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Statistica Sinica

LOCALLY EFFICIENT ESTIMATORS FOR PARTIALLY
LINEAR SINGLE INDEX QUANTILE REGRESSION

Ruimiao Luo, Seungchul Baek and Yanyuan Ma

Shanzi University, University of Maryland, Baltimore County

and Penn State University

Abstract: We study the partially linear single index model in the quantile regression context. We
propose a class of locally efficient estimators which rely on a working regression error distribution
model. We show the robustness of our estimator with respect to the misspecified error model. We
further clarify the fundamental difference between the quantile regression with the corresponding
partially linear single index mean regression problem. Asymptotic properties of the estimators are
established rigorously. We further study the efficiency issue in this model. Numerical examples are
implemented to illustrate the finite sample properties of our estimators. A real data application has

been done to show our estimator’s good performance.
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1. Introduction

Quantile regression is widely known as an alternative to mean regression. Oftentimes, quan-
tile regression is even preferred due to its flexibility to adjust to different quantile levels and
its robustness to data contamination. Many mean regression models have their quantile cor-
respondence, such as linear models, partially linear models, single index models, and many
survival analysis models. Careful studies have been devoted to these quantile models and

statistical properties are well studied.



To our surprise, partially linear single index model, a widely used model in the mean
regression context, has received only limited attention in the quantile regression context
(Lv, Zhang, Zhao and Liu, 2015; Zhang, Lian and Yu, 2017). For example, the efficiency
bound and locally efficient estimation procedures in the partially linear single index quantile
regression model have not been developed. This motivates us to conduct a thorough study on
this model and to fill the gap in the literature. During the process of studying the partially
linear single index model, we start to appreciate the difficulties involved in this model, even
though on the surface, it appears very similar to partially linear quantile regression model
and partially linear single index mean regression model. Indeed, compared to the former
model, the unknown index coefficients inside an unknown function brought much additional
complexity both in the estimation procedure and the theoretical treatment. Compared
to the latter model, the shift from mean regression to quantile regression created many
mathematical challenges which are not necessarily acknowledged and handled rigorously in
some existing literatures.

We benefit from many existing works in quantile regression models that are related to
the partially linear single index model under our study. For example, Newey and Powell
(1990) considered the linear quantile regression model, with possibly censored dependent
variable, and derived the semiparametric efficiency bound and proposed an efficient estima-
tor. He and Shi| (1998) considered B-Spline estimation for nonparametric quantile regression
model. Lee| (2003) derived the semiparametric efficiency bound and proposed an efficient
estimator for the partially linear quantile regression model. Horowitz and Shi (2005) used
kernel method and B-Spline to estimate the unknown function for an additive quantile re-

gression model. |Wu, Yu and Yu (2010) and [Kong and Xial (2012)) considered single index



quantile regression, and Ma and He| (2016)) used B-Spline method and profile optimization
to estimate the parameters in single index quantile regression model in the high dimensional
covariates setting. [Sherwood and Wang (2016]) used B-Spline method to estimate parameters
of partially linear additive quantile regression model in the high dimensional covariates case.
Interestingly, estimators in all these works were obtained via minimizing the check function
plus a possible penalty, and the efficiency issue of the resulting estimator was not considered.
The only works involving efficiency are Newey and Powell (1990) and Lee| (2003), where the
semiparametric efficiency theory was respectively studied for the linear quantile regression
model and for the partially linear quantile regression model. The existence yet scarcity of
works on efficiency indicates both the importance and difficulty of such analysis for quantile
regression models. As for the partially linear single index quantile regression model itself,
Lv, Zhang, Zhao and Liu (2015) proposed a kernel method while Zhang, Lian and Yu| (2017)
utilized a B-Spline method, and these are the only works we are aware. However, it is unclear
how these two methods compare and if any one of them reaches the theoretical optimality.
All above considerations motivate us to investigate the semiparametric efficiency theory in
the partially linear single index quantile regression model, with the hope of devising the
locally efficient estimator and studying the efficiency bound. We indeed achieve this goal in
this paper, and the results we obtain here also apply directly to the single index case since
the latter can be considered as a special case. This also allows us to employ the locally
efficient estimator to analyze a real data and achieve the optimal efficiency.

The rest of the paper is organized as the following. In Section [2] we study the semipara-
metric efficiency and propose a novel procedure that leads to the locally efficient estimator.

This procedure does not base on minimizing the check function, which is a popular proce-



dure in quantile regression. The theoretical properties of the resulting estimator and the
required conditions are presented in Section [3] The rigorous mathematical proofs are pro-
vided in Supplementary Materials. The proof involves empirical process, kernel treatment
in nonparametrics and special handling of nondifferentiable functions caused by quantile re-
gression, and is a major contribution in itself. The methodology and theory are supported by
numerical examples in Section [d] We analyze a real data example in Section [5] and conclude

the paper with a discussion in Section [6]

2. Semiparametric Efficiency Bound and Locally Efficient Estimators

Consider the partially linear single index model

Q- (Y | x,2;) =x; v +g(z;B),i=1,2,...,N, (2.1)

where x; € R% and z; € R% respectively. Here, Q,(-) stands for the conditional quantile
function at level 7, where 0 < 7 < 1. For identifiability reason, we assume the first element
of @ is 1 and write B_; as the last dg — 1 elements of 3. In practice, it is important that
the first element of z; does not happen to be an insignificant covariate. For the purpose
of avoiding such degenerated case, we can make use of empirical knowledge or preliminary
analysis, or we can experiment with putting different element of z; as the first one and
discard the unstable results. Similar parameterization is used frequently to describe single
index or dimension reduction structures (Ma and Zhu |, [2013a;bllc, [2014). We aim to study
the efficiency bound for the estimation of v, B_; and devise locally efficient estimators. We
also construct the estimation for g(-). We denote the last dg — 1 components of z by z_;.

Without loss of generality, we assume that E(z;) = 0. We write the conditional probability



density function (pdf) of Y; given x;, z;, which is a function of ¢; = Y; —x} v — g(z} B), x; and
z;, as fe(€,x,z). Note that implies that f.(e,x,z) satisfies Q. (¢ | x,z) = 0, in addition
to being a valid conditional pdf.

To obtain the semiparametric efficiency bound in estimating the parameters 3_; and -,
the key step is to derive the efficient score functions, the inverse of the variance of which
is then the efficiency bound. We obtain the efficient score functions through projecting the
score functions with respect to 8_; and -« onto the nuisance tangent space corresponding
to the three nonparametric functions involved in model , respectively the marginal pdf
of the covariates x,z, fxs(X,2z), conditional pdf f.(e,x,z) and the unknown function g(-).
Below we directly state the result regarding the efficient score functions in Proposition [I]
while we consolidate the derivation details in the proof in Section [S1| of the Supplementary

Materials.

Proposition 1. Assume f.(e,x,2) is differentiable with respect to €. The semiparametric

efficient score of model is

Set(y,x,2) = —%{[(6 <0)—7}
E{f?(0,x,z)x|z" 3}
E{f2(0,x,2z)|z" B}
_ E{f3<07X7 Z)Zl‘ZTﬁ}]
E{f2(0,x,z)|z" B}

/15°) |2

Ideally, one would use the efficient score to construct estimating equations for the esti-
mation of B_; and «. However, this would require to compute the conditional expectations
E(- | z18), to estimate the unknown function g(z¥3) and ¢'(zT3), and to estimate the pdf

f(e,x,2z) evaluated at ¢ = 0. Because zT3 is a one-dimensional quantity, hence the condi-



tional expectations and the estimations of g and ¢’ are feasible. However, f.(e,x,z) is very
difficult to assess since it is the regression error pdf conditional on a possibly high dimensional
covariate (xT,z")T, in addition to that it is also subject to the zero Tth quantile constraint.
Interestingly, we find that even in the quantile regression context, the efficient score pos-
sesses a certain robustness property, in that it retains the mean zero property even if we
use a misspecified functional form for f.(¢,x,2z), as long as we obey the conditional quantile
requirement. Specifically, we assume that we use a working model f*(e,x,z) for f.(¢,x,z),
and compute the efficient score accordingly. Let the resulting efficient score functions be
Sk¢(e,x,2z). Then it is easy to verify that E{S¥;(¢,x,z)} = E[E{S¥;(e,x,2) | x,2}] = 0.
Thus, instead of constructing an efficient estimator for 3_;,~, we aim at constructing a class
of locally efficient estimators which rely on a working quantile regression error pdf evaluated
at 0, i.e., f*(0,x,2). If the working model is correct, i.e., if f*(0,x,2) = f.(0,x,z), then the
estimator is efficient. If the working model is misspecified, i.e., f*(0,x,z) # f.(0,x,z), then

the estimator is still consistent.

Remark 1. The robustness of the efficient score to the misspecification of f.(0,x,2z) is
similar to the robustness of the efficient score to the regression error variance in the partially
linear single index mean regression model (Ma and Zhu |, |2013¢). However, in the quantile
regression context, the robustness to the function of the single index, g(z'3), is lost even
though the mean regression has such robustness as well. This is caused by two key differences
between quantile regression and mean regression. First, conditional mean has a linearity
property, in that the mean of the sum is the same as the sum of the means, which facilitates
that E{e + g(z*8) — ¢*(z'B) | x,2} = g(z*B) — g*(z" B), which is a function of z'[3 only.

However, quantile does not have this property, in that E[I{c + g(z*3) — ¢*(z'B) < 0} — 7 |



x,z] # E{l(e < 0)—7 | x,2}+g(z*B)—g* (2 B). Second, the form of the efficient score in the
mean model ensures that replacing € with an arbitrary function of z* B will still result in zero
mean of the entire efficient score function, while this property does not hold in the quantile
regression setting, in that if we replace I(e < 0) — 7 with a function of zT B, the resulting
efficient score no longer has zero mean. These two factors combined together contributes to
the nonrobustness of the quantile model to g(z*B3). In fact, under a misspecified g*(z*3),
B[I{e + 9(z"8) — g°(2"8) < 0} — 7 | x,2] = F.{g*(z°8) — 9(z"B),x. 2} — 7. If we happen
to have F{g*(z*B) — g(z"B),x,2} — 17 = f*(0,x,2)ho(z*B) for some function hyo(z*3),
then the robustness to g(z*3) could be retained. But it is certainly unrealistic to expect such

property to hold in general.

Taking into account the locally efficient score function form, as well as the fact that
consistent estimators have already been developed, we use the check function based estimator
as an initial estimator of v, B_;, and propose a one step estimator for v, B_; given as
follows. For technical reasons we split the data into two groups. Let n = [N/2], which
means n is the largest integer less than or equal to N/2, and let m = N — n. Define the
index sets I = {1,2,--- ,n} and I, = {n + 1,--- , N}. Write the initial estimators of B_,
and ~y as B,l and 4, which are based on the data from the group I;. For example, we
can extend the method proposed in Ma and He| (2016) by incorporating the linear term
into the criterion function, then divide the resulting estimator of 3 by its first element to

accommodate the different parameterizations. Following the similar proof procedure, we can

obtain that B8, —8_, = O,(n""2) and ¥ —v = O,(n"2). Let B = (I,Bi)T. Let ¢ satisfy

D K (2B =2 B{I(Y; = x5 — ¢ < 0) =7} =0, (2.2)

Jjeh



where K is a kernel function, h; is a bandwidth, K, () = K(:/hi)/hy. We then set
§(Z;FB,'7/) = ¢ to be an estimator of g(z!3) based on data in I;, evaluated at observa-

tion 4, where i € I,. Further, we let the one-step estimator of ¢'(z}3) for i € I, be

ZJTB—Z;-TB TN }

5.5 - Soen KNI, - 15 - B
T

, (2.3)

where K'(-) is the first derivative of K (-), K is a kernel function possibly different from K, h;
is a bandwidth, and Kp,(-) = K(-/hs)/hs. Note that in estimating g(-) and ¢'(), we do not
aim to minimize the variability of the estimation. This is reflected in the form of and
(2.3), where no working model f*(e,x,z) is used. This is because the estimation variability
of the locally efficient score based estimator for B_; and ~ will be shown to be unaffected
by the variability of the g(-) and ¢/(-) estimation. We now insert these estimated quantities

into the efficient score function and construct the estimators of v and B_; as

:)\I ’7 - 1 fe* Oaxiazi ~ ~ ~ o~
. = bW Y% lgzﬁ%{%g(ﬁﬂﬁ)}
/6_1 16_1 i€ly
X;
. ) (2.4)
72! B,7)2 1,

where for i € [27 @DZ{;???(Z;FBa’NY)} =T I{Y; - X;F;? - g(Z?B,’N)’) < O}a

g0 _ o BUZ0,x2)x]2] B

E{f2%(0,%;,2:) 2! B}

~c E{f€*2(oaxiaZi)z—l,i|ZiTIB}

Zy = -1 TR >
E{f7*(0,xi,2:) 2! B}

Y



> 1 f:Z(Oaxi;Zi) )A(zc ~

Vo = — ) " I §(ZIB,A) )
m ~ TN ~\Ae ’

J'(z; 5a’7)z—1,i

Here, E denotes the standard kernel based nonparametric estimators, i.e.,

E{f:2<ouxiazi>xi|zi’r§} = 2 ]Chz(z;cFB - Z?B)fe*2<oaxkazk)xk/ Z K"h2(Z’I£B - Zz’TB)7

kels kels
E’{ij(O, Xi, Zi>z—1,i‘Z?B} = Z Khs (ZEE - Z?B)f:Q(O, Xks Zk)z—l,k/Z /ChQ(Z;fB = Z?B%
kel kel
E{ij(U,XuZmZiTB} = Z ICh2(ZEB - Z?B)fe*Q(O,Xk,Zk)/ Z ’Chz(zg/é a Z;FB),
kel kel

where hy is a bandwidth, Ky, (-) = K(-/ha)/hs.

Remark 2. [t is easy to see that once the locally efficient score function can be approzimated
based on the initial estimator and the nonparametric regressions, the above one-step estimator
15 motivated by the result of a one-step Newton-Raphson update. However, the typical one-
step Newton-Raphson update requires the derivative of the estimating equation, which will
inwvolve taking derivative of the locally efficient score function. Because the efficient score
function itself is discontinuous, this will involve further complication even though numerically
it is feasible via a numerical difference operation. Thus, we modified the one-step Newton-
Raphson step and used a working derivative matrix ‘A/O. This modification leads to several
special features. First, our one step estimator does not share the typical one-step Newton-
Raphson estimator property, in that the first order asymptotic estimator property of our one-
step estimator will be different from a multiple step procedure. Second, if the working model
fF(e,x,2z) is correctly specified, then our one-step estimator shares the standard one-step

estimator property and will be shown to result in the semiparametrically efficient estimator.



Finally, when the working model f*(e,x,z) is misspecified, there is no definitive relation
between our one-step estimator and the standard Newton-Raphson estimator in terms of
estimation variability, hence we opt for our one-step estimator due to its computational

simplicity and numerical stability.

Of course, we can repeat the above process while switching the I;, Iy data groups, and
~/
obtain another set of estimators for v and B_,, written as 4’ and B3_,. We then define our

final one-step estimators of v and B_; as

R — 1~ ~
Y= 5(7 +7/)a and B_; = 5(5—1 ""3_1)-

Write B8 = (1, (B_,)")T. Let ¢ satisfy

D En (2] B~ zB){I(Y; ~ x[5 — ¢ <0) — 7} =0. (2.5)

Jj=1

We then set §(z73,5) = ¢ to be our final one-step estimator of g(z}B3), i = 1,2,---, N.

Further, we set our final one step estimator of ¢’(z}3) to be

B 2TB-213 TR —
SR (RS Y, — Xy - g(2F 8, 7) < 0} — 7]
Z;\LlKhl (Z;FB - Z;FB)ICM{Y; - X;F7 - E(Z;FB, 7)}
fori=1,2,---,N. (2.6)

J'(z; B,7) =

Y

Remark 3. The data splitting above is performed to ensure that the initial estimator and the
estimation of the nuisance components are based on the data that is independent of the data
that facilitates the subsequent one-step update. Such data splitting procedure is commonly

used to ease the theoretical development (Newey and Powell, |1990) and can sometimes be



avoided at the expense of more complex and careful analysis, thus in practice, it is often not
necessarily followed. In our context, however, we do not see a clear way to push through the
theoretical development without performing data splitting. An interesting observation is that
data splitting does not cause an efficiency loss, in that if we had used the truth for all the
nuisance components, and used the entire data set to construct one-step estimators for B_,

and v, we would have obtained the same efficiency.
To clarify the estimation procedure, we provide the algorithm below. Algorithm:
1. Data: (Y;,x;,2;),i=1,2,---,N.
2. Splitting: Let I, = {1,2,--- ,n}, b ={n+1,--- N}, n=[N/2] and m = N —n.
3a. Initial estimator: Obtain ,@71 and 4 based on the data in group I;.
3b. Estimate g(-): Obtain @“(ZTZ‘S','N)/) at z = z; : 1 € I by solving .
3c. Estimate ¢/(-): Obtain §'(z73,5) at z = z; : i € I, using .
3d. One-step estimator: Obtain 4 and B,l by .

4. Data swap: Switch the roles of I; and I, and repeat the last four steps to get 4" and
~/
Bt

5. Final one-step estimator: Obtain the final ¥ = (3 +5')/2 and B_, = (B_, + Bl_l)/2

6. Final estimators of g(-) and ¢/(-): Obtain §(z*3,7) and 7' (z73,7) at any z = z;,i €
I v I by (2.5) and (2.6).

Note that the estimation in steps 3b and 3c are based on data [, while the step in 3d

combines the preparations in steps 3a, 3b, 3¢, which are based on I, and the data in I5.



3.

Theoretical Results

Before we present the theoretical results of the locally efficient estimator, we first list some

regularity conditions.

C1

C2

C3

C4

C5

C6

C7

(covariates) The covariates (xT,zT)T belong to a finite region.

(error pdf) There are constants 0 < ¢y < Cf < oo such that ¢y < fF(e,x,2) <
Cy, ¢c5 < fle,x,z) < Cf, ¢ < flle,x,2) < Cf, ¢5 < frrp(z"B) < C and ¢ <
fejar (€, z'3*) < Oy, for all € in a neighborhood of 0, for any possibly random G*

satisfying 8" — 8| = O,(n~Y/2), and for all x, z.

(error cdf) Let F.(e,x,z) be the conditional distribution function of € given x, z. There
exists a finite constant L, so that for any €; and €;, |Fi(€1,x,2)—F.(€2,%,2)| < L|e;—es,

for all x, z.

(bandwidth) The bandwidths satisfy hy = n=*, 1/8 < a; < 1/5, ha =n"*?,0 < ay < 1,

hg =n" 0<ag<l.

(kernel function) The kernel functions K (-) and C(-) are continuously differentiable,
symmetric, bounded, and have compact support [—1, 1]. The function K (-) also satis-

fies § K (u)u*du = 0.

(density function of z) The density function f,(z) of z is bounded and has compact

support.

(Lipschitz condition) For any possibly random 3* satisfying | 3* — 8| = O,(n~"2), any
x and any z, |fx,z|zTﬁ‘3"< (X,Z, ZTIB*) - fx,z|zTﬁ<X7 Z, ZTﬁ)| < CHIB* - /8H7 |sz,@* (ZT/B*) -

Forp(ZB) < C|B* = B, |£L) 50 (%,2,278%) = fL)25(x,2,278)| < C|B* - B,



X5 (278%) — g2 B) < CIB* = Bl 1£) e (x,2,278%) — £ 1 5(x,2,27B)| <
C|B* = B, and | £ (278%) — fits(z"B)| < C|B* = B, where fyzjurpr (x,2,278%)
is the conditional density function of x,z given z*3*, and szﬁ*(zTB*) is the density

function of z¥B*. f, 5+ (X, 2,2 B%) has compact support.
2|zt B

C8 (boundedness) For any possibly random 3* satisfying ||3* — 3| = O,(n~2),
fx,z\zT,B* (Xv z, ZTIB*>7 szﬁ* (ZTﬁ*)a f,((’lz)|ZT13* (X7 z, ZT/B*)a fz(pﬂ* (ZTIB*)7

A (x,2,273"), fZ(Q) (zT3*) are bounded.

x,z\zTﬁ* Tﬁ*

C9 (function g) g(-) is twice continuously differentiable with finite derivatives.

C10 (differentiability) Let r(t) = Ex 5,781 f5(0, X3, 2:) fe(0, X4, 2s) Ps(X4, 2:) |
z; B = t}{g(t) — 9(z; B)}/fejar5(0, 1), where Py(x;,2;) is defined in Lemma |8 in Sup-
plementary Materials. Assume that r(t) is four times continuously differentiable with

finite derivatives for i € Iy and j € I, or i € I} and j € I5.

These conditions mainly concern the boundedness and smoothness of related functions
and are quite standard. The only conditions worth mentioning are Condition which
concerns the bandwidth involved in the nonparametric estimation procedures and Condition
which requires K(-) to be a kernel with order higher than two. Even though all the
nonparametric regression involved in the analysis are conditional on the single index, which
is one dimensional, Condition still excludes the optimal bandwidth O(n~'/). Instead,
a larger bandwidth is required, which would lead to oversmoothing in combination with
the regular second order kernel function and inflated bias. The bandwidth requirement in
Condition [C4] directly leads to the higher order kernel requirement in Condition [C5] This is

a special feature of the quantile regression, a direct consequence caused by the unsmoothness



of the indicator function. Similar bandwidth requirement is also needed in Newey and Powell
(1990).
For notational brevity in stating the theoretical results, define

~  Djen Kz B — 2 B)I(Y; —xjv — ¢ <0)
F((ba 77ﬁ) = Zje]lKhl (Z;fﬁ _ Z;rﬁ) :

Theorem 1. Under the Regularity Conditions 3(z°8,5) — g(z"B) = Op{k(n,h1)}

uniformly for all z, where k(n,hy) = hi + (nhy)~"/2 .

Theorem [I] establishes the uniform convergence rate result for the nonparametric estima-
tor of the single index function g(-). This paves the way to further deriving the asymptotic

expansion of the estimator.

Theorem 2. Under the Regularity Conditions for any i € I, we have

~

(% B,7) - 9(z; B)

Q0

= {frp(0,21 B)} [r — Fg(z]B),~.8}]
~{ farp(0,27 B} B{f(0. %1, 2:)x] 2] BY(F — )

~{Farp(0,27 B)} g/ (2T BV ELL(0, 31, 2:)2% 2] BYB_, — B_1) + 0(n2),

where f,ma(e, z'3) is the conditional probability density function of € given z* 3.

Theorem [2 provides the asymptotic expansion of the nonparametric estimation of g(z'3)
at the index formed at the initial estimator of 3 and each observation in I,. This expansion

is later used in facilitating the asymptotic analysis of the locally efficient estimator B_l and

~.



Theorem 3. Under the Regularity Conditions, (10, we have

VNI (BT = (v (B_)T) ] - N(0, %)

in distribution as N — o, where ¥ is defined in of the Supplementary Materi-
als. Further, when f*(e,x,2z) = f(6,x,2), ¥ = [E{Sex(Y,x,2)®?}|7, hence the estimator
reaches the optimal efficiency. Here and throughout the text, we use a®? to denote aa® for

any vector or matriz a.

Theorem [3|is the main theorem of this work. It establishes the asymptotic convergence of
the locally efficient estimators of the parameters of our central interest 8_; and . The form
of the asymptotic variance is unfortunately very complex, which we defer to Supplementary
Materials. Nevertheless, several observations are worth mentioning. First, the result of
Theorem [3| shows that when we perform data splitting, switching and then averaging the
results, we obtain an estimator that is as efficient as we would have expected to get intuitively
if we had used the entire data set in each estimation step. This is evidenced by the fact
that the estimator is efficient when the working model f* is correct. In other words, there
is no cost associated with the data splitting procedure. Intuitively, this is because each
part of the data still contributes to the estimation of all the unknown components in the
model, and the data splitting is conducted in a way only to facilitate the technical analysis.
This is very much similar to the data splitting treatment when a general machine learning
method is engaged in semiparametric models. Second, when the working model is correctly
specified, the need of performing nonparametric estimation of g(-), ¢’(-) and the various

nonparametric expectations conditional on B7x does not incur any efficiency loss. However,



this is no longer the case when the working model is misspecified. This is drastically different
from the mean regression case. Indeed, in Ma and Zhu | (2013c]), it has been shown that
nonparametric estimations are not associated with efficiency loss, regardless of whether the
regression error model is misspecified or not. A closer look into this reveals that this difference
between the partially linear single index quantile and mean regressions lies in the difference
of the A+ spaces, which is much smaller in the quantile regression context than in the
mean regression context. In fact, in the quantile regression context, as soon as the error
distribution is misspecified, the resulting locally efficient score is no longer a member of
At hence its orthogonality with the nonparametric estimation is lost. This is not the case
for the mean regression, in that the efficient score function computed under a misspecified
error distribution model continues to belong to A+, hence continues to be orthogonal with
the nuisance parameter estimations. This shows the fundamental difference between the
quantile model and the mean model, and also reflects the inherent difficulties involved in the
partially linear single index quantile model, in that both the semiparametric analysis and
the theoretical development is much more involved.

The asymptotic property of §(z"3,7) can be obtained by following the similar process

for §(z"B3,5), so we omit it.

4. Numerical Examples

In this section we carry out simulations to evaluate the finite sample performance of our

proposed estimator. Throughout all simulations, the kernel used to obtain all nonparametric



regressions is the quartic kernel,

15
K(w) = 1=, Jul < 1.

We use bandwidths satisfying Condition [C4L More specifically h; = n~=(/8+1/5)/2 and hy =
n~ Y10 are used throughout numerical studies. For the correct error model, hy = n~'/2. For
the two misspecified error cases, hy = n~"/3. The estimators by [Zhang, Lian and Yul (2017)
are used as the initial estimators of §_; and ~ for our estimation. Although we generated the
data from distributions with unbounded support, in the realization, we find that Condition
is practically satisfied.

In Simulation 1, we generate data from a sine-bump model

T3
Y, = x"~ + 5sin (Zbﬁ—“w) + o6 (4.7)
—a

Here ¢; = 0(x;,2;){¢;— F (1)}, where & ~ F(-) and independent of the x; and z;. Note that
this construction of ¢; ensures that the model assumption is always satisfied for any 7.
We first generate X; ~ N5(0,X) and the (4, j)-th element of the 5 x 5 matrix X is 0.3/ for
i,j=1,...,5 where X; = (X;1, - ,X;5). Let x; = (X;1,X5)" and z; = (Xi2, Xi3,X44) . Here,
~v= (2,103, 8= (1,-1,057T a=04,b=15and ¢ ~ N(0,0.3%).

We consider three different quantile levels 7 = 0.4,0.5,0.6, and two different settings for

o(x;, ;).
e Setting 1: o(x;,2z;) = 1.

e Setting 2: o(x;,2;) = +/|Xis].



Note that in Setting 2, ¢; has heteroscedastic distribution.
In addition, we investigate the performance of our estimators under two misspecified

error models. Specifically, we specify the error to be € = & — F*~ (1), where
e Model 1: & ~ N(0,0.1%).
e Model 2: € ~ t(3).

Throughout, we consider sample sizes n = 400 and 1000, and repeat the Monte Carlo
experiment 500 times.

The estimation results are given in Tables[I|and 2] for settings 1 and 2 respectively, where
we provide the biases and the empirical standard deviations. In addition, the comparison
estimation results based on |Zhang, Lian and Yu (2017) are provided in the tables as well. As
seen in Tables [}, our estimators based on both the correct error model and the misspecified
error models (Model 1 and Model 2) have better performance than that by [Zhang, Lian and
Yu (2017) when the error is independent of the covariates (Setting 1). When the error is
dependent of the covariates (Setting 2), our estimators still have better performance, as is
shown in Tables [2l This indicates the robustness property of our proposed estimators. The
performance of the nonparametric function estimates, with mean and confidence bands, are
presented in Figures [T} [6l One can see that the estimated curves are very close to the true

g(+) function across all 7 values.



Table 1: Simulation 1, Setting 1. Bias (“bias”) and empirical standard deviation (“std”)
for v and 3_; are based on 500 iterations. The true error ¢; = o(x;,2;){€& — F~!(7)}, where
€ ~ F(-) and 0(x;,2;) = 1. Estimation results are provided by our proposed method (“PR”)
consisting of the one based on the correct model € ~ N(0,0.3%) (“correct”) and those based
on ¢ ~ N(0,0.1%) and € ~ ¢g), and by Zhang, Lian and Yu| (2017) (“ZH”). The true
parameter is v = (2/4/3,1/4/3)T and 8 = (1,-1,0.5)".

n = 400
PR ZH
correct Model 1 Model 2

T 71 V2 71 72 pa! Y2 71 Y2
04 bias | 0.0009 -0.0002 | 0.0018 0.0001 | -0.0025 -0.0013 | 0.0018 0.0035
’ std | 0.0721 0.0641 | 0.0921 0.0840 | 0.0579 0.0621 | 0.1322 0.1293
05 bias | 0.0000 0.0019 | 0.0002 0.0031 | -0.0005 -0.0027 | -0.0010 -0.0027
’ std | 0.0679 0.0708 | 0.0919 0.0965 | 0.0677 0.0739 | 0.1281 0.1358
0.6 bias | 0.0006 0.0023 | 0.0021 0.0026 | -0.0051 0.0012 | 0.0020 0.0033
’ std | 0.0625 0.0674 | 0.0822 0.0885 | 0.0644 0.0644 | 0.1203 0.1344

T B2 B3 B2 B3 B2 B3 B2 B3
04 bias | 0.0011 -0.0005 | 0.0012 -0.0005 | 0.0005 -0.0007 | 0.0021 -0.0004
’ std | 0.0181 0.0173 | 0.0221 0.0211 | 0.0098 0.0090 | 0.0322 0.0284
05 bias | 0.0001  0.0002 | -0.0003 0.0004 | 0.0009 -0.0009 | 0.0006 -0.0012
std | 0.0162 0.0153 | 0.0207 0.0196 | 0.0128 0.0115 | 0.0320 0.0288
0.6 bias | 0.0014 0.0004 | 0.0014 0.0006 | 0.0012 -0.0006 | 0.0010 -0.0001
’ std | 0.0167 0.0146 | 0.0205 0.0180 | 0.0112 0.0100 | 0.0269 0.0264

n = 1000

T " Y2 it 72 71 72 71 72
04 bias | 0.0020 0.0016 | 0.0023 0.0020 | 0.0008 0.0001 | 0.0035 0.0018
std | 0.05638 0.0505 | 0.0769 0.0722 | 0.0598 0.0550 | 0.0991 0.0979
05 bias | 0.0026  0.0026 | 0.0050 0.0037 | -0.0068 -0.0014 | 0.0019 0.0028
’ std | 0.0500 0.0468 | 0.0782 0.0731 | 0.0840 0.0810 | 0.1129 0.1042
0.6 bias | -0.0001 0.0054 | -0.0007 0.0079 | 0.0021 -0.0041 | 0.0043 0.0128
’ std | 0.0461 0.0435 | 0.0683 0.0642 | 0.0618 0.0586 | 0.0900 0.0891

T B2 B3 B2 B3 B2 B3 B2 B3
0.4 bias | -0.0003 0.0006 | -0.0006 0.0009 | 0.0010 -0.0009 | -0.0011 0.0014
‘ std | 0.0194 0.0164 | 0.0245 0.0206 | 0.0082 0.0074 | 0.0299 0.0271
0.5 bias | -0.0004 0.0001 | -0.0007 0.0002 | 0.0010 -0.0011 | -0.0009 -0.0001
’ std | 0.0161 0.0149 | 0.0215 0.0200 | 0.0125 0.0115 | 0.0308 0.0269
06 bias | 0.0009 0.0000 | 0.0010 0.0001 | 0.0004 -0.0001 | 0.0005 0.0009
’ std | 0.0136 0.0133 | 0.0176 0.0172 | 0.0070 0.0069 | 0.0260 0.0240




Table 2: Simulation 1, Setting 2. Bias (“bias”) and empirical standard deviation (“std”)
for v and 3_; are based on 500 iterations. The true error ¢; = o(x;,2;){€& — F~!(7)}, where
€ ~ F() and o(x;,2;) = 4/|X;3|. Estimation results are provided by our proposed method
(“PR”) consisting of the one based on the correct model & ~ N(0,0.3%) (“correct”) and
those based on € ~ N(0,0.1%) and & ~ ¢(3) , and by Zhang, Lian and Yu| (2017) (“ZH”).
The true parameter is v = (2/v/3,1/v/3)T and 8 = (1,—-1,0.5)T.

n = 400
PR ZH
correct Model 1 Model 2
T 71 V2 71 72 pa! Y2 71 Y2
04 bias | 0.0049 -0.0002 | 0.0052 -0.0004 | 0.0015 -0.0019 | 0.0023 -0.0015
’ std | 0.0861 0.0778 | 0.0919 0.0832 | 0.0651 0.0635 | 0.1289  0.1255
05 bias | -0.0017 -0.0008 | -0.0017 -0.0007 | 0.0015 -0.0037 | 0.0025 0.0040
’ std | 0.0917 0.0881 | 0.0990 0.0938 | 0.0762 0.0744 | 0.1536  0.1303
0.6 bias | -0.0046  0.0035 | -0.0049 0.0039 | -0.0005 -0.0038 | -0.0013 0.0056
’ std | 0.0803 0.0779 | 0.0867 0.0834 | 0.0647 0.0683 | 0.1218 0.1219
T B2 B3 B2 B3 B2 B3 B2 B3
04 bias | -0.0016 -0.0002 | 0.0006 -0.0001 | 0.0018 -0.0010 | 0.0041 -0.0024
’ std | 0.0181 0.0185 | 0.0208 0.0195 | 0.0094 0.0089 | 0.0289 0.0294
05 bias | -0.0021  0.0006 | -0.0002 0.0007 | 0.0003 0.0000 | -0.0020 0.0015
’ std | 0.0176 0.0193 | 0.0210 0.0206 | 0.0123 0.0123 | 0.0319 0.0333
0.6 bias | -0.0008 -0.0007 | 0.0001 -0.0008 | 0.0009 -0.0003 | 0.0012 0.0014
’ std | 0.0166 0.0170 | 0.0193 0.0178 | 0.0103 0.0102 | 0.0284 0.0253
n = 1000

T " Y2 it 72 71 72 71 72
04 bias | 0.0020 0.0030 | 0.0029 0.0029 | -0.0026 -0.0001 | -0.0021 0.0057
’ std | 0.0678 0.0673 | 0.0721 0.0718 | 0.0614 0.0603 | 0.0961  0.0998
05 bias | -0.0013 0.0036 | -0.0018 0.0038 | 0.0011 -0.0040 | -0.0003  0.0064
’ std | 0.0689 0.0706 | 0.0748 0.0761 | 0.0874 0.0862 | 0.0999 0.1073
0.6 bias | 0.0051 -0.0015 | 0.0050 0.0015 | -0.0020 0.0041 -0.0030
’ std | 0.0659 0.0655 | 0.0700 0.0700 | 0.0655 0.0682 | 0.0984 0.0952
T B2 B3 B2 B3 B2 B3 B2 B3
0.4 bias | -0.0012 0.0008 | 0.0010 0.0008 | 0.0010 0.0001 | 0.0013 -0.0004
‘ std | 0.0191 0.0202 | 0.0222 0.0210 | 0.0068 0.0066 | 0.0292 0.0269
0.5 bias | -0.0012 0.0002 | 0.0009 0.0003 | 0.0014 -0.0004 | 0.0010 -0.0001
’ std | 0.0189 0.0193 | 0.0232 0.0204 | 0.0126 0.0125 | 0.0295 0.0284
06 bias | -0.0004 0.0002 | 0.0008 0.0002 | 0.0005 0.0002 | 0.0011 -0.0001
’ std | 0.0144 0.0172 | 0.0173 0.0179 | 0.0070 0.0081 | 0.0268 0.0238




Figure 1: Plots of estimators for ¢g(-) in Simulation 1, Setting 1. The true error ¢ =
o(x,2;){€&—F (1)}, where € = F(-) and o(x;, ;) = 1. Estimation is based on our proposed
method with the correct model € ~ N(0,0.3%). Top to bottom panels: 7 = 0.4,0.5,0.6. Left
panels: n = 400, right panels: n = 1000. The black sold lines are the true, the dashed red
lines are the mean curve, the blue dot-dashed lines are 2.5% quantile, and the darkgreen
dotted lines are 97.5% quantile.



Figure 2: Plots of estimators for ¢g(-) in Simulation 1, Setting 1. The true error ¢ =
o(x;,z){¢; — F~1(7)}, where ¢ = F(:) and o(x;,2z;) = 1. Estimation is based on our
proposed method with the first misspecified error model ¢ ~ N(0,0.1%). Top to bottom
panels: 7 = 0.4,0.5,0.6. Left panels: n = 400, right panels: n = 1000. The black sold lines
are the true, the dashed red lines are the mean curve, the blue dot-dashed lines are 2.5%
quantile, and the darkgreen dotted lines are 97.5% quantile.



Figure 3: Plots of estimators for ¢g(-) in Simulation 1, Setting 1. The true error ¢ =
o(xi,2;){€& — F~1(7)}, where & = F(:) and o(x;,z;) = 1. Estimation is based on our
proposed method with the second misspecified error model € ~ t3y. Top to bottom panels:
7 =0.4,0.5,0.6. Left panels: n = 400, right panels: n = 1000. The black sold lines are the
true, the dashed red lines are the mean curve, the blue dot-dashed lines are 2.5% quantile,
and the darkgreen dotted lines are 97.5% quantile.



Figure 4: Plots of estimators for g(-) in Simulation 1, Setting 2: The true error ¢ =
o(xi,2;){€& — F~1(7)}, where & = F(-) and o(x;,z;) = +/|Xi3]. Estimation is based on
our proposed method with the correct model & ~ N(0,0.3%). Top to bottom panels: 7 =
0.4,0.5,0.6. Left panels: n = 400, right panels: n = 1000. The black sold lines are the true,
the dashed red lines are the mean curve, the blue dot-dashed lines are 2.5% quantile, and
the darkgreen dotted lines are 97.5% quantile.



Figure 5: Plots of estimators for ¢g(-) in Simulation 1, Setting 2: The true error ¢ =
o(x;,z){¢; — F~(7)}, where ¢; = F(:) and o(x;,2;) = 4/|X;3]. Estimation is based on our
proposed method with the first misspecified error model ¢ ~ N(0,0.1%). Top to bottom
panels: 7 = 0.4,0.5,0.6. Left panels: n = 400, right panels: n = 1000. The black sold lines
are the true, the dashed red lines are the mean curve, the blue dot-dashed lines are 2.5%
quantile, and the darkgreen dotted lines are 97.5% quantile.



* = 25% =+ 975% == mean == true * = 25% =+ 975% == mean == true

Figure 6: Plots of estimators for ¢g(-) in Simulation 1, Setting 2: The true error ¢ =
o(x,2;){€& — F~Y(7)}, where & ~ F(-) and o(x;,2;) = +/|Xs3]. Estimation is based on our
proposed method with the second misspecified error model € ~ t3y. Top to bottom panels:
7 =0.4,0.5,0.6. Left panels: n = 400, right panels: n = 1000. The black sold lines are the
true, the dashed red lines are the mean curve, the blue dot-dashed lines are 2.5% quantile,
and the darkgreen dotted lines are 97.5% quantile.

We further conducted a second simulation. In Simulation 2, we consider the same
model as in (4.7) and the same covariates generation. As in Simulation 1, we set ¢; =
o(x,2;){¢; — F~'(7)}, where ¢ ~ F(-) and independent of the x; and z;. However, different

from Simulation 1, we set ¢; ~ SN(0, 1,3), where SN(0,1,3) is the Skew-Normal distribu-



tion, with 0,1 and 3 being the location, scale and slant parameters. We fix a, b, v and 3 at
the same values as in Simulation 1.
We still consider three different quantile levels 7 = 0.4, 0.5, 0.6, and two different settings

for o(x;,2;).

e Setting 1: o(x;,2z;) = 1.

o Setting 2: 0(x;,2;) = /|Xizl-

In estimation, we considered two misspecified working models. Specifically, we assume the

misspecified error ¢ = & — F*~!(7) where
e Model 1: € ~ N(0,1),
e Model 2: € ~ (3).

The estimation results are given in Tables [3] and [] for settings 1 and 2 respectively, where
we provide the biases and the empirical standard deviations. In addition, the comparison
estimation results based on [Zhang, Lian and Yu| (2017)) are provided in the tables as well.
As seen in Table [3] and [4] , our estimators based on both error models have better perfor-
mance than that by Zhang, Lian and Yu| (2017). The mean and confidence bands of the
nonparametric function estimates are presented in Figures and Figures of the
Supplementary Materials, showing close approximation to the true function.

Inspecting the results of simulations 1 and 2, the standard deviations of the estimators
under correct specifications are larger than those under misspecifications. We suspect this is
caused by the non-satisfactory performance of the initial estimator. Thus, we experimented

1

by setting the initial estimator to be the true value plus a random vector with variance n=".

The results based on such initial estimator for Simulation 2 are given in Table [5] and [0 In



this case, the estimators under correct specifications always have better performance and
reflect our theoretical findings.

Table 3: Simulation 2, Setting 1. Bias (“bias”) and empirical standard deviation (“std”)
for v and B_; are based on 500 iterations. The true error ¢; = o(x;,z;){&; — F~'(7)},
where €; ~ F(-) and o(x;,2;) = 1. Estimation results are provided by our proposed method
(“PR”) consisting of the one based on the correct model € ~ SN(0,1,3) (“correct”) and
those based on € ~ N(0,1) and € ~ t3) , and by [Zhang, Lian and Yu| (2017) (“ZH”). The
true parameter is v = (2/4/3,1/v/3)" and 8 = (1,—1,0.5)".

n = 400
PR ZH
correct Model 1 Model 2

T 71 V2 71 72 Al Y2 71 Y2
04 bias | -0.0012 -0.0015 | -0.0005 -0.0012 | -0.0003 -0.0011 | -0.0075 0.0023
’ std | 0.0640 0.0624 | 0.0581 0.0562 | 0.0626 0.0602 | 0.1331 0.1296
05 bias | 0.0006 0.0018 | -0.0017 0.0025 | -0.0022 0.0026 | 0.0007 0.0068
std | 0.0646 0.0558 | 0.0633 0.0548 | 0.0669 0.0580 | 0.1467 0.1279
0.6 bias | -0.0004 0.0034 | -0.0029 0.0044 | -0.0037 0.0048 | 0.0098 0.0130
std | 0.0629 0.0603 | 0.0637 0.0584 | 0.0674 0.0616 | 0.1185 0.1264

T B2 B3 B2 B3 B2 B3 B2 B3
04 bias | 0.0009 -0.0017 | 0.0008 -0.0013 | 0.0008 -0.0012 | -0.0015 0.0008
’ std | 0.0146 0.0130 | 0.0114 0.0103 | 0.0116 0.0106 | 0.0310 0.0306
05 bias | 0.0001 -0.0002 | -0.0003 -0.0006 | -0.0003 -0.0007 | 0.0013 -0.0011
std | 0.0145 0.0129 | 0.0119 0.0107 | 0.0121 0.0109 | 0.0328 0.0295
06 bias | -0.0003 0.0006 | 0.0002 0.0004 | 0.0004 0.0003 | -0.0028 0.0023
’ std | 0.0119 0.0117 | 0.0104 0.0101 | 0.0106 0.0102 | 0.0277 0.0268

n = 1000

T it 72 it 72 71 72 71 72
04 bias | -0.0018 0.0039 | -0.0008 -0.0011 | -0.0006 -0.0023 | 0.0012 0.0092
’ std | 0.0377 0.0395 | 0.0382 0.0369 | 0.0447 0.0438 | 0.0971  0.1060
05 bias | 0.0011 -0.0019 | -0.0004 -0.0022 | -0.0007 -0.0022 | 0.0115 0.0012
std | 0.0371 0.0374 | 0.0375 0.0383 | 0.0427 0.0434 | 0.1021  0.0985
0.6 bias | 0.0025 -0.0011 | -0.0006 -0.0016 | -0.0017 -0.0017 | 0.0088  0.0008
’ std | 0.0388 0.0361 | 0.0363 0.0357 | 0.0396 0.0392 | 0.0995 0.0904

T B2 B3 B2 B3 B2 B3 B2 Bs
04 bias | 0.0004 0.0010 | 0.0010 -0.0008 | 0.0012 -0.0008 | 0.0013 0.0021
’ std | 0.0131 0.0117 | 0.0077 0.0066 | 0.0077 0.0066 | 0.0322 0.0284
0.5 bias | 0.0006 -0.0009 | 0.0013 -0.0008 | 0.0014 -0.0008 | -0.0013 -0.0011
’ std | 0.0111 0.0103 | 0.0078 0.0077 | 0.0083 0.0082 | 0.0296 0.0281
06 bias | -0.0002 0.0003 | 0.0006 -0.0003 | 0.0009 -0.0005 | -0.0019 0.0007
’ std | 0.0096 0.0095 | 0.0066 0.0068 | 0.0064 0.0066 | 0.0256 0.0232




Table 4: Simulation 2, Setting 2. Bias (“bias”) and empirical standard deviation (“std”)
for v and 3_; are based on 500 iterations. The true error ¢; = o(x;,2;){€& — F~!(7)}, where
€ ~ F() and o(x;,2;) = 1/|X;2|. Estimation results are provided by our proposed method
(“PR”) consisting of the one based on the correct model € ~ SN(0,1,3) (“correct”) and
those based on € ~ N(0,1) and € ~ t(3), and by |Zhang, Lian and Yu (2017) (“ZH”). The
true parameter is v = (2/4/3,1/4/3)T and 8 = (1,—-1,0.5)T.

n = 400
PR ZH
correct Model 1 Model 2

T 71 V2 71 72 Y1 72 2! Y2
04 bias | 0.0032 -0.0038 | 0.0009 0.0026 | 0.0004 0.0035 | 0.0080 -0.0057

std | 0.0766 0.0781 | 0.0551 0.0567 | 0.0609 0.0625 | 0.1226 0.1214
0.5 bias | -0.0036  0.0001 | 0.0013 0.0034 | 0.0018 0.0037 | -0.0050 0.0106

std | 0.0724 0.0724 | 0.0555 0.0548 | 0.0611 0.0606 | 0.1262  0.1311
0.6 bias | 0.0019 -0.0005 | -0.0006 0.0013 | -0.0009 0.0018 | 0.0038 -0.0131

std | 0.0708 0.0706 | 0.0578 0.05648 | 0.0628  0.0600 | 0.1195 0.1222

T B2 3 B2 B3 B2 B3 B2 B3
bias | 0.0038 -0.0023 | -0.0020 0.0010 | -0.0018 0.0009 | -0.0050 0.0020

0.4 std | 0.0170 0.0166 | 0.0121 0.0106 | 0.0120 0.0107 | 0.0339 0.0307
05 bias | 0.0032 -0.0013 | -0.0016 0.0007 | -0.0014 0.0005 | -0.0025 0.0026
std | 0.0145 0.0152 | 0.0116 0.0104 | 0.0119 0.0111 | 0.0323 0.0288

0.6 bias | 0.0004 0.0002 | -0.0009 0.0010 | -0.0006 0.0008 | -0.0049 0.0026
’ std | 0.0132 0.0147 | 0.0113 0.0102 | 0.0115 0.0106 | 0.0289 0.0248

n = 1000
T " Y2 it 72 71 72 71 72

04 bias | 0.0026  0.0008 | 0.0008  0.0019 | 0.0006 0.0021 | 0.0008 0.0016
std | 0.0622 0.0595 | 0.0405 0.0393 | 0.0495 0.0483 | 0.1034 0.0996

05 bias | -0.0019 -0.0024 | 0.0010 -0.0010 | 0.0014 -0.0010 | 0.0025 -0.0069
std | 0.0519 0.0590 | 0.0483 0.0434 | 0.0562 0.0514 | 0.1051  0.0999

0.6 bias | 0.0030 0.0045 | -0.0039 0.0007 | -0.0050 0.0000 | 0.0059 0.0036

std | 0.0521 0.0523 | 0.0346 0.0365 | 0.0405 0.0436 | 0.0905 0.0873

T B2 3 B2 3 B2 B3 B2 B3
bias | 0.0031 -0.0009 | -0.0020 0.0008 | -0.0017 0.0006 | -0.0035 0.0016

0-4 std | 0.0152 0.0176 | 0.0076  0.0080 | 0.0074 0.0079 | 0.0316 0.0277
05 bias | 0.0028 -0.0015 | -0.0017 0.0006 | -0.0015 0.0005 | -0.0042 0.0023

std | 0.0130 0.0168 | 0.0094 0.0087 | 0.0099 0.0092 | 0.0305 0.0287
0.6 bias | 0.0008 0.0000 | -0.0005 -0.0003 | -0.0002 -0.0006 | -0.0051 0.0034

std | 0.0101 0.0141 | 0.0068 0.0067 | 0.0066 0.0066 | 0.0229  0.0223




Table 5:  Simulation 2, Setting 1. Bias (“bias”) and empirical standard deviation (“std”)
for v and 3 are based on 500 iterations. The true error ¢; = o(x;,2;){¢; — F (1)}, where
€ ~ F(-) and o(x;,z;) = 1. Estimation results are provided by our proposed method
(“PR”) consisting of the one based on the correct model € ~ SN(0,1,3) (“correct”) and
those based on & ~ N(0,1) and & ~ t@3). The true parameter is v = (2/+/3,1/v/3)" and
B=(1,-1,05)T.

n = 400

PR

correct Model 1 Model 2

T it 72 it 72 Y1 72
0.4 bias | -0.0004 -0.0018 | -0.0007 -0.0030 | -0.0008 -0.0033
' std | 0.0337 0.0331 | 0.0572 0.0562 | 0.0632 0.0621
bias | 0.0023 -0.0011 | 0.0035 -0.0018 | 0.0038 -0.0019
std | 0.0386 0.0390 | 0.0603 0.0608 | 0.0654 0.0660
0.6 bias | 0.0006 -0.0007 | 0.0008 -0.0010 | 0.0009 -0.0012
’ std | 0.0419 0.0422 | 0.0604 0.0609 | 0.0668 0.0673
T B2 B3 B2 B3 B2 B3
0.4 bias | -0.0001  0.0001 | -0.0003 0.0002 | -0.0003 0.0002
’ std | 0.0047 0.0047 | 0.0080 0.0079 | 0.0089 0.0088
bias | 0.0004 0.0000 | 0.0006 0.0000 | 0.0006 0.0000

0.5

0-5 std | 0.0062 00052 | 0.0097 0.0082 | 0.0105 0.0089
0.6 bias | 0.0004 0.0001 | 0.0006  0.0001 | 0.0007  0.0001
’ std | 0.0064 0.0066 | 0.0092 0.0080 | 0.0102 0.0089
n = 1000
T st 72 " Y2 71 Y2

bias | -0.0003 -0.0004 | -0.0006 -0.0006 | -0.0007 -0.0007
std | 0.0219 0.0213 | 0.0372 0.0362 | 0.0411 0.0400
bias | 0.0007 -0.0017 | 0.0010 -0.0026 | 0.0011 -0.0028
std | 0.0251 0.0247 | 0.0392 0.0386 | 0.0425 0.0418
0.6 bias | -0.0010 -0.0006 | -0.0015 -0.0009 | -0.0016 -0.0010

std | 0.0257 0.0239 | 0.0370 0.0346 | 0.0410 0.0382
T B2 B3 B2 B3 B2 B3
04 bias | 0.0000 -0.0000 | 0.0001 -0.0001 | -0.0001 0.0001
std | 0.0027 0.0024 | 0.0045 0.0041 | 0.0051 0.0045
bias | 0.0001 -0.0002 | 0.0001 -0.0004 | 0.0001 -0.0004
std | 0.0035 0.0029 | 0.0055 0.0046 | 0.0059 0.0050
bias | -0.0003 0.0003 | -0.0004 0.0004 | -0.0004 0.0005
std | 0.0033 0.0030 | 0.0048 0.0044 | 0.0053 0.0048

0.4

0.5

0.5

0.6




Table 6: Simulation 2, Setting 2. Bias (“bias”) and empirical standard deviation (“std”)
for v and 3 are based on 500 iterations. The true error ¢; = o(x;,2;){¢; — F (1)}, where
€ ~ F(-) and o(x;,2;) = 1/|X;2|. Estimation results are provided by our proposed method
(“PR”) consisting of the one based on the correct model € ~ SN(0,1,3) (“correct”) and
those based on & ~ N(0,1) and & ~ t@3). The true parameter is v = (2/+/3,1/v/3)" and
B=(1,-1,05)T.

n = 400
PR

correct Model 1 Model 2

T it 72 it 72 Y1 72
0.4 bias | -0.0019 -0.0019 | -0.0055 -0.0005 | -0.0061 -0.0006
’ std | 0.0231 0.0225 | 0.0539 0.0544 | 0.0596 0.0602
bias | 0.0002 0.0006 | 0.0010 0.0026 | 0.0010 0.0029
std | 0.0250 0.0259 | 0.0569 0.0590 | 0.0617 0.0640
0.6 bias | 0.0012 -0.0013 | -0.0007 -0.0005 | -0.0008 -0.0005
’ std | 0.0268  0.0270 | 0.0569 0.0516 | 0.0629 0.0570
T B2 B3 B2 B3 B2 B3
0.4 bias | -0.0006 0.0003 | -0.0027 0.0017 | -0.0030 0.0019
’ std | 0.0037 0.0032 | 0.0076 0.0069 | 0.0085 0.0077
bias | -0.0007 0.0003 | -0.0025 0.0013 | -0.0027 0.0014
std | 0.0044 0.0039 | 0.0092 0.0090 | 0.0100 0.0097
bias | -0.0003 0.0002 | -0.0007 0.0005 | -0.0007 0.0006

0.5

0.5

0.6 std | 0.0047 0.0048 | 0.0083 0.0077 | 0.0091 0.0085
n = 1000
T 71 V2 71 72 Ba! 72

bias | 0.0006 0.0010 | -0.0003 0.0027 | -0.0003 0.0030
std | 0.0146 0.0130 | 0.0355 0.0305 | 0.0393 0.0337
bias | -0.0004 -0.0006 | -0.0010 -0.0027 | -0.0011 -0.0029
std | 0.0146 0.0157 | 0.0372 0.0374 | 0.0404 0.0406
0.6 bias | 0.0004 0.0002 | -0.0002 0.0017 | -0.0002 0.0019

std | 0.0156 0.0155 | 0.0351 0.0323 | 0.0388 0.0362
T B2 B3 B2 B3 B2 B3
04 bias | -0.0011 0.0006 | -0.0037 0.0020 | -0.0041 0.0021
std | 0.0021 0.0017 | 0.0046 0.0040 | 0.0051 0.0044
bias | -0.0010 0.0006 | -0.0036 0.0021 | -0.0040 0.0022
std | 0.0021 0.0018 | 0.0053 0.0046 | 0.0057 0.0050
bias | -0.0002 -0.0001 | -0.0007 0.0004 | -0.0008 0.0004
std | 0.0023 0.0020 | 0.0050 0.0042 | 0.0056  0.0047

0.4

0.5

0.5

0.6




Figure 7: Plots of estimators for g(-) in Simulation 2, Setting 1. The true error ¢ =
o(x,2;){€&—F (1)}, where € = F(-) and o(x;, ;) = 1. Estimation is based on our proposed
method with the correct model € ~ SN(0,1,3). Top to bottom panels: 7 = 0.4,0.5,0.6.
Left panels: n = 400, right panels: n = 1000. The black sold lines are the true, the dashed
red lines are the mean curve, the blue dot-dashed lines are 2.5% quantile, and the darkgreen
dotted lines are 97.5% quantile.



Figure 8: Plots of estimators for ¢g(-) in Simulation 2, Setting 1. The true error ¢ =
o(x;,z){¢; — F~1(7)}, where ¢ = F(:) and o(x;,2z;) = 1. Estimation is based on our
proposed method with the first misspecified error model € ~ N(0,1). Top to bottom
panels: 7 = 0.4,0.5,0.6. Left panels: n = 400, right panels: n = 1000. The black sold lines
are the true, the dashed red lines are the mean curve, the blue dot-dashed lines are 2.5%
quantile, and the darkgreen dotted lines are 97.5% quantile.



Figure 9: Plots of estimators for ¢g(-) in Simulation 2, Setting 1. The true error ¢ =
o(xi,2;){€& — F~1(7)}, where & = F(:) and o(x;,z;) = 1. Estimation is based on our
proposed method with the second misspecified error model € ~ t3y. Top to bottom panels:
T =0.4,0.5,0.6. Left panels: n = 400, right panels: n = 1000. The black sold lines are the
true, the dashed red lines are the mean curve, the blue dot-dashed lines are 2.5% quantile,
and the darkgreen dotted lines are 97.5% quantile.

5. Real Data Application

We consider an application regarding Boston Housing Price data. The data set can be down-
loaded from the R package MASS(https://cran.r-project.org/web/packages/MASS). It

contains 506 observations on 14 variables, including the dependent variable of interest named


https://cran.r-project.org/web/ packages/MASS

MEDV (median value of owner occupied homes in $1000s in Boston suburb area in 1970’s)
and 13 independent variables. We apply the partially linear single index quantile regression
model to analyze this data set. Zhang, Lian and Yul (2017) considered estimation and vari-
able selection for quantile partially linear single-index models and applied their method to
Boston Housing Price data. Following their analysis, we included the covariates RM (aver-
age number of rooms per dwelling), LSTAT (percentage of lower status of the population),
and DIS (weighted distances to five Boston employment centers) into the single index part,
and used BLACK (BLACK= 1000(B — 0.63)?, B is the proportion of blacks by town) in
the linear part (Harrison and Rubinfeld}, [1978)). Specifically, we consider the partially linear

single index quantile regression model,

Q-(MEDV |x,2z) = x'v+g(z'B) (5.8)

= 7BLACK + g(RM + f2log(LSTAT) + 85DIS),

for 7 = 0.5. In (5.8]), LSTAT is in its logarithm scale, and all covariates are standardized.
To implement our estimator, we considered two working models. Specifically, we assumed

the error € = & — F* (1) where
e Model 1: € ~ N(0,1),
e Model 2: € ~ t(5).

The estimation results are given in Table [7] where the results are based on 200 bootstrap
samples. In addition, the comparison estimation results based on|Zhang, Lian and Yu (2017)
are provided in table [7] as well. As seen in Tables [7] our estimators based on the specified

error models (Model 1 and Model 2) have better performance than that by [Zhang, Lian



and Yu (2017). The performance of the nonparametric function estimates, with mean and
confidence bands, are presented in Figure [10| together with scatter plots of M EDV — x4
and the estimated indices (1, AS’“, Agk)z, where 4%%, AS’“ and ng are the bootstrap estimation
results, for Model £ = 1,2. One can see that the estimated curve depicts the trend of the
scattered points very well.

Combining , the estimation in Table |7| and Figure , we can find the following
results. The number of rooms per house (RM) has significant positive effects on housing
prices. Black also has significant positive effect on housing prices. LSTAT has significant
negative effect on housing prices. Percentage of lower status of the population (LSTAT) may
impact the cultural environment. A less negative effect on housing prices is caused by DIS.
Table 7: Estimation (“est”) and bootstrap standard deviation (“bstd”) for v and f_;.

Estimation results are provided by our proposed method consisting of those based on € ~
N(0,1) and € ~ t() , and by Zhang, Lian and Yul (2017) (“ZH”).

Y B2 Bs

est | 1.5957 | -1.3603 | -0.2590

Model 1 a1 0.2103 | 0.4203 | 0.1080
est | 1.5964 | -1.3620 | -0.2584

Model 211 41 0.2095 | 0.4191 | 0.1080
- st | 1.5990 | -1.2916 | -0.2663
bstd | 0.2432 | 0.4446 | 0.1090




= 25% == 97.5% == mean = 25% == 97.5% == mean

50~

40-

30-

Figure 10: Plots of estimators for ¢(-) in Estimation is based on our proposed method with
Model 1 and Model 2. Left panels: Model 1, right panels: Model 2. The black dashed lines
are the mean curve, the red dashed lines are 2.5% quantile, and the blue dashed lines are
97.5% quantile.

6. Conclusion

Our main contribution in this work is to derive semiparametric efficiency theory for partially
linear single index quantile regression, to propose a family of locally efficient estimators, and
to rigorously establish the asymptotic properties of the proposed estimators. The asymptotic
properties turn out to be very challenging to establish mathematically, where we engaged
data splitting and high-order kernel to by pass the difficulties caused by discontinuity and
unsmoothness. We also establish that our estimators show a robustness property against
the misspecified error model for f.(e,x,z). If f.(¢,x,z) is correctly specified, the asymptotic
variances of our estimators achieve the optimal semiparametric efficiency bound. We illus-
trate that the finite sample performance of our estimators in simulations is generally better
than that of the existing methods. In real data, we also find our estimators continue to have
good performance.

Many further developments are possible following our work, although we foresee chal-

lenges and technical difficulties as well. For example, high-dimensional data is common in
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practice, and to broaden the scope of our method to encompass this case is very meaningful
and important. However, although this problem might be methodologically easy, the theoret-
ical establishment is no easy task due to the combination of the unsmoothness/discontinuity,
various assumptions in terms of reducing the dimension and various machine learning meth-
ods that need to be considered depending on the size of the reduced dimension. Other
possible examples of extension include partially linear multiple index quantile regression
models and partially linear single index additive quantile regression models. One can of
course also extend the partially linear structure to partially nonlinear framework, which
could be similar or more complex than the partially linear setting depending on what are
the specific nonlinear assumptions. These are all interesting research problems that could

be challenging yet fruitful.

Supplementary Materials

The supplementary materials provide the proofs of Proposition [I, Theorem [I, Theorem

and Theorem |3| and additional figures.
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