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Statistica Sinica

OUT-OF-CLUSTER PREDICTION FOR MODEL SELECTION
IN REGRESSION WITH UNSUPERVISED CLUSTERING

Masao Ueki

Nagasaki University / RIKEN Center for Advanced Intelligence Project

Abstract: In regression with unsupervised clustering, the explanatory variables
are first clustered, and separate regression models are then built for each cluster.
The resulting models are often evaluated using in-cluster prediction criteria, such
as the Akaike Information Criterion (AIC) and the Bayesian Information Crite-
rion (BIC). This paper explores the usefulness of out-of-cluster prediction for
evaluating regression models, particularly in selecting the number of clusters. In
particular, we develop a model exclusion procedure that makes use of the reduced
accuracy of out-of-cluster prediction compared with in-cluster prediction, under
the assumption that regression models differ between clusters, to exclude redun-
dant models before applying model selection. The model exclusion procedure is
considered within standard regression frameworks, including generalized linear
and Cox regression models. For Cox regression models, we propose a normalized
partial log-likelihood to avoid divergence issues that arise when the standard par-
tial log-likelihood is used for model selection. We show that selecting the number
of clusters using AIC, combined with the proposed model exclusion procedure,

achieves model selection consistency. We confirm the improved performance of



the proposed exclusion procedure through extensive simulation studies involv-
ing Gaussian linear, logistic, and Cox regression models combined with K-means

clustering.

Key words and phrases: AIC, out-of-cluster prediction, normalized partial log-

likelihood, regression with unsupervised clustering, model selection.

1. Introduction

In this paper, we study model selection for regression models combined
with unsupervised clustering, where explanatory variables are first clus-
tered without reference to the response variable, and regression models
are then built separately for each cluster. Regression with unsupervised
clustering has recently received increasing attention in several fields, in-
cluding medicine, biomedicine, and other disciplines, reflecting the recog-
nition of underlying heterogeneity and demonstrating that cluster-specific
modeling can improve both interpretation and prediction (Choi et al., 2023;
Teng et al., 2024). In many clustering methods, the number of clusters must
be specified in advance. There has been considerable debate on how to de-
termine the appropriate number of clusters in unsupervised learning. Exist-
ing approaches typically evaluate clustering quality using specific clustering

metrics. For K-means clustering, numerous methods and metrics have been



proposed (Tibshirani et al., 2001; Batool and Hennig, 2021; Ueki, 2025).

When a response variable is available, a different approach can be taken.
Recently, Katahira (2023) proposed a novel subtyping method that empha-
sizes prediction rather than clustering per se, and developed the cost of
cluster mean-based prediction (CCMP) criterion for selecting the optimal
number of clusters. This approach is closely related to standard model se-
lection criteria such as the Akaike information criterion (AIC; Akaike, 1973)
and the Bayesian information criterion (BIC; Schwarz, 1978). These criteria
are widely used in model selection because their statistical properties are
well established (Shao, 1997). See also Yang (2005) for further discussion of
the properties of AIC and BIC. Prediction-based criteria such as CCMP are
generally formulated using a loss function based on in-cluster predictions.
Thus, CCMP is conceptually similar to AIC and BIC in that it relies on
prediction-based evaluation.

In clustering settings, prediction can be evaluated not only within clus-
ters (in-cluster prediction) but also across clusters (out-of-cluster predic-
tion), which is rarely considered in standard model selection. Although
out-of-cluster prediction has been largely overlooked in regression combined
with unsupervised clustering, we investigate the utility of out-of-cluster pre-

diction for evaluating regression models, particularly for selecting the num-



ber of clusters. The joint use of in-cluster and out-of-cluster samples has
previously been applied to assess clustering quality (e.g., silhouette score;
Rousseeuw, 1987). If regression models differ across clusters, out-of-cluster
prediction should perform worse than in-cluster prediction. Motivated by
this observation, we propose an exclusion procedure that removes models
containing clusters in which out-of-cluster prediction is comparable to or
better than in-cluster prediction, since such clusters provide little evidence
of heterogeneity. After exclusion, we apply AIC to the remaining models
to select the optimal one. We show that combining AIC with the pro-
posed exclusion procedure achieves model selection consistency comparable
to BIC. Unlike BIC, however, the exclusion procedure offers an additional
advantage: it enables detailed identification of redundant clusters using out-
of-cluster prediction and thereby improves model selection. The exclusion
procedure can be incorporated into standard regression frameworks, includ-
ing generalized linear and Cox regression models. In Cox regression models,
Li et al. (2017) showed that the standard partial log-likelihood diverges to
infinity as sample size increases, unlike the log-likelihood in generalized
linear models. This divergence leads to overfitting when selecting models
in Cox regression combined with unsupervised clustering. To address this

issue, we propose a normalized partial log-likelihood that avoids divergence.



Through extensive simulations involving Gaussian linear, logistic, and
Cox regression models combined with K-means clustering on explanatory
variables, and under the assumption that the latent subgroup structure is
primarily reflected in the explanatory variables and can be reasonably re-
covered via unsupervised clustering, we find that the proposed exclusion
procedure, when used in conjunction with AIC, improves the identification
of the correct number of clusters compared with AIC alone, while better
preserving the accuracy of regression function estimates than BIC. Appli-
cations to real datasets further illustrate the practical value of the proposed

procedure.

2. Methods

2.1 Regression with unsupervised clustering

We consider a regression problem for a dataset of size n, (X1,v1), .., (Xn, Un),
where X; = (X;1,...,X;,) is a p-dimensional vector of explanatory vari-
ables for subject ¢, and y; is the associated response variable, for i =

1,...,n.

Unsupervised clustering: For a given number of clusters K > 1,

we apply an unsupervised clustering method, such as K-means, to the ob-



2.2 Selection of the number of clusters

servations Xi,..., X, in order to partition the n samples into K disjoint
clusters, that is, CLU---UCx = {1,...,n}, with C.NCp = 0 for any

kK e{l,... K},

Regression model: Given a partition of the samples into K clusters,
CiuU---U CAK, we construct K regression models, M\(K) = {]/\4\17 . M\K},
independently within each cluster. That is, the kth regression model ]\//_Tk is
obtained by regressing yz onto Xz , where Xz = (X; :i € CAk) and yp =
(y; =1 € @) Assume that the regression model admits a log-likelihood
function ¢(6; X,y) = >0 l(yi | Xi;0), where £(y; | X;;0) denotes the log
of the conditional density (for continuous y;) or probability mass function
(for discrete y;), and € is an m-dimensional parameter vector including p

regression coefficients (with m > p). Then, the cluster-specific maximum

likelihood estimates are 8), = argmax, ((0; Xz ,yg ), k=1,.... K.

2.2 Selection of the number of clusters

To perform regression with unsupervised clustering, it is necessary to deter-
mine the number of clusters K in advance. Several approaches are available
for the selection. Among them, AIC and BIC are standard model selection

criteria. In addition, a recently developed criterion has been proposed by

Katahira (2023).



2.2 Selection of the number of clusters

AIC: The AIC for the regression model with unsupervised clustering,
M(K), is defined as AIC(K) = Y1 {—20(6); X .Y, ) +2m}. For the set
of candidate models M\(K) with K = 1,2,3, ..., Knax, Where K. is the
prespecified maximum number of clusters to search, the selected K is the

value that minimizes AIC(K).

BIC:  The BIC for the regression model with unsupervised clustering,
M(K), is defined as BIC(K) = Y0 {~26(01; Xg,. yg,) + log(n)m}. Sim-
ilarly, for the set of candidate models M\(K) with K = 1,2,3,..., Kpax,

the selected K is the value that minimizes BIC(K).

CCMP: The CCMP is arecently developed criterion proposed by Katahira
(2023). For a given clustering G, U --- U Cx = {1,...,n}, the CCMP is
defined as CCMP(K) = _25:1 {ni(gr — y)* — 207}, where n; = |5k|,
Uo =1 e, Yio Ok = (e — )7 g, (i — )%, and § = n™t 300 i
The optimal number of clusters K is the minimizer of CCM P(K).

This criterion is derived as an unbiased estimator of the mean squared
error between the true mean function and the fitted intercept-only model
(or constant model) within each cluster. Because the AIC is also an unbi-
ased criterion for the Kullback—Leibler loss, which coincides with the mean

squared error in Gaussian regression, the CCMP is expected to behave sim-



2.3 Utility of out-of-cluster prediction

ilarly to the AIC. In Supplementary Appendix, we show that the CCMP
is essentially equivalent to Mallows’ C,, criterion (Mallows, 1973), which is
known to approximate the AIC (Shao, 1997). Thus, the CCMP can be
regarded as an analogue of the AIC for intercept-only models within clus-
ters. Throughout this paper, we evaluate the performance of clustering

procedures in comparison with such intercept-only models.

2.3 Utility of out-of-cluster prediction

It can be seen that AIC and BIC involve the term i | e(ék;X@,yCAk),
which is the sum of K log-likelihood functions evaluated at the parameter
é\k estimated from samples within its own cluster CAk, fork=1,..., K. In
other words, this represents the sum of in-cluster predictions across the K
clusters.

In addition to these in-cluster predictions, one can also consider out-
of-cluster samples. Specifically, the loss function in the kth cluster can
be evaluated using parameters estimated from a different cluster, | # k,
f(@\l; Xc}v ygk). The availability of such out-of-cluster evaluations is unique
to clustering problems and is generally absent in other model selection set-
tings. This perspective provides additional information for assessing model

adequacy. Our proposal is to incorporate out-of-cluster prediction as a



2.3 Utility of out-of-cluster prediction

complementary criterion for model evaluation.

If the regression models differ substantially across clusters, out-of-cluster
predictions are expected to perform poorly compared to in-cluster predic-
tions, assuming correct model specification. Conversely, if the regression
models yield similar accuracy even for out-of-cluster samples, this suggests
that the model may be essentially homogeneous and contain redundant
clusters. By quantifying out-of-cluster prediction, we can detect and ex-
clude such non-heterogeneous regression models. In practice, this involves
inspecting the K (K — 1) out-of-cluster prediction values under K clusters.

Although it is informative to examine these values directly, we further
propose using them systematically to eliminate redundant regression mod-
els, thereby facilitating the automatic selection of the optimal number of
clusters. To this end, we present two procedures, termed exclusion pro-
cedures 1 and 2. The first procedure tends to remove redundant models
aggressively when at least one such redundant cluster is present, whereas
the second moderates this by requiring the presence of at least one re-
dundant cluster pair. Subsequently, AIC is applied to the reduced set of

candidate models.



2.3 Utility of out-of-cluster prediction

Exclusion procedure 1: The first procedure excludes a regression
model if there exists a pair (k,l) with k& # [ such that the out-of-cluster
prediction is better than the in-cluster prediction. This condition is ex-

pressed as
—20(04; X, yg. ) + mlog |Gkl > —20(0; X5, vg,), (2.1)

where |Cy| denotes the cardinality of C. The term mlog|Cy| is the BIC
penalty, which is introduced to make the left-hand side comparable to the
right-hand side. On the right-hand side, 6(@; Xe, yCAk), the dataset C used
for evaluation is independent of the dataset used to obtain the model or pa-
rameter estimate é\z In contrast, on the left-hand side, the same dataset CA;c
is used both to evaluate the model and to estimate the parameter. Ideally,
the left-hand side serves as an alternative to ¢ (é\k X ék y’CAk), where (X ék, y’@)
is a dataset independent of (X@k, y€k> but is unavailable. The BIC penalty
plays the role of correcting the optimism in /¢ (é\k, Xz, y@) and also ensuring
model selection consistency.

We initialize the exclusion set as & = ). For a given set of candidate
models M\(K) with K = 2,3,..., Kyax, Where K., is the prespecified
maximum number of clusters, if at least one pair satisfies (2.1), then K is

added to the exclusion set €. The final number of clusters is chosen as the

value of K that minimizes the AIC over K € {1,2,..., Kpax}\ 1. We refer



2.3 Utility of out-of-cluster prediction

to this criterion as AICex]1.

Exclusion procedure 2:  There is concern that AICex1 may be too ag-
gressive in excluding candidate models, because it relies on the presence of
any cluster that produces indistinguishable predictions from out-of-cluster
samples. This increases the chance of false exclusions when many compar-
isons are made. To address this issue, we present an alternative approach.

Instead of (2.1), the second procedure excludes regression models if

there exists at least one pair (k,[) with k # [ such that

—2@(5k;X5k,y5k)+mlog ICr.| > —2€(@;X5k,y5k) and —2€(@;Xa,y€l)+mlog C)| > —2€(§k;Xa,y@).
(2.2)
Unlike (2.1), this criterion requires agreement from the perspectives of both
clusters [ and k before concluding that the model is non-heterogeneous. This
symmetry ensures that if model I produces predictions similar to those of
k, then the converse also holds.
The exclusion set is initialized as & = (. For a given set M (K) with
K =23,..., Kpay, Wwhere K, is the prespecified maximum number of
clusters, add K to the exclusion set & if at least one pair satisfies (2.2).
The selected K is then defined as the one that minimizes AIC over K €

{1,2,..., Knax} \ &, which we term AICex2.



2.4 Theoretical study

2.4 Theoretical study

We investigate theoretical properties concerning the selection of the num-
ber of clusters in a large-sample setting. Suppose we have a sequence of
partitions of n samples into K = 1,2, ..., Kpax clusters: ¢ . ¢Hmax)
where ¢(5) = C§K) U---U Cﬁ{K) = {1,...,n} is the Kth partition, with
C,EK) N CI(K) =0fork#land K =1,..., Ky We assume that K. is
fixed.

Throughout this subsection, we assume that the sequence of parti-
tions contains the unique true partition @erue) = CfK”“e) U---u C}ﬁf::) =
{1,...,n}, with the true number of clusters Kiye (1 < Kiye < Kpax). For
each k € {1,..., Kue}, let V;:ngtme) =(V;:i¢€ C,(CK““E)) denote indepen-
dently and identically distributed random vectors, where V; = (X;,y;), X;
is a p-dimensional explanatory vector, and y; is a response variable. Here,
p is assumed to be fixed.

For £ = 1,..., Kijue, we assume that the true model for samples in
the kth cluster, Vc}f‘true“ has density f(y|z; Q,EK”“Q)) c,iKtr“e)(x), where Q,EK”“‘))
is an m-dimensional vector of unknown parameters (including p regression
coefficients and possibly m — p additional parameters), cg{”“e)(x) is the

(Korue)

marginal density of X, and f(y|z; 6, ) is the conditional density of y

given X = z. The functional form of f(y|z;0) is assumed to be common
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2.4  Theoretical study

to all K clusters, and the differences among clusters arise only from

the parameter values. That is, for any k& # [ € {1,..., Kirue}, it holds

that 0,(:("“9) #* QZ(K"“E). The regularity conditions imposed in the theoretical

analyses are given in Supplementary Appendix and a brief summary is

provided in Table 1.

Table 1: Brief summary of Conditions (C1)—(C3), (C4a), (C4b), (C5) and

(C5’) given in Supplementary Appendix.

Brief description

(C1)

(Cda)

(Cab)

(C3)

(C5%)

Within each cluster, the observations are i.i.d. from an identifiable parametric model with common support. The usual score
identity and information equality hold.

The Fisher information matrix is finite and positive definite at the true parameter for each cluster.

The log-density is locally three-times differentiable around the true parameter, and its third derivatives are dominated by
integrable functions.

For each candidate K, the average log-likelihood converges: % 25:1 Z(é\k; ye,» Xc,,) — £+ (K). Moreover, underfitted models
(K < Kirue) are separated from the true model: n{l,(Kirue) — €+ (K)} — oo.

For each candidate K, the average log-likelihood converges: % Zk{(:l é(@\k; ye,,» Xe,,) — £x(K). Moreover, underfitted models

(K < Kirue) are separated from the true model: logn{é* (Ktrue) — L (K)} — o0.

For each candidate K and each cluster k, the log-likelihood converges: %}CZ(H; ye, > Xc,) — 21,(9). Moreover, for any K > Ktrue,

at least one pair (k, 1) is separated:

ng - K 7 K
{0 (05)) — 26(61")} — oo,

lo,

For each candidate K and each cluster k, the log-likelihood converges: %ke(e; ye, > Xc,) — 21,(0). Moreover, for any K > Ktrue,

at least one pair (k,[) is mutually separated: min[bgi,’jlk{fk,(eliK)) — Uy (GI(K))}, bZilm{Zl(ez(K)) -4 (GéK))}] — oo.

The log-likelihood function based on the conditional density in the kth

cluster at parameter @ is E,(QK““Q)(V (Kerae) 0) = Z'gd"ﬂﬂé’ log f(yi|xs; 0).
k el

c
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AIC: First, we present a theoretical result on AIC, which is consistent

with findings from previous studies (Yang, 2005; Shao, 1997).

Theorem 1. Suppose that the likelihood function satisfies conditions (C1)-
(C3) and (C4a) in Supplementary Appendiz. Then we have P {minKeﬂ_ AIC(K) > A[C(Ktme)} —

1 and P {HlinK€Q+ AIC(K) > A[C(Ktme)} < 1 asymptotically.

The proof is given in Supplementary Appendix. The first claim shows
that AIC avoids selecting underfitted models with probability approaching
1. In contrast, the second claim indicates that the AIC at K = K, is not

necessarily minimized, even as n — oo.

Exclusion procedures:

Here, we show that the proposed exclusion procedures, AICex1 and
AlCex2, address the aforementioned limitation of AIC. Lemmas 1-3 in the
Supplementary Appendix show that the exclusion procedures discard over-
fitted models while retaining the true model with high probability. Conse-
quently, after applying the exclusion procedures, the candidate set for AIC
asymptotically excludes all overfitted models €2, while preserving )y and
Q_. Now, by the first claim of Theorem 1, P {HlinKeg_ AIC(K) > A[C’(Ktrue)} —
1, which implies that AIC(Kjye) attains the minimum and the true model

is selected; that is, model selection consistency holds. In summary, we
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obtain the following theorem.

Theorem 2. Suppose that conditions (C1)-(C3) and (C5) in Supplemen-
tary Appendiz hold. Then, AlCex1 selects the true model with probability
tending to 1. Additionally, if condition (C5°) in Supplementary Appendiz

holds, AICex2 also selects the true model with probability tending to 1.

Remark 1. Throughout this subsection, we assume that the partitions
¢® .. ¢WEmax) are given, and that one of them coincides with the true
partition €(Ktwe)  The preceding results also hold when the partition is
estimated as C; U+ - - U CAKtme = {1,...,n} by unsupervised clustering based
solely on explanatory variables (without using the response), provided that
P(€Wuruwe) — ¢Kuwe)) 5 1 as n — oo. This situation may occur when the
clusters are well separated and can be reliably estimated from explanatory

variables alone.

It is well known that BIC possesses model selection consistency. A
comparison with BIC, provided in the Supplementary Appendix, suggests

that the exclusion procedures are expected to have greater power than BIC.



2.5 Cox regression model

2.5 Cox regression model

The AIC and BIC for the regression model with unsupervised clustering,
M (K), can be extended to Cox regression by replacing the likelihood with
the partial likelihood. However, a technical challenge arises. A recent study
by Li et al. (2017) shows that the partial log-likelihood diverges to oo at
the rate of nlogn as n — oo. This dependence on n does not pose problems
when comparing nested models based on the same sample. In contrast, it
may affect comparisons between combined models estimated from different
samples.

Let T denote the survival time and X = (X3,..., X,)” the associated
p-dimensional vector of explanatory variables. Consider the Cox propor-
tional hazards regression model, h(t|z) = ho(t)e” P, where § is the re-
gression coefficient vector, h(t|z) is the conditional hazard function of T'
given X = z, and ho(t) is an unspecified baseline hazard function. Sup-
pose that (T1,z1),...,(T,,x,) is a random sample of (7, X), and that
the observed right-censored survival data are (Y7,01,21),...,(Ys, 0n, Z0),
where Y; = min(7;,C;), 6; = Iir,<c,), and C; is the censoring time, as-
sumed independent of T; given X = x;. Without loss of generality, as-

sume that there are no ties among the observed continuous variables Y;.

The partial log-likelihood function of the observed data is £.(5; X,Y,0) =



2.5 Cox regression model

S Gl =" 6 log (Z?Zl I{yjzmexﬂrﬁ) Unlike the log-likelihood in

generalized linear models, Li et al. (2017) (Theorem 1) shows that
((B; X,Y,8) = —pynlogn +nl(3), (2.3)

as n — oo, where £(3) is the quantity of order O,(1) provided that E(X)
and [ are of order O(1), and p, = P(T < C) is the proportion of uncensored
observations. This divergence does not affect the use of partial likelihood in
AIC or BIC as long as model comparison is restricted to the common sample
{1,...,n}, as in the variable selection framework considered in Li et al.
(2017).

In contrast, we show that the partial likelihood cannot be used to com-
pare Cox regression models when unsupervised clustering is applied. To
see this, consider Cox regression with an unsupervised clustering of X.
Given a K-partition of the n samples, e = CAl U---u CAK, we construct
K separate Cox regression models, M\(K) = {]\//Tl,...,]/\J\K}, each esti-
mated from the samples in one cluster as Ek = argmaxg {.(; Xe Y, (55k),
for £k = 1,..., K. For simplicity, let us compare Cox regression mod-
els obtained from two different partitions: (i) the trivial partition ¢ =
{1,...,n}, and (ii) the two-cluster partition €@ = C, UG, Applying
(2.3), we obtain the partial log-likelihood for the first model as ZC(EO)) =

&,(3 ; X, Y, 0) = —pynlogn+0,(n), while that for the second model is, under
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the assumption that the uncensoring proportions are common across clus-
ters, 60(6(2)) = fc(ﬁl;Xa,Y@l,(%l) + fc(ﬁg;X@,Y@Q, dg,) = —pu(nilogng +
nzlogny) + O,(n), where ny = IC1| and ny = |Co|, with min(ny, ns) — oo.
Since nylogn; 4+ nglogns<nlogn with n = ny + ny by superadditivity,
we obtain €C(/€\(1)) < 66(6(2)) asymptotically, provided that the regression
coefficients and F(X) remain of order O(1).

This phenomenon also extends to AIC and BIC based on the partial
log-likelihood. The AIC for the first model is —2&;(6(1)) +2p = 2p,nlogn+
O,(n), and that for the second model is —ZEC(/Q\@) + 4p = 2p,(ny logny +
nylogny) + O,(n), since the penalty term of AIC is of lower order than the
leading term (2.3) of the partial log-likelihood. An analogous conclusion
holds for BIC.

More generally, for partitions with more than two clusters, KC(/(’:‘(K)) <
EC(/(’E(K')) for any K < K’ in probability, and the same conclusion applies
to AIC and BIC based on the partial log-likelihood. Thus, the partial
log-likelihood always favors finer partitions, irrespective of model fit. We
therefore conclude that it is unsuitable for comparing Cox regression models
with unsupervised clustering.

To address this issue, we propose the following simple normalization of

the partial log-likelihood: £..(8; X,Y,d) = (.(8; X, Y, ) + pynlogn, where



Pu = % >on ., 0;, Le., the observed uncensoring proportion in the n samples,

and £..(3; X,Y, ) is asymptotically equivalent to nf(/3) in (2.3). Similarly,
for the K-partition, E(K), we define: ECC(E(K)) = le {50(/;;{; Xc]u Y@v 5@) + ﬁfﬁ)nk log nk} ,
where ) = i > icc, 0. We evaluate AIC and BIC by substituting the
above normalized partial log-likelihood in place of the original one. Details
and further interpretation are provided in Supplementary Appendix.
Finally, we remark that the statements of Lemmas 1-3 and Theorem 2
remain valid if the exclusion procedures are applied to the partial log-
likelihood under the regularity conditions of Li et al. (2017). These results
also hold for the normalized version, since the out-of-cluster prediction is

evaluated on the same samples. Additional details are given in Supplemen-

tary Appendix.

3. Simulation studies

In this section, we present simulation studies to evaluate the performance
of the proposed approaches (AICex1 and AICex2) in comparison with AIC,
BIC, AICi, and BICi under Gaussian, logistic, and Cox regression models.
Here, AICi and BICi refer to the AIC and BIC of intercept-only (con-
stant) models fitted separately within each cluster. Cluster membership is

estimated by K-means based on the explanatory variables for a specified
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number of clusters. We also compare the mixture-of-experts (MoE) model
as a competitor in the Gaussian and logistic regression simulations. The
MoE is a finite mixture of regression models with a specified model for
cluster assignment. We employ a multinomial logistic regression model for
cluster membership conditional on the explanatory variables. The optimal
number of clusters is selected using BIC. We fit the MoE using the im-
plementation in the flexmix package in R (Leisch, 2004; Griin and Leisch,
2007). We consider two MoE approaches: one using random initial clusters
(MoE) and the other using K-means clustering of the explanatory variables
to define the initial clusters (MoEk). In addition, the timing comparisons
with MoE in Supplementary Table S1 show that the proposed approaches

have substantially lower computational cost than MoE.

Generation of cluster membership and explanatory variables: = We
first generate p-dimensional explanatory variables for K., clusters from a

multivariate normal distribution. The mean vector of the kth cluster is

k . .
ok = T, —1p, where 1, denotes the p-dimensional vector of ones. The co-

2
variance matrix of the kth cluster is denoted by ¥, . Let ¥, = (ﬁ) I,

where I, is the p x p identity matrix. The scenario termed “I” assumes that

Yk = 2y for each k. We additionally consider the scenario termed “W”,



in which the covariance matrices vary randomly according to X, = %Wk

(k=1,..., Kiue), where Wys are realizations from the Wishart distribution
Wp(Emp).
Given the sample size n, cluster membership C; € {1,..., Ky} is gen-
erated from a multinomial distribution with probabilities m(l, VI, -y /),

where m is a constant that inflates the frequency of clusters other than the
first one. This constant also scales down the regression coefficients in the
subsequent step. The parameter m; corresponds to the setting described
in Remark 3, under which BIC often fails to detect the true structure,
whereas AICex1 and AICex2 succeed. We consider the scenario with con-
stant m; = 2, termed “k1”. We additionally consider the scenario termed
“Imb”, which introduces cluster imbalance under a multinomial distribu-
tion with probabilities proportional to the Ki,.-vector whose first [Kiye/2]
elements are n*/° and whose remaining elements are n. To examine the
behavior under well-separated clusters in the explanatory variable space,

we consider the scenario “Dis”, in which the mean vector p,j is replaced

5k o k .
by -1, instead of 7——1, for each k.
Other scenarios considered are “MoE” and “io.” Unlike the aforemen-

tioned scenarios, in the former, the explanatory variables are generated

independently and identically from a multivariate normal distribution, and



3.1 Gaussian regression model with K-means clustering

cluster membership is generated from a multinomial logistic model condi-
tional on the explanatory variables. The response variable is generated in
an analogous manner. This scenario is more closely aligned with the MoE
model and implies that the clusters cannot be recovered solely from the
distribution of the explanatory variables, unlike in the other scenarios. The
latter scenario simulates data under an intercept-only model, so the ex-
planatory variables do not affect the response variable and are useful only
for assigning cluster membership. In this scenario, criteria based on the
intercept-only model or CCMP are expected to perform well. More details
are provided in Supplementary Material.

Conditional on cluster membership C; € {1,..., Ky}, we then gener-
ate the explanatory variable as z; ~ N(pac;, Xac,) for i = 1,...,n. We
consider simulation scenarios with sample sizes n = 500, 1000, dimensions

p = 5,10, numbers of clusters Ky = 1,3,9.

3.1 Gaussian regression model with K-means clustering

First, the true regression coefficients are set as follows. Let the 9 x 2 matrix

B(_1,,1) consist of all pairwise combinations of three values, —1,0, 1,

-1 0 1 -1 01 -1 01

B(T—I,O,l)
1 -1 -1 000 111



3.1 Gaussian regression model with K-means clustering

Let the 9x 10 matrix By be By = (B(-1,0,1); B(-1,0,1): B(=1,0,1)» B(=1,0,1): B(~1,0,1))-
We construct the p-vector of regression coefficients f, k... from By as
Bp, Kirwesmi = Dmy Bo,[1: Koo, 1:p]» 50 that the coefficients differ from each other
and redundancy is avoided, where By [i.x,.,1:p 15 the sub-matrix of By
and D,,, = diag(1, m%? . mL1) is the Ki.-dimensional diagonal matrix
with the first element equal to 1 and the remaining elements equal to
1/my. The constant m; is introduced to increase the occurrence prob-
ability of clusters other than the first one. We consider m; = 1 and
2; the latter setting makes it more difficult to distinguish the clusters
other than the first one described in Remark 3. The response variable
y; for i = 1,...,n is generated as y; = pic, + €, € ~ N(0,3%), where
Wik = B;:Ktrumml,k diag(Ex,k)_1/2($i — k)

We repeat the simulations 100 times and use three evaluation met-
rics: (i) the proportion that the estimated number of clusters K equals to
the true number of clusters K e, P(IA( = Kirue), across 100 simulations,
as well as the proportions of overfitting and underfitting, P([? > Kire)
and P(K < Kqyue), respectively; (i) the adjusted Rand index (ARI; Rand,
1971), which measures the agreement between the true and estimated clus-
ter memberships. In addition, we compute the ARI after binarizing mem-

bership in the first cluster, i.e., comparing whether each subject belongs



3.1 Gaussian regression model with K-means clustering

to the first cluster or not, and contrasting this with the estimated cluster
assignment most similar to the true first cluster; and (iii) the mean squared
error (MSE) between the true regression function p; ¢, and the estimated
linear predictor u; fori =1,...,n, % w1 (ic; — [i)?. The results for the
three metrics under scenarios “I” and “W” are presented in Table 2 and
Supplementary Tables S2 and S3. The corresponding results for scenarios
“W7, “k1”, “Dis”, “MoE”, and “io”, using “I” as the reference, are provided
in Supplementary Tables S4-S18.

From Table 2, the probabilities that AIC selects the true model are away
from 1, even when n = 1000. In contrast, BIC achieves probabilities closer
to 1 in most scenarios, and its performance generally improves as the sample
size increases. This finding is consistent with theoretical results: AIC tends
to select an overfitted model (Theorem 1), whereas BIC tends to select the
correct model (Theorem 3). The proposed exclusion methods adjust AIC,
ensuring that its selection probability approaches 1. As expected, AlCex1
is more aggressive, whereas AICex2 yields more balanced performance in
practice. An increase in the number of dimensions p reduces the probability
of selecting the true model, reflecting the well-known effect of dimensionality

on BIC (Chen and Chen, 2008). Similarly, increasing the number of clusters

Kiue reduces the probability of selecting the true model.



3.1 Gaussian regression model with K-means clustering

Supplementary Table S2 supplements Table 2 by presenting the esti-
mated cluster memberships, whereas Table 2 only reports the number of
clusters and therefore does not guarantee recovery of the true member-
ships. The ARI evaluates the agreement between the estimated and true
memberships. Larger ARI values generally correspond to higher selection
probabilities of the true number of clusters, although a high ARI can occa-
sionally occur even when the selection probability is small. Overall, AICex2
yields better ARI values than AICex1, AIC, and BIC. The ARI for the first
cluster highlights the impact of m; when comparing BIC with AICex1 or
AlICex2. The ARIs for AICex1 and AICex2 are close to 1 in the scenarios
where BIC fails, suggesting that the first cluster is more reliably detected
by the proposed exclusion procedure, consistent with Remark 3.

Supplementary Table S3 further reports estimation results for the re-
gression function. It is well known that AIC performs better in regression
estimation, whereas BIC is suboptimal because of its emphasis on selection
consistency (Yang, 2005). From this perspective, the smaller MSE obtained
by AIC compared with other methods is expected. Although AICex1 and
AlICex2 achieve selection consistency, they also yield the best or comparable
MSEs relative to AIC, whereas BIC generally produces larger MSEs.

In most scenarios, the MoEs exhibit inferior performance to the pro-
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3.1 Gaussian regression model with K-means clustering

posed AlCex1 and AlICex2, especially when K. = 9. We show in Sup-
plementary Material that simulation model “I” can be regarded as an MoE
model with multinomial logistic regression for cluster assignment given the
explanatory variables, whereas simulation model “W” cannot. Thus, the
performance of the MoEs is worse in “W” because the MoE misspecifies
the underlying model. In addition, by construction of the simulation de-
sign, the explanatory variables help identify the true clusters. As a con-
sequence, MoEk, which uses K-means on the explanatory variables for the
initial clustering, performs better than MoE with random initial clusters.
In particular, in simulation “Dis”, K-means on the explanatory variables
can perfectly reconstruct the true clusters, and thus it is unnecessary, espe-
cially for MoEk, to update the initial clustering. Nevertheless, MoEk (and
also MoE) fails to reconstruct the true clusters. The failure of MoEKk is not
caused by an optimization failure, since the initial cluster membership is the
true one. To understand this phenomenon, in “Behavior of MoE model” in
Supplementary Material, we further conduct additional numerical experi-
ments by varying the magnitude of the regression coefficients, and find that
increasing the magnitude improves the accuracy of cluster reconstruction
(see Supplementary Figure S1). Thus, we conclude that MoE can perform

poorly because of an inadequate effect size in the response variable, and
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that unsupervised clustering based on the explanatory variables alone is a
better method in the simulations considered.

From the “k1” simulation shown in Supplementary Tables S4-S6, the
effect of m, indicates that BIC performs worse when m; = 2 than when
my = 1, corresponding to scenarios in which BIC’s selection probability is
far from 1. When m; = 2, BIC has greater difficulty detecting the first
cluster, as discussed in Remark 3. AlCex1 and AICex2 demonstrate supe-
rior performance in selecting the true number of clusters, even in scenarios
where BIC performs poorly.

To examine the effect of cluster imbalance, we consider the “Imb” sim-
ulation shown in Supplementary Tables S7-S9. The performance of all
methods is generally reduced, but their relative ordering remains the same.

On the other hand, for well-separated clusters in the explanatory-variable
space, the “Dis” simulation shown in Supplementary Tables S10-S12 indi-
cates that the proposed approaches perform similarly well to those in simu-
lation “I”, although the performance of the MoEs is reduced, as mentioned
above. In this simulation setting, because clustering based on the explana-
tory variables recovers the true cluster membership, separation in the co-
variate space does not itself drive the exclusion procedure. The proposed

procedure still performs well because, conditional on correct cluster recov-
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ery, large out-of-cluster prediction error arises from differences between the
true cluster-specific regression coefficients, rather than from the distance
between clusters in the covariate space itself.

Supplementary Appendix also provides simulations for logistic regres-
sion models, with results summarized in Supplementary Tables S19-S36.
Overall, the findings are consistent with those for the Gaussian regression

models.

3.2 Cox regression model with K-means clustering

Simulations for the Cox regression model are conducted in the same way
as for linear and logistic regression, except that the response variables are
generated from a survival model. Specifically, explanatory variables xz; are
generated as in the linear regression simulations, conditional on cluster
membership, and survival outcomes are then generated from a Cox pro-
portional hazards model. The event times 7; are drawn from a Weibull
distribution with proportional hazards. Let p; ¢, denote the linear predic-
tor for individual 7, defined as pix = B} k. . ik diag (X ) V2 (w5 — pta),
where z; is the explanatory variable vector, and B, k,,...m,k 15 the vector
of regression coefficients given cluster membership k. The hazard function

A; for individual ¢ is then \; = Aget*¢, with the baseline hazard fixed at
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Ao = 1. The survival time T; is generated from a Weibull distribution

with scale parameter )\; and shape parameter % Censoring times C; are
drawn from Exp <%>, where r; = W and U; ~ U|1,3]. For each in-
dividual, the observed time is Y; = min(7T;, C;), and the event indicator is
0; = Lym<cyy-

The evaluation metrics are (i) the probability of selecting the true num-
ber of clusters, (i) the ARI, and (iii) the MSE for the linear predictor in
the true regression function f; ¢,. The results for scenarios “I”7, “W”, “k1”,
“Imb”, “Dis” and “MoE” are reported in Table 3 and Supplementary Ta-
bles S37-S50.

AIC and BIC based on the standard partial log-likelihood exhibit se-
vere overfitting, consistently selecting an excessively large number of clus-
ters. This behavior arises from the divergence of the standard partial
log-likelihood, as analyzed in Li et al. (2017) and discussed in the previ-
ous section. By contrast, AIC and BIC based on the normalized partial
log-likelihood more often identify the correct number of clusters, suggest-
ing that the proposed normalization is effective. Between the two, AIC
shows a slight tendency to select larger models more frequently than BIC.

The proposed exclusion procedures, AlCex1 and AlCex2, further mitigate

AIC’s tendency to overfit. Notably, when combined with AIC under the



standard partial log-likelihood, the exclusion procedures substantially re-
duce the overfitting observed without them. This phenomenon is explained
by Lemma 3 and Remark 4, where, after the exclusion procedure is ap-
plied, the candidate models consist only of the true model and underfitted
models. In this setting, the tendency of the standard partial log-likelihood
to select the largest model leads to consistent selection of the true model.
The ARI values reinforce this finding: selecting the true number of clusters
corresponds to recovering the true cluster membership. Moreover, the ad-
vantage of the exclusion procedures over BIC persists under the normalized
partial log-likelihood. For example, when comparing m; = 1 with m; = 2,
the ARI values indicate that AICex1 and AICex2 can correctly recover the
first cluster even when BIC fails. This pattern is consistent across both
Gaussian and logistic regression simulations. Finally, the MSE results for
the normalized partial log-likelihood show that AIC often outperforms the
other criteria, particularly BIC, while AICex1 and AICex2 achieve MSE

values comparable to that of AIC.

4. Real data application

We illustrate the proposed approaches using real data through three anal-

yses corresponding to Gaussian, logistic, and Cox regression models. Here,



Statistica Sinica: Newly accepted Paper

we present the Cox regression analysis, and the remaining two analyses are
given in Supplementary Material.

We apply the method to non-alcoholic fatty liver disease (NAFLD)
data, naf1dil, from the survival package (Therneau, 2024) for R. We con-
sider time to death or last follow-up (futime) as the survival time, and
status (0 = alive at last follow-up, 1 = dead) as the event indicator. The
explanatory variables are age at study entry (age), sex (male, coded as 1
for male and 0 for female), weight, height, and bmi (body mass index). A
complete-case analysis reduces the sample size to 12,588.

The normalized partial log-likelihood AIC and BIC select K = 2 and
K =1, respectively. The normalized partial log-likelihood criteria AICex1
and AlCex2 both select K = 2. In contrast, the partial log-likelihood
AIC and BIC select K = 12 and K = 1, respectively, while the partial
log-likelihood AICex1 and AICex2 select K = 2 and K = 7, respectively.

The Cox regression analysis for the entire sample indicates that age
(e# =11, P < 1.0 x 107%) and male (¢ = 1.7, P = 1.8 x 107Y) are
positively associated with the event, whereas weight shows no evidence of
association (e = 1.01, P = 0.43).

The sample sizes of clusters 1 and 2 are 6,869 and 5,719, respectively.

For cluster 1, age (¢? = 1.1, P < 1.0x107"%) and male (¢’ = 2.0, P = 1.7x



107?) are positively associated with the event, while weight is negatively
associated (e = 0.95, P = 0.04). For cluster 2, age (¢ = 1.1, P <
1.0 x 1071%) and male (e = 1.4, P = 0.04) are positively associated with
the event, while weight again shows no evidence of association (e’ = 1.01,
P =0.47).

Although an effect of weight emerges only in cluster 1, the scatterplot
in Supplementary Figure S3 colored by cluster suggests that weight also
contributes to distinguishing the two clusters. Cluster 1 mainly consists of
samples with lower weight. Thus, an increase in weight appears to reduce
the risk of the event only in cluster 1, which is characterized by lower weight

in samples in cluster 1.

5. Discussion

We explored the utility of out-of-cluster prediction for model selection
in regression with unsupervised clustering, in contrast to existing well-
established methods that primarily rely on in-cluster prediction. Two ex-
clusion procedures were considered. We showed that, as known from pre-
vious studies, AIC does not necessarily provide consistency in selecting the
true number of clusters, whereas BIC does. We further demonstrated that

combining AIC with the exclusion procedures yields model selection consis-



tency. While BIC also ensures consistency, the exclusion procedures have
additional advantages: they enable more detailed analyses, such as identi-
fying which clusters are redundant, and they improve the ability to detect
cases where only a specific cluster has an effect, as described in Remark 3.

While we suggested a combined use of the exclusion procedures with
AIC, Lemma 3 and Remark 4 indicate that other criteria that can differ-
entiate the true model from the underfitted models, but do not require
the ability to distinguish the true model from overfitted models, may also
suffice. For example, the best model in terms of apparent error, such as
the log-likelihood, may in principle be used instead of AIC for candidate
models after applying the exclusion procedure. Indeed, although we pro-
posed the normalized partial log-likelihood to correct the poor behavior of
the standard partial log-likelihood, the exclusion procedures applied to the
partial log-likelihood still provided substantially improved model selection
performance, although somewhat inferior to the proposed normalized ver-
sion. This suggests that the exclusion procedures are applicable to broader
problems where AIC is unavailable. Furthermore, although our procedures
were developed for generalized linear models and the Cox regression model,
the idea of supplementing in-cluster prediction with out-of-cluster predic-

tion is general and can be extended to clustering evaluation, aligning with
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existing measures such as the silhouette score (Rousseeuw, 1987).

Katahira (2023) recently proposed a novel clustering strategy for pre-
diction through the CCMP criterion. We showed that CCMP is approxi-
mately equivalent to AIC under an intercept-only model, namely, a constant
model within each cluster. Therefore, it has limited ability to capture the
true structure when the underlying model is more complex than a con-
stant model, thereby hampering both the predictive performance and the
interpretability of the selected model. In contrast, the proposed approaches
performed better in the simulation studies under such scenarios.

The two-stage approach considered in this paper is intended for settings
in which subgroup structure is reflected primarily in the distribution of the
explanatory variables, rather than being defined solely through the distri-
bution of the response conditional on explanatory variables. In such cases,
unsupervised pre-clustering based on the explanatory variables can recover
meaningful subgroup structure, after which cluster-specific regression mod-
els can be estimated and evaluated. By contrast, simultaneous approaches
such as MoE incorporate the response variable into subgroup assignment.
This can be advantageous when subgroup differences are expressed mainly
through the outcome model, but it may be disadvantageous when the true

subgroup structure is already well represented in the explanatory variables,



because incorporating the response may introduce instability or misclassi-
fication in subgroup identification, as shown in the simulation studies and
Supplementary Figure S1. Thus, the proposed method is not intended to
uniformly dominate simultaneous approaches, but rather to provide a more
appropriate alternative when heterogeneity is primarily encoded in the dis-
tribution of explanatory variables.

In future work, it will be important to extend the methodology to more
general regression models, including those without explicit likelihood func-
tions. Machine learning methods provide typical examples. For such mod-
els, AIC and BIC are not well-defined, but we believe the basic idea can
still be generalized. In particular, out-of-cluster prediction can be incor-
porated alongside in-cluster prediction. Moreover, incorporating variable
selection will be valuable in practical applications, both for improving pre-
dictive performance and enhancing interpretability. This extension should
be straightforward, since the proposed exclusion procedures are based on
loss functions, which also underlie most variable selection methods. In addi-
tion, evaluating performance with variable selection is especially beneficial

in high-dimensional settings.
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Table 2: Proportions of selected number of clusters (%), correct-|over-

lunder-estimations, are given for simulations under Gaussian regression

models for K. € {1,3,9}, p € {5,10}, n € {500,1000}, and the sce-

narios “I” and “W”. Compared methods are AIC, BIC, AlCex1, AICex2,

AICi, BICi, AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the

intercept-only or the constant model.

Kuuelnlpls  AIC AICexl AICex2 BIC AICi AICiex1 AICiex2 BICi MoE MoEk
1/500]51 98 2| 0 1000/ 0 100/ 00 100/ 0] 0 0[100| 0 23| 77| 0 21|79/ 0  0[100]0 100/ 0] 0  100] 0| 0
1/500(5|W 91| 9] 0 99| 1] 0 97| 3] 0 100] 0/ 0 0]100] 0 20| 80| 0 19| 81| 0 13/ 87/ 0 100/ 00 100 0| O
1/10005|1 91| 9] 0 97| 3| 0 94| 6| 0 100] 0/ 0 0]100] 0 16/ 84| 0 13| 87/0  0[100] 0 100/ 0] 0  100| 0| O
1/1000/5|\W 93| 7| 0 97| 3| 0 95| 5| 0 1000/ 0 1]99/0  12/88/0 1288/ 0  11/89/ 0 100/ 00 100 0| O
1/500]10[1 96| 4] 0 100/ 0/ 0 96| 4] 0 100/ 0/ 0 0[100] 0 24| 76| 0 22/ 78/0 4/ 96/ 0  100|0] 0 100 0| 0
1|500[10|W 95| 5] 0 1000/ 0 98|20 100 0/ 0 0[100] 0 15/ 85/ 0 14/ 86/0 6/ 940 100/ 00 100 0| O
1/1000[10]T 98] 2| 0 1000/ 0 99| 1| 0 1000/ 0 0[100] 0 22/ 78/ 0 21| 79/0  0[100] 0 100/ 0] 0  100| 0| O
1/1000[10|W 98] 2| 0 1000/ 0 100/ 00 100/ 0] 0 0[100[0 9] 91| 0 8/ 92| 0 1199/0 1000/ 0  100] 0| 0
3|500[51 90/ 100 94| 1| 5 93| 7| 0 90/ 0/ 10  0[100] 0 0/ 0[100 0| 0100 0| 27| 73 10| 0/ 90 22| 0] 78
3|500(5|W 83| 8| 9 88/ 0] 12 86/ 4/ 10  47/0/53 0/97/3 0/ 1/99 0/ 1]99 0|58 42 2| 0] 98 3| 0] 97
311000|5[1 90/ 100 99| 1] 0 93| 7] 0 1000/ 0 0[100] 0 0] 0]100 0] 0]100 0] 78] 22 23|20/ 57 80| 6| 14
3|11000|5|W 87| 11| 2 97/ 0| 3 90| 8| 2 7310127 0[100]0 0/ 1]99 0[5/ 95 0/ 90|10 17/ 3[80 19| 2| 79
3|500[10]1 93| 7| 0 99| 1| 0 94| 6| 0 7410/ 26 0/100] 0 0] 0/100 0] 1] 99 1123176 11]0/89  12]0] 88
3|500[10[W 93] 3| 4 96 0| 4 94| 2| 4 50 1/ 49 0[100] 0 0|2/ 98 0] 4] 96 116534 3|0/ 97 1] 0] 99
3|1000[10[1 97| 3| 0 1000/ 0 9730 100] 0/ 0 0[100] 0 0] 0]100 0] 0]100 0] 78| 22 41| 24| 35 60| 30| 10
3|11000]10[W 97| 2| 1 98 1] 1 97| 2| 1 7210/ 28  0/100] 0 0] 3|97 0] 6] 94 118613 11/ 0/ 89 9| 1] 90
9|500|51 7123|634/ 3] 63 70/ 228  0/0[100 1|50/ 49 0] 0/100 0/ 0100 0] 0]100 0] 0[100 0] 0100
9|500|5|W 45129/ 26 59| 3|38 54/ 20126 0/ 1199 0] 73/ 27 0/ 0[100 0] 0]100 0] 0[100 0] 0]100 0] 0]100
9|1000|51 77)23| 0 B4/ 4] 42 81| 15/4 280/ 72 0/ 87|13 0/ 0[100 0/ 0100 0] 0]100 0] 0[100 0] 0|100
9|1000|5|W 73| 16/ 11 72| 1|27 78/ 6|16 5/ 0/95 0/ 973 0] 0/100 0] 0[100 0] 2[ 98 0] 0/100 0] 0100
9500|101 34| 61| 5 29| 6|65  45/47|8 0/ 8/ 92 1|63/ 36 0/ 0[100 0] 0]100 0] 0/100 0] 0]100 0| 0]100
9|500[10|W 21| 54/ 25 58| 10/ 32 37/ 28|35 0/ 793 082/ 18 0] 0100 0] 0[100 0] 0100 0] 0]100 0] 0]100
9|1000]10[1 76/ 23| 1 63| 1/36 80|12/ 8 20/ 0/ 80 2/ 96/2  0]0[100 0/ 0[100 0] 0100 0] 0]100 0] 0]100
9]1000[10|W 68| 25| 7 74/ 1|25 68/ 9] 23 0/ 0[100 1/ 98/ 1 0/ 0[100 0/ 0[100 0|2/ 98 0] 0100 0| 0[100
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Table 3: Proportions of selected number of clusters (%), correct-|over-
lunder-estimations, are given for simulations under Cox regression models
for Kywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “W”. Compared methods are nAIC, nBIC, nAlCex1, nAICex2, AIC,
BIC, AlICex1, and AICex2, where “n” stands for the normalized partial

log-likelihood.

Kirue|n|pls nAIC nAICexl nAICex2 nBIC AIC AICex1 AICex2 BIC

1]500(5|1 100/ 0/ 0 100/ 0/ 0 100/ 0/ 0  100[0/ 0 0[100/0 100[0]0 9280  0[100] 0
1y500[5/W 99/ 1|0 99/ 1] 0 99| 1| 0 100/ 0/ 0 0[100[0 99/ 1|0 89 11]0  0]100| 0
1]10005|1 100/ 0/ 0 100/ 0|0 ~ 100/ 0] 0 100/ 0/ 0 0[100[0 99 1|0  91]9/0  0]100| 0
1]1000/5/W 100/ 0| 0 100/ 0] 0 100/ 0] 0 100/ 0/ 0 0[100]0 100]0] 0  100] 0|0  0]100 0
1]500/10|1 100/ 0/ 0 100[ 0/ 0 100/ 0] 0 100/ 0/ 0 0[100]0 100[ 0[O0 9550  0]100| 0
1/500[10[W  100] 0] 0 100/ 0] 0  100[ 0/ 0 100/ 0] O 0[100[ 0 100/ 0|0 8812/ 0  0/100] 0
1/1000/10]T 982/ 0 100/ 0|0 98] 2| 0 100/ 00 0[100[ 0 100[0] 0 97| 3|0  0/100] 0
1/1000/10/W 100/ 0] 0 100/ 0/ 0 100/ 0] 0  100] 0/ 0 0[100] 0 100[ 0] 0 982/ 0  0[100] 0
3|500|5|1 99110  100[0]0 99| 1| O 100/ 0/ 0 01000 9730 80| 20[0  0]100] 0
3[500/5|W  97] 2|1 96/ 1| 3 96| 2| 2 950/ 5  0]100]0 95/3|2  74/25/1  0[100] 0
3/1000]5[1 99/ 1] 0 99| 1] 0 99 1] 0 100/ 00 0[1000 99/1]0  91]9/0  0/100] 0
3[1000/5/W 98/ 1|1 98| 1| 1 98 1] 1 98/ 0/ 2  0]100]0 96/ 4/0 83/ 17/ 0  0]100] O
3/500/10[1 99/ 1/ 0  100[ 0] 0 99| 1] O 100/ 0] 0 0[1000 97|3]0 6436/ 0  0/100] 0
3[500]10/W  100[ 0] 0 99| 0] 1 99| 0] 1 98/ 02  0]100/0 96/3|1  64/35/1  0[100] 0
3[1000/10/T  100] 0] 0 100]0[ 0 10000  100/0/0 0[100] 0 99/ 1|0  91/9/0 0100 O
3[1000]10/W 99/ 1|0  100[ 0[O0 99| 1| O 98/ 02  0]100]0 100/0/0 85|15/ 0  0[100] 0
9]500/5|1 84/ 16|0 67/ 3/30 84| 9| 7 87/4/9  0]100]0 60/ 10/ 30 32/ 63| 5  0]100] O
9[500/5|W 82/ 16| 2 42| 2|56 789/ 13 74224 0/100] 0 40|5| 55 28 6210 0]100| 0
91000|5/1 92/ 8]0 94/ 1|5 93| 4| 3 95510  0]100/0 89|65 70|28/ 2  0[100] 0
9[1000[5|W 89| 8|3 74/ 1|25 91|54 8749  0]100/0 70525 56413  0[100] 0
9[500|10|1 55/ 450 69|15/ 16  68] 320  61) 4/ 35 0]100] 0 51|34/15 3/97]0 8 92/ 0
9[500|110|W 67| 31| 2 74/ 9|17 75/ 17]8 42/ 0]58 1990 54/ 32|14 7| 87| 6 15 85| 0
9/1000[10[T 86/ 14| 0 86/ 1] 13 86/ 11| 3 86/ 11| 3 0/100| 0 81| 6/ 13 40/ 57| 3  0]100] 0
9[1000/10]W 80| 19] 1 79| 4] 17 78/12]10 68| 7|25 0[100]0 78/ 7|15 34/ 58/ 8  0]100] 0






