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Abstract: Covariate-adaptive randomization (CAR) is widely adopted in clini-
cal trials to balance baseline covariates across treatment arms. When outcomes
are binary or other types of discrete data, generalized linear models (GLMs) are
typically used as working models to improve the efficiency of treatment effect
estimation. However, in high-dimensional settings, limited sample sizes may lead
to unstable estimation and invalid inference. Moreover, when the underlying
data-generating mechanism is misspecified relative to the GLM working model,
efficiency gains over the unadjusted estimator are no longer guaranteed. To
address these challenges, we first propose a high-dimensional GLM adjustment
approach using ¢; regularization, resulting in a GLM-adjusted treatment effect
estimator under CAR. When the target trial has a limited sample size, we further
develop a transfer learning estimator that incorporates information from a large
external trial regarded as source data. As long as the source and target popu-
lations are sufficiently similar, the transfer learning estimator requires weaker
sparsity conditions and a smaller target sample size than the GLM-adjusted

estimator to achieve asymptotic normality. To guarantee efficiency improve-
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ment relative to the unadjusted estimator, we additionally introduce a projection
method. With this step, both the GLM-adjusted and transfer learning estimators
achieve efficiency gains. Simulation studies and a semi-synthetic data application
demonstrate the effectiveness of our transfer learning strategy and the projection

method.

Key words and phrases: covariate-adaptive randomization, generalized linear

models, projection method, robustness, transfer learning.

1. Introduction

Covariate-adaptive randomization (CAR) is widely used in clinical trials to
balance baseline covariates across treatment groups. Common CAR pro-
cedures include stratified block randomization (Zelen, 1974) and the mini-
mization method (Taves| 1974; Pocock and Simonl, [1975), which were used
in approximately 80% of trials surveyed by |Ciolino et al. (2019). In this
paper, we focus on CAR methods that balance discrete covariates. For re-
views and recent developments on other CAR methods, including those that
balance continuous covariates, we refer interested readers to |Rosenberger
and Lachin (2015), Ma et al.| (2024)), and the references therein.

At the analysis stage, covariate adjustment can potentially improve ef-
ficiency by incorporating a working model relating the outcome to baseline

covariates. However, concerns about valid inference arise, especially when



the treatment assignments have dependence induced by CAR. To address
these concerns, Bugni et al.| (2018} 2019)) proposed robust treatment effect
estimators adjusting for stratum variables, which can achieve valid infer-
ence. Here, “robust” means achieving valid inference even under model
misspecification. Furthermore, linear adjustment for additional baseline
covariates has been extensively studied and has been shown to provide
valid inference and efficiency gains (Ma et al.l 2022; Ye et al.l 2023; Gu
et al., 2023). In high-dimensional settings, Liu et al. (2023) applied lasso
regression for covariate adjustment and proposed lasso-adjusted estimators.

For discrete outcomes, covariate adjustment using generalized linear
models (GLMs) is often preferred over linear models, as it can better cap-
ture the nonlinear relationship between the outcome and covariates and
potentially improve efficiency. However, related work under CAR remains
limited. A few model-based approaches have been proposed to ensure valid
inference in this setting (Li et al., 2021; |Wang and Ma, [2025). Recently,
Bannick et al. (2025) studied a GLM-based estimator that incorporated a
specific calibration technique to achieve both robustness and efficiency gain
under CAR.

Despite the favorable properties of existing GLM-based covariate ad-

justment methods, they can typically accommodate only a limited number



of baseline covariates. In modern clinical trials, high-dimensional covariates
such as genomic or behavioral variables are increasingly available. Regular-
ized estimation techniques such as the lasso (Van de Geer, 2008; Negahban
et al} 2012) enable valid inference in sparse high-dimensional models. Yet
when applied under CAR, limited sample sizes may still lead to invalid
inference. Moreover, the sparsity assumption may not hold when the data-
generating model is unknown.

A promising approach is to incorporate external trial data via transfer
learning, which leverages information from related studies to improve esti-
mation accuracy (Torrey and Shavlikl [2010). In statistics, transfer learning
has been shown to accelerate convergence and improve inference in high-
dimensional GLMs (Tian and Feng, 2023; Li et al., [2024). However, these
results rely on correctly specified models and i.i.d. data, which may not hold
under CAR. Recently, Gu et al.| (2024)) proposed a transfer learning estima-
tor under CAR based on a high-dimensional linear working model, which
requires weaker sparsity conditions and a smaller target sample size than
the lasso-adjusted estimator of Liu et al.| (2023). Their linear approach, as a
special case of GLMs, motivates our extension to generalized linear models.
Main contributions: Our main objective is to address the challenge of

high-dimensional covariate adjustment under CAR, where limited target



sample size and unknown sparsity patterns may hinder the performance of
classical GLM methods. To this end, we develop a transfer learning frame-
work that leverages external data to improve estimation and inference in
the target population. We first study a GLM-adjusted estimator based on
target data alone, serving as a baseline within our framework, and then
introduce a projection-based refinement to further improve efficiency. A
summary of the theoretical results is provided in Table 1| and our contribu-

tions are summarized as follows.

1. A high-dimensional GLM-adjusted estimator. In Section 3 we
propose a GLM-adjusted treatment effect estimator using ¢;-penalized
likelihood. We address the complex dependence induced by CAR, es-
tablishing the ¢; convergence rate of the coefficient estimator and the

asymptotic normality of the GLM-adjusted estimator (Proposition .

2. A transfer learning framework for improved convergence and
inference. In Section[4, we develop a transfer learning approach with
the dependent structure under the CAR framework. When source
and target populations are sufficiently similar with respect to the
population coefficient, the transfer learning estimator achieves a faster
convergence rate (Theorem [1]) and relaxes the sparsity condition from

the target to the source sample size, enabling valid inference with



2.

fewer target units (Theorem [2)).

. A projection method for guaranteed efficiency gain. In Section

to guarantee statistical efficiency gain, we develop a projection
method that maps potential outcomes onto the linear space spanned
by inverse link functions within treatment groups. In Corollary [1}, we
show that the projection refinement guarantees the efficiency gain for

both the GLM-adjusted and transfer learning estimators.

. Practical implications. Our results suggest that, when similar

source data are available, the transfer learning estimator should be
preferred over GLM-adjusted estimators, due to its improved conver-
gence and relaxed sparsity requirements. The projection method can
be further applied to guarantee the efficiency gain. In the absence
of suitable source data, the GLM-adjusted estimator provides a valid

and theoretically grounded option for inference under CAR.

Framework

We begin by introducing a CAR procedure for n units. Let a € A =

{1,2,..., A} denote the treatment groups, with a = 0 representing the

control group. Define Ay = AU {0} as the assignment set that includes all



treatment groups along with the control group. For each unit 7, let A; be the
assigned treatment indicator, so that I(A; = a) indicates unit 7 is assigned
to treatment a. The stratum variable B; takes values in £ = {1,2,..., K},
where K is a fixed number of strata. Denote py = Pr(B; = k) > 0 as
the population proportion of stratum k, and 7y, = Pr(4; = a | B; =
k) as the target treatment allocation proportion within stratum k. Let
nw = > I(Bi =k) and nye = Y i, [(A; = a, B; = k) be the observed
counts of units in stratum k£ and in treatment group a within stratum £,
respectively. The empirical proportion of stratum k is ppp = n/n.

Each unit has p-dimensional baseline covariates X; = (X1, Xjo, . .. ,X,-p)T
€ RP, which can include both additional covariates not used in the ran-
domization procedure and the original continuous covariates used to con-
struct the strata. We consider a high-dimensional setting where the covari-
ate dimension p increases with the sample size n. Moreover, we assume
that the stratum-specific covariance matrix Yy xx = E[{X; — E(X;|B; =
RYHX: — E(X;|B; =k)}T|Bi = k], k=1,2,..., K, is positive definite.

We adopt the Neyman-Rubin model to define potential outcomes and
treatment effects. Let {Y;(a),a € Ay} be the potential outcomes and Y; =
> aea, [(Ai = a)Yi(a). Let {Wi}i, = {Yi(0),...,Yi(A), B;, X;}}, be iid.

samples from the population distribution W = {Y(0),...,Y(A), B, X}.



Our goal is to estimate the treatment effect 7, = E{Y;(a) — Y;(0)} for all
a € A and to make inference for 7 = (71, 72,...,74) .
We denote the set of random variables with at least one positive stratum-

specific variance as Ry = {V : maxyex var(V|B; = k) > 0}. The following

assumptions are made for the data generation and CAR procedures.
Assumption 1. E{Y?(a)} < oo and Yi(a) € Ry, for all a € Ay.

Assumption 2. (1) Conditional on {By,...,B,}, {A1,..., An} is inde-
pendent of {Yi(0),...,Yi(A), Xi}iy ; (2) npa/nm LY Tkla @S N — 00, for

alla € Ay and k € K.

Assumption [I] requires finite second moments and at least one positive
stratum-specific variance for each potential outcome. Assumption [2| de-
scribes the CAR mechanism: (1) treatment assignments are independent of
potential outcomes and covariates conditional on strata; (2) within-stratum
allocation proportions converge to their targets. These assumptions are
standard in the CAR literature (Bugni et al., 2019; Gu et al.| 2023] 2024])
and are satisfied by commonly used randomization procedures.

Next, we introduce some notation. Let r;(a) for i =1,2,...,n, a € Ay
be a transformed outcome. It can be the potential outcome Y;(a), covariate
function f(X;) or their linear combinations. Denote 7;pj(a) = ri(a) —

E{ri(a)|B; = k}. The sample means of the transformed outcomes are



defined as 7, = (1/n,) Y.y I(A; = a)r;(a) and the sample mean within
stratum k is 7o = (1/npa) iy 1(A; = a, B; = k)r;(a). The population
variance of r;(a) is denoted as 07 ,,. We define o7, ) = var{ri(a) | B; = k}
as the population variance of a transformed outcome in stratum k.

For our transfer learning framework, in addition to the target dataset
{Yi, Xi, A;, B}, we also observe an external trial, which is referred to
as the source data. Let the assignment set and the range of stratum la-
bels in the source data be denoted by .Aés) and K, respectively. Define
(Whn® — v 0), ..., v 9(A), BY, X1 ag n iid. samples from
the source population W) = {Y)(0),...,Y®)(A), B® X®}. Here, the
source sample is assumed to be independent of the target sample and the
treatment assignments (Aj,..., A4,). Throughout, source data notations
are indicated by the superscript (s); for example, rz(s)(a) denotes the trans-
formed outcomes in the source data. The theoretical assumptions for source

data will be introduced in Section [l

3. Covariate adjustment based on GLMs

Building on the covariate information X, the outcome Y (a) follows a gen-
eralized linear model with density function f(Y (a)|X) ~ exp[ {Y (a)X 83—

P(X T B)}/c(o)], where ¥(-) is the cumulant generating function, 1'(+) is the



inverse link function, ¢(o) is the dispersion parameter, and 8 = (8y,...,3,) "
is an unknown coefficient vector. We consider a generalized linear model
as our working model, where f(Y (a)|X) can be misspecified. The inverse
link function '(X " 3) is then used to adjust for covariates in the estima-
tor. The choice of ¥)(X T 3) depends on the problem being considered. For
example, for binary responses, ¥ (t) = log(1 + exp(t)) corresponds to the
logistic working model; for non-negative integer responses, 1 (t) = exp(t)
corresponds to the Poisson working model.

For each stratum k and treatment a, we define the stratum-specific

GLM coefficient Bjgm (@) of the generalized linear model by

Bireim (@) = arg min E[L(Yi(a), X;, Bi, B)|B; = k|,

BERP
where the loss function is L(Y;(a), X;, B;, 8) = ¥(X," 8) — Yi(a) X," 3. Under
a high-dimensional setting, we derive the coefficient by minimizing the loss

function in the samples with an ¢; penalty, that is

n

A ) 1

Blrjeim (@) = arg min n I(Ai = a, Bi = k){(X]' B)=YiX; B} +Amall Bl
@ i=1

where [|8]|; = >_%_, |8;] is the £1-norm of 3 and Ay, is the tuning parameter

in each stratum and treatment group. Based on this, the GLM-adjusted



treatment effect estimator for each treatment a is given by

K
7A-glm,a = an[k}{ |:}7[k]a - {'[Efk]a(XlTB[k]glm(a’)) - 'lﬁfk] (XlTB[k]glm(a))}] -
k=1

[ Yitso = o (X Bieam (0)) — ¥y (X7 Bigeam (00)} }

and the GLM-adjusted treatment effect estimator is

A ([~ A A T
Tglm = (Tglm,b Tglm,25 - - - 7Tglm,A) .

Notice that the formulation of 74, is equivalent to estimating the effects
within each stratum and aggregating them via a weighted sum. Therefore,
our proposed estimators inherently adjust for the stratification indicators,
which aligns with recent model-robust inference literature under CAR (Ma
et al., 2022 Ye et al.| 2023).

We define the transformed outcome r; rjgim (@) = Y;i(a)—¢' (X, Bjgm(a)),
for B; = k,A; = a. Let [ am(a) be the jth element of Byem(a) and
St} = Uaen, 17 € {1, -0} ¢+ Bjmjgm(a) # 0} be the union of the support
of Biegm(a) for all a € Ay. Also, let sy = |Spj| be the number of rele-
vant covariates in stratum k. The following assumptions on the inverse link
function are required to derive the ¢; convergence rate of B[k}glm(a) and the

asymptotic behavior of 7g,. Let ||v||s denote the {,-norm of a vector v.

Assumption 3. {X;}!", are uniformly bounded, which means that there

exists a constant M independent of n, such that max;—;__, || Xi||cc < M.



Assumption 4. 1 is infinitely differentiable and strongly convex. Mean-
while, )" satisfies the Lipschitz condition such that [¢"(u + v) — " (v)] <
Llu| for all u,v € R and some constant L. One of the following conditions
should be satisfied for some constant My: (1) ¢" is uniformly bounded such

that ¢" < My; (2) sup ¥"(X, B+ A) < My < oo for some constant c.
|Al<c

Assumption (3| requires that X, is uniformly bounded, which may be
a stringent assumption about X;. However, this assumption helps to re-
lax conditions on the transformed outcome 7; jyjgim(a), allowing our GLM-
adjusted estimator to remain valid when the working model is misspecified.
Assumption [4] requires that ¢ is infinitely differentiable and strongly con-
vex, meaning that there exists a constant ¢, > 0 such that ¢"(t) > ¢,
for all relevant t (e.g., t = X, 3). This condition is satisfied by commonly
used generalized linear models such as logistic and Poisson regression mod-
els with uniformly bounded X;. Furthermore, it is an essential requirement
for the Hessian matrix to be positive definite, which is a mild assumption
when X; is sub-Gaussian (Li et al.| [2024)). Another requirement on 1 is
similar to Assumption (GLM2) in the full-length version of Negahban et al.
(2012)), which includes the aforementioned models: the logistic model sat-
isfies Assumption [4(1), and the Poisson model satisfies Assumption [4f2).

To establish our theoretical guarantees, we make the following assumptions



regarding the population covariance and second moment matrices, as well

as the tuning parameter Ap,.

Assumption 5. Let Quxx = E[X;X,"|B; = k|. There exist constants r
and k, independent of n and p, satisfying 0 < k; < K, < 00, such that

Amin(Zxx) > K Amax(Qxx) < ki for allk =1,2,... K.

Assumption 6. There exist constants cyy > 0 and cpy > 1, which are
independent of n and determined by the upper bound M in Assumption 3
and the second moment E{ri[k]glm(a)}. Furthermore, there exists a sequence
My — oo with n in each stratum k, such that Mi[k]s%k} (logp)?/n — 0, k =

1,2,..., K. The tuning parameter Ay, belongs to the interval

expPi Mo \ 2 (logp) 2 exmp Mg\ * (logp\
4 ,4CM v .
T(kla n T(kla n

Assumption [5| ensures that the minimum eigenvalue of the population-

level stratum-specific covariance matrix X xx is strictly positive, and the
maximum eigenvalue of the second moment matrix Quxx is bounded by
a finite constant, preventing perfect collinearity, as well as explosive vari-
ances and means. In clinical trials, this condition can be supported by
domain-driven pre-selection of distinct covariates, coupled with screening
for redundant variables. Assumption [0 requires that the tuning parameter

Alijo in each treatment a and stratum k be of order O{(M, logp/n)'/?}.



Here the sequence M, can diverge very slowly, e.g., M,y = loglogn, so
that A, is approximately of order (logp/ n)'/2, which is the same as the
requirements in high-dimensional GLM studies (Van de Geer}, 2008; Negah-
ban et al., 2012).

The following proposition can be established for the ¢; convergence rate
of B[k}glm(a) and the asymptotic normality for 7g,. Let 14 denote an A-
dimensional vector with ones and mpy(a) = E[Yi(a)|B; = k] — E[Yi(a)].
Throughout, we use (- : a € A) to denote an A-dimensional column vector,
and {-: (a,a’) € A x A} to denote a matrix with entries indexed by (a, da’).
Also, let Vg, be the asymptotic variance of 7y, whose detailed expression

is given below.

Proposition 1. Under Assumptiansﬂ if i kjgim (@) € Ro, E{r? (keim (@)} <

oo fora € Ay, then \|B[k]glm(a)—5[k]glm(a)Hl = Op[s[k](Mn[k}(logp)/n)l/z], for k €

K and a € Ay. Moreover, \/n V. Y 2(Tglm —7) N N(0, 14), where I4 is the

glm

A x A ddentity matriz, Vam = Vigy + Vi, + Vg, + V; + V7 and

Tglm glmwao Tglml/Ja()

Viey = > o (mip (@) = migg(0)  a € A) x (mygg(a’) —mpu(0) - a' € A) '

kel
_ N P Pl
Vigw = 2 AL olals + diag {Z Ot F @ € A} )
ke | kIO kek |kl

Vi = { D2 pwCov (! (X Biggm(@)) — ¥/ (X] Bigm (0)).

ke



V(X Brggn(@)) = (X B (0))} : (a,0') € A x A,

Ve gmtiao = { > pCov[{Yi(a) = Yi(0)} — {¢'(X; Bygam (@) — ¢ (X B (0))},

ke

VX Bpgan(@) = ¥ (X Bggan (0))] : (0, ) € A x A},

Remark 1. Recent work has studied the use of generalized linear models
for treatment effect estimation in randomized trials. |Guo and Basse| (2023)
used the logistic and Poisson regression models as examples to illustrate
their proposed Oaxaca—Blinder estimator. Bannick et al.| (2025 applied
their general theory to GLMs. Both papers consider the case where the
dimension of the covariates is fixed. We consider a more general situation

to handle high-dimensional covariates.

One reason to use a covariate-adjusted treatment effect estimator is
its potential efficiency gain over the benchmark estimator 7,.,, defined as
Foen = (Foen.1, - - - » Toen.A) | With Tpena = S 0 Pof] (Yikja—Yipo) (Bugni et al.|
2019). When the GLM is correctly specified, i.e., E{Y;(a)|X;, B; = k} =

V(X" Bgjgim (a)), we have V,

a0 = 0 and 74m achieves efficiency gain over
Then- However, under model misspecification, 74, may be less efficient than
Tven (Guo and Basse, 2023; Bannick et al., 2025). To guarantee efficiency

gain regardless of model specification, we propose a projection method in

Section [l



4. Transfer learning

4.1 Context and algorithm

When some strata are small, B[k]glm(a) becomes unreliable. Transfer learn-
ing addresses this by incorporating external source data (Gu et al., [2024)).
We impose the following assumptions to construct a feasible transfer learn-

ing method for the GLM-adjusted estimator.

Assumption 7. (1) Xi(s) is a p-dimensional vector. Aés) = Ay and K =
K: (2) E{(Y;"))2(a)} < 00 and Y} (a) € Ry, for alla € A . Additionally,
{X(s }”<> are uniformly bounded by a constant, which means that there
exists a constant M independent of n'®) such that max,_; ||XZ-(S)|| <
M; (3) Conditional on {B, ..., B}, {4, ... ,AS)} is independent of

(v200),...,vA4), XY - and (4) n /n[k] ER 7r Ka 05 n*) — oo, for

alla € AY and k € K©®

Assumption [7[(1) requires that the treatments and the stratum labels
are identical in both the source and target data. Using the same treat-
ments in two clinical trials means that the specific drugs, biomarkers, or
treatment procedures are the same. Similarly, when two trials have identi-
cal stratum labels, it indicates that they rely on the same covariates, such

as gender or age groups, for the randomization process. This assumption



4.1 Context and algorithm

is mainly imposed to simplify the technical development, by ensuring that
information can be appropriately transferred across corresponding treat-
ment groups and strata in the source and target data. In practice, it may
be relaxed to allow for approximate alignment between source and target
populations; see Remark |3| for further discussion. Assumption (2) mirrors
Assumption [I] with a uniform bound M across both datasets. The CAR
conditions in Assumptions [7(3)—(4) allow the randomization procedures to
differ between trials.

Define the stratum-specific projection coefficient for generalized linear

models in the source data as

Bliam(a) = arg min EIL(Y," (a), X[, B, )| Bl” = k.

The working model for source data is the same as the target data, which
implies that the loss function is identical across source and target data in
the same treatment and stratum. We use the difference between the GLM
coefficients as the similarity measure between source and target data in
each treatment a and stratum k, which is dp(a) = Bpjem(a) — ﬁ[(,:])glm(a).
Our transfer learning algorithm shares a similar spirit with the method of

Tian and Feng (2023)). In each treatment a and stratum &, we first estimate



4.2 Theoretical results

ﬁ[k]glm( a) in source data as

n(s)
A(s s ()T s s
B (@) = argmm—zf AP = ) {L(XT8) -V X BR8]

BERP py
kla =1

Then we correct the bias dp(a) in target data as

0py(a) = arg min Zf = IO (X] (Biam(@) + )

JERP n[k]

VX, (B (@) + 8)} + AwallOlr-

[k]glm

Then the transfer learning coefficient B[k]“(a) is obtained by

Bua(a) = 8pg(a) + B ().

Finally, we plug in the transfer learning coefficient to derive the transfer

learning estimator in each treatment a, which is

K
Tila = an[k]{ [Yk]a {Vha (X Bga(a)) — g (Xjﬁ[k]tl(a))}}
k=1
N [57[140 — {0 (X, By (0)) — iy (X7 B[k]tl(o))}] },
and the transfer learning estimator for treatment effect is

. A A . T
Ty = (Ttl,177t1,2> s aTtLA) .

4.2 Theoretical results
We consider dy;(a) by its £, norm such that

0 < h.
sepax 0w (a)lh <



4.2 Theoretical results

This characterizes the degree of similarity between the source and target
data. Next, we introduce two assumptions for the source data that are

analogous to those imposed on the target data.

Assumption 8. In each stratum k, the minimum eigenvalue of the stratum-

(s)

specific covariance matric EE;])XX is denoted by A oh and it satisfies

A(S)

min, [k]

> kg > 0.

Assumption 9. There exist constants cg\sL] > 0, cg\‘}) > 1, and a sequence

My(lfli} — oo with n'®) (taking the same functional form as Myy) in each
stratum k, such that {Méf,l]}Qs[zk](logp)Q/n(s) —0, k=1,2,..., K, and the

tuning parameter /\[(,j])a lies in the interval

(s) () z(s) \ /2 (s) () apls) \ /2
4 APk Mn[k] log p /2 4085) XKk PIK) Mn[k} log p 1/2
(s) NE) » =M () ()

Tk]a T(ka

These assumptions are analogous to Assumptions [5] and [6] for the tar-
get data. One difference is that Assumption [§] only requires the minimum
eigenvalue of the source covariance matrix Zf:])xx to be bounded. Intu-
itively, because we use a generalized linear model anchored to the target
X;, we can separate the influence of X; from the coefficient estimation of
Bikjgim (@). Therefore, the source data is only involved in estimating Bjxgim(a)

(where a bounded minimum eigenvalue is sufficient), while the maximum

eigenvalue condition on Qxx remains strictly necessary for the target



4.2 Theoretical results

data. To advance from the results in Proposition [I| to the transfer learning
improvements in Theorem [I| we require the aforementioned additional as-
sumptions on the source data (Assumptions and replace Assumption
|§| by a relaxation on sequence M, ;). Then, we establish the ¢; convergence
rate of B[k]ﬂ(a), which is faster than we obtained for B[k]glm (a) in Proposition

as long as the similarity conditions hold with large enough source data.

Theorem 1. Under Assumptions @ and @H suppose h < sj\/logp/n,
n'®) > n and h(logp/n'®)'/? = o(1), and the tuning parameter Ay, belongs

to the interval

kI PIK) M) Y2 Nogp\? k] P M) Y2 Nogp\ '
4 Ay, | LR ik .
Tkla n Tkla n

where My — 00 with My /n — 0. If 1 gam(a) € Ro and E{r; jam(a)}? <

00 fora € Ao, then || Gygu(a)—Bgam(@) 1 = Op(S[kl\/ (M) logp)/(n + n)+

h).

With the convergence rate of ||ﬁ[k]t1(a) — Biygm(a)||1, we can derive
the asymptotic normality of 7, which has the same asymptotic covariance

matrix as Ty, but requires weaker sparsity conditions.

Theorem 2. Under Assumptions ﬁ and @@ suppose h < sy \/logp/n,

n®) > n and h(M,p logp)V/? = o(1), and the tuning parameter Ay, satis-

fies the condition in Theorem. When r; jjgm(a) € Ra and E{r; jam(a)}?* <



4.2 Theoretical results

oo for a € Ay, we have \/n X{gfli/Q(%tl —7) A N(0,14), where Vg, is as de-

fined in Proposition [1]

Remark 2. Theorem [2 has a stricter requirement on the similarity condi-
tion such that h(M,p log p)'/? = o(1) compared to Theorem . Intuitively,
establishing asymptotic normality requires scaling the remainder terms by
an extra factor of \/n, which demands tighter control on the bias term
related to h. Compared with Proposition , B[k]t](a/) achieves a faster con-
vergence rate when n® > n and h < S[k] \/m, thereby reducing the
target sample size required for asymptotic normality. This rate result par-
allels those in Tian and Feng| (2023) and |Li et al. (2024)), except for the
presence of the diverging sequences M, and Mflf;} The introduction of
these two sequences enlarges the tuning parameters to accommodate the
relaxed conditions on the residuals, which allows for possible misspecifi-
cation of the generalized linear model in the target and source datasets,

respectively.

Remark 3. In the current formulation, Assumption |7| requires exact align-
ment of the treatment space and stratification structure. While this facil-
itates a clean theoretical presentation, it can be practically relaxed. For
instance, when the source data involves a finer stratification or a broader

set of treatments (A C A®) and K C K®)), our transfer learning procedure



4.2 Theoretical results

remains applicable to the overlapping strata, and the established theoreti-
cal guarantees continue to hold. Furthermore, when facing reverse inclusion
(A® c A and K C K) or merely partial intersections (A®) N A # () and
K®) N K # 1), we can construct a composite estimator. Such an estimator
can leverage transfer learning within the shared strata and treatment arms,
while employing the target-only estimator for the remainder. A rigorous

theoretical treatment of this composite approach is left for future research.

Remark 4. Theorems [I] and [2] rely on a coefficient-level similarity con-
dition, expressed through the boundedness of dj(a). This requirement
might not hold under a weaker condition where only the nuisance func-
tions E[Y (a)|X] are similar but the covariate distributions differ substan-
tially. However, our transfer learning framework remains practically mo-
tivated. For example, one could select specific source subjects or explic-
itly match the source covariate distribution to the target trial. Although
data selection methods designed for independent data, such as the cross-
validation approach in (Tian and Fengj 2023, may perform adequately in
practice, they lack theoretical guarantees in our setting. This is because
adaptive randomization introduces complex dependency among responses,

which complicates the sample-splitting procedures required for standard



cross-validation. From an applied perspective, this similarity condition can
be evaluated qualitatively based on domain expertise. Specifically, histori-
cal trial data have a strong potential to be selected as valid source data if
they share highly comparable clinical characteristics with the target data,
such as targeting the same biomarkers or involving treatments with similar

active pharmaceutical ingredients.

Remark 5. Gu et al.|(2024)) proposed a transfer learning method for clinical
trials using a high-dimensional linear model as the working model. Build-
ing on this work, we study transfer learning procedures for GLMs, thereby
accommodating a broader class of outcomes and link functions. Consistent
with their findings, our results show that transfer learning improves the
convergence rate of the coefficient estimators. However, because we char-
acterize the ¢, convergence rate with respect to Sjyem(a), the asymptotic

variance remains V.

5. Variance reduction via projection

While transfer learning improves coefficient estimation, it does not alter the
asymptotic variance, so it cannot guarantee efficiency gains over the bench-
mark. To achieve this, we introduce a projection-based refinement. Build-

ing on insights from linear adjustment (Gu et al., 2023), we directly project



Y;(a) onto the linear span of the mean function {¢'(X," Byjgm(a)), a € Ao}

within each stratum k.

Let q’[’ﬂ( ) (w {XTﬁ[k]glm( )}7 wl{XzTﬁ[k]glm(l)}a ce 7w/{Xz—rﬁ[k]glm(A)})T
be a (A 4 1)-dimensional vector, Xpjgw = Cov{¥y(X;) | B; = k} denote

its stratum-specific covariance matrix. We estimate W, (X;) by

B () = (VEXT Buar (O X B (D}, 0 IXT Br(4)})
where T = glm, tl. Define 6%”(@) = arg mingega+1 E([{Yi(a)—E(Y;(a)|B; =
k) }={ W (Xi) = E(U 1y (X)|B; = k)} 51| B; = k). We can estimate 8 (a)
by linear regression in each treatment a and stratum k, that is

Y~ a+ Ul (X) 8 a), A =a, Bi=F.

Let BA[I;;]OJ( ) denote the estimator of S OJ( ) and ¢ € [k] denote the unit
i in stratum k. The GLM-projected treatment effect estimator (GLM-P
estimator) and the transfer learning-projected treatment effect estimator

(TL-P estimator) for treatment a are obtained as

A prOJ
E Pnlk]

Fisa = - 3 (104 = 0) = 2 ) i, ()30

kek [Kle ek "kl
2 ”[kw) proj
_ S (14, =0) 3 ,
[HOZ< ” Wi+ (X037 (0) ]
and TprOJ = (7} ol 7 I 7 T, for T = glm, tl. A key challenge remains

in obtaining consistent estimation of Wy, (X;). The following results estab-



lish that the GLM-P and TL-P estimators are asymptotically normal under
the same conditions as in Proposition [1|and Theorem [2| respectively. Define
the projected transformed outcome 7; proj(a) = Y;(a) — (X )TB[I:]OJ( a),

for B; =k, A; = a.

Theorem 3. Under conditions of Proposz'tionfor Tglm OT Them’em@for
Ty, suppose Ygww 1s positive definite in each stratum k. Then for { =
glm, tl, we have \/n(VP")~1/2(7 erroj )iN(O,IA) where me] Vi

glm rproJ

V¢proj + VH? Y

Dix] : Dlk) '
Vi = Z _U[Qk]fpmj(o)lAlz + diag {Z —U[Qk}fpmj(a) La e A} )

kex TIKIO kex 'kl

Voo = {Zp {8 (@) = B3 (0)}  Spgw {857 (0) = B3 (0)} : (a,a') € A x A},

kel

and Vyy is the same as that defined in Proposition [1]

Next, we show that Tp ° is more efficient than 7pe, in the following
corollary. Let V' < 0 denote that the matrix V' is negative semi-definite.
Also, let Vi, denote the asymptotic covariance matrix of 7je,, whose ex-

plicit form is given in (Bugni et al.| 2019).



Corollary 1. Under Assumptions[1H{], we have

TO 1 roj roj
glfmj Vien = Zp [— m{ﬁﬁﬂ J(O)}Tz[k]wwﬁﬁﬂ 1(0)141

kel

- dlag{ {5pr0“]( )}Tz[k]\wﬂﬁffj(a) ta € A}
+ {B[I;:}Oj( [%OJ( 1 S \yw{ﬁﬁf]oj( a) — B%OJ( )} (a,a’) € Ax A}} <0.

Remark 6. The form of our projection estimator is similar to the estima-
tor proposed in (Cohen and Fogarty (2024]). They applied a specific cali-
bration method to generalized Oaxaca—Blinder estimators to address the
non-inferior variance problem identified in |(Guo and Basse| (2023)). Bannick
et al.| (2025)) used the same technique for their generalized treatment effect
estimator and applied it to generalized linear models with a fixed dimension
p for the additional baseline covariates. Using a projection viewpoint, we
provide a unified explanation of these methods and clarify their underlying

connections.

In summary, we propose a transfer learning enhancement and a pro-
jection refinement to the GLM-adjusted estimator. In particular, trans-
fer learning improves coefficient estimation and relaxes sparsity conditions,
while the efficiency gain in treatment effect estimation is achieved through

the projection method. We summarize the contributions of each result in

Table 1l



Table 1: Summary of estimators and their theoretical properties

Estimator Theoretical result Faster convergence rate Guarantee efficiency gain
Tglm Proposition 1 _

Tu Theorems 1-2 v >

‘?;if:j Theorem 3 & Corollary 1 X v

?Sroj Theorem 3 & Corollary 1 v v

To obtain valid inference, we construct plug-in estimators for the asymp-
totic variances of the proposed estimators, focusing on contrasts between
the potential outcomes under any two treatments. The asymptotic vari-
ances can be expressed in terms of population quantities such as GLM co-
efficients, projection coefficients, and covariance matrices, all of which are
replaced by their corresponding estimators or natural sample analogues.
~proj

For example, the variance estimator of 7.

o, iDVOlVes nglm(a), Agf]oj(a), the

sample variance of Y;(a), and the sample covariance matrix of Wy, (X;).
The resulting variance estimators are consistent. See the Supplementary

Material for explicit expressions and proofs.

6. Simulation study

In this section, we compare the performance of our proposed estimators

with a benchmark estimator 7y, across various scenarios. We consider



logistic regression and Poisson regression models to justify our theorems
for the GLM-adjusted estimator, the transfer learning estimator and their
corresponding projection estimators.

We consider a high-dimensional setting where the covariate dimension
is p = 100. Let X; be an s-dimensional covariate such that X;; is a stratified
random variable and {Xj; }3_, are regarded as additional baseline covariates.
X1 takes values in {1,2} with probabilities {0.4,0.6}. The distribution of
{Xij}5—, will be specified in each model below. Independent of X;, covari-
ates other than X; are generated by a multivariate normal distribution with
mean zero and a diagonal covariance matrix where all diagonal elements are
2. For the randomization procedure, we consider stratified block random-
ization for 3 treatments and use X;; as the stratum variable, resulting in 2
strata. The allocation ratio is 1:1:1 among treatments, with a block size of
6. The data generation models for target data and source data are detailed
below:

Model 1 (logistic model): X; follows Unif[—5,5] for j = 2,3,...,s and
they are independent of each other. Let pg = 0.5 and p; = us = 0.2. As for

the coefficients in the target data, 3;(0) = 1, 5;(1) = 0.5 and 3;(2) = 0.5



for j =1,2,...,s. The data generation models are as follows:
PI‘(K((I) = ]-’Xz) = expit{,ua + Xﬂb’l(a) + ZXz-jﬂj(a)}, a = 0, 17 2.
j=2

Model 2 (Poisson model): X; follows Unif[—0.5,0.5] for j =2,3,...,s
and they are independent of each other. Let py = 0.5 and py = ps = 0.2.
As for the coefficients in the target data, 5;(0) = 0.6, 5;(1) = 0.4 and

Bj(2) = 0.5 for j =1,2,...,s. The data generation models are as follows:

)\lg (Xi)e—ka(Xi)
k!

Pr(Y;(a) = k|X;) =  Aal(X0) = exp { 1o + K@) + 3 XuBi(a) .

Both the target data and the source data follow either Model 1 or Model
2 with different coefficients. While both models are correctly specified here,
an additional simulation setup examining the impact of model misspecifi-
cation can be found in Section S5.3 of the Supplementary Material. We
have n = 600 units in the target data and n(® = 2400 units in the source
data. Let s = [n"] where r = 0.04,0.08,...,0.48,0.5. In source data,
BJ(-S)(a) = B(a) + hj/s for j =1,2,...,5, h =0.1,0.3,0.5, and a = 0, 1, 2,
for both Models 1 and 2. This setup leads to ||3(a) — %) (a)||; = h(s+1)/2.

We present the simulation results for five treatment effect estimators
in each model: the benchmark estimator 7., the GLM-adjusted estimator
Teim, the transfer learning estimator 7y, and their corresponding projec-

~ proj

7ol and 72", For all high-dimensional GLM estimations

tion estimators 7,



in both the target and source data, the tuning parameters are selected
via 10-fold cross-validation using the R package glmnet (Friedman et al.|
2010)) with the ‘1se’ rule, which selects the largest tuning parameter A such
that the cross-validation error remains within one standard error of the
minimum. Our estimators are calculated over R = 1000 replicates. Per-
formance is measured by relative bias, sampling standard deviation, and
coverage probability of 95% confidence intervals. The relative bias is de-
fined as /nR™' .| (7.—7) /6, where 7, denotes any of our treatment effect
estimators in the rth replicate, 7 is the true value of treatment effect, and
0 is the sampling standard deviation. To further isolate the contributions
of the proposed methods, we provide an additional comparative perspec-
tive where each pair of adjacent estimators is directly compared in terms
of their sampling standard deviations and nominal coverage probabilities.
These detailed pairwise comparisons can be found in Section S5.2 of the
Supplementary Material. The main results are summarized as follows:

(1) In Figure (A), under logistic regression, the relative biases of all
estimators are close to zero, which is expected as all estimators are con-
sistent estimators for the treatment effect. In Figure [2(A), under Poisson
~Proj

regression, when the sparsity of the coeflicients decreases, Tgm and 7,

exhibit noticeable relative biases. After applying transfer learning, if the



source data and target data are similar (h = 0.1, b = 0.3), 7, and 72"
have relative biases close to zero.

(2) In Figures (B) and (B), %;rmoj and 72" consistently obtain smaller
standard deviations than their non-projection counterparts, which is con-
sistent with Corollary [l While Figure [2B) shows that GLM-adjusted
estimators alone may not guarantee efficiency gains over the benchmark,
the transfer learning estimators 7 and %g;“’j consistently reduce variance.
Notably, %ﬁroj demonstrates efficiency improvements across all scenarios,
even with large source-target discrepancies (h = 0.5).

(3) In Figures (C) and (C), as s increases, 7o and %g’ﬁj suffer sub-
stantial coverage drops, which may be due to overfitting when the condition

slogp < +/n is violated. In contrast, 7 and %ﬁroj maintain the nomi-
nal 95% coverage under sufficient similarity, which agrees with Theorem 2]
Even when the similarity condition is violated, their coverage declines much

more slowly than that of the target-only estimators.

7. A semi-synthetic clinical trial data analysis

In this section, we analyze a semi-synthetic clinical trial dataset based on
a study of nefazodone and the Cognitive Behavioral-Analysis System of

Psychotherapy (CBASP) (Keller et al. |2000]), which compared nefazodone,
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CBASP, and their combination in chronic depression. We use the CBASP
group as the treatment group, indexed by A; = 1, and the combination
group as the control group, indexed by A; = 0. The binary outcome is
the dichotomized FinalHAMD score (24-item Hamilton Rating Scale for
Depression), with data stratified by GENDER. Additional covariates are
generated from eight baseline variables, resulting in p = 135 covariates.
The target and source populations are defined by HAMD17 < 20 and
HAMD17 > 20, respectively. In each iteration, we generate semi-synthetic
data by sampling 200 units from the target population and 1200 units from
the source population. Further details on the semi-synthetic data genera-
tion are provided in the Supplementary Material. We compare five estima-
tOrs Thens Tgim, Ttls %g"ﬁj, and %ﬁroj using 1000 Monte Carlo iterations. As
shown in Table 2] all estimators produce similar treatment effect estimates.
Regarding the variance, 7,1, has the same variance as Typen, and the vari-
ance of 7y is slightly smaller than theirs. After projection, the variances
decrease, with 72" attaining the smallest variance. In terms of coverage

probability, 7gm and %;;?j have coverage slightly below 95%, whereas after

transfer learning, 7y and 7" achieve approximately nominal 95% coverage.



Table 2: Results of the semi-synthetic clinical trial data

Estimator Estimate (x10%) Variance (x10%) Coverage probability (x10?)

Ten -0.939 0.471 94.6
Tolm -0.932 0.471 94.3

u -0.908 0.466 94.6
o -0.789 0.466 93.1
Fhrol -0.991 0.448 94.6

8. Discussion

In this paper, we have proposed a transfer learning framework for treatment
effect estimation under CAR with high-dimensional GLMs. By integrating
external source data and a projection refinement, our approach achieves
valid inference under relaxed sparsity conditions while guaranteeing effi-
ciency gains over the benchmark estimator.

Despite its advantages, our transfer learning framework has some limita-
tions regarding source-target comparability and the scope of the alignment
assumptions. First, the transfer learning approach requires coefficient-level
similarity between the source and target populations; see Remark [4] for a
qualitative assessment strategy and practical considerations. Second, as

we have discussed in Remark [3| the current theoretical framework assumes



exact alignment of the treatment space and stratification structure across
the source and target populations. While practical implementations can
address minor structural mismatches, formally extending the theory to ac-
commodate partially overlapping strata or differing stratification criteria
remains an open challenge. These two directions represent important av-
enues for future research. Additionally, although the projection method
achieves efficiency gains under model misspecification, developing nonpara-
metric approaches to transfer knowledge across trials is another promising

direction.

Supplementary Materials

The online supplementary material contains details on the variance estima-

tors, the generation of the semi-synthetic clinical trial data, and proofs.
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