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Local Interaction Autoregressive Model for High-Dimensional

Time Series Data

Jingyang Li!, Yang Chen?
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Abstract: High-dimensional matrix and tensor time series often exhibit local dependency,
where each entry interacts mainly with a small neighborhood. Accounting for local in-
teractions in a prediction model can greatly reduce the dimensionality of the parameter
space, leading to more efficient inference and more accurate predictions. We propose a Local
Interaction Autoregressive (LIAR) framework for high-dimensional matrix and tensor time
series forecasting problems, and study Separable LIAR, a matrix variant with shared row
and column components. We derive a scalable parameter estimation algorithm via parallel
least squares with a BIC-type neighborhood selector. Theoretically, we show consistency of
neighborhood selection and derive error bounds for kernel and auto-covariance estimation.
Numerical simulations show that the BIC selector recovers the true neighborhood with high
success rates, the LIAR achieves small estimation errors, and the forecasts outperform matrix
time-series baselines. In a Total Electron Content (TEC) application, the proposed method
identifies localized spatio-temporal propagation patterns and achieves improved prediction

compared with non-local time series prediction models.

Key words and phrases: Autoregressive model; Matrix time series; Tensor time series; Local

interaction; Neighborhood selection; Total Electron Content.



1. Introduction

Multivariate time series analysis is a well-established field with a rich literature of
research (see e.g., Liitkepohl (2005); Tsay (2013, 2023)). Recently, there has been
a growing interest in high-dimensional time series modeling. Existing research in
this area can be broadly categorized into several complementary directions. The
vector autoregression (VAR) framework has been extensively studied with sparsity
or banded assumptions to accommodate high dimensionality while retaining inter-
pretability (Davis et al., 2016; Guo et al., 2016; Gao et al., 2019). Building on this,
matrix autoregression (MAR) models leverage the row—column structure of matrix-
valued series for more efficient parameterization and interpretation (Chen et al.,
2021; Hsu et al., 2021; Sun et al., 2025). Further extensions to tensor autoregressive
settings capture higher-order interactions and preserve multi-way dependencies in
array-valued data (Li and Xiao, 2021). Meanwhile, dynamic factor models offer an
alternative route to dimension reduction by representing high-dimensional processes
through a few latent dynamic factors (Lam and Yao, 2012; Wang et al., 2019; Chen
et al., 2022; Chen and Fan, 2023; Han et al., 2024).

In particular, matrix- and tensor-valued time series have become increasingly
common in economics, geophysics, and environmental science nowadays (Hsu et al.,
2021; Chen et al., 2021; Sun et al., 2025) with the availability of high-resolution data

collected at grid points over an extended amount of time. For instance, to analyze



the dynamics of multiple economic factors across various countries simultaneously,
data can be organized into a matrix form (Chen et al., 2021). On the other hand,
geophysical data are typically higher-dimensional. For instance, the global total
electron content (TEC) distribution quantifies the electron density within the Earth’s
ionosphere along the vertical path between a radio transmitter and a ground-based
receiver. Accurately predicting global TEC is essential for anticipating the effects
of space weather on positioning, navigation, and timing (PNT) services. Each TEC
map takes the form of a 181 x 361 matrix, organized on a spatial-temporal grid with
a resolution of 1 degree in both latitude and longitude (see e.g., Sun et al., 2022,
2023). As shown in Figure 1, consecutive TEC maps evolve coherently over time,
forming a high-dimensional matrix-valued time series.

While we can always resort to the well-studied vector time series analysis through
vectorization, this would lead to a problem of a significantly larger size and intro-
duce many redundant parameters. Recent studies, such as the factor autoregressive
model (Chen et al., 2022; Chen and Fan, 2023), have addressed this issue, but the
resulting parameters often lack clear interpretability. Additionally, the vectorization
destroys the spatial information that is crucial in geophysics and environmental sci-
ence. To address these challenges, several methods based on autoregressive (AR)
structures specifically designed for matrix/tensor time series have been developed.

For instance, Chen et al. (2021) proposed the following matrix autoregressive (MAR)
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Figure 1: Consecutive global total electron content (TEC) maps from June 14, 2019,

shown at 15-minute intervals.

model with a bilinear form: X; = AX, 1B + E,, where X, is the M x N matrix.
Bayesian method has also been proposed for variable selection in high-dimensional
matrix autoregressive models (Celani et al., 2024). Subsequently, Sun et al. (2025)
incorporated vector-valued time series data into the matrix autoregression model.
However, tensor time series remains a less explored area. Li and Xiao (2021) pro-
posed a multi-linear form for tensor time series as a generalization of the matrix case.
Despite these advancements, none of these approaches fully leverage the spatial de-
pendency in the AR coefficient matrices. In contrast, Hsu et al. (2021); Jiang et al.

(2024) took spatial dependency into account by assuming A and B to be banded



matrices, which significantly decreases the number of parameters. Related rank-R
matrix autoregressive structures for spatio-temporal data were further considered by
Hsu et al. (2024).

Although MAR (Chen et al., 2021) reduces the number of parameters compared
with vectorization, and the MAR-ST (spatio-temporal) model (Hsu et al., 2021)
and banded MAR (Jiang et al., 2024) further exploits spatial structures for matrix
time series, computational cost remains a significant challenge for high-dimensional
data. This high cost is largely because their algorithms are inherently iterative,
a requirement that stems directly from the model assumptions being bilinear in
the parameters. Additionally, their model’s underlying constraints can be overly
stringent. Specifically, the MAR model can be understood as performing M N low-
rank matrix regressions, necessitating that the coefficient matrices have a rank of 1
and share identical column subspaces across rows and identical row subspaces across
columns. While this structure is manageable for the MAR model due to its adequate
number of parameters, it becomes excessively restrictive when banded structures are
simultaneously imposed.

In this paper, we propose a general framework for matrix- and tensor-variate au-
toregressive modeling that incorporates spatial structure. Our framework is flexible
and covers MAR (Chen et al., 2021), MAR-ST (Hsu et al., 2021), banded MAR (Jiang

et al., 2024), and tensor AR (Li and Xiao, 2021) as special cases. To incorporate the



1.1 Our Contributions

spatial structure, we specifically focus on the Local Interaction Autoregressive (LIAR)
model, which applies to both matrix and tensor data. Our model enjoys a locally
adaptive dependency property in that it allows different entries to depend on differ-
ent sizes of neighborhoods. In practice, the size of the neighborhood is unknown.
We propose a Bayesian information criterion for the selection of the neighborhood.
We show that this criterion leads to consistent neighborhood selection under various
asymptotic regimes. When the neighborhoods are given, we propose parallel least
squares (LS) estimators for the coefficients. We also provide asymptotic properties
of the parallel LS estimator. To further reduce the number of parameters, we also
consider a separable structure on the local coefficients, following related low-rank
and rank-(R) autoregressive coefficient structures in the MAR and tensor autore-
gressive literature (Hsu et al., 2024; Li and Xiao, 2021). We refer to this variant as

Separable-LIAR (SP-LIAR).

1.1 Owur Contributions

Our contributions are summarized as follows. First, we introduce a unified frame-
work for matrix and tensor time series that accommodates high dimensionality and
multi-way structure in a coherent setup. It subsumes much of the existing literature
as special cases. Specifically, we propose a new model that relaxes the structural

constraints of MAR-ST and banded MAR while preserving the same order of param-
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eters. Second, we design algorithms that are both simple to implement and suitable
for parallel execution. Our algorithms provide closed-form estimators, eliminating
the need for iterative processes. This greatly reduces the computational complexity
(see Table 1 for the comparison with existing literature). Third, we establish asymp-
totic guarantees for our estimators without imposing structural assumptions on the
noise, and identifiability poses no obstacle for LIAR or SP-LIAR because inference
is conducted at the equivalence-class level rather than on individual components.
Moreover, our neighborhood-selection criterion is consistent under mild conditions
across multiple regimes, including jointly growing sample size, ambient dimension,
and neighborhood size. Finally, on synthetic data, our criterion selects the true
neighborhood with high success rates, kernel and auto-covariance/auto-correlation
estimates are accurate, and compared with matrix time-series baselines our method
achieves the lowest prediction RMSE with much shorter runtime. On large-scale total
electron content (TEC) data, our approach attains competitive predictive accuracy
with markedly faster runtime than existing methods, and the learned neighborhoods
exhibit interpretable spatial patterns. Additional tensor-based TEC analysis and

experimental results are provided in the Supplementary Material.



1.2 Organization of the Paper

Model Algorithm Parallel? | Parameters Computation
MAR Projection Method No O(M?) O(MAT + M)
(Chen et al., 2021) Iterative LS No O(M?) O(M>T - Niter)
MAR-ST
Tterative LS No O(M) O((M? + M>T) - Niger)
(Hsu et al., 2021)
LIAR (This paper) Parallel LS Yes O(M?) O(M?>T)
SP-LIAR (This paper) Parallel LS Yes O(M) O(M?T + M3)

Table 1: Comparison between our proposed methods and existing methods for matrix
autoregressive model. The matrix data is of size M x M, and there are in total T
samples. We assume the size of neighborhood considered in MAR-ST and our model
to be constant. The computational cost displayed for MAR-ST is the minimized one

when the innovation is also structured.

1.2 Organization of the Paper

The rest of the paper is organized as follows. Section 2 presents the local interaction
autoregressive framework, the separable SP-LIAR variant, the parallel least-squares
estimator, the neighborhood-selection criterion, and a brief extension to tensor time
series. Section 3 studies the asymptotic properties of the proposed estimators and
establishes neighborhood-selection consistency. Sections 4 and 5 present numerical
experiments and the TEC real-data application, respectively. Further tensor imple-

mentation and tensor-based TEC experiments are provided in the Supplementary



Material.

2. Methodology

Bold lower-case (e.g., z) denote vectors, bold capitals (e.g., A, B) denote matrices.
All vectorization operations, denoted by vec(-), and any implicit index orderings
strictly adhere to the column-major convention. We index matrix location & =
[M] x [N], and write an index ¢ = (i1,i3) € S. Matrix entries are explicitly denoted
with square brackets, as [A];. Denote || - || the Frobenius norm of matrices, and
denote || - ||g, the £,-norm of vectors or vectorized tensors for 0 < p < oo. Here
|v]|e, denotes the largest magnitude of the entries of v. The spectral radius of a
matrix A € RM*M (denoted by p(A)) is defined to be the maximum modulus of
eigenvalues. The operator norm of a matrix A € RM*¥ (denoted by ||A]|) is defined

to be the largest singular value. We denote a V b = max{a,b},a A b = min{a, b}.

2.1 Local Interaction Autoregressive (LIAR) Model

Let {X,}>0 C R® be a matrix-valued time series. For each site ¢ = (i1,i2) € S
and lag p € [P], let J; C S be a (location-specific) spatial neighborhood, and let

M, ; € RS satisfy supp(M,;) = J;. The LIAR specification assumes that each entry
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of X, depends only on past values within its neighborhood:

X = Z Z <Xt_P’ Mp,i> ei1ez—‘2 + E, (2.1)

i€S pe[P]

where E; is a mean-zero innovation independent of the past series, and e;, € RM and
e;, € RY are standard basis vectors. Both the shape and size of J; may vary with 4;
i.e., neighborhoods need not be rectangular. Our goal is to recover the neighborhoods
{Ti}ies and estimate the coeflicients { M, ;}ics pefp)-

In particular, this formulation admits a VAR representation and includes several

familiar special cases:

1. VAR representation. Denote x; = vec(X;) and € = vec(E;). Flattening both

sides of (2.1) yields

§ vec
Ly = Mp wt—p + €,
pE[P]

where M* has the structured form M}* = 3. o (e;, ® e;, )vec(M,,;)".

2. Banded VAR (Guo et al., 2016). If N =1 and J; = {u : |u—i| < K}, the model

reduces to a banded VAR on a length-M vector with bandwidth K.

3. MAR (Chen et al., 2021). Assume each local coefficient is rank one with shared

Let eZAp = a'. and eng = b

Dyi1 Dyi2 for t =

. . — . T
components: Mp; = a,i b, ;..

(11,12) € S. And J; = S for all 4, then

X, =) AX, B +E,
pE[P]

which is the matrix autoregressive (MAR) model.
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4. MAR-ST (Hsu et al., 2021) or banded MAR (Jiang et al., 2024). Under the same

rank-one form M, ; = a,;, b, . with location-specific rectangular neighborhoods

Dyi2
Ji = {(ur,u) + |ug —iy| < Ky, |ug —ia] < Ky, }, the representation above

holds with A, and B, banded, yielding the structured MAR.

5. Separable LIAR (SP-LIAR). To further reduce the number of parameters, we con-
sider a separable structure on the local coefficients. Related low-rank and rank-R
autoregressive coeflicient structures have been studied in the MAR literature (Hsu
et al., 2024). Specifically, let My; = 3 i @prinby . ip0 With [@p ], = 0 if
iy —uq| > Ky, and [by i, lu, = 01f |ia —us| > Ky, and R < ming { Ky ;,, Ko, }-
Then the model can be written as

X, =) Y A,X, B +E, (2.2)
pe[P] re[R]

T _ a7 T _pT
where e; A,, = a e,B,.,=b

Doy orip ar€ banded matrices. Here R governs the

rank of local interactions: R = 1 recovers MAR-ST or banded MAR, and SP-LIAR
approaches the unrestricted LIAR as R increases.
In small-scale settings (e.g., macroeconomic panels), global MAR can be adequate
(Chen et al., 2021), but in large-scale spatio-temporal systems it becomes computa-
tionally and statistically burdensome due to dense, high-dimensional kernels. MAR-
ST (Hsu et al., 2021) and banded MAR (Jiang et al., 2024) mitigate this cost by

imposing banded structure for matrices. But this rank-1 separable form restriction
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limits expressiveness and cannot capture location-specific variation.

By contrast, LIAR introduces local dependence through neighborhoods {J; }ies
that are allowed to vary in shape and size across locations, which captures spatially
varying (location-specific) dependence while dramatically reducing the number of
parameters compared with MAR. As an intermediate option, SP-LIAR imposes a low-
rank separable structure within each neighborhood, offering a tunable bridge between
structured MAR and the fully flexible LIAR: smaller rank yields more parsimonious
models, whereas increasing the rank brings SP-LIAR closer to unrestricted LIAR while

preserving locality and interpretability.

2.2 Estimating Coefficients

We now present estimation methods for LIAR, and we then extend the procedure
to the separable SP-LIAR variant. For clarity of exposition, we will focus on P = 1
in the main text, deferring the treatment of the general lag P case to Section S3.2
of the Supplementary Material. We drop the subscript p in (2.1) and consider the

following lag-1 model:

Xy = Z<Xt—1>Mi> eileg + E;. (2.3)

€S

For each i € S, we denote z\”) := X ,(J;), m; = M;(J;) € RVil. Here M(J) €
RV is the vector that collects the entries {{M]; : 4 € J} in column-major order

for 7 C S. Then the scalar regression for entry ¢ reads, for t = 2,..., T, [X|; =



2.2 Estimating Coefficients

<w§i_)1, m;) + [E}];. Stacking over ¢ gives the standard linear model z; = Y ;m; + v;,

where
T T
zZ; = [[Xﬂi [XT]1:| , Vi= [E2]z [ET]'L S ]RT—1’
E (2.4)
O N

The least squares estimator is 73; = argmin,, 3||z; — Y;m|?, = (Y, Y;)7'Y/ 2.
This procedure can be carried out in parallel for different 2 € S. We summarize the

procedure in Algorithm 1.

Algorithm 1 Parallel Least Squares
Input: Data {X,}L,, local neighborhood {J; }ics

ParFor i € S
Collect the covariate Y; and response z; defined in (2.4)
Solve the least-squares problem mm; = (Y] Y)Y [ 2;
End ParFor

Output: {m;}ics

Efficiency and Computational Cost Analysis of Parallel LS. Due to the
spatial locality, our parallel LS is highly efficient. Additionally, the estimator is non-
iterative with a closed-form solution. Let J = max; |J;|. Then for each sub-problem,
we only need to solve a least squares problem, resulting in a computational cost of

order O(J*T + J?). We note that the computation of coefficients for a single entry is
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independent of the matrix data’s ambient dimension. The total computational cost
is O(MN(JQT + J3)) . In most applications, J is small constant, so the compu-
tational cost reduces to O(MNT'). Moreover, the parallel LS can be implemented
concurrently, further decreasing the algorithm’s runtime. In contrast, while the spa-
tial structure was utilized in Hsu et al. (2021), their iterative least squares algorithm
does not fully exploit it, leading to a significantly higher computational cost (see

Table 1).

Coefficient Estimation for SP-LIAR. The estimation for the coefficients for SP-
LIAR is more challenging as it admits no closed-form solution due to the separable
structure. We proceed in two stages: first obtain per-location LS estimates as in
LIAR, then enforce separability via a low-rank projection. In SP-LIAR, 7; are rectan-
gles by construction, and we denote M := M, [J:] as a sub-matrix of M ;. Arrange

these matrices into the block matrix

ML LN

M[M’H e M[MvN]

Then under SP-LIAR, M"* has rank R. This motivates us to consider the best rank

R approximation of the following estimator of M®* where m,; are obtained from



2.3 Neighborhood Selection

Algorithm 1:
mat(ﬁ(l,l)) s mat(?ﬁ(LN))

— blk
M

mat(/rﬁ(M,l)) mat(/'rﬁ(M,N))

Our algorithm is summarized in Algorithm 2.

Algorithm 2 Parallel Least Square for SP-LIAR
Input: Local neighborhood J;, data {X;}L,, rank R

Run Algorithm 1 for {m;}ics

— blk

Perform rank R SVD approximation on M " and get: M ;Ik =SVDr(M )

—~ i —~i — blk
Output: {Mg }ies, where ME%] is the (i1, 42)-th block of M

Identifiability Issue. In the case where R = 1 (Chen et al., 2021), it is assumed
that one of the coefficient matrices has a unit Frobenius norm. They also mentioned
the identifiability issue becomes subtler when R > 1. In our formulation of SP-LIAR,
this concern disappears as the primary quantity of interest is the equivalence class

rather than two individual components.

2.3 Neighborhood Selection

We now discuss how to select the neighborhood J; for LIAR. Ideally, one would hope

to select from all subsets of S. However, due to the non-nested model structure,



2.3 Neighborhood Selection

this is difficult without refining the candidate class. We illustrate this with a simple
example.

Example (Non-nested ambiguity). Consider the linear regression problem y;, =
(X, M), t=1,---,T, with M supported on J = {(u,v) : |u —ig| < K3, |v—jo| <
K>}, Consider an alternative candidate J = {(u,v) : |u—io| < k1, |v — jo| < ko} for
some ky < Kj, ks > Ky (so neither rectangle contains the other). There are natural
designs X; under which one can construct M supported on J that reproduces
exactly the same responses 3, as M. A formal statement and proof are provided in
Section S3.1 of the Supplementary Material.

Without nesting, empirical criteria cannot reliably separate such candidates.
We therefore restrict the search to a nested sequence indexed by k for each location
i = (i1,12):

Jill] € -+ € Tilkol € -+ C Ji[Ko] C S,
where J;[ko] = Ji, and K, is a prescribed cap. Write s = | 7;[k]| (depends on k, and
implicitly on ¢). For any level k, let @,[k] := X;(J;[k]) € R®. Then we form the
design matrix Y'[k] = |z [k] .- @y [K] ' Alsorecall z = | [X,), -+ [X7]; '
The residual sum of squares is RSS;(k) := ||z — Y [k](Y[k]"Y [k]) 'Y [k] " z||7,. And

we use the Bayesian information criterion for the bandwidth selection:

| Jilk]]
T

BIC;(k) = log RSS; (k) + Dy log(M V NV T). (2.6)



2.4 Extension to Tensor Time Series

For each 7 € S, we select /k?z by /k\:z = arg ming<g, BIC;(k).

Choice of Dy and K,. We set Dy = loglogT when considering the regime where
T,M,N — oo while J = max;cs |J;| remains fixed. The cutoff Ky can be chosen
by examining the curvature of BIC;(k). When J also diverges, choosing Dy is more

delicate; this high-dimensional regime is addressed in Section 3.

2.4 Extension to Tensor Time Series

The LIAR framework extends naturally to tensor-valued time series. Let {X;}i>0 C
RS, where Sy = [Ny] x --- x [Ny]. For each tensor entry & = (i1,...,i4) € Sy, let
J; C Sy denote its local neighborhood, and let M; be supported on J;. The tensor
LIAR model is

Xy = Z(Xt—1,M,-> e, 0---oe, +&.

1€Sy
After vectorization, this model can be written as a structured VAR,
x; = Mx;_1 + €, M = Z(eid®---®ei1)vec(Mi)T,
1E€ESy
where x;, = vec(X;) and € = vec(&€;). Writing azgi) = X(J;) and m; = My(T;),
the scalar regression for entry 4 is [X]; = <w,§i_)1, m;)+[E;];. Thus, coefficient estima-

tion again reduces to a local least-squares problem. The BIC neighborhood selector

and the matrix-case theoretical arguments carry over analogously after replacing



matrix neighborhoods by tensor neighborhoods. The detailed tensor least-squares

implementation is given in the Supplementary Material.

3. Theoretical Guarantees

In this section, we study the asymptotic property of the estimators {m;};cs from

Algorithm 1. We define

JD == m1n{(2k1 -+ 1)(2k‘2+ 1) : ._71 C {21 — kl,"' ,il +k‘1}><

{ia — ko, -+ ,io + ko, Vi}.

Here J; is the size of the minimal rectangular that uniformly contains all supports,
directly capturing geometric locality. The asymptotic regimes are: Regime 1, only
T — oo, while M, N, J; remain fixed; Regime 2, T, M, N — oo, while J; remains
fixed; and Regime 3, T, M, N, J, — oo. We consider the case when P = 1, and
then (2.3) can be equivalently written as x; = Mz, + €, where M = . _.(e;, ®

e;, )vec(M;)", where &, = vec(X ), and €, = vec(E,).

3.1 Consistency and Asymptotic Normality

When the spectral radius p(M) < 1, (2.3) is a stationary matrix time series and X,

admits the following expansion in terms of the innovations: x; = Z?io Mle, .



3.1 Consistency and Asymptotic Normality

Assumption 1. There exist ¢,¢ > 0,0 € (0,1), and u9, > 0 independent of

T,M, N, J, such that the following holds under different regimes:

(1) Regime 1 (classical): p(M) < 1; the innovation process {E;} are i.i.d. with

zero mean, and each entry has a finite 2+ ¢ moments, max;; ||[E¢);||24+5 < +00;

(2) Regime 2 (growing dimension): ||[M || < d; the innovation process { E;} are i.i.d.
with zero mean, and max;; ||[E]i|l24 < pi2q4 for some g > 2; and MN = O(T"),

where 8 € (0, 22);

(3) Regime 3 (growing dimension and locality): in addition to (2), T > Cy.J* log(MV

N v T), for some C, >0 depending only on § and .

These three regimes can be viewed as increasingly high-dimensional extensions
of standard autoregressive theory. Regime 1 corresponds to the classical fixed-
dimensional time-series setting. Regime 2 allows the ambient dimension M N to grow
while the uniform locality size J; remains fixed. The restriction 5 < (¢ —2)/4 comes
from controlling sample covariance terms uniformly over the growing dimension un-
der bounded 2¢-th moments, and is the same type of dimension-growth condition as
that used in high-dimensional banded VAR models Guo et al. (2016). Regime 3 fur-
ther allows the locality size J5 to increase. The lower bound T' 2> J2log(M V NV T)
ensures that the local sample Gram matrices remain uniformly well-conditioned when

the number of local regressors also grows.
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The regimes in which M, N, and possibly J5, diverge are more challenging. Given
the fact p(M) < ||M||, Regime 2 and Regime 3 require stronger conditions on both
the coefficient matrix and the moments on the innovation process. Let the auto-
correlation Ty := Cov(zy, z;). We denote T'o(J;; J;) € RI:IX1%il the sub-matrix of Ty
by extracting the elements corresponding to the row (column) indices in J;, arranged
using column-major ordering. The following theorem states the asymptotic property

for my; under either regimes.

Theorem 1. Suppose Assumption 1 holds. Then we have
VT - (m; —m;) = N(0,07 - [To(Ti: T)] )
under any of Regimes 1-3, where o7 = Var([E];).

This result does not require extra structure on the full innovation covariance as
in (Chen et al., 2021; Sun et al., 2025). Our theorem implies that the coefficients m;
have a convergence rate of v/T, which matches known results for matrix autoregres-
sion (Chen et al., 2021) and matrix autoregression model with auxiliary covariate in

(Sun et al., 2025), and continues to hold when M, N, even J, grow.

Inference based on Theorem 1. Theorem 1 also provides a direct way to con-

struct confidence intervals for the local autoregressive coefficients. For a fixed loca-
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tion 2 € §, define the plug-in estimators

= 1 Z._Y,m,Q
b L yTy, g lmo Yol

T-1 T 1|7

For any fixed vector a € RIVil since fz EiN I'o(J;; J;) under the same regimes as in
Theorem 1 and 7 is a consistent estimator of o2, Slutsky’s theorem gives
aT (ﬁz — mz)

oi{a™(Y]Y;) 'a}!/?

= N(0,1).
Therefore, an asymptotic 1 — o confidence interval for the linear functional a'm; is
a'm; + zl,a/gﬁi{aT(Y;Yi)_la}l/Q,

where 21_,/2 denotes the 1 — «/2 quantile of the standard normal distribution. In
particular, for the j-th coordinate of m;, by taking a = e;, we obtain m;; +
Z1—a/204 {[(YiTYi)_l]j,j}l/Q. When the neighborhood is selected by the BIC criterion
in (2.6), we use the selected neighborhood J;[k;] in the above construction. Under
the selection consistency result in Theorem 5, this plug-in confidence interval has
the same first-order asymptotic validity as the oracle interval based on the true
neighborhood J;.

Since {m;}ics are estimated based on possibly overlapped data, they are de-
pendent to each other. In order to state the joint asymptotic behavior, we adopt
column-major stacking operators: vecstack{v; : ¢ € S} denotes the vector formed

by concatenating v; in column-major order, and blkstack{ M ; : ¢,j € S} denotes
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the block matrix whose block rows and block columns follow the same column-major

order.
Theorem 2. Suppose Assumption 1 holds. Then we have
VT - vecstack{m; —m; :i€ S} = N(0,D'CD™)

under any of Regimes 1-3, where the matrices C, D are arranged in a column-major

order
C = blkstack{[%];; - To(Ji; J;) : 4,§ € S}, D = blkdiag{To(J3; J;) : i € S},
and 3 = Cov(e, €).
For SP-LIAR, we denote the compact rank R SVD of M®* (defined in (2.5)) by
M be MP* = UPkEPYPRT - Note that the vectorization of M differs from

vecstack{m,; : i € S} a permutation matrix Q, that is vec(M"*) = Q- vecstack{m, :

i € S}. We have the following asymptotic result.

Theorem 3. Suppose Assumption 1 holds. Then we have

— blk

VT -vec(M, — M" ) — N(0,PQD'CD'Q"P)
under any of Regimes 1-3, where P = I — VKV o Pk bkt

When there is separable structure with the coefficient matrices, the estimator

M, has the same convergence rate but the covariance matrix is smaller in the sense

PQD 'CD'Q"P < QD 'CD'Q" since P is a projection matrix.



3.2 Estimation for Auto-Correlation

3.2 Estimation for Auto-Correlation

In this section, we consider the estimation for the auto-correlation. We consider the
following estimator f‘o = % Zthl xx; . And we have the following entry-wise bound

for |Tg — Tol|r, where || A, = |lvec(A)]||r. for any matrix A.
Theorem 4. Under Assumption 1, we have

ITo — Tolle. = O, (T log(M Vv N v T))2.J,)
under any of Regimes 1-3.

The proof of Theorem 4 is given in Section S1.4 of the Supplementary Material.
Under Regime 1 or 2, the entry-wise convergence rate is of order O(1/v/T), where O

hides the logarithm factor. In either regimes, fo converges in probability to I'y.

3.3 Consistency of the Neighborhood Selection

We denote Jo, = max {Jy, maxes | Ji[Ko]|}. Also recall J;[ko] = J; is the ground-

truth. In order to establish the consistency of @i, we need the following assumption:
Assumption 2. There exists x; > 0 independent of T', M, N, J,, such that

(1) Amin(To) > K1;

(2) For each ¢ € S, there exists Cy depending only on Ky, fta,:

IM(T\Tilko — Dl > (@DOL;Z"

1/2
log(M Vv N\/T)) ;



3.3 Consistency of the Neighborhood Selection

(3) Under Regime 3, in addition to (2) in Assumption 1, 7" > 6’1J§o log(MVNVT)

for some 51 > () depending only on 9, pig,.

Here the first condition in Assumption 2 guarantees that the auto-correlation
Cov(x;) is strictly positive definite. The second condition ensures that the index set

Jilko] is asymptotically identifiable, and

~ 1T
(602

1/2
log(M V NV T)>

is the minimum order of the non-zero coefficients. And in the third assumption, we
need a slightly stronger assumption on the rate at which J,, grows.

Together with this assumption, we can guarantee the consistency of the selection

of neighborhood. Recall J = max; |J;].

Theorem 5. Suppose Assumption 1, 2 holds. As long as we choose Dy > 6’J2JD for
some constant C depending only on ki, 0, jtaq, we have for eacht € S, ]P’(/l%z =ko) — 1

under any of Regimes 1-3.

Under Regime 1 or 2, when J; remains fixed, it suffices to set Dy = log(logT).
However, Theorem 5 allows .J5 to go to infinity as well. In this case, we need to set
Dy = Cjlog(logT), where C; > J?J,. Although J is not known in practice, we can
choose C; to be large and the condition in Theorem 5 is satisfied. However, a too

large choice of C'; would lead to a stricter marginal condition in Assumption 2.



4. Numerical Experiments

In this section, we present a series of numerical experiments to demonstrate the effec-
tiveness of our proposed methodology. Throughout, we focus on both model selection
and estimation accuracy, and we compare against several existing benchmarks. Un-
less otherwise noted, we conduct 50 independent trials for each experiment.

Our first experiment evaluates the entrywise BIC in (2.6) for neighborhood-size
selection under the lag-one LIAR model (2.3):

X, =) (X,1,M)e; e, + E,
i

where M ; is supported on the region with center at ¢ and neighborhood size K = 3
(although our framework allows the neighborhood size to vary across locations, in this
simulation we set uniform K for all pixels). For data generation, the nonzero local
coefficients were generated within the true neighborhood and then rescaled to ensure
stationarity of the resulting time series. To maintain a clear signal at the boundary
of the true neighborhood, we used slightly larger coefficients on the outermost ring
of the true neighborhood. The innovations had independent mean-zero Gaussian
entries with standard deviation 0.12, and the first 600 observations were discarded
as burn-in. We vary the size of the matrix (M, N) from {(10, 10), (15, 15), (20,20)},
and the sample size T € {600,800,1000}. For each configuration, the entrywise

BIC is applied over the candidate neighborhood sizes {0,1,2,3,4,5} and success is



recorded when the selected neighborhood size equals the truth K = 3.

Figure 2 displays the success rates for each (M, N) and T' combination (together
with a per-pixel success-rate heatmap). The results show that the BIC selector
remains informative in these moderate sample settings. The success rate increases
with T but declines as the size (M, N) grows. The per-pixel heatmap further shows
slightly lower rates near the boundaries than in the interior. This phenomenon
can be explained by the edge effect: boundary pixels have truncated neighborhoods,
weakening the signal for identifying K and leading BIC to favor smaller sizes; interior
pixels, with full neighborhoods, provide stronger signal.

Our second experiment evaluates estimation accuracy under the lag-one LIAR
model with P =1, (M, N) = (10, 10), and true neighborhood size K = 3. We vary
the sample size T' € {500, 1000, 1500, ...,5000}. We consider three quantities: (i)
kernel estimation error (Frobenius norm), (ii) auto-covariance I'y error (Frobenius
norm), and (iii) auto-covariance I'y error (entrywise {., norm).

Figure 3 displays the log-scale errors versus 7" and the ratio [Ty — f0||F /||To —
f‘OH ¢..- All three errors decrease as T increases. The ratio remains approximately
constant (about 23) for larger T, indicating that the error is broadly distributed
across entries rather than concentrated on a few. Figure 4 plots the means of the three
errors against 1/ V/T. The errors scale approximately linearly with 1 / VT, especially

for larger T, in line with the theoretical 7-/2 rate and supporting consistency under
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Figure 2: Success rates for M = N € {10, 15,20} and T" € {600, 800, 1000}.

large samples.

In the third experiment, we compare the performance of our proposed model
LIAR and its separable variant SP-LIAR against three existing methods: (1) MAR
(Chen et al., 2021), X, =, | A, X, ,B, + Ey; (2) MAR-ST (Hsu et al., 2021),
X, = 25:1 A;,,Xt_pB;,r + E,, where A,, B, are banded matrices; and (3) pixel-

wise autoregression (LIAR-P), [X,]; = 25:1 Bip| X t—pli + [E4]; for each ¢ € S. The



Estimation Errors and Ratios over 50 trials
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Figure 3: Log scale of estimation errors of the kernels and auto-covariance I'y in
Frobenius and infinity norms versus 7'. The ratio of errors for the auto-covariance is

also displayed.
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Figure 4: Mean of the estimation errors of the kernels and auto-covariance I'y in

Frobenius and infinity norms versus 1/v/T.



last model can be seen as a special case of LIAR with J; = {i}. We set (M, N) =
(20,20), T = 200, and true neighborhood size K = 2. The observations are split
chronologically, with the first 90% used for model fitting and the remaining 10% used
for testing. Prediction accuracy is measured by one-step-ahead full-matrix RMSE:
at each test time point ¢, the fitted model uses the observed previous lag(s) to form
/)Zt, which is compared with the observed X;; the RMSE is then computed over all
matrix entries and all test time points. For MAR-ST we fix the bandwidth at K = 2.
For MAR and MAR-ST we cap the iterations at 50 with tolerance 10~7.

We report prediction RMSE and runtime. As shown in Figure 5, LIAR is substan-
tially faster than MAR and MAR-ST while achieving a markedly smaller prediction
RMSE. LIAR-P is faster than LIAR but attains an RMSE that is about 7% higher.

RMSE across trials (runtime mean(std) below)

0.1175+

e b T

0.1125

RMSE

0.1100 A

0.1075 1 %‘

VAR W AR-P gp-U AR N M’\'ST MAR

0.07s (0.01) 0.01s (0.00) 0.07s (0.02) 0.68s (0.02) 0.44s (0.11)
Runtime: mean(std)

Figure 5: RMSE and runtime comparison of LIAR, SP-LIAR, MAR, MAR-ST, and

LIAR-P.



5. Real data: Total Electron Content

In this section, in addition to prediction accuracy and computational cost, we exam-
ine what the fitted local interaction structure reveals about TEC dynamics. We use
the BIC-selected neighborhoods as data-driven summaries of local spatio-temporal
dependence and compare them across different time periods. Additional tensor-based

TEC experiments are reported in the Supplementary Material.

5.1 LIAR for Matrix Time Series

We analyze ionospheric total electron content (TEC) fields derived from multi-
frequency Global Navigation Satellite System (GNSS) signals, a widely used proxy
in space-weather and ionospheric studies. We use the completed TEC product of
Sun et al. (2023). The original data are sampled on a 1° x 1° (latitude x longitude)
grid every 5 minutes (181 x 361 per time point). For preprocessing, we aggregate the
data to 2° x 2° and 15-minute resolution by averaging non-overlapping 2 x 2 spatial
blocks and averaging consecutive three-frame windows in time, yielding a 91 x 181

matrix time series at each time point.

Neighborhood selection. We analyze six representative 10-day periods: {201706,
201709, 201806, 201903, 201906, 201912}. For each month, we use TEC data from

the 11th to the 20th (inclusive), yielding 7" = 960 time points at 15-minute resolution.



5.1 LIAR for Matrix Time Series

For each period, we apply the entrywise BIC to select the neighborhood size over
square candidates K € {0,1,2,3,4,5}. Figure 7a summarizes the selections; across
all six periods, the most frequently chosen sizes are K = 1 or K = 2. The concentra-
tion on small neighborhoods suggests that short-term TEC evolution is mainly driven
by localized spatial propagation. The variation across locations further indicates that
the strength and spatial range of local TEC dependence are spatially heterogeneous.
Figure 6 illustrates the connection between the raw TEC evolution and the fitted
local interaction structure for a representative period on June 14, 2019. The first
six panels show consecutive TEC fields at 15-minute intervals, and the last panel
shows the corresponding BIC-selected neighborhood size K. The white boundaries
separate regions with K < 2 from those with K > 2. The selected neighborhood
sizes are broadly related to local TEC behavior: relatively stable regions, such as
parts of the polar areas and the dark low-TEC region in the left-central part of the
maps, tend to have smaller neighborhoods, whereas regions with more visible tem-
poral and spatial variation tend to have broader neighborhoods. Thus, the selected
neighborhood map gives an interpretable summary of the spatially heterogeneous
local dependence learned by LIAR.

For cross-period comparison, we coarsen the selected neighborhood sizes into
two categories, K < 2 and K > 2, separating the most localized selections from

relatively broader local neighborhoods. For each anchor period, we compare it with
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Figure 6: Representative TEC fields over consecutive 15-minute time points and the
corresponding BIC-selected neighborhood-size map. For visualization, the boundary

overlay is slightly smoothed to highlight the large-scale spatial pattern.

each of the other five periods by computing (i) Cohen’s k between the corresponding
two-category maps and (ii) the Pearson correlation between the corresponding raw
TEC fields. The results are shown in Figure 8.

In short, Figures 7a and 8 show two points: (i) The share of pixels with K < 2
versus K > 2 is relatively stable across periods (Figure 7a). (ii) There is a clear posi-
tive association between the Pearson correlation of the raw TEC fields and Cohen’s k
of the neighborhood maps (Figure 8). The positive association suggests that the se-
lected local interaction structure is related to the underlying ionospheric state: when

the TEC fields are similar across periods, the local predictive dependence learned by



5.1 LIAR for Matrix Time Series

LIAR is also similar. Thus, the fitted LIAR model gives an interpretable summary of

how the local dependence structure changes with the TEC field.

DisErj)bution of BIC-Selected Neighborhood Sizes
:

BIC-Selected Neighborhood Sizes Across Months
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Figure 7: Distribution of BIC-selected neighborhood sizes

Lag dependence of selected neighborhoods. We focus on June 2019, using
90% of the series for training and 10% for testing. We vary the lag P € {1,2,3}
and, for each P, apply the entrywise BIC to select the neighborhood size from K €
{0,1,2,3,4,5}. Figure 7b reports the selection frequencies versus P; the bottom
panel shows the test RMSE obtained with the BIC-selected neighborhoods.

Figure 7b shows that (i) as P increases, the selected neighborhoods tend to
shrink, suggesting that additional temporal lags reduce the need for wider spatial

neighborhoods; and (ii) the held-out RMSE does not improve with larger P, which
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Figure 8: Pairwise similarity across six periods: Pearson correlation of TEC fields

and Cohen’s k for the two-category neighborhood maps.

supports the use of P =1 in the reported TEC analysis.

Comparisons with other methods. We compare LIAR and its separable variant
SP-LIAR with MAR (Chen et al., 2021), MAR-ST (Hsu et al., 2021), and LIAR-P

across the six 10-day periods described above, using the first 90% of each series for



training and the remaining 10% for testing. Test RMSE is computed from one-step-
ahead full-field predictions over the test period: at each test time point ¢, the fitted
model uses the observed previous lag to form jf\t, which is compared with X; the
RMSE is then averaged over all test time points and spatial grid entries. For each
period, we fit all methods and report test RMSE in Figure 9; runtimes for LIAR,
MAR, and MAR-ST are reported in Table 2.

The pixel-wise baseline LIAR-P is the fastest method, but it also has the largest
RMSE. SP-LIAR is closest in structure to MAR-ST; its slightly higher RMSE is
expected, since SP-LIAR uses a one-shot SVD projection whereas MAR-ST refines the
factors iteratively, a pattern also observed by Chen et al. (2021). The unrestricted
LIAR has RMSE close to MAR and slightly below MAR-ST, while taking much
less time than both. Thus, in this TEC example, imposing locality keeps most of
the predictive information while reducing the computational cost. This agrees with
the neighborhood maps above: the selected local neighborhoods reflect meaningful
TEC dependence and are useful for prediction, improving one-step-ahead full-field

forecasts relative to pixel-wise autoregression.

6. Discussion and Conclusion

We proposed the local interaction autoregressive (LIAR) framework, a general prin-

ciple for modeling high-dimensional matrix and tensor time series via short-range
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Figure 9: Prediction RMSE over time on TEC data, comparing LIAR, SP-LIAR,

MAR, MAR-ST, and LIAR-P

spatio-temporal dependence. In the matrix setting, the proposed SP-LIAR serves
as a bridge between traditional MAR/MAR-ST modeling and the LIAR framework.
By restricting each entry’s evolution to a data-driven neighborhood, LIAR ensures
parsimony and interpretability while maintaining predictive accuracy.

A natural extension of the proposed neighborhood selector is to allow the selected
neighborhoods to vary smoothly over space. In the current implementation, the BIC-
based neighborhood selection is performed separately for each spatial location. This
location-wise selection preserves local adaptivity, but it does not explicitly impose
spatial coherence on the resulting neighborhood-size map. A simple practical remedy
is to post-process the selected neighborhood-size map, for example by applying a

local median filter or a local majority rule over a small spatial window. Such a step



Table 2: Runtime (s) by method and period

2017-06  2017-09 2018-06 2019-03 2019-06 2019-12

LIAR 11.26 8.41 8.90 8.45 4.43 6.84

MAR 467.03  462.89  451.69 438.63  225.81  452.26

MAR-ST 81.30 63.00 88.03 81.54 35.18 69.74

is straightforward to implement and may reduce isolated selections while retaining
spatial heterogeneity.

A more integrated approach is to incorporate spatial smoothness directly into
the model-selection criterion. Let £ be the set of adjacent spatial pairs. One may
consider a spatially regularized BIC criterion

k—ar min BIC;(k;) + A ki — kil ¢
g{k:(ki)iesikiSKO} zz: ( ) (i%;g | ]|

where A > 0 controls the degree of spatial smoothness. The first term retains the
location-wise BIC fit, while the second term discourages abrupt changes of neighbor-
hood sizes between adjacent locations. This formulation can preserve spatially vary-
ing local interactions while encouraging smoothly varying neighborhood patterns.
Its implementation, however, requires solving a discrete spatial labeling problem and
selecting the additional tuning parameter A\. Ordered-label optimization methods

or approximate graph-based algorithms may be useful for this purpose; we leave a



detailed computational and theoretical study of this spatially regularized selection
procedure to future work.

We developed scalable estimation procedures, including parallel least squares
and projection-based methods, a BIC-type neighborhood selector, and statistical
theory for kernel and auto-covariance estimation. Extensive simulations show that
LIAR achieves lower prediction error and markedly better runtime over competing
baselines, including MAR and MAR-ST, across diverse settings. On real-world data,

LIAR captures salient local dynamics and provides practical forecasting gains.
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