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Abstract: It is well known that the classical quantile enjoys many desirable prop-
erties and has solid practical applications under absolutely continuous popula-
tions. In the discrete setting, however, most of these properties fail to hold, such
as the consistency and asymptotic normality of the sample classical quantile,
which in turn may cause inaccurate or even misleading conclusions in practical
inferential problems. In this article, we introduce two new definitions of quan-
tile, called the upper- and lower-quantiles, constructed via linear interpolation
technique to eliminate discontinuities of classical quantile function under discrete
populations. The sample counterparts of upper- and lower-quantiles enjoy ap-
pealing theoretical properties, such as consistency and asymptotic normality, for
both discrete and absolutely continuous populations. More importantly, these
tools could provide valid inferences for statistical problems involving quantiles in

discrete populations, which is firmly supported by both theoretical proofs and
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empirical applications. All theoretical results presented in this article are vali-
dated through extensive simulation studies, and potential applications of the new

concepts are demonstrated with an illustrative example.

Key words and phrases: Confidence or prediction interval; Discrete population;

Upper- and lower-quantiles.

1. Introduction

Consider a random variable X with the cumulative distribution function
(CDF), say F'(x). The classical quantile function is commonly defined as
Q(a) ;= inf{z : F(x) > a} for 0 < a < 1 (Serfling, 1980). The quantile
function can describe the statistical properties of random variable X. It
is an alternative way to quantify the property of X, similar to CDF, char-
acteristic function, and others. Throughout this article, we use the terms
quantile and quantile function interchangeably: the former highlights the
case where the level « is fixed, while the latter emphasizes that the quantile
is a function of a.

Given an independent and identically distributed sample X7, X5, - -+, X,
from F(z), the sample classical quantile function is then Q,(a) := inf{z :
F,(z) > a} for 0 < a < 1, where F,(z) = n ' 37 1(X; < ) is the

empirical cumulative distribution function (ECDF). It is well known in the



literature that Qn(a) has the properties of consistency and asymptotic nor-
mality for an absolutely continuous CDF F'(x) that is differentiable and
has positive density at the quantile value Q(«) (Serfling, [1980)). However,
these properties no longer hold for discrete populations. The reason is that
the CDF of a discrete random variable is a step function and discontinuous.
Using Monte Carlo simulations, |Genton et al. (2006) demonstrated that the
sample classical median is not asymptotic normal, but a discrete distribu-
tion. [Jentsch and Leucht| (2016) provided an interesting coin flip example in
which the authors proved that the sample median is not consistent and its
limiting distribution is not a normal distribution, but an equally-weighted
two-point discrete distribution.

Data from discrete populations are common in practice, for instance,
the numbers of airline accidents, earthquakes, doctor visits, etc. Although
much progress has been made (for example, Lindsey [1995; |Cameron and
Trivedi/2013, and the references therein), issues associated with the sample
classical quantile function Qn(&) under discrete populations still remain.
These issues have promoted several recent works on quantile under discrete
populations. For instance,|Gonzalez-Barrios and Rueda; (2001) showed that
there exists a subsequence Q,, (@) of Q, () such that Q,, (a) converges to

Q(a) as my goes to infinity and suggested an algorithm to seek out this



subsequence. |Chen and Lazar| (2010) proposed a maximum empirical like-
lihood estimation through the jittering procedure, which is a continuous
correction method by adding noise to the sample. The maximum empirical
likelihood estimator of |(Chen and Lazar (2010) is a consistent estimator of
the true classical quantile. However, the result from |(Gonzalez-Barrios and
Rueda| (2001) relies on some highly restrictive assumptions and could not
apply freely. The approach by (Chen and Lazar| (2010) restricts values in
the support set of the discrete random variable to be consecutive integers.
Furthermore, motivated by the mid-CDF (Parzen, (1997 2004), Ma et al.
(2011)) proposed a new definition of mid-quantile and rigorously established
the asymptotic properties of sample mid-quantile. It is noted that the
asymptotic properties of sample mid-quantile hold for both discrete and
absolutely continuous populations, and are similar to the asymptotic re-
sults of the sample classical quantile. The mid-quantile further enlightens a
smooth quantile function for discrete data by the fractional order statistics
(Wang and Hutson), 2011)). Because its connection to the classical quantile
is not clear, especially for absolutely continuous populations, this smooth
quantile function is not widely used. [Jentsch and Leucht| (2016) investigated
the bootstrap method for sample classical quantile and mid-quantile under

both independent and identically distributed and 7-dependent samples. Re-



cently, (Chernozhukov et al. (2020) introduced an inferential procedure for
constructing simultaneous confidence bands of quantile and quantile effect
functions by inverting simultaneous confidence bands for CDFs, allowing
for potentially discrete populations.

Despite these advances, there are still no alternatives to the classi-
cal quantile that not only possess favorable asymptotic properties but also
could facilitate to developing reliable statistical inference for problems in-
volving quantiles in discrete populations. In this article, we fill this gap by
proposing two new definitions of quantile, called upper-quantile and lower-
quantile. When viewed as functions on (0, 1), they are continuous piecewise
linear interpolation functions. It is precisely this continuity that ensures
they enjoy desired properties. The contributions of our work are as fol-
lows. First, we reveal that two new concepts, upper- and lower-quantiles,
could afford legitimate inference for statistical inference problems under
discrete populations. This thoroughly tackles inferential problem involv-
ing quantile under discrete populations and offer new and more appro-
priate statistical analysis instruments. Second, we rigorously establish the
large-sample theoretical results for sample upper- and lower-quantiles under
both discrete and absolutely continuous populations. Particularly, under

the absolutely continuous populations, the same asymptotic distributions



hold for sample upper-quantiles, sample lower-quantiles and sample classi-
cal quantile. Therefore, upper- and lower-quantiles are generalizations of
the classical quantile. Third, the bootstrap theories for sample upper- and
lower-quantiles are investigated. And we strictly establish the asymptotic
normality and consistency of the m-out-of-n bootstrap procedure. These re-
sults deliver practically proper inferences for the upper- and lower-quantiles
themselves. Due to space limit, we have deferred this part to the Supple-
mentary Material.

The rest of this article is organized as follows. In Section 2, we point
out the motivation of this article by presenting an approach to constructing
well-behaved alternative definitions of quantile under discrete populations,
and briefly review the mid-quantile that is constructed in this way. In Sec-
tion 3, we propose the concepts of upper- and lower-quantiles following the
motivation in Section 2. The large-sample theoretical properties of sample
upper- and lower-quantiles are presented in Section 4. Section 5 contains
a set of comprehensive simulation studies and an illustrative example. Our
concluding remarks and further discussions are provided in Section 6. The
Supplementary Material includes the bootstrap procedure, further discus-
sion about upper- and lower-quantiles, the technical proofs, and additional

numerical experiments.



2. Motivation and Some Insights

The reason why the classical quantile does not enjoy the similar properties
in discrete populations as it does in absolutely continuous populations lies
in the fact that the CDF of a discrete random variable is not continuous
but rather a step function. Hence, a natural way to refine the quantile
is to smooth the CDF for a discrete population, which in turn offers an
alternative definition, potentially with desirable theoretical properties. In
fact, the mid-quantile (Ma et al., 2011)) is derived precisely in this manner.

Nevertheless, as pointed out by one reviewer, this kind of continuous
modification alters the original population under study. The alternative
definition essentially corresponds to another population rather than the
original one, which inevitably leads to a mismatch when we attempt to
apply it for inference on the original population. As for this point, we have

drawn the following conclusion.

Proposition 1. We follow the notations in Section 1. Besides, let G(x) be
a CDF that may or may not be the same as F(x) and denote by Qa(a) =

inf{z : G(z) > a} for 0 < a < 1. Then, the following statements hold:

(1) If F is identical to G, F(Qg(a)—) < a < F(Qg(a)); otherwise, this

inequality may fail to hold, which means that the ordering between



Q(a) and Qg(«) is not necessarily determined.

(2) If F(z) > G(x) for all x € Z, then F(Qg(a)) > a, or equivalently
Qo) < Qgla). Conversely, if F(x) < G(x) for all x € X, then

F(Qa(a)—) < a, or equivalently Q(a) > Qg(a).

The proof of Proposition 1 is straightforward and therefore omitted.
This proposition evaluates the influence of mismatch between the original
CDF F and the CDF G on their quantiles, and also provides hints on how to
develop alternative definitions of quantiles that could offer valid inferences
for statistical problems involving quantiles in discrete populations.

As an alternative definition of quantile, the mid-quantile (Ma et al.
2011; |Jentsch and Leucht) [2016) is developed exactly by continuously mod-
ifying the CDF of a discrete random variable and then taking its inverse.
Suppose that the support of the discrete random variable X has only finite
elements and denote by 1 < x9 < --- < xp, its all possible distinct values
with corresponding probability masses p; = Pr(X = ), { = 1,2,--- | L,
where L is a finite positive integer. Furthermore, let p;j = Zﬁzlpi,l =
1,2,---,L and p§ = 0. Let p(z) denote the probability mass of X at x.
Denote the continuous correction of mid-cumulative distribution function-
mid (mid-CDF) by F;(x) here (Parzen, (1997, |2004; Geraci and Farcomenil,

2022). For z; < x < xp, Fy(x) is a piecewise linear function passing



through (x;, F'(z;) — 0.5p(x;)),l = 1,---, L. In addition, Fy(z) = 0 for
x < x1 and Fy(z) = 1 for x > x;. Then, the mid-quantile function
is defined as Qp(«) = inf{z : Fy(z) > a} for 0 < a < 1. From the
construction of Fj;(x), we could obtain the explicit formula for @/ («) as

follows:
.

x1, 0<a<p/2;
Zy, Oé:p?71+pl/2,l:]_,27"',[/;
Qu(@) = Y way + (1 — wzpr, @ =wpiy +m/2) + (1 — )0} + pi1/2),

O<w<l1, I=1,---,L—1.

xr, a>pi o +pL/2.

In Figure 1, we present graphic illustrations of Fys(x) and Qp(«) to-
gether with the original CDF F(z) and the classical quantile function Q(«).
From this figure, it is easy to see that the relative magnitudes of F(z) and
Fy(z) are not fixed and they intersect in the middle of consecutive sup-
porting points of X. This fact, together with Proposition 1, indicates that
the mid-quantile may not be suitable for making inference on the original
population due to the mismatch issue. The following proposition elaborates

on this issue from the perspective of prediction interval.
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Figure 1: Graphic illustrations of F'(x), Fy(x), Fy(x), Fr(z), Q(a), Qu(a),
Qu(a) and Qr ().
Proposition 2. For 0 < a < 1, the following results hold:

(1) If there exists an integer 0 < Iy < L such that p;, < o < pj +pi41/2,

then

Pr(X < Qu(a)) < a.

However, if there exists an integer 0 < Iy < L — 1 such that pj +

Pu+1/2 < a < pj 4y, then
Pr(X < Qu(a)) > a.
(2) If there exists an integer 0 < ly < L such that pj,_; +p;,/2 <1—a <

i, then

PrX <Qu(l—a))>1-a.



However, if there exists an integer 1 < ly < L such that p;,_; <

1 —a<pj,_,+p,/2, then
Pr( X <@Qu(l—a))<1l-—a.
(3) If there exist two integers 0 < Iy < ly < L such that pj, < a/2 <
P+ pn/2 and pj,_ +p,/2 <1 —a/2 <pj, then
Pr(Qu(a/2) < X <Qu(l—a/2)>1-—a.

However, if there exist two integers 0 < i < ly < L such that pj, +

PrQu(a/2) < X <Qu(l-a/2))<1-a.

This proposition explicitly identifies the circumstances in which mid-
quantile could be used to construct a prediction interval for the original

population with guaranteed coverage probability and in which it could not.

3. Upper- and Lower-Quantiles

Inspired by Proposition 1, we propose two new definitions of quantile, called
upper- and lower-quantiles by eliminating discontinuities of the classical
quantile function under discrete populations. The new definitions are in-

tended to provide valid inference tools for discrete populations. These two



terms are associated with two alternative definitions of CDF, say, upper-
cumulative distribution function (upper-CDF) and lower-cumulative distri-
bution function (lower-CDF), two continuous corrections of the CDF.

We define the upper-CDF, denoted by Fy(x), as a piecewise linear
function passing through (x;, F'(z;)),l = 1,---,L. Let Fy(z) = 0 when
x < xp and Fy(x) = 1 when & > x. Similarly, we define the lower-
CDF, denoted by Fp(z), as a piecewise linear function passing through
(x, F(x;—)),l = 1,---, L, where F(z—) is the left-hand limit of F(-) at
z. Let Fr(z) = 0 when < 2y and Fr(z) = 1 when > zy. Then, for

0 < a < 1, the upper- and lower-quantiles are defined respectively as

Qu(a) :==1inf{x: Fy(r) > a}

and
Qr(a) :=inf{x : F(z) > a}.

From the definitions of Fy(z), Fr(x), Qu(a) and Qp(«), it is easy to see

that
.
Z1, O<Oé<p>{7
Qu(a) = xy, a=p,l=12-- L;
wry+ (1 —w)zip, pf <a=wpj + (1 —w)pjy; <pjy,0<w <1,
\



and

4

X, Oé:pik—lal:27“'7[1;

Qr(a) = § wa, + (1 —w)zip1, pi<a=wp;,;+ (1 —wp <pf,0<w<1;

XL, pz,l < a<l.

\

In Figure 1, we provide the graphic illustrations of the functions Fy(x),
Qu(a), Fi(z) and Qr(a).

As demonstrated in Proposition 2, prediction intervals constructed from
mid-quantiles may fail to attain guaranteed coverage probabilities. The fol-
lowing proposition, however, shows that our upper- and lower-quantiles can

always deliver prediction intervals with guaranteed coverage probabilities.

Proposition 3. For any 0 < a < 1, it holds that

(1) Pr(X < Qu(a)) < a;

(2) Pr(X <Qr(1l—a))>1—«;

(3) Pr(Qu(a/2) < X < Qp(1—a/2)) > 1—a.

Combining this proposition and the consistency of the sample upper-
and lower-quantiles (Theorem 1 in Section 4.1), it can be concluded that
a conservative (1 — a)-level prediction interval could be obtained via the

tools of sample upper- and lower-quantiles. However, this result does not



hold for either the sample classical quantile or the sample mid-quantile. In
the Supplementary Material, we conduct some numerical studies to evaluate
Propositions 2 and 3; see Example S1 there.

Proposition 3 implies that prediction intervals with guaranteed cover-
age probabilities could be constructed via upper- and lower-quantiles. This
desirable property, nevertheless, comes at the expense of wider intervals.
As suggested by one reviewer, we examine in detail the width inflation of
prediction intervals constructed using upper- and lower-quantiles compared
with those based on mid-quantile, and find that the width inflation depends
jointly on the interpolation coefficients and the spacing between some ad-
jacent supporting points. The width inflation is small when the support
of discrete random variable is densely distributed, i.e. the gaps between
adjacent support points are sufficiently narrow. For space constraints, we
defer these findings to the Supplementary Material, where it appears as

Proposition S1.

4. Sample Upper- and Lower-quantiles and Their Asymptotic

Properties

In this section, we provide the sample versions of upper- and lower-quantiles,

and systematically investigate their large-sample theoretical properties. These



4.1 Sample upper- and lower-quantiles

new definitions unify the asymptotic theory of sample quantile under dis-

crete and absolutely continuous populations.

4.1 Sample upper- and lower-quantiles

Suppose that X, Xy, -+, X,, are n independent and identically distributed
copies of X. For | =1,2,--- L, let p;,, = r,/n with 7, being the fre-
quency of Xy, Xs,---, X, taking the value z;, and pj, = Zézl Din- In

addition, set pj,, = 0. The sample upper- and lower-quantiles are defined

as
(
X1, 0<a< ﬁl,n;
Quan(®) = 4 a;, a=pil=1,2,L—1
wr+ (1 —w)r, pi, <a=wpf, + (1 —w)pi, <Pa,0<w<l,
\
and

(

Xy, a:ﬁ771,n7l:2a'”7[’;
Qrn(®) =9 way + (I =Wy, Plgn<a=wpi,+ 1 —-w)pp, <p,,0<w<l;

xr, Proin <a<l

\

4.2 Asymptotics for discrete populations

In this subsection, we present the asymptotic properties of sample upper-

and lower-quantiles for the discrete populations.



4.2 Asymptotics for discrete populations

The following Theorem 1 states that the sample upper- and lower-

quantiles are consistent estimators of their population counterparts.

Theorem 1. For given 0 < o < 1, as n — oo, it holds that QU,n(oz)
converges in probability to Qu(«), while QL,n(a) converges in probability to
Qr(a).

This result, together with Proposition 3, could help acquire prediction
intervals for X with guaranteed coverage probabilities; this is formalized in
the following corollary.

Corollary 1. Let X = (X1, Xy,---,X,,)". For given a € (0,1), if p, and

pr are no larger than «/2, it holds that

Pr(XvX){X S [QU,n(a/2)7 QL,H(I X\ &/2)]} >l-—a+ 0(1)7
as n goes to infinity.

The next theorem describes the limiting distributions of the sample

upper-quantile.

Theorem 2. Define fy(x) = F('](:c) =i/ (1 — 1) for oy < x < x4,
for (@) = Fy (@) = pia /(2 — 21) and fu(21) := Fy_(@1) = po/ (21—
x1-1). Moreover, define fy(x,x;) = fui(x) if x > z; and fy(x,x) =
fu—(x;) if x < x;. Besides, denote vg = x1 and 19, = 0. For 0 < a < 1,

the results below are available:



4.2 Asymptotics for discrete populations

(1) If a < py, then Qun(a) converges to xy in probability as n — co.

(2) If o =wp; + (1 =w)pj,y for somel1 <1< L—-1and0 <w <1, then

VilQua(a) = Qu(@)] fulQu(a)] — N[0, a(l = a) +w?pri1 —wprsi]
in distribution as n — oo, where Qu(a) = wr; + (1 — w)xy.

(3) If o =pj for some 2 <1 <L —1, then

Vi[Qua(@) = Qu(@)lfulQuala), Qu(@)] — N0, a(l - a)]
in distribution as n — oo, where Qu(a) = .

(4) If a = py, then

VlQua(a) = Qu(a) fu (1) — ZI(Z > 0)
in distribution as n — oo, where Qu(a) = x1 and Z ~ N[0, o(1 —a)].

It is noted that Fy(z) = 0 on {x : Fy(z) < p1}. Thus, Qu(a) is
a constant and is identically equal to z; for 0 < a < p;. This results
in the fact that the limiting distribution of QAU,n(a) is a degenerated one.
The differences among Cases 2-4 of Theorem 2 are caused by the fact that
the upper CDF Fy(z) is differential at Qu(a) = wr; + (1 — w)x;; with

0 < w < 1, while it is only differential from one side at Qu (o) = ;.



4.2 Asymptotics for discrete populations

The result in Case 2 is very similar to that in Case 3 of Theorem 2 of Ma
et al| (2011). For this situation, the asymptotic properties of the sample
upper-quantile and sample mid-quantile are both similar to that of the
sample classical quantile. The term w?p;,; —wp;+1 appearing in the variance
of the limiting distribution is negative, which could be interpreted as the
efficiency gain. This arises from the fact that the mass function is more
concentrated in the discrete population than in the absolutely continuous
one.

The result in Case 3 could be alternatively written as

~

\/E[QU,n<O‘) - QU(O‘)] — N_ (07 012],—) + N+ (07 0[217-5-) )

where o, = (1 — a)/f§_(x1) and o, = a(l — «)/ 7, (1). Here, the
distribution of N_ (0, 0'[2]7_) + N (0, at, .) denotes an absolutely continuous
distribution with a density function being the density function of N (O, 012]7_)
on the negative half-line and the density function of N (0,0[2]7 +) on the
positive half-line. This distribution is called a joined half-Gaussian or two-
piece normal distribution (John, [1982; Ma et al., |2011)). It is also worth
noting that the mean of N_ (0, 012]’_) + N, (0, J?JﬂL) is not equal to 0, but
(ov+ — 0U,—)/\/2_-

The result in Case 4 is the left boundary counterpart of that in Case 3.

When a = p, the negative side component degenerates to zero (since z; is



4.2 Asymptotics for discrete populations

the smallest support point), whereas the positive side component remains
nondegenerate. Consequently, v/n[Qu..(a) — Qu()]fu.+(z1) converges in
distribution to ZI(Z > 0), where Z ~ N[0,a(1 — «)]. This limiting dis-
tribution places a probability mass of 1/2 at zero, and its density on the
positive half-line coincides with that of N[0, a(1 — «)].

In a very similar manner, we could obtain the limiting distributions of

the sample lower-quantile, which are depicted in the following Theorem 3.

/

Theorem 3. Define fr(x) := F(z) == p/(xi11 — 1) for x; < = < x131,
fri(@) = F (%) =pi/ (@41 — ) and fr,_(2) == Fy_(2) = pi_1 /(71 —
xi-1). Moreover, define fr(z,z;) = fo(x) if @ > 2 and fr(z,x) =
fr—(x;) if x < x;. Besides, denote x4 = xp, Tr41n = 0 and Pry1, = 0,

Piyin =Din Let0<a <l
(1) If a > pi_,, then Qpn(a) converges to xy, in probability as n — co.
(2) Ifa=wp; 1+ (1 —w)p for some 1 <I<L—-1and0<w <1, then
Vi[Qra(e) = Qu(a)] f2[Qr()] — N[0,a(1 — a) +w’p — wp(]
in distribution as n — oo, where Qr(a) = wr; + (1 — w)zp4.
(3) If a =p;f  for some2 <1< L—1, then

Vi[Qra(e) = Qu(@)]f[Qrn(a), Qr(@)] — N[0, (1 — a)]



4.3 Asymptotics for absolutely continuous populations

in distribution as n — oo, where Qp(a) = ;.

(4) ]fOé :p2—17 then

VilQra(a) = Qu@))fr (1) — ZI(Z < 0)
in distribution as n — 0o, where Qr(a) = xp and Z ~ N[0, a(1—a)].

Theorems 2 and 3 are very similar. So we could acquire similar remarks
for Theorem 3 as those for Theorem 2. For brevity, we do not present the
remarks extensively anymore. Nevertheless, we want to stress that the

result in Case 3 could also be formulated as

~

\/E[QL,n(O‘) —Qr(a)] — N- (Oa Ui—) + N (07 0%,,+) )

where 07 _ = a(l —a)/ff _(x;) and 07 | = a(l — a)/f; ,(z;). And, the

mean of N_ (0,0% _) + Ny (0,07 ) is (op,+ — or,-)/ V2.

4.3 Asymptotics for absolutely continuous populations

This subsection offers the asymptotic properties of the sample upper- and
lower-quantiles for absolutely continuous populations, that is, the popula-
tion X is a random variable with absolutely continuous CDF F(x).

It is worth noting that although the upper- and lower-quantiles are

defined only for discrete populations, the sample upper- and lower-quantiles



4.3 Asymptotics for absolutely continuous populations

do exist for absolutely continuous populations. Without confusion, for the
independent and identically distributed sample X, X, -, X, from F(z),
we still denote by 1 < z9 < --- < x the distinct values of this sample.
Moreover, assume that xi,xo, -+ ,x are realizations of random variables
1< Zy < - < Zp. When L =n, Z1 < Zy < --- < Zp, are the order
statistics of X7, Xs, -+, X,,. And there are ties in the sample when L < n.
Forl=1,---,L, r, is the frequency of X;, Xy, -, X, taking value z;.
As for the sample upper-quantile QUm(a) defined in Section 4.1, the

following theorem could be achieved.

Theorem 4. For 0 < o < 1, assume that the ath quantile Q(«) based on

the classical definition satisfies F[Q(a)] = .

(1) If F(x) is differentiable and f(z) := F (z) > 0 in a neighborhood of

Q(«), then

~

Vn[Quan(a) — Q(a)]f[Q(a)] — N0, a(l — )]
i distribution as n — oo.

(2) Suppose that at Q(«), F(x) has positive one-sided derivatives f,[Q(a)] :=
ln, g+ {F(2)~ FIQ(a)]}/ [~ Q(@)] and f-[Q(a)] = lim, q(ey{Fla)—

F[Q(a)]}/[r — Q(«)]. If, in a neighborhood of Q(«), F(x) is differ-



4.3 Asymptotics for absolutely continuous populations

entiable and f(z) := F'(x) > 0 for v # Q(c), then

~ ~

Vn[Qua(a) — Q)] f[Qua(a), @(a)] — N[0, (1 — )]

i distribution as n — oo, where

R FiQ)], Quala) > Q(a);
flQun(a), Q(a)] =

F-1Q()),  Quala) < Q(a).

The first result in Theorem 4 is precisely the same as that of the sam-
ple classical quantile under the same conditions. See |Serfling (1980) for
reference. The second property is more sophisticated and general than the
first. In the second case, the limiting distribution is a two-piece normal

distribution. Specifically,

~

VnlQun(@) = Q)] — N_ (0,07, ) + Ny (0,07,

where o7, = a(1 — a)/f2[Q(a)] and o7, = a(l — a)/f}[Q(«)]. With a
bit of abuse, we simply employ the notations 0,2]77 and 0(2]’ 4 again, which
have been used in the remarks of Theorem 2.

In the case of the sample lower-quantile Q Ln(a) defined in Section 4.1,

in a similar way, the following conclusions have been established.

Theorem 5. For 0 < o < 1, assume that the ath quantile Q(a) based on

the classical definition satisfies F|Q(a)] = .



(1) If F(x) is differentiable and f(x) := F'(z) > 0 in a neighborhood of

Q(a), then
VilQrn(a) = Q)] fQ(c)] — N0, a(1 — )]
mn distribution as n — oo.

(2) Suppose that at Q(«), F(x) has positive one-sided derivatives f,[Q(a)] :=
lmn, ey {F (@)~ FIQ@)]}/lr—Q(@)] and f-[Q(a)] = limy ) {F(z)-
F[Q(a)]}/[r — Q(«)]. If, in a neighborhood of Q(«), F(x) is differ-

entiable and f(z) := F'(x) > 0 for x # Q(c), then

N

VlQra(@) = Q)] f[Qra(a),Q(a)] — N[0,a(1 — a)]
i distribution as n — oo, where

. f+ Q)] Qrala) > Q(a);
flQrn(a), Q)] =

f-[Q@)], Qrala) < Q(a).
The results in Theorems 4 and 5 are analogous. Hence, similar com-

ments could be afforded.

5. Numerical Studies

In this section, we examine the finite-sample performance of sample upper-

and lower-quantiles and evaluate the corresponding theoretical results through



extensive Monte Carlo simulations. An illustrative example is also afforded
to demonstrate the potential applications of upper- and lower-quantiles.

Example 5.1 In this example, data were generated from a discrete uni-
form distribution with the supporting set {—1.5, —1,0,0.7,2}. The upper-
and lower-quantiles for nine probabilities o = 0.1,0.2,0.3,0.4,0.5,0.6,0.7,
0.8,0.9 were examined. We conducted simulation studies based on 1000
replications with the sample size of 500. For these upper- and lower-
quantiles, we report the summary results, including theoretical asymptotic
upper- and lower-quantiles, means of sample upper- and lower-quantiles,
variances of sample upper- and lower-quantiles, asymptotic variances and
coverage probabilities of 95% confidence intervals, where the coverage prob-
abilities refer to the proportions of constructed asymptotic confidence in-
tervals that successfully cover the true unknown upper- and lower-quantiles
under repeated data generations. It should be noted that the asymptotic
upper- and lower-quantiles may differ from the true upper- and lower-
quantiles, which will be clarified below.

For the upper-quantiles, the classification according to Theorem 2 is as
follows: Case 1 applies to a = 0.1; Case 2 covers a = 0.3,0.5,0.7,0.9;
Case 3 covers a = 0.4,0.6,0.8; and Case 4 applies to a = 0.2. For

a = 0.1, which is smaller than p; = 0.2, the true upper-quantiles is -



1.5. The asymptotic variance for upper-quantiles with o = 0.1 is zero.
Therefore, the asymptotic confidence interval does not exist. For upper-
quantiles with @ = 0.3,0.5,0.7,0.9, the asymptotic variances and asymp-
totic confidence intervals could be easily obtained based on the asymp-
totic results described in Case 2 of Theorem 2. Nevertheless, extra caution
is required when « takes values of 0.4,0.6,0.8, since the limiting distri-
butions of sample upper-quantiles with these values are two-piece normal
distributions. Specifically, the theoretical asymptotic upper-quantile, de-
noted by Qi (a), is calculated by Qi (a) = Qu(a) + (ops — ou_)/v/27n,
where oy 4 and oy are defined in the discussion following Theorem 2.
Besides, the asymptotic variances are estimated according to the formula
(6%, + 6% _)/(@2n) — {(6v+ — 6u,-)/V2mn}? with 64,4 and 6y, being the
estimators of oy 4 and oy . For a = 0.4,0.6,0.8, the 95% confidence in-
tervals are constructed with the aid of 0.025th quantile of N(0, &(2]7_) and
0.975th quantile of N (0,67, ), and thus it is asymmetric. For a = 0.2, the
limiting distribution of 1/n [Qy,n(a) —Qu(«)] assigns probability 0.5 to zero,
while its density on the positive half-axis coincides with that of N[0, UIQJ, +)s
where o7, , = a(1—a)/f§ (—1.5). Accordingly, the theoretical asymptotic
upper-quantile and the estimated asymptotic variance are given by Q;(a) =

Qu(a)+ou/v2mn and 63, /(2n) — {6v,+ /v 2mn}?, respectively. The cor-



responding 95% confidence interval is [Qun(a) — 2005001 /v, Quan(e)],
where zgg5 is the 0.95th quantile of the standard normal distribution.

For the lower-quantiles, the cases of Theorem 3 are determined by «
as follows: a = 0.9 falls into Case 1; a = 0.1,0.3,0.5,0.7 into Case 2;
a =0.2,0.4,0.6 into Case 3; and a = 0.8 into Case 4. For a = 0.9, which is
larger than pj = 0.8, the true lower-quantile is 2. The asymptotic variance
for the corresponding lower-quantile is zero, and the asymptotic confidence
interval does not exist. For lower-quantiles with a = 0.1,0.3,0.5,0.7, the
asymptotic variances and asymptotic confidence intervals could be easily
obtained based on the asymptotic results described in Case 2 of Theorem
3. For the lower-quantiles with o = 0.2, 0.4, 0.6, the theoretical asymptotic
lower-quantile, denoted by @7 («), is calculated by Q7 (o) = Qr(a)+ (oL +—
or._)/V/2mn, where o7, and o7 _ are defined in the discussion following
Theorem 3. Also, in this case, the asymptotic lower-quantiles are different
from the true lower-quantiles. Besides, the asymptotic variance is calculated
through (67 , + 67 _)/(2n) — {(614+ — 61,-)/V27n}? with 6, and 6,
being the estimators of oy and or . The 95% confidence intervals for
the lower-quantiles of o = 0.2,0.4,0.6 are asymmetric and built based on
0.025th quantile of N(0,67 _) and 0.975th quantile of N (0,67 ). For a =

0.8, the limiting distribution of \/7[Q 1 »(a)—Q.(a)] has a point mass of 0.5



at zero and agrees with N0, 0%7_] on the negative half-axis, where 0%7_ =

a(1 —a)/ff _(2). Then, the theoretical asymptotic lower-quantile and the
estimated asymptotic variance are given by Q% (a) = Qp(a) — op_/v/2mn
and 67 _/(2n) — {61, /v2mn}?. Besides, the 95% confidence interval of
Qr.n() is constructed as [Qp (), QL (@) + 200501 /\/n].

The simulation results, summarized in Table 1, indicate that the the-
oretical asymptotic upper- and lower-quantiles agree closely with the aver-
ages of the sample upper- and lower-quantiles, and that the sample vari-
ances are close to the averages of the asymptotic variances. Moreover, the
empirical coverage probabilities are very close to the nominal level of 0.95.
These findings confirm the correctness of Theorems 2 and 3.

Example 5.2 In this example, we consider the binomial distribution
Bin(3,0.5), in which the possible distinct values are 0,1,2,3 with corre-
sponding probabilities being 0.125, 0.375, 0.375, 0.125. Here, we again ex-
amine the upper- and lower-quantiles for probabilities o = 0.1, 0.2, 0.3, 0.4,
0.5,0.6,0.7,0.8,0.9. For upper-quantiles, a = 0.1 corresponds to Case 1
in Theorem 2, a = 0.5 is associated with Case 3 in Theorem 2, and the
others correspond to Case 2 in Theorem 2. In addition, for lower-quantiles,
a = 0.9 belongs to Case 1 in Theorem 3, o = 0.5 pertains to Case 3 in

Theorem 3, and the others fall into Case 2 in Theorem 3.



Table 1: Results for the discrete uniform distribution in Example 5.1.

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

upper-quantiles
Qf (@) -1.50 -1.48 -1.25 -098 -0.50 -0.01 035 0.72 1.35
ave(Qun(a)) -1.50 -1.48 -1.25 -0.96 -0.50 -0.01 035 072 1.35
nvar(Qu () 0 033 1.06 327 514 385 2068 3.66 1.88
nave(&%ﬁn) 0 035 1.05 359 518 467 203 421 1.78
CP N/A 095 095 095 096 095 096 095 094
lower-quantiles
Q5 (a) -1.25 -0.98 -0.50 -0.01 035 073 135 195 2.00
ave(QLyn(a)) -1.25  -0.98 -050 -0.01 035 073 1.35 1.95 2.00
nvar(QLyn(a)) 027 214 425 386 252 538 713 216 0
nave(62 ) 0.265 2.407 4.205 4.499 5.540 6.313 7.011 2.354 0

L.n

CP 094 095 095 095 096 095 096 0.96 N/A

1 Q% () and Q% («) represents the theoretical asymptotic upper- and lower-quantiles
of Qun(a) and Qp . (a), respectively; ave(Qu.,(a)) and ave(Qr ,(a)) stand for
the average of sample upper- and lower-quantiles, respectively; var(QUyn(a)) and
var(Q r,n(@)) denote the sample variance of upper- and lower-quantiles, respectively;

2

ave(6Z ) and ave(62 ) mean the average of asymptotic variances of upper- and

lower-quantiles, respectively; CP is the 95% coverage probability.

The simulation results are presented in Table 2, the results of which
further verify our theoretical results.
Example 5.3 In this example, we evaluate the results in Theorems 4

and 5 through a continuous random variable X with CDF F(z). Specif-



Table 2: Results for the binomial distribution in Example 5.2.

o 01 02 03 04 05 06 07 08 09

upper-quantiles
Qp(a) 0 0.20 047 0.73 1.00 1.27 1.53 1.80 2.20
avo(QUyn(a)) 0.00 0.20 047 0.74 1.00 1.27 153 1.80 2.20
nvar(QUm(a)) 0.01 0.70 0.85 1.27 1.65 1.27 0.87 0.72 4.10
nave(&lzjyn) 0 0.73 0.85 122 1.69 1.21 085 0.73 4.77
Cp N/A 094 094 095 0.95 094 095 0.95 0.96
lower-quantiles
Qi (a) 0.80 1.20 147 1.73 2.00 227 253 2.80 3.00
ave(QALyn(a)) 0.81 1.20 147 1.74 2.00 227 253 2.80 3.00
nvar(QLm(a)) 4.10 0.70 0.85 1.27 1.65 1.27r 087 0.72 0.01
nave(&%m) 491 0.73 0.85 122 168 121 085 0.73 0

CP 096 094 094 0.95 095 094 095 0.95 N/A

! The meanings of Q(a), Q% (a), ave(-), var(-), and CP are the same as those in

Table 1.
ically, F(z) = ®(z/2) if z < 0, and F(z) = ®(z/3) otherwise, where ¢
is the CDF of the standard normal distribution. Under this setting, F'(x)
is a differentiable function except at 0, which is the 0.5th quantile. In
fact, F'(x) is one-sided differentiable at 0. We again consider upper- and
lower-quantiles at o = 0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9. For both upper-

and lower-quantiles, a = 0.5 is in keeping with Case 2 of Theorems 4 and



5, while the other as belong to Case 1 of these two theorems. Based on
1000 Monte Carlo replications with the sample size 100, we report the same
summary results as those in Examples 5.1 and 5.2.

It is worth noting that sample upper- and lower-quantiles have the same
asymptotic results, which have been shown in Theorems 4 and 5. Thus,
some elements in summary results for both upper- and lower-quantiles
are the same, for example, the theoretical asymptotic upper- and lower-
quantiles, and asymptotic variances of sample upper- and lower-quantiles.
For upper-quantiles with as except 0.5, the theoretical asymptotic upper-
quantiles, denoted by Qj;(«), are the same as the classical quantiles, and
can be easily calculated by Qf(a) = F~'(a). However, for a = 0.5, the
theoretical asymptotic upper-quantile is obtained according to Qf (o) =
Q(a) + (oy — 0_)/V2mn, where Q(a) = F~!(a), o, and o_ are defined
similarly as those of oy 4 and or _ for discrete populations. For upper-
quantiles with as except 0.5, the asymptotic variances are easily computed
by the asymptotic results in Theorems 4 and 5, while the asymptotic vari-
ances are (02 + 02)/2n — {(oy — 0_)/v2mn}? for a = 0.5. In addition,
the 95% confidence interval for the 0.5th upper-quantiles is asymmetric,
and constructed with the assistance of 0.025th quantile of N(0,0%) and the

0.975th quantile of N(0,0%). The theoretical asymptotic quantile, asymp-



Table 3: Results for the distribution in Example 5.3.

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

upper-quantiles
Qf (@) -2.56 -1.68 -1.05 -0.51 0.05 0.76 1.57  2.53 3.85
ave(Qun(a)) -2.63 -1.73 -1.08 -0.53 0.03 0.74 155 2.49 3.77
nvar(Qu.,(e)) 1179 830 6.92 638 952 1386 1534 17.18 25.06
nave(62) 11.69 817 695 643 9.96 14.47 15.63 18.37 26.30
CP 094 095 095 096 094 095 094 095 0.95
lower-quantiles
Q5 (a) -2.56 -1.68 -1.05 -0.51 0.05 0.76 1.57  2.53 3.85
ave(QLyn(a)) -2.52  -1.66 -1.02 -048 0.09 081 1.63 2.60 3.95
nvar(QLyn(a)) 10.94 813 6.81 6.32 10.14 1391 15.77 17.61 26.75
nave(62) 11.69 817 6.95 6.43 9.96 14.47 15.63 18.37 26.300

CP 0.96 0.950 096 096 095 095 094 095 0.94

! The meanings of Q} (), Q% (a), ave(-), var(-), and CP are the same as those in

Table 1.

totic variances and 95% confidence interval could be acquired similarly for
lower-quantiles.

Table 3 presents the simulation results for this example, which confirm
the theoretical results in Theorems 4 and 5.

We next provide an example to illustrate the potential use of upper-
and lower-quantiles in modern data analysis. This example is borrowed

from Xie and Wang (2026)) and slightly modified for different purposes.



Example 5.4 (Confidence intervals for the Binomial parameter) Sup-
pose that X is a Binomial random variable with n trials and success prob-
ability 0 < 6y < 1, denoted by Bin(n, 6y). For the Binomial model, X can
be written as X = > | I(U; < 6y), where Uy, Uy, - - - , U, are independent
and identically distributed copies of U(0,1). We consider the problem of
constructing confidence intervals for 6.

Let X(U,0) = >."  I(U; < 0), where U = (Uy,Us, - ,U,)" and
0 <6 < 1. Then X(U,0) follows the Binomial distribution Bin(n, ). For
any 0, suppose that [az(0),ay(0)] is the (1 — a)-level prediction interval
of X for 0 < a < 1. According to the Repro sampling methodology (Xie
and Wang| 2026)), I'y_,(z) = {€ : ar(d) < z < ay(0)} is a (1 — a)-level
confidence interval for #, where x is observed value of X.

In our analysis, we adopt three distinct methods to construct prediction
interval [ar (@), ay(0)] for fixed 6: the narrowest interval used in [Xie and
Wang (2026), the mid-quantile-based interval and the interval derived from
upper- and lower-quantiles. For the mid-quantile-based approach, a,(#) and
ay(0) correspond to the /2 and 1—«/2 mid-quantiles, respectively; for the
upper- and lower-quantile-based method, ar(0) is the /2 upper-quantile,
and ay(0) is the 1 — a /2 lower-quantile. In addition, we also implement the

equal-tailed Clopper—Pearson (C-P) approach (Clopper and Pearson, 1934)



Table 4: Results of confidence intervals in Example 5.4.

CP width CP width CP width CpP width

n=20,0p=0.15 n=20,0p =045 n=20,0p =058 n=20,0p=0.80
Narrowest  0.975 0.340 0.957 0.419 0.952 0.410 0.960 0.329
Mid 0.935 0.304 0.957 0.411 0.934 0.408 0.960 0.335
C-p 0.975 0.334 0.957 0.444 0.976 0.441 0.980 0.366
UL 0.975 0.334 0.957 0.444 0.976 0.441 0.980 0.366

n =150,0p =0.06 n=2>50,0p=031 n=0>500 =054 n=25060 =0.82
Narrowest  0.970 0.161 0.954 0.254 0.947 0.275 0.955 0.209
Mid 0.925 0.134 0.951 0.250 0.928 0.270 0.955 0.209
C-p 0.992 0.147 0.969 0.266 0.964 0.286 0.969 0.225

UL 0.992 0.147 0.969 0.266 0.964 0.286 0.969 0.225

for comparison, constructing confidence intervals for 6 directly. Both the
mid-quantile-based method and the Clopper-Pearson method are suggested

by the reviewer for the comparative purpose.

Numerical results based on 5,000 Monte Carlo replications are summa-
rized in Table 4, in which the abbreviations “Narrowest”, “Mid”, “UL” and
“C-P” refer to the narrowest interval method, the mid-quantile-based ap-
proach, the upper- and lower-quantile-based method, the Clopper—Pearson
method, respectively. This table includes numerical results correspond-
ing to several different values of n and 6y. The results in Table 4 lead

to two main conclusions. First, Repro sampling procedure equipped with



upper- and lower-quantiles could provide confidence intervals with guaran-
teed coverage probabilities, whereas the mid-quantile-based procedure does
not always offer this guarantee. The empirical observations derived from
the simulation results indirectly corroborate the conclusions of Proposi-
tions 2 and 3. Second, the width inflation caused by the upper- and lower-
quantile-based approach is marginal relative to both the mid-quantile-based
method and the narrowest interval method. It is noted that UL and C-P
approaches yield identical numerical results. Further theoretical analysis
reveals that confidence intervals constructed via the Clopper—Pearson ap-
proach are equivalent to those derived from the upper- and lower-quantile-
based method in this specific example. To keep the manuscript concise, we

omit the theoretical analysis.

6. Concluding Remarks

The introduction of upper- and lower-quantiles extends the classical quan-
tile and mid-quantile, providing new and useful tools for quantile-based
inference, especially for discrete populations. These two concepts are nat-
urally proposed after dealing with the non-invertibility of CDF of a dis-
crete random variable. As one reviewer pointed out, these quantities can

be viewed as one-sided or envelope extensions of classical quantile. From



Figure 1, it is easy to see that the classical quantile lies between upper-
and lower-quantiles. By contrast, the mid-quantile can be larger or smaller
than the classical quantile, and the relative magnitude is unidentifiable in
practice, as the true population distribution is always unknown. There-
fore, when practitioners want to have a certainty about the exact relation-
ship between the adopted quantile and the classical quantile, they may opt
for upper- or lower-quantiles rather than mid-quantile. In addition, for
statistical inference problems involving quantiles in discrete populations,
upper- and lower-quantiles enable us to provide definitively conservative
or liberal inference. For example, upper- and lower-quantiles enable us
to get prediction intervals with guaranteed nominal coverage probabilities
as demonstrated in Propositions 2, 3 and Corollary 1, while mid-quantile
may fail to do so. A mid-p test, which utilizes the mid-quantile, does not
guarantee that the type I error probability is equal to or below the nomi-
nal level(Fagerland et al., 2015). However, by adopting the framework of
upper- and lower-quantiles, practitioners may obtain definitively conserva-
tive or liberal test.

The upper- and lower-quantiles not only contribute to the existing re-
search concerning quantile but also open up several future research oppor-

tunities. Here, we only name a few concrete potential research proposals.



Because of the vast applications of count data in economics, it is pregnant
to generalize the theory of upper- and lower-quantiles to the time series or
integer-valued processes. Motivated by the mid-quantile, Wang and Hutson:
(2011) developed a different concept of quantile based on fractional order
statistics. Thus, similar concepts, inspired by upper- and lower-quantiles,
could be put forward and studied. Most recently, (Geraci and Farcomeni
(2022) extended the mid-quantile to the regression context with discrete
response and uncovered some valuable insights when analyzing practical
problems. Consequently, it is worthwhile to extend the upper- and lower-
quantiles to the regression analysis, although this generalization is challeng-
ing. Besides these potential research directions in methodology and theory,
our upper- and lower-quantiles could also be helpful for modern statistical
inferential procedures under the discrete populations, such as Repro sam-
ples method (Xie and Wang, 2026; |(Chen et al., [2024). We have illustrated
this point with a simple illustrative example; see Example 5.4 in Section
5. In fact, the proposed upper- and lower-quantiles could be applied in the
Repro samples method for more complex and general inference problems

under discrete populations.
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The Supplementary Material includes the bootstrap procedure, further dis-
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