/2.44
HH 2.11 2.11 -0.07/ 1.03 -0.06/ 1.03 1.00/1.99 1.00/2.01

RRm,fix 5.49 10.59 0.02/ 1.66 0.02/ 2.30 1.00/2.02 1.00/2.00
RRm,adp,0.1 90.60 171.61 -0.08/ 6.77 -0.04/ 9.27 1.00/2.25 1.00/2.21
RRm,adp,0.3 31.75 51.78 0.01/ 4.01 -0.01/ 5.10 1.00/2.11 1.00/2.03
RRm,adp,0.5 10.17 14.12 0.01/ 2.26 -0.01/ 2.65 1.00/2.04 1.00/2.00
RRm,adp,0.7 3.11 3.14 0.01/ 1.25 0.01/ 1.26 1.00/2.01 1.00/2.01
RRs,fix 13.66 27.70 -0.01/ 2.62 0.03/ 3.74 1.00/2.03 1.00/2.01

RRs,adp,0.1 93.10 172.50 -0.05/ 6.85 0.03/ 9.29 1.00/2.28 1.00/2.22
RRs,adp,0.3 31.67 51.85 0.03/ 3.99 0.03/ 5.13 1.00/2.09 1.00/2.06
RRs,adp,0.5 9.59 13.75 -0.04/ 2.18 -0.02/ 2.62 1.00/2.02 1.00/2.03
RRs,adp,0.7 2.94 3.28 0.02/ 1.20 0.00/ 1.27 1.00/1.99 1.00/2.03

5

CR 1004.31 2003.95 0.16/14.09 0.14/19.91 1.00/2.98 1.00/2.99
HH 13.00 12.95 -0.01/ 1.63 -0.02/ 1.62 1.00/2.01 1.00/2.03

RRm,fix 79.14 157.58 -0.05/ 4.00 -0.02/ 5.61 1.00/2.18 1.00/2.15
RRm,adp,0.1 237.78 446.96 0.07/ 6.88 0.07/ 9.46 1.00/2.55 1.00/2.50
RRm,adp,0.3 79.73 130.49 -0.03/ 3.99 0.05/ 5.09 1.00/2.20 1.00/2.16
RRm,adp,0.5 24.55 35.14 -0.01/ 2.20 0.04/ 2.64 1.00/2.08 1.00/2.05
RRm,adp,0.7 7.40 9.19 -0.02/ 1.22 0.02/ 1.35 1.00/2.02 1.00/2.00
RRs,fix 275.03 559.02 -0.05/ 7.42 -0.02/10.54 1.00/2.58 1.00/2.61

RRs,adp,0.1 259.70 488.36 -0.03/ 7.14 0.05/ 9.88 1.00/2.54 1.00/2.57
RRs,adp,0.3 121.01 237.64 -0.01/ 4.91 -0.06/ 6.97 1.00/2.28 1.00/2.27
RRs,adp,0.5 121.91 236.72 0.04/ 4.95 -0.04/ 7.00 1.00/2.29 1.00/2.29
RRs,adp,0.7 120.93 236.86 0.07/ 4.92 0.04/ 6.92 1.00/2.32 1.00/2.28

Table 1 demonstrates the advantages of HH and RR relative to CR.

Compared with CR, both HH and RR substantially improve covariate bal-

ance. In particular, under HH, both the mean Imbn(ψ) and the standard

deviation of
∑n

i=1(2Ti − 1)Xi,1 remain stable as n increases from 400 to

800, regardless of whether k0 equals 2 or 5. This behavior is consistent with
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5.1 Study 1: Discrete Covariates

the Op(1) rate implied by Proposition 3.1 (i), and further translates into a

noticeable variance reduction for τ̂ : the standard deviation of
√
nτ̂ is close

to 2, which is the minimal value obtained when n−1/2Λn(ψ) = op(1).

Table 2: E[N ] and the proportions of cap hits (% Hits) for RR designs in Study 1.

k0 n
RRm RRs

fix adp, 0.1 adp, 0.3 adp, 0.5 adp, 0.7 fix adp, 0.1 adp, 0.3 adp, 0.5 adp, 0.7

2 400
E[N ] 19 2 4 10 31 21 2 6 34 220
%Hits 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

800
E[N ] 19 2 4 14 62 20 2 8 54 439
%Hits 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

5
400

E[N ] 20 2 20 301 5,765 23 36 198,876 200,000 200,000
%Hits 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 98.97% 100.00% 100.00%

800
E[N ] 20 3 30 680 18,593 21 58 199,910 200,000 200,000
%Hits 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 99.93% 100.00% 100.00%
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Figure 3: The distributions of Imbn(ψ) (left) and N used for RR (right) in Study 1
with n = 800. The first and second rows correspond to k0 = 2 and 5, respectively. When
k0 = 5, the proportions of cap hits for RRs,adp,0.3, RRs,adp,0.5, and RRs,adp,0.7 are close to
1; their distributions of N are therefore omitted.

For RR with a fixed threshold, i.e., RRm,fix and RRs,fix, both Imbn(ψ)

and the standard deviation of
∑n

i=1(2Ti − 1)Xi,1 increase with n, indicat-

ing that the resulting covariate balance is substantially poorer than that

Statistica Sinica: Newly accepted Paper 



5.1 Study 1: Discrete Covariates

achieved by HH. Consequently, the corresponding variance reduction in τ̂

is also more modest than that achieved under HH.

In contrast, RR with r = (q + 2)n−α yields substantially finer balance

when α is sufficiently large. For k0 = 2, both RRm,adp,α and RRs,adp,α exhibit

significant improvements in covariate balance as α increases. In particular,

RRs,adp,0.7 and RRm,adp,0.7 achieve values of Imbn(ψ) and standard devia-

tions of
∑n

i=1(2Ti − 1)Xi,1 that are comparable to those under HH, and

the standard deviations of
√
nτ̂ approach 2. Under k0 = 5, the means of

Imbn(ψ) for RRm,adp,0.7 are even smaller than the values under HH.

When k0 = 5, the behaviors of marginal RR and stratified RR diverge

markedly. The performance of RRm,adp,α remains satisfactory and continues

to improve as α increases, albeit at the expense of a rapidly growing E[N ].

As reported in Table 2, E[N ] for RRm,adp,0.7 reaches 18,593 when n = 800.

In contrast, RRs performs poorly when the number of strata (25 = 32) is

large. The resulting covariate imbalance is substantially larger than that

under RRm,adp,α, while simultaneously requiring a much larger value of N .

Even with a moderate threshold (e.g., α = 0.5), the targeted level of balance

remains difficult to attain: all 10,000 simulation replicates reach the cap of

200,000 randomization draws before satisfying the balance criterion. These

findings are consistent with Theorem 3.3, which shows that, under stringent
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5.2 Study 2: Discrete and Continuous Covariates

balance criteria, the computational cost of RR increases sharply with q. See

Section S3.2 of the Supplementary Materials for more details.

5.2 Study 2: Discrete and Continuous Covariates

Suppose Xi,1 ∼ Bernoulli(1/2) and Xi,2, Xi,3 ∼ N (0, 1), with Xi,1,

Xi,2, and Xi,3 mutually independent. Under the outcome model (5.1),

we consider two data-generating mechanisms. In Model 1, ξi,D = Xi,1

and ξi,C = Xi,2 exp{Xi,2/2 + Xi,3/2}. In Model 2, ξi,D = Xi,1 and ξi,C =

(Xi,2, X
2
i,3, Xi,2Xi,3)

⊤. We evaluate designs using Imbn(ψ) with ψi = (Xi,1,

Xi,2, Xi,3, X
2
i,2, X

2
i,3, Xi,2Xi,3)

⊤. Consequently, Model 2 is correctly specified

with respect to ψi, whereas Model 1 is misspecified.

We compare the following two design approaches. Approach 1 fol-

lows the common practice of discretizing continuous covariates. Define

d2(Xi,2) = I(Xi,2 > 0) and d3(Xi,3) = I(Xi,3 > 0). We consider CAR

with HH using (Xi,1, d2(Xi,2), d3(Xi,3)), as well as RRmar, the marginal

RR with an adaptive threshold α = 0.5. Approach 2 directly incorpo-

rates continuous features, as discussed in Section 4. Specifically, define

ψ∗
i,D as in (4.5) with p0 = 1, and ψ∗

i,C as in (4.6) with p − p0 = 2. We

take (wo, wm, wc,1, wc,2)
⊤ = (0.10, 0.20, 0.28, 0.42)⊤, and denote the result-

ing design by CARmix. For RR, we set ψi = (ψi,D, ψ
⊤
i,C)

⊤,ψi,D = Ii(1; 1),
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5.2 Study 2: Discrete and Continuous Covariates

ψi,C = (Xi,2, Xi,3, X
2
i,2, X

2
i,3, Xi,2Xi,3)

⊤, and denote the fixed- and adaptive-

threshold designs by RRfix and RRadp,α, respectively.

Table 3: Evaluation of covariate imbalance and treatment effect estimation under
different design schemes for Study 2.

n Design
Imbn(ψ)

Λn(ψ) τ̂
ψj = X1 ψj = X2 ψj = X2

2 ψj = X2X3 model 1 model 2
mean mean/s.d. mean/s.d. mean/s.d. mean/s.d. mean/

√
ns.d. mean/

√
ns.d.

400

CR 3741.89 0.16/14.04 0.01/19.95 0.21/34.57 -0.43/19.85 1.00/5.06 1.00/4.58
HH 2118.74 -0.07/ 1.25 0.00/12.21 -0.58/28.21 -0.12/15.84 1.00/4.27 1.00/4.04
RRmar 2320.22 0.00/ 2.19 -0.04/12.61 0.09/28.42 0.36/19.89 1.00/4.37 1.00/4.19
CARmix 58.12 0.03/ 2.34 -0.04/ 2.77 0.05/ 3.63 -0.01/ 3.41 1.00/2.84 1.00/2.16
RRfix 568.34 -0.02/ 4.36 0.06/ 8.88 -0.25/12.47 0.06/ 8.87 1.00/3.19 1.00/2.73
RRadp,0.1 1403.70 -0.01/ 6.94 -0.08/13.83 -0.06/19.70 0.14/13.82 1.00/3.95 1.00/3.49
RRadp,0.3 464.94 -0.03/ 4.01 -0.02/ 7.96 0.00/11.31 0.14/ 8.01 1.00/3.11 1.00/2.61
RRadp,0.5 143.77 -0.01/ 2.23 0.03/ 4.40 -0.04/ 6.30 0.06/ 4.44 1.00/2.73 1.00/2.23
RRadp,0.7 43.95 0.00/ 1.22 -0.02/ 2.44 0.05/ 3.50 -0.02/ 2.44 1.00/2.64 1.00/2.08

800

CR 7672.41 0.04/19.88 0.14/28.37 0.15/49.47 -0.11/28.68 1.00/5.05 1.00/4.59
HH 4279.78 -0.06/ 1.21 -0.04/17.16 -0.90/39.92 0.28/22.15 1.00/4.21 1.00/3.98
RRmar 4553.83 0.02/ 2.63 -0.42/17.42 0.11/39.91 -0.20/27.58 1.00/4.32 1.00/4.20
CARmix 56.47 0.00/ 2.32 -0.01/ 2.74 -0.09/ 3.47 -0.03/ 3.41 1.00/2.74 1.00/2.07
RRfix 1126.08 -0.03/ 6.34 0.27/12.47 0.19/17.69 0.10/12.36 1.00/3.19 1.00/2.70
RRadp,0.1 2641.95 0.08/ 9.44 0.09/19.04 -0.33/27.00 0.33/19.00 1.00/3.82 1.00/3.42
RRadp,0.3 756.28 0.01/ 5.11 -0.11/10.25 -0.10/14.40 0.18/10.27 1.00/2.97 1.00/2.51
RRadp,0.5 202.97 0.02/ 2.65 0.05/ 5.32 -0.10/ 7.47 0.00/ 5.29 1.00/2.69 1.00/2.16
RRadp,0.7 59.51 0.02/ 1.45 0.03/ 2.86 0.02/ 4.05 0.02/ 2.89 1.00/2.58 1.00/2.04

Table 3 reports the performance of the competing designs. When con-

tinuous covariates are discretized, both HH and RRmar yield noticeable im-

provements over CR. However, imbalance in the underlying continuous co-

variates remains substantial. This is reflected by the relatively large values

of Imbn(ψ), as well as by the considerable variability of
∑n

i=1(2Ti−1)ψi,j for

continuous features such as Xi,2, X
2
i,2, and Xi,2Xi,3. Correspondingly, the

variance reduction of τ̂ is modest under both Model 1 and Model 2, indicat-

ing that discretization-based designs only partially control the imbalances

most relevant for improving estimation precision.

In contrast, the imbalance under CARmix is Op(1) across both discrete
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5.2 Study 2: Discrete and Continuous Covariates

Table 4: E[N ] and the proportions of cap hits (% Hits) for RR designs in Study 2.

Model n
RR

mar fix adp, 0.1 adp, 0.3 adp, 0.5 adp, 0.7

Model 1
400

E[N ] 34 21 3 35 956 30,896
%Hits 0.00% 0.00% 0.00% 0.00% 0.00% 0.15%

800
E[N ] 54 21 3 58 2,410 99,383
%Hits 0.00% 0.00% 0.00% 0.00% 0.00% 20.26%

Model 2
400

E[N ] 34 21 3 36 936 30,317
%Hits 0.00% 0.00% 0.00% 0.00% 0.00% 0.09%

800
E[N ] 54 21 3 59 2,466 100,655
%Hits 0.00% 0.00% 0.00% 0.00% 0.00% 20.79%

and continuous features, as evidenced by the stability of Imbn(ψ) and the

standard deviations of
∑n

i=1(2Ti − 1)ψi,j across the values of n. This level

of balance translates into marked efficiency gains. The standard deviations

of
√
nτ̂ under CARmix are substantially smaller than those under CR, HH,

or RRmar, even under the misspecified outcome model in Model 1.

CARmix

CR

HH

RRfix

RRmar

RRadp,0.5

0 5000 10000 15000

Imbn(ξ)

RRfix

RRmar

RRadp,0.1

RRadp,0.3

RRadp,0.5

RRadp,0.7

0 2500 5000 7500 10000

Number of repetitions N

Figure 4: The distributions of Imbn(ψ) (left) and N used for RR designs (right) for
Study 2 with n = 800.

RR designs based on continuous features exhibit a similar trade-off

between covariate balance and computational cost as in Study 1. For RRfix,

both the mean of Imbn(ψ) and the standard deviation of
∑n

i=1(2Ti− 1)ψi,j

are smaller than their counterparts under CR, but remain substantially

larger than those under CARmix. When the fixed r is replaced by r =
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5.2 Study 2: Discrete and Continuous Covariates

(q + 2)n−α, RRadp,α achieves progressively better balance and a smaller

variance of τ̂ . For α = 0.5 and 0.7, the covariate balance attained by RRadp,α

becomes comparable to that achieved by CARmix, and the corresponding

standard deviations of τ̂ are likewise close to their respective minimum

values under both outcome models.

These efficiency gains, however, come at a substantial computational

cost. As shown in Table 4, the expected number of randomization draws

for RRadp,0.5 is on the order of 103 when n = 400 and between 103 and 104

when n = 800, with no simulation replicate reaching the cap. By contrast,

RRadp,0.7 requires, on average, more than 3×104 randomization draws when

n = 400 and more than 105 when n = 800, with approximately 20% of the

replicates reaching the cap. This pattern is consistent with Theorem 3.3.

In summary, Studies 1 and 2 illustrate the respective strengths and

limitations of CAR and RR in balancing covariates. With an appropri-

ate choice of ψ, CAR delivers desirable balance and substantial efficiency

gains with negligible computational overhead. In contrast, RR can attain

comparable performance only at the cost of potentially prohibitive compu-

tation, particularly when n and q are large. Additional supporting results

are available in the Supplementary Materials.
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6. Design Illustration for the Study by Keller et al. (2000)

We revisit the depression trial of Keller et al. (2000) to illustrate the

practical implications of our theoretical findings. Because the study in-

cludes both discrete and continuous covariates, we compare designs based

on covariate discretization with designs that directly incorporate both types

of features. We consider implementations of CR, CAR, and RR analogous to

those described in Section 5.2. Detailed specifications of the data-generating

process and design schemes, together with additional numerical results, are

provided in Section S4 of the Supplementary Materials. The performance

of different designs are evaluated in Tables 5 and 6 and Figure 5.

Table 5 demonstrates the superior performance of CAR for this study.

Among the designs based on discretized covariates, HH attains finer bal-

ance than RRmar and CR, and yields the smallest standard deviation of τ̂ .

Nevertheless, the performance of these discretization-based designs remains

notably inferior to that of procedures that explicitly leverage continuous

features. In particular, CARmix provides a substantial improvement in co-

variate balance relative to HH. For example, the mean of Imbn(ψ) decreases

from 4257.17 under HH to 136.03 under CARmix. This enhanced balancing

effect carries over to treatment effect estimation. The empirical standard
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deviation of
√
nτ̂ is reduced from 5.19 under HH to 4.35 under CARmix.

Table 5: Evaluation of covariate imbalance and treatment-effect estimation under
different design schemes for the study of Keller et al. (2000).

Design
Imbn(ψ)

Λn(ψ) τ̂
ψj =TreatedCD ψj =BMI ψj = BMI2

mean mean/s.d. mean/s.d. mean/s.d. mean/
√
ns.d.

CR 7399.96 0.09/15.42 0.38/22.28 0.22/51.06 -4.85/7.03
HH 4257.17 -0.03/ 1.40 -0.14/16.05 -0.63/45.61 -4.85/5.19

RRmar 4370.99 0.00/ 2.35 0.39/16.32 0.72/45.67 -4.85/5.27
CARmix 136.03 0.00/ 1.92 0.00/ 2.43 -0.02/ 8.19 -4.85/4.35
RRfix 1403.25 0.07/ 5.63 -0.05/11.37 0.03/23.51 -4.85/5.04

RRadp,0.1 2634.52 -0.03/ 7.64 0.17/15.45 0.34/32.59 -4.85/5.65
RRadp,0.3 826.30 -0.04/ 4.34 0.03/ 8.65 0.15/18.20 -4.85/4.72
RRadp,0.5 239.20 0.02/ 2.35 0.04/ 4.70 -0.10/ 9.72 -4.85/4.29
RRadp,0.7 134.07 0.00/ 1.76 -0.01/ 3.50 -0.08/ 7.27 -4.85/4.24

CARmix

CR

HH

RRfix

RRmar

RRadp,0.5

0 5000 10000 15000

Imbn(ψ)

RRfix

RRmar

RRadp,0.1

RRadp,0.3

RRadp,0.5

0 2500 5000 7500 10000

Number of repetitions N

Figure 5: The distributions of Imbn(ψ) (left) and N (right) for the study of Keller
et al. (2000). The proportion of cap hits for RRadp,0.7 is 88.03%; its distribution of N is
therefore omitted.

Table 6: E[N ] and the proportions of cap hits (% Hits) for RR designs in the study by
Keller et al. (2000).

mar fix adp,0.1 adp,0.3 adp,0.5 adp,0.7
E[N ] 399 21 4 132 12,749 188,205

% Hits 0.00% 0.00% 0.00% 0.00% 0.00% 88.03%

The performance of RR is highly sensitive to the choice of the threshold

parameter α. With a fixed or moderately large value (e.g., α = 0.3), RRadp,α

yields noticeable improvements over CR by reducing covariate imbalance

and achieving modest variance reduction, but its performance remains infe-

rior to that of CARmix. As α increases (e.g., α = 0.7), RRadp,α can attain a
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level of balance and efficiency comparable to CARmix. However, these gains

are accompanied by a dramatic increase in computational burden. Tighten-

ing the rejection threshold substantially increases the expected number of

randomization attempts, particularly when q or n is moderate to large, with

E[N ] reaching 188,205 for RRadp,0.7 and the proportion of cap hits reaching

88.03%, thereby limiting the practical feasibility of RR.

7. Conclusion

In this article, we provide a theoretical and empirical comparison of

CAR and RR when they target the same imbalance measure. We charac-

terize the conditions under which RR attains covariate balance comparable

to that achieved by CAR. Our results show that CAR can achieve the

optimal imbalance rate Op(1), thereby yielding substantial variance reduc-

tion in estimating τ . By contrast, the performance of RR is intrinsically

tied to the threshold r: a finer balance, and hence greater efficiency gains,

can be achieved when r decreases at an appropriate rate. Such tighten-

ing, however, entails a rapidly increasing expected computational burden,

particularly when the feature dimension q and sample size n are large.

The implications of the theoretical results for the applicability of CAR

and RR can be summarized as follows. First, with respect to the enrollment
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scheme, both methods are applicable when all subjects are enrolled before

treatment assignment. When subjects are enrolled sequentially, however,

RR is generally not applicable, whereas CAR can be implemented as enroll-

ment proceeds. Second, with respect to trial scale, RR is computationally

efficient and may even attain optimal balance when both q and n are rel-

atively small. Its computational burden, however, may become substantial

as q or n increases. By contrast, CAR is generally more computationally

scalable and is therefore better suited to trials involving a larger q or n.

Our work suggests several avenues for future research. First, although

our analysis focuses on balance in observed covariates, an important open

question is how CAR and RR compare in their ability to mitigate imbalance

in unobserved covariates (Liu and Hu, 2022). Second, our investigation un-

derscores the need for more scalable implementations of RR. This motivates

the development of sequential or optimization procedures that preserve

strong balance while avoiding exponential growth in computational cost.

One possible approach is to replace the complete randomization used in

RR with CAR, thereby reducing the computational burden and potentially

improving covariate balance, as illustrated by Liu et al. (2022). Finally,

valid inference following either RR or CAR merits further investigation.

Under a correctly specified outcome model, treatment effects may be ana-
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lyzed using regression adjustment that controls for the balancing features

ψ (Ma et al., 2020). When the outcome model may be misspecified, how-

ever, model-robust procedures are needed to ensure the valid inference. A

simple approach is to adopt the bootstrap procedure of Shao et al. (2010)

to control the Type I error. Alternatively, valid large-sample inference may

be constructed through consistent estimation of the asymptotic variance

under the corresponding randomization mechanism. Developing such an

inferential framework that accommodates both CAR and RR remains an

important direction for future research.
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