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Statistical Inference with Generalized Estimating
Equations in Longitudinal Studies following
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Ruichen Fu and Yang Liu

Institute of Statistics and Big Data, Renmin University of China, Chind|

Abstract: Longitudinal outcomes are often involved in covariate-adaptive ran-
domized (CAR) trials. However, most existing studies disregard the longitudi-
nal structure and focus on a cross-sectional analysis. In this article, we utilize
generalized estimating equations (GEE) to conduct inference for the marginal
treatment effect following CAR. In addition, we introduce an additional stratifi-
cation variable to allow for the analysis with unbalanced longitudinal data. We
show that the treatment estimate is consistent under the null hypothesis, even
when omitted covariates are involved in the analysis. This enables us to con-
struct tests that preserve the Type I error rate even when the working model
used for analysis is misspecified. By deriving the asymptotic normality of the
treatment effect estimator, we show that the robust property of GEE still holds
under CAR designs, but the balance of covariates used in design and the addi-
tional stratification affects the classical Wald tests, yielding reduced Type I error.

To remedy this issue, we propose an adjustment procedure and show that the

*Corresponding author (Email: yangliu2022@ruc.edu.cn)



adjustment recovers the nominal significance level of the test for most commonly
used CAR procedures. Extensive simulation studies corroborate our theoretical
findings and highlight the practical advantages of the proposed methods in terms

of both estimation efficiency and inferential validity.
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generalized estimating equations; conservative tests; bootstrap adjustment

1. Introduction

Covariate-adaptive randomization (CAR) is widely used in clinical trials
to achieve balanced treatment allocation with respect to important base-
line covariates (Rosenberger et al., 2008). Typically, patients are stratified
according to key prognostic factors, and the patients within each stratum
are assigned with permuted-block or biased-coin designs to achieve balance
(Zelenl, [1974; Baldi Antognini and Zagoraiou, 2011). When the number of
strata is large relative to the total sample size, it may be more efficient to
achieve covariate balance based on the marginal distributions of covariates
(Pocock and Simon, 1975) or through a weighted combination of multiple
imbalance measures (Hu and Hu|, [2012). For a comprehensive overview of
recent developments in CAR, see Hu et al. (2014), Ma et al.| (2024), |Liu
et al.| (2025), and the references therein.

The broad application has spurred substantial progress in the develop-



ment of valid and efficient inference procedures for CAR designs. Within
the linear model framework, [Shao et al.| (2010), [Ma et al.| (2015), Ma et al.
(2020) elucidate how the covariate balance achieved by CAR can reduce the
Type I error of the tests for treatment effect and further propose adjustment
methods to restore nominal significance levels. Subsequent research has ex-
tended these results to generalized linear models (Li et al., 2019), survival
analysis (Ye and Shao| 2020), and quantile regression (Liu et al. 2025),
among others. To mitigate concerns about model misspecification, model-
robust inference methods have been developed under both linear models
(Bugni et al., 2018; Ma et al., 2022; Liu et al., 2022; |Ye et al., 2024) and
generalized linear models (Wang and Carey, 2003). However, these existing
methods primarily focus on settings with a single outcome measurement
per subject. In contrast, valid inference for longitudinal studies, where the
responses are repeatedly measured over time, remains largely unexplored
and warrants further methodological investigation.

In many therapeutic areas, including diabetes and psychiatry, longitu-
dinal endpoints are frequently employed when disease progression is grad-
ual and long-term follow-up is essential. Longitudinal studies enable the
assessment of sustained treatment efficacy and provide clinically mean-

ingful insights into both the timing and durability of treatment effects.



Among various analytical frameworks, the generalized estimating equation
(GEE; Liang and Zeger, 1986 has been widely adopted in longitudinal
trials (Wang, [2014)). The advantage of GEE lies in its ability to consis-
tently estimate marginal treatment effects even when the within-subject
covariance structure is misspecified. Nevertheless, conventional GEE-based
analyses typically overlook the influence of the randomization procedure.
Because the covariate balance achieved by CAR can alter the distribution
of test statistics used for inference (Ma et al.| 2015, 2022; |Li et al., 2019; Liu
and Hul 2023), understanding the impact of CAR on GEE-based inference
and developing valid inferential methods for longitudinal CAR trials remain
pressing research needs.

Unlike the setting with independent and identically distributed obser-
vations, inference for GEE estimators in longitudinal studies becomes con-
siderably more complex from two main aspects. First, the GEE explic-
itly incorporates within-subject correlation into its estimating equations,
which invalidates the desirable property of standard Z-estimation based
methods used for treatment effect estimation, namely, the consistent es-
timation of the average treatment effect derived from the score equation
(Wang et al.; |2023). Moreover, when a model-based approach is adopted,

the estimated treatment effect can be sensitive to the covariates used in



the working model, particularly under nonlinear models (Gail et al., [1984)).
It is therefore important to identify conditions under which consistent es-
timation of the treatment effect can still be ensured with GEE. Second,
the impact of unequal numbers of repeated measurements across subjects,
together with the induced correlation structure and the balancing property
of CAR, on the asymptotic distribution of estimators remains poorly un-
derstood. Therefore, how to develop an appropriate variance estimate to
correct the impact of CAR is not clear.

In this article, we study inference for the marginal treatment effect
based on GEE and longitudinal CAR trials. To accommodate the repeated
measure structure, we introduce an additional stratification variable that
captures heterogeneity in the working correlation matrices derived from un-
balanced longitudinal data. Within this framework, we derive the asymp-
totic properties of the GEE-adjusted treatment effect estimator for a class
of commonly used CAR procedures. We show that the estimator remains
consistent under the null hypothesis even when certain important covariates
are omitted from the adjustment model. Moreover, we demonstrate that
the standard GEE-based Wald test can be conservative in terms of reduced
Type I errors. To address this issue, we incorporate the newly introduced

stratification variable to construct an adjusted test statistic and establish



the theoretical properties of the proposed adjusted test. Simulation studies
and a real clinical trial example illustrate that the proposed adjusted test
effectively controls the Type I error rate while achieving higher power.
The rest of the paper is organized as follows. Section [2| introduces the
proposed framework for testing the treatment effect adjusted by GEE under
CAR designs. The theoretical properties of the GEE-adjusted treatment
effect estimator are developed in Section 3] Based on these results, Section [4]
presents our proposed adjustment to address the issue of the conservative
Type I error rates under GEE and CAR. Numerical studies and a real
clinical trial example are provided in Sections[5|and [6] respectively. Finally,
concluding remarks are given in Section[7} Proofs and additional simulation

results are presented in the supplementary material.

2. Notation and Framework

Consider a trial with N patients to compare two treatments. Let A;
denote the treatment assignment for the i-th patient, i.e., A; = 1 if the
i-th patient is assigned to the treatment and A; = 0 otherwise. Then,
Ny = Zfil A; and Ng = N—Nj are the numbers of patients in the treatment
and control groups, respectively. In the design stage, the patients are often

stratified according to their baseline factors. Suppose there are sp.y strata



used for the design with CAR. Let S; denote the random variable represent-
ing the stratum of the ¢-th patient, such that S; takes values in 1,..., Smax-
Additional details on the construction of S; are provided in Section S2.1 of
the Supplementary Materials. Then the associated within-stratum imbal-
ance is Dy(s,) = Y. (2A4; — 1)I{S; = s}. Typically, stratified permuted
block randomization (STRPB, Zelen, |1974)) or minimization-based methods
such as|Hu and Hu (2012)’s procedure (HH) and |Pocock and Simon| (1975)’s
procedure (PS) are used to mitigate {Dy(s,),1 < s < Smax} based on dif-
ferent criteria. For a comprehensive overview of these procedures, readers
are referred to |Hu et al,| (2014), and Rosenberger and Lachin (2015)) and
the references therein.

For 1 < ¢ < N, suppose the i-th patient has n; observations, for 1 <
J < let X;; = (Xij1, -, Xijp)' be a p-vector of baseline covariates
and Y; ;(a) represent the potential outcome of the i-th patient at the j-th
observation for a € {0,1} and 1 < j < n;, so that the observed outcome is
Yi; =AY ;(1)+ (1 — A)Y;;(0). As clinical studies often involve various

types of outcomes, we consider the following outcome model:

iy =B, | A, X0 = Au(ng ;) + (1 — A p(ny,), (2.1)

0t =7+ X5.8,  aec{0,1},



where vy, 79, and B represent the effects of treatment, control, and co-
variates, respectively. Here, u(-) denotes the unknown true link function,
and (y1,7,8")" is the parameter vector associated with the true outcome
model (2.1)). The goal of the experiment is to conduct inference for the con-
ditional treatment effect on the transformed scale, i.e., 7 = v; — 7. When
the link function is the identity, 7 coincides with the average treatment
effect (ATE). For a general link function p(-), however, the two quantities
differ and target distinct comparisons. Whereas the ATE compares the
mean potential outcomes, 7 is defined on the linear predictor scale and
therefore does not depend on the realized covariate values or on the specific
form of p(-). For instance, 7 corresponds to the conditional log-odds ratio

comparing A; = 1 with A; = 0 for the binary outcomes with the logit link,
ie., u(x) =log{z/(1 —z)} and
| PlY,;, =1|A; =1, X, ;] | PlY,; =14, =0, X, ]
o —lo
SV1=PY;, = 1[4 = 1, Xiz) 1—P[Y,; = 1A = 0, X;z]

E[Y; ;|4 =1, X E[Y;;|A; =0, X ]
= log J : — log J ’
1 - E[}/ZJ|A1 3 1, Xz,k:} 1 — E[}/Z,]|AZ - O, X’L,k]

=7 =My =" — Yo

Consequently, it provides a clear and interpretable measure for comparing
treatment effects across treatment arms (see p. 6 of [FDA] 2023) and is a

commonly adopted estimand in clinical studies (see applications such as



Claggett et al., [2022; |Goligher et al., 2023} (Glantz et al., [2024).

In practice, the inference for 7 often involves certain model misspecifi-
cation. When adjusting the estimate of treatment effect, it is common that
some or even no covariates are involved in the analysis (Gail et al., [1984).
Furthermore, the link function used for the analysis could be different from
u(+), e.g., use logistic link function while the true link function is probit
link function. We thus assume that the link function used for the analysis
and the covariates used in the working model are allowed to differ from
the true data generating model . Denote the py-covariates used in the
working model as X ;;, and the rest (p — po) covariates as X ; _in, such

X'

’L,j,*il’l

i dino )" up to a permutation of the covariates without

loss of generality; similarly, we rewrite 3 = (3,1, 8. )T, where B, and B_;,
correspond to the effects of X ;i and X ; _in, respectively. For a € {0, 1},
let Yi(a) = (Yia(a),...,Yin,(a))" and gijq = (a,1 —a, X;;;,)", then we

can write Y; = A;Y;(1) + (1 — A;)Y;(0) and the working model used for

adjustment is

where X in = (X 1ins - -+ Xingin), mi(a) = (mia(a), ... 7mi,ni<a)>Ta m; j(a)

= m(n)|n:,7;¢;, ng = giTmOf;, and 0* = (7,7, 8:")T for a € {0,1}. Here,



m(-) is the given link function used to estimate 6* and may be different
from (). The * on the superscripts indicates that 6* and n;$ may be
different from the true values 8 = (y1,7,8/!)" and ni;, due to the pre-
viously mentioned two sorts of model misspecification. For a € {0, 1}, let
m; ;(a) = d%m(n”n:n;“j and denote v; j(a) as the model-based estimator for
VarlY; j(a)| X, jin]. Furthermore, let M;(a) = diag{m; ,(a),...,m;, (a)},

Gio = (Gitas-Gina) , and A;, = diag{v;1(a),...,vin(a)}, then the

GEE (Liang and Zeger, |1986) used for estimating 6* is
1[0 !
Opo+2 = Una(07) = ¥ ; (%ml) V. (a) (Yi —m,)

=53 S HA =L (0" @)ri(a) (2.3)

i=1 acf{0,1}

where r;(a) = Y;(a) — mi(a), L; (6%, @) = V.. () M;(a)Gi 4, Via(a) =
A;QZCi(a)A%Z for a € {0,1}, and V;(a) = A;Vi1(a) + (1 — A;) V().
Here, C;(a) is the working correlation matrix used to enhance the estima-
tion of * and a is a g-vector of additional parameters used for estimat-
ing the correlation matrix. For instance, the independent, exchangeable,
and AR(1) working correlation matrices can be written as C*(0) = I,
CH(a) = (1—a)lx+all],, and [C*(a)l}, ; = a'jrﬁ‘, where ji, jo rep-

resent two observation times. We denote the estimate of 6* from (2.3)) as

T[B];,; represents the (j,j)-th element of the matrix B and I, is the p x p identity
matrix.



A

0* = (37,45, Ai*nT)T and the corresponding estimate for 7% as 7* = 4] — A5.

To address the issue of unbalanced data in longitudinal studies, we
introduce an additional stratification variable, denoted by K;, defined ac-
cording to the values of {n;, C;(a)}. Specifically, if K; = k for 1 < k < kpax
and 1 <14 < N, then subject i satisfies n; = n*, C;(a) = C*(a). Under this
formulation, balanced longitudinal studies, where n; = n for all 1 <¢ < N,
arise as a special case, since C;(a) = C(a) and K; = 1 with probabil-
ity one. For unbalanced longitudinal studies, suppose, for example, that
{n;}Y, takes values in {3,5}. Under the independence or exchangeable
working correlation structures, we then have kmax = 2, with n' = 3 and
n? = 5. For other working correlation structures, the value of km,x may ad-
ditionally depend on the form of C*(a). For a detailed discussion of the use
of K; and the impact of potential missing or irregular visits, see Section S2.2
of the Supplementary Materials. We note that the proposed formulation is
restricted to settings where k. remains relatively small compared with N.
Nevertheless, it provides an initial framework for addressing the challenges
arising from unbalanced numbers of observations in longitudinal studies
under CAR. We assume (5;, K;) are i.i.d. as (S, K), the joint probability
mass of (S, K) is myp = P{S; = s, K; = k}; the marginal probabilities

with respect to S and K are my. = P{S; = s} and 7., = P{K, = k} for



1 <8< smax and 1 < k < knay, respectively; and the conditional probabil-
ity of K =k given S = s is denoted by ), = 7r;.17r5,k for 1 < s < smax and
1 <k < kmax-

For the inference of 7, we consider the hypothesis Hy : 7 = 0 against
Hy : 7 # 0 with the Wald test statistic Twaiq = se;vild(%*)%*, where sewaiq(77)
is the model-based sandwich standard error and its explicit form is given in
the supplementary materials. It is worth noting that the unadjusted test
statistics or the omitted covariates analysis (Gail et al., 1984} 1988)) can be
considered as a special case of T\aq with by setting X ; = X _in,
B = B_i, and 0* = (7;,7;)". Unlike the balanced longitudinal study, the
property of Tiwaig depends on the joint imbalance with respect to {S;, K;} Y,
denoted by Dy (s, k) = Y2, di(s, k) and d;(s, k) = (2A; — 1)I{S; = 5, K; =
k} for 1 < s < $mayx and 1 < k < kimax, as will be shown in Section 3]
Furthermore, T\y,q may be subject to the misspecified link function as well
as the issue of omitted covariates. We demonstrate the issue of the inference

with Twaig in the following section.

3. Theoretical Results

We begin with introducing the assumptions used for the development

of our theoretical results.



Assumption 3.1. 1. Symax and kmayx are finite, {K;, S;} are i.i.d. as

{K,S} and {X;,Y;(1),Y;(0)} are ii.d. as {X* Y*(1),Y*0)} with

finite third moments given K; =k for 1 <k < kmpax and 1 <i < N.

2. Given X; and A;, Y; satisfies for1 <1< N.

3. On the support of m(-), m(-) is bounded and twice differentiable.

4. Let {V*(a),GF, Gk, L}(6, o), LE(0, o), M*(1), M*(0), 7(1), r*(0)}

denote the population analogue of {Vi.(at),G;1,Gio, Li1(0, ), L;o(0, ),

M; (1), M;(0),7;(1),7;(0)} given K; = k. Suppose &*—a* = O,(N~1/2)

for some a* = a(@*), each element of VF(a) is continuous and

bounded in o for 1 < k < kpax.

5. Let

Uo(0)=2"" le:r:f Tk Zae{ml} E [LI;T(Q a)rk(a)] )
Wa(0) = 27" 320 i Y e o) EILET (6, ) VH (@) LE(O, )],
Tia =2 SR 7k Doy B[GYT {SM (@)} {VE@)} ' ()],

Tio = 27 S4 1 S B [GET MA@ 4 {0} {CH )} (A1 a)]

Tio =2 L0 .t Loeqoy B [GET MF(@){AR} 172 {CH (@)} G{AR} 2 a)),



and  To(@) = 27 YE 7 Yacrony B [G’;TM'@(G)% (Vi)™ rk(a)} .

Then \T!a*(H*) is positive definite, Ty = Tiq + Ti2+ Tis = 0, and

To(a) = 0 for all o in the neighborhood of a*.

Assumption 3.2. Let F;_y = o{{S;, X;,Y;(1),Y;(0), K;}'_1,S;} denote
the cumulated information before the assignment of the i-th patient. For
1 <5< Smax and 1 < k < knax, the joint imbalance satisfies

Dy(s, k) =Y di(s, k) + (s, k),

i=1
where (i) Ble*(s, k)] = o(N), and (ii) {d;(s,k),1 < 8 < Smax and 1 < k <
kmax}f\il is a sequence of zero-mean martingale differences with respect to
Fi—1 and has a covariance kernel v{(s1, k1), (s2,k2)} < oo such that for

1 S 51,52 S Smax and 1 S klakQ S kmax

N
% > E[di(s1, ka)di(s2, k2)| Fia) = v{(s1, k1), (52, k2)} + 0,(1).

i=1

Assumptions [3.1]and [3.2] are introduced to describe the data-generating
process and to analyze the impact of CAR. Specifically, Assumption [3.1
allows us to evaluate the properties of the GEE estimator within a Z-

estimation framework. This assumption can be viewed as an extension

of the usual i.i.d. framework by incorporating an additional stratification



variable K, which accounts for the unbalanced number of observations in
longitudinal studies.

In addition, Assumption [3.1}5 ensures the local identifiability of the
pseudo-true parameter 8* under model misspecification. Under misspeci-
fication, ZW,(0) = —W,.(0%) + T1 + T2()%2, where T; and T(ax) are
the additional terms arising from model misspecification. When 771 = 0
and T3(a) = 0, the positive definiteness of W (8*) guarantees that (2.3)
admits a unique local root and ensures the v/ N-consistency of 6*.

Under misspecification, however, 77 and 7T3(a) may not vanish exactly.
Nevertheless, the Fisher-scoring used in standard GEE typically ignores
these terms (Liang and Zeger, 1986]). To assess the validity of this approx-
imation, Section S5 of the Supplementary Materials first presents several
common settings under which 73 = 0 or T3(a) = 0 holds, and then evalu-
ates the relative magnitudes of 7; and 73(a) compared with U, (6*) under
misspecified models. We further compare the estimation of 7 obtained from
the standard GEE with that obtained from the algorithm incorporating 7;
and 73(a). The numerical results indicate that 7; and 73(a) are typically
small relative to \fla*(O*) and have limited impact on the estimation of 7*.

Therefore, following |Liang and Zeger| (1986)), we retain the approximation

71 = 0 and T3(ex) = 0 in our theoretical development.



Since the properties of 7* also depend on the distribution Dy(s, k) un-
der a given CAR procedure, Assumption characterizes the behavior of
{Dn(s,k) 1 <5< Spax, L <k < kax} for a broad class of CAR designs.
Because { K;}¥, are not used in the design stage, they can be treated as un-
observed covariates, as discussed in |Liu and Hu (2022). Consequently, As-
sumption holds for randomization procedures such as complete random-
ization (CR), stratified permuted-block randomization (STRPB), Pocock
and Simon’s procedure (PS), and Hu and Hu’s procedure (HH). Impor-
tantly, this assumption enables us to propose a valid variance estimator for
7* using the bootstrap method (Liu and Hu, 2023)), as detailed in Section [4]

We begin by studying the properties of 0" in the following theorem.

Theorem 3.1. Suppose Assumptions [3.1] and hold and the working

model 18 implemented with the GEE . Let
R(s, k) =E [L}7(6*,a")r*(1) — L§T (6%, )r*(0)|S = s]
for 1 < s < Smax and 1 < k < knax. Then

VN (é* . 0*) —2 {{ffa*(e*)}_l VN o (67) + 0,(1),
and VN y o (0%) =5 N'(0p 12,2 Zyu (67, @),

where E\p\p(e*, OL*) = Z\p\p (9*, a*) — 2_1 [ECR(O*, a*) — ECAR<9*7 a*)] s



kmax

Seu(0F, 0 ZM > E[L(6°, a )t (a)r*T (a)LE(6", a")]
ac{0,1}

Kmax Smax

ECR(B o’ ZZWSkR S, k‘)RT(S k‘)

k=1 s=1

and ECAR 0 a Z Z’Y{ 817]{31 SQ,ng)}R(Sl,k’l) (SQ,kQ).

k1,k2 81,82

The asymptotic distribution given in Theorem [3.1]demonstrates the im-
pact of CAR on 6*. In particular, the difference Yer(0%, a*) —Xcar(0*, )
describes the impact of CAR on the asymptotic variance of 6*. For CR and

the class of CAR procedures satisfying
Dn(s,) = 0,(N7Y?) for 1< 5 < Spax, (3.1)

the covariance v{(s1, k1), (s2, k2)} admits closed-form expressions. We sum-

marize their properties in the following corollary.
Corollary 3.1. 1. Under CR, Assumption 3.3 holds with
Y{(51, k1), (82, k2) } = I{s1 = s2 = 5, k1 = ko = k}ms,

for 1 < 51,80 < Smax and 1 < ki, ks < knax and thus Ycr(0*, o) =

ECAR(0*7 a*)
2. If the CAR procedure satisfies , then Assumption holds with

7{(517 k1)~, (327 kQ)} = 1{51 =sy=8ki =ky= k}ﬂs,k - 1{81 = Sy = 5}7Tm|s77k2|s7Ts,-



for 1 < 1,89 < Smax and 1 < ky, ks < kmax and thus
Yer(07, @) — Zear(67, @) = VIE[R(S, K)|5]]

is positive definite, unless E[R(S, K)|S] is a constant of S.

Corollary together with Theorem [3.1] leads to the following three-
fold conclusions. First, Corollary[3.1]1 indicates that for CR, Scr(6*, a*) =
Year(0*, a*), which implies Zg¢ (0%, a*) = Yyg (0%, a*), i.e., the asymp-

totic variance of 8* following CR is
~ -1 - =
2 {xpa*(e*)} S0, o) { [ma*(e*)} } .

Second, for CAR procedures satisfying condition (3.1]), Corollary .2 sug-
gests that
Yuu(0",a") — Zgu (0", ") = Ler(0", ") — Ecar(0”, a¥)

Smax

= T > Ty Thofs R(s, k1) R (s, k),

s=1 k1,k2

which is positive definite. This demonstrates the variance reduction of 6*
attributable to the improved covariate balance under the procedures sat-
isfying . Note that this condition holds for STRPB, HH, and strat-
ified biased coin randomization (Baldi Antognini and Zagoraiou, 2011)),
thereby providing closed-form asymptotic variances of 8* under these de-

signs. Lastly, PS is commonly used in practice. However, it is well known



that y((s1, k1), (s2,k2)) does not admit a closed form (Pocock and Si-
mon, (1975, |Hu et al., 2023). When the biased-coin probability used in
PS is sufficiently large, PS typically achieves finer balance than CR (Zhao
et al., 2024). Therefore, PS may also yield a positive definite value of
You (0%, a*) — Egy (0%, aF).

It is worth noting that the performance of 0" also depends on the
covariate adjustment with the working model . First, the influence
of covariate balance on the asymptotic variance of 0" is alleviated when
the covariates used in the design—particularly the most prognostic base-
line covariates—are also included in the working model. For instance,
when R(s,k) = 0pp40 for all 1 < s < spa and 1 < k < kpax, we have
Epe (0, a*) = Yygy (0%, a"), implying that 0* has the same asymptotic
variance under all randomization procedures. This condition holds when
the working model is fully correctly specified, i.e., the link function satis-
fies m(-) = p(-) and all baseline covariates are adjusted i.e., X;; = X jin.
Moreover, adjusting for more influential baseline covariates typically im-
proves its approximation to the underlying data generating model, thereby
enhancing efficiency. In particular, when the working model is correctly
specified, @* obtains the optimal efficiency (Tsiatis|, 2006)).

Based on Theorem [3.1] we evaluate the property of T\aig in the following



corollary.

Corollary 3.2. Under the conditions of Theorem[3.1] and the true response

model , the following statements hold.

1. Letl=(1,-1,0/ )T then

’ 7 po
VN (7 = 7) =5 N (0,20%(07, ")) ,

and Nsej,q(7") = 204,4(0", &) + 0,(1),
~ -1 ~ - '
where o(0%, ) =17 {\I/a*(O*)} Epe (0, ) { [\Ifa*(H*)} } L,
~ -1 - —1) "
and 02,4(0%,a*) =17 {\ya*(e*)} Seu (07, ) { [xpa*(e*)} } L.

Here, 2yy (0%, a*) and Syy(0*, ) are given in Theorem 3.1
2. Under Hy : y1 = Yo, 7* = Op(N7Y2) and Twaa converges to a normal

random variable with mean zero and variance

*

Natd = Twiaia (0
Then, Twag following CAR procedures may be conservative in terms

of having reduced Type I error.

3. Under Hy : v1 — Y = (5/\/N with 6 > 0, there exists 0* such that
VN (vE =) = 6%, and Twag — {203,,4(0%, @)} "1/26* converges to a

normal random variable with mean zero and variance Npy,y. Further-



more, let ¢ denote the significance level of the test, then the power of

Twald 18

—_ Fl-c/2 _ 5" _Zl—c/Q o 5*
1 (b < )\Wald \/20'72—(0*761*)) + (P ( AWaId \/20.3_(9*,a*)> + 0<]-)7 (3.2)
where ®(x) is the cumulated distribution function for a standard nor-

mal distribution and z1_./2 is its (1 — c¢/2)-th quantile.

Corollary evaluates the properties of T\y,q and leads to several key
conclusions. First, under CR, we have o3, 4(0*,a*) = ¢2(6*,a*) and
Avaig = 1, indicating that Ti,ig attains the nominal Type I error and that
the power expression in holds with A,y = 1. Second, Corollary .1
shows that the covariate balance induced by CAR may lead to A,y < 1,
resulting in T\a,q being conservative with reduced Type I error and lower
power. It is worth noting that the conservativeness of Tiyag under CAR may
be mitigated when R(s,k) = 0,42 for all 1 < s < s and 1 < k < Kpay,
which holds under the fully correctly specified working model. In such cases,
we again obtain A3,y = 1, and the Type I error rate of Ti,ig remains valid.

In practice, GEE may often involve model misspecification, such as
an incorrect link function or omitted covariates. Under such conditions,
R(s, k) = 0,12 may not hold, and consequently, T\yaq may exhibit reduced

Type I error and insufficient power under CAR.



4. A Robust Adjusted Test

Since model-based adjustments with Ty, may result in reduced Type
I error rates and lower power under model misspecification, it is desirable to
develop robust adjusted tests that are valid even when the working model
is misspecified. A key component of such robust inference is a reliable
estimator for the standard error of 7* that does not depend on the correct
specification of the model.

By Theorem [3.1]and Corollary [3.2]1, the difference between the model-
based variance Nsed,.4(7*) and the asymptotic variance of v/ N7* is

-1 = -1

lT{@a*w*)} [ZCR(G*,Q*)—ZCAR(O*,a*)]{\I/a*(O*)} RY

This allows us to estimate the variance of v/ N7* by combining the model-
based estimate Nsef,4(7*) with the correction term given in ([4.1).

We describe the proposed adjusted estimator as follows. Define the
plug-in sample analogues of 7 1, 7y, R(s, k:) o (0%), and Xcr(0*, a*) as
ks rjs R(s, k), and

Tral@) = L0 5 1A = L@ 6 W@ L0 00),

=1 ac{0,1}



Kmax Smax

Ser(0%,6%) =Y > w R(s, k)R (s, k).

k=1 s=1

To estimate Ycar(0*, a*), we adopt a bootstrap procedure introduced in
Liu and Hul (2023). Let B denote the number of bootstrap replications.
For each 1 < b < B, we compute the bootstrapped imbalance { D(s, k) } s x
according to Algorithm 1 detailed in Section S3 of the Supplementary Ma-
terials. Define Of = N~Y2 Y FmacS™omar Db kY R(s, k) for 1 < b < B,
then we estimate Ycar(0*, @*) by the sample covariance matrix of {O; }£_,,
denoted by S%. The proposed adjusted standard error is

Nseadj( ") = Nse\QNald(%*>_

~ . -1 . ~ . -1
U { a0} 47 [Scr(07,6") = $3] {Tnar(0)} 1 (42)

And thus, the corresponding adjusted test statistic is Toqj = seadJ( )7
Note that for CAR procedures satisfying the strong balance condition

in (3.1), Scar(0*, a*) can be directly estimated based on Corollary [3.2]

Specifically, we define the plug-in estimator

Smax

ECARN , & Z Z {I{]ﬁ = kg = k}ﬂsk - 7Tk1|s7Tk2\s7Ts }

s=1 kj,ko

x R(s, k1) R (s, k).



The corresponding adjusted standard error for 7* is

adj

~ Lyl
Nse2y(7) = Nsefuyq(7*) = 4710 {Tna-(6") ]
. . ~ -1
X |Ser(07,6") = Searn (0", 6)| {Tna (0] L (43)
We note that the adjustment formula in (4.2)) remains valid for CAR proce-
dures satisfying (3.1)). However, the direct estimator (4.3)) is computation-

ally more efficient, as it avoids the resampling process. The properties of

the proposed adjusted test statistic are given in the following theorem.

Theorem 4.1. Under the conditions of Corollary[3.9, the following state-

ments hold.

1. Under Hy : 1 = 7o, Taqj converges to a standard normal random vari-
able. In this case, T,q; following CAR procedures attains the nominal

level of the test.

2. Under Hy : v1 — Y = 5/\/N with 0 > 0, there exists 6* such that
VN (v —75) = 6* and Tag — {202(0*, &)} ~1/26* converges to a stan-

dard normal random variable. Furthermore, the power of T,q; is

. Fl—c/2 5* _Fl-c/2 o*
1 @ ( >\Wa|d \/20.72_(9*7(1*)) + @ ( AWaId \/20.2_(9*7(1*)) + 0(1)

Theorem establishes the validity of T,4; for CAR procedures sat-

isfying Assumption Specifically, it shows that N sefdj (7*) consistently



estimates the asymptotic variance of 7* , thereby ensuring that T,4; controls
the Type I error at the nominal level and generally achieves higher power
compared to the model-based test statistic Tiyaiqg-

Theorem also yields two important implications. First, when the
working model is correctly specified, the asymptotic variance o?(8*, a*)
remains invariant across different randomization procedures. As a result,
the power of T, is also invariant across different randomization procedures.
Second, under model misspecification, the covariates not included in the
working model may still affect 7% through the covariate balance induced
by CAR. As shown in |Liu and Hu| (2022), CAR procedures can affect the
balance of covariates not used in randomization, which in turn may influence
the performance of T,g; (Liu and Hu, 2023). In such cases, designs that
achieve finer covariate balance may yield smaller values of o2(8*, a*), and

thus lead to higher power for the adjusted test.

5. Numerical Studies

Consider a trial with 500 patients. Suppose K; are i.i.d. multinomial
random variables taking values 3,4,5 with probabilities 0.2, 0.3, and 0.5,
respectively. Suppose there are three baseline covariates such that X ; are

identical acrossj and Xz,j = Xl = (Xi,17 Xi,27 X@g)—r, and X’i,la Xi,27 Xi,?) are



i.i.d., 2Bernoulli(1/2) — 1, N(0,1), and N(0, 1), respectively. We consider

the following outcome generating model:

Yii=Aim+ Q=47+ X161 + Xi2f2 + X305

+exp{X; 101 + X202} + €5, (5.1)

where 70 = 0.5, 71 =+ 7, f1 =B = B3 =1, and {€;;,1 < j < n;}Y | are
generated with 02 = 1.5% and AR(1) correlation matrices with a = 0.7.

In the design stage, X, ; and X, o are used and X; 5 is discretized to Xi’g
such that Xi,g =1if X;5 >0, and )N(w = 0if X;, < 0, yielding a total
of Smax = 4 strata. Based on {X;1, X;2}?%, we consider the following four
designs: (1) complete randomization (CR), (2) stratified permuted-block
randomization (STRPB), (3) Pocock and Simon’s procedure (PS), and (4)
Hu and Hu’s procedure (HH). For the inference stage, we apply with
identity link with M, adjusting no covariates; M,, adjusting the covariates
used in CAR, i.e., X;; and X, o; and Mj, adjusting X, ;, X;2 and X, 3. We
also compare the independent (IND), the exchangeable (EXCH) and the
AR(1) working correlation matrices for the implementation of GEE. The
nominal level of the test is ¢ = 0.05 and all simulation results are evaluated
with 10,000 repetitions. Table [1| reports the bias, the standard deviation

*

of 7*, and the Type I error rates of the Wald test, T\ya4, under the null



hypothesis 7 = 0. The performance of both T\y,q and the proposed T,q; are

compared in Table 2] The power of the two tests is further evaluated in
Figure

Table 1: The bias(107!) and standard deviation (s.d.) of 7*, and the Type
[ error rates (%) of Twaig under 7 = 0 (Cor: correlation).

Design Cor M, M, M;

for GEE #*:bias(v/Nsd) Type I #*:bias(v/Nsd) Type I 7*:bias(v/Nsd) Type I

IND -0.03(12.10) 4.91 0.02(7.49) 4.65 0.01(7.21) 4.79

CR EXCH -0.03(11.88) 5.04 0.02(7.38) 4.74 0.01(7.11) 4.78

AR(1) -0.03(11.84) 5.15 0.02(7.33) 4.99 0.01(7.05) 4.75

IND 0.19(9.17) 0.80 0.05(7.42) 4.40 0.05(7.08) 4.55

PS EXCH 0.10(9.01) 0.70 0.02(7.33) 4.45 0.01(7.00) 4.40

AR(1) 0.12(8.95) 0.60 0.03(7.27) 4.40 0.03(6.94) 4.15

IND -0.06(8.80) 0.49 -0.07(7.01) 3.44 -0.07(6.68) 3.16

STRPB EXCH -0.06(8.52) 0.47 -0.07(6.87) 3.53 -0.07(6.54) 3.16

AR(1) -0.06(8.49) 0.47 -0.07(6.83) 3.53 -0.07(6.49) 3.10

IND 0.03(8.78) 0.37 0.04(6.97) 3.30 0.03(6. 71) 3.15

HH EXCH 0.02(8.52) 0.35 0.03(6.86) 3.14 0.03(6.59) 3.03

AR(1) 0.05(8.49) 0.35 0.05(6.82) 3.21 0.04(6.55) 3.12

Our results lead to the following conclusions. First, the model-based
adjustment with Ty,q may fail to preserve the Type I error rates under
model misspecification. As shown in Table [1 the Type I error of Tiaig
adjusted with Ms and M3 under HH and AR(1) are about 3.21% and 3.12%,
respectively. This indicates that even when all of the covariates used in
design are adjusted, the Type I errors of Tiyaq adjusted with My and M;
under PS, STRPB and HH may still be lower than the nominal level 5%.
On the other hand, the proposed T,q4; appropriately controls the Type

I error for all working models and CAR procedures. Since se,q;(7*) does



not rely on whether the working model m;(a) correctly reflects the outcome
generating process, T,4; appropriately controls the Type I error rates under
various settings of CAR designs and working correlation matrices used for
GEE. As shown in Table [2| the Type I error rates (when 7 = 0) of Ty
under PS, STRPB, HH and the working models M;, M,, Mj, are much

closer to 5% than the values under Twaiq.

Table 2: Type I error rates (%) and Powers of Twaiq and T,q; under 7 = 0
and 7 = 0.8 (Cor: correlation).

Design - Cor My My M;
for GEE Twag  Tagj Twag  Tagj Twaia  Tag
IND 491 - 4.65 - 4.79 -
0 EXCH 5.04 - 4.74 - 4.78 -
on AR(1) 515 - 499 - 475 -
IND 34.43 - 71.45 - 74.58 -
0.8 EXCH 34.89 - 72.26 - 75.74 -
AR(1) 3494 - 7258 - 572 -
IND 0.80 4.95 4.40  5.05 4.55  5.35
0 EXCH 0.70  5.10 4.45  5.30 4.40  5.10
PS AR(I) 0.60 5.15 4.40 5.15 4.15  4.90
IND 31.20 59.40 72.20 73.80 75.00 76.50

0.8 EXCH 31.65 60.35 72.40 74.20 75.70 76.90
AR(1) 31.40 60.35 72.90 74.85 76.35 77.50

IND 049 4.75 344 5.22 3.16  4.96

0 EXCH 047 4.84 3.53 5.29 3.16  5.09

AR(1) 047 4.85 3.53 531 3.10  5.05

WIRPRY IND 28.77 58.73 72.25 77.04 75.96 80.00
0.8 EXCH 29.53 60.32 73.17 77.74 76.80 80.93

AR(1) 29.67 60.61 73.52 77.82 77.24 80.82

IND 0.37  4.68 3.30  4.96 3.15 491

0 EXCH 0.40  4.60 3.22 481 3.06 4.85

HH AR(1) 0.31 4.80 321  5.13 3.14  5.15
IND 29.29 58.67 72.40 76.73 76.21 80.31

0.8 EXCH 29.59 60.21 73.43 77.62 76.84 81.00
AR(1) 29.74 60.41 73.77 78.02 7731 81.62

As T,4j recovers the nominal test level for CAR procedures, its improve-



ment in power relative to Tyagq becomes evident. In Table [2| the powers
of Thq; and Tivag under HH and AR(1) working correlation structure and
model M, are 73.77% and 78.02%, respectively; under model M3, the cor-
responding powers are 77.31% and 81.62%, indicating an approximate 4%

gain in power.

My M, Mg

0.81|4 HH adj

»< STRPB WJaId

0.6

Power

0.2

0.0 ;
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Figure 1: Power curves of Tiaq and 7T,q; under the exchangeable working
correlation matrix.

Furthermore, the power of T,4; enhanced by covariate balancing is also
demonstrated in Table [2] For instance, the powers (7 = 0.8) of T,q; under
M3 are approximately 77% for PS and 81% for HH, whereas the corre-

sponding power of T\ya,g under CR is about 75%. This phenomenon of



the enhanced power aligns with Theorem which indicates that designs
achieving finer covariate balance yield higher statistical power. A similar
pattern is illustrated in Figure [1}

Lastly, the results in Table |2l and Figure [1| highlight the advantages of
the covariate adjustment using GEE. Comparing the powers of 7.4 across
models from M; to M3, we observe that as more influential covariates are
incorporated, the power of the tests increases, illustrating the benefit of
adjusting for prognostic covariates. Furthermore, incorporating correlation
information through GEE further improves efficiency and test power. For
example, the power of T,g; using AR(1) and M; under HH is 81.62%, but
the value under the independent correlation matrix is 80.31%.

In Section S2 of the Supplementary Material, we present additional sim-
ulation studies to evaluate the performance of T,q; and Tiyaiq for continuous
and binary outcomes when the outcome models are correctly specified. The
results further confirm the superiority of the proposed T,4; in maintaining
the nominal Type I error rate and highlight the benefits of using GEE to
adjust covariates and within-subject correlations, thereby enhancing the

power for detecting treatment effects.



6. Empirical Application to Real Clinical Trial

The study by [Elkashef et al.| (2006)) is used to illustrate the application of
the proposed procedure for the analysis of longitudinal CAR trials by using
GEE. This trial was conducted to test the effect of selegiline transdermal
system (STS) on the weekly mean proportion of cocaine non-use days. The
trial involves the following covariates: cocaine use (Cocaine), defined as the
number of self-reported days of use during the past 30 days (range: 1-30);
the Hamilton Depression Rating Scale score at screening (preHAMD); and
gender (Gender), coded as 1 for male and 2 for female. We assume the

responses are generated from the following fitted outcome model.

Y:; =0.770 + 7A; + fi(Cocaine;) + f2(preHAMD,)

+ 0.017Gender; + ¢; 5,

where f;(Cocaine;) and fo(preHAMD,) are fitted according to cubic B-spline
regression, and {e; ;,1 < j < n;}¥; are random errors with 0% = 0.105, the
estimated AR(1) correlation matrices, and o = 0.758.

To perform CAR, Cocaine (0:< 6; 1:otherwise) and preHAMD (1:< 16,
0:otherwise) are discretized and used in design. We consider CR, STRPB,
PS and HH for the design stage. For the inference stage, we compare

GEE with independent (IND), exchangeable (EXCH), and AR(1) working



correlation matrices, and apply with the identity link function with
M, no covariates are used; Mo, adjusting preHAMD and Cocaine; and M3,
adjusting preHAMD, Cocaine, and Gender. Table (3| evaluates the Type I
error (7 = 0.00) and the power (7 = 0.07) of Twaiq and Thg; under different

design and GEE analysis schemes.

Table 3: Type I error rates (7 = 0) and power (7 = 0.07) for the CSP-1019
study.

Cor 7=0.00 T =0.07
Design for M,y My M;y My My M;
GEE  Twaa  Tagj Twald  Tagj Twad  Tagj Twaid  Tagj Twaida  Tagj Twaid  Tagj
IND 5.41 - 5.34 - 5.37 - 55.97 - 62.57 - 62.64 -
CR EXCH 5.23 - 5.09 - 5.17 - 56.45 - 63.47 - 63.39 -
AR(1) 5.32 5.05 - 5.15 - 58.38 65.45 65.54

IND  3.65 4.68 515 5.13 515 5.15 57.00 61.65 62.75 62.75 62.75 62.80

PS EXCH 3.65 4.83 5.08 5.10 512 515 57.80 62.15 63.50 63.50 63.95 63.90
AR(1) 3.65 5.02 520 5.23 513 5.15 60.40 65.75 67.85 67.75 67.50 67.55

IND 355 5.00 4.87 4.93 499 5.03 56.96 61.69 63.62 63.71 63.70 63.82

STRPB EXCH 3.71 5.05 512 5.14 514 525 57.48 61.99 63.91 63.98 64.03 64.17
AR(1) 384 5.13 510 5.18 5.05 5.12 60.19 64.94 66.86 67.06 67.03 67.16

IND  3.73 4.96 518 5.21 5.14 5.17 56.88 61.43 63.54 63.70 63.53 63.68

HH EXCH 3.82 5.10 528 5.32 530 5.32 57.42 61.65 63.47 63.59 63.73 63.81
AR(1) 3.62 4.66 490 4.90 508 512 59.33  64.39 66.52 66.64 66.54 66.68

Table[3]demonstrates the superior performance of the proposed adjusted
test using GEE for CAR designs. Compared with T\ag, the adjusted test
T,q4; provides more reliable control of the Type I error rate across working
models. For instance, under model M;, the Type I errors of Twag with
PS, STRPB, and HH designs are approximately 3%, whereas those of Tl
are much closer to the nominal 5% level. Under working models M, and
Ms, both Tiwaig and Thg; achieve Type I error rates close to 5%, resulting in

comparable power. This may be due to the small effect of Gender compared



to other values. Regarding the performance of GEE, we observe that tests
assuming an AR(1) correlation structure exhibit higher power than those
based on the other working correlation matrices. Moreover, the power of
the tests under AR(1) with STRPB, PS, and HH designs is higher than
that under CR, indicating the advantage of using appropriate combinations

of design and analysis methods to improve inference for treatment effects.

7. Conclusions

In this paper, we study covariate adjustment using GEE for the infer-
ence on treatment effects in longitudinal trials conducted under CAR. We
investigate the properties of the GEE-adjusted treatment effect estimator
by introducing an additional stratification variable, which facilitates the
analysis of unbalanced longitudinal data. We show that the standard Wald
test based on GEE can exhibit reduced Type I error rates because it ignores
the impact of the CAR design. Building on the derived theoretical results,
we propose an adjustment method applicable to a broad class of CAR pro-
cedures. The proposed adjustment does not rely on model assumptions and
can maintain the nominal level of the test even when the working model is
misspecified. Numerical studies are conducted to illustrate the advantages

of the proposed method over conventional model-based approaches.



Our results can be extended in several directions. First, the proposed
adjustment can be readily generalized to linear mixed-effects models and
generalized linear mixed-effects models, as their asymptotic properties can
be derived in a manner similar to those of GEE. Second, beyond longitudi-
nal studies, GEE is also widely used in cluster randomized controlled trials
(Offorha et al., 2023), and CAR has likewise been adopted in such trials
to improve covariate balance (lvers et al., 2012)). Extending the proposed
procedure to this setting would therefore be of practical interest. Third,
since longitudinal trials often involve complex temporal patterns of treat-
ment effects, semiparametric methods are frequently employed for analysis.
It would be valuable to investigate how CAR influences such semiparamet-
ric analyses and to develop valid and efficient inferential procedures for

longitudinal CAR trials with complex temporal structures.

Supplementary Materials

Supplementary Materials contain the proofs of theoretical results and the

additional simulation results.
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