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Statistica Sinica

CONFORMAL INFERENCE FOR MISSING DATA
UNDER MULTIPLE ROBUST LEARNING

Wenlu Tang!*, Hongni Wang?*, Xingcai Zhou?, Bei Jiang® and Linglong Kong!

University of Alberta, “Shandong University of Finance and Economics,

and *Nanging Audit University

Abstract: We develop a novel approach to address the common but challenging
problem of conformal inference for missing data in machine learning, focusing
on Missing at Random (MAR) data. We propose a new procedure, Conformal
Prediction for Missing Data under Multiple Robust Learning (CM-MRL), which
combines split conformal calibration with a multiple robust empirical-likelihood
(EL) reweighting scheme. The method proceeds via a double calibration by
reweighting the complete-case scores by EL so that their distribution matches the
full calibration distribution implied by MAR, even when some working models
are misspecified. We demonstrate the asymptotic behavior of our estimators
through empirical process theory, provide reliable coverage for our prediction
intervals, both marginally and conditionally, and further show an interval-length
dominance result. We demonstrate the effectiveness of the proposed method

through several numerical experiments in the presence of missing data.

*These authors contributed equally to this work.



Key words and phrases: Conformal inference, Missing data, Multiple robust

model, Uncertainty quantification, Missing at random.

1. Introduction

In many statistical applications, quantifying predictive uncertainty is cru-
cial. Prediction intervals indicate a range in which a future outcome is ex-
pected to lie with a specified probability; for example, for data (X;, ¥;)™,,
the goal is to create a prediction set C (X,41) that includes Y;, 11 with proba-
bility at least 1 —«, where « is the miscoverage rate. However, the integrity
of these predictive intervals is frequently challenged by a common but sig-
nificant issue in data analysis: the presence of missing values (Little and
Rubin, 2002), which is pervasive, spanning various disciplines.

In statistical analysis, missing data introduces biases and uncertain-
ties that can lead to skewed inferences. Broadly classified into Missing
Completely at Random (MCAR), Missing at Random (MAR), and Miss-
ing Not at Random (MNAR), each type has unique challenges and tailored
strategies. In the missing at random (MAR) setting, for pairwise data
(X;,Y;),, the response Y is observed when R = 1 and unobserved, i.e.,
missing, when R =0, and P(R =1|Y,X)=P(R = 1| X). This missing-

data mechanism induces selection bias, and naive prediction intervals that
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ignore missingness may be invalid. Two classical approaches to handle
missingness are inverse probability weighting (IPW) and imputation. IPW
reweights each observed outcome by the inverse of an estimated propensity
score 1(X) = P(R =11 X) (Rosenbaum and Rubin, 1983} |(Tu et al., 2019),
whereas imputation predicts missing Y from observed covariates, e.g. using
regression or multiple imputation (Rubinl (1996| 2018)). Both methods can
yield consistent point estimates of quantities like E[Y" | X| when models are
correctly specified. However, both methods are sensitive to model misspeci-
fication, which can result in biased estimators (Little and Rubin) [2019). To
address this, prior studies have suggested a doubly robust approach (Robins
and Rotnitzky| [1995; (Cao et al., 2009; [Tan) [2010), ensuring consistency if
either the propensity-score model or the outcome model is correct. How-
ever, such approaches can still fail if both models are wrong, since correctly
specifying these models is challenging. Prediction intervals based on poten-
tially fragile imputations require additional robustness. Consequently, the

concept of multiple robust learning has emerged for handling missing data.

1.1 Conformal Inference

Interval estimation can quantify the uncertainty of a point estimate. Meth-

ods based on conformal prediction have been developed for distribution-free
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interval estimation in recent years. Given pairwise observations (X, Y;)"
and miscoverage rate «, the goal of conformal prediction is to construct
an interval C'(x) such that, for a new observation (X, 41, Ynt1), P{Y,11 €
C(X,11)} > 1 — a. Since the pioneering work by [Vovk et al.| (2005)), there
have been numerous conformal prediction studies and extensions in both
computation and theory, see Romano et al.| (2019)), [Tibshirani et al.| (2019)
and Zaffran et al. (2022). The conformal inference method can be applied to
various scenarios, including time series (Zaffran et al., |2022), survival data
(Candes et al., 2023)), causal inference (Lei and Candes, 2021)) and distri-
bution shifts (Gibbs and Candes| [2021)). Marginal validity, a conventional
coverage guarantee that can be achieved under the i.i.d. assumption, is
demonstrated in Lei et al.| (2013) and [Lei and Wasserman| (2014). However,
as demonstrated in Lei et al. (2018) and Vovk! (2012), conditional validity
with a finite-length prediction interval is impossible without regularity and
consistency assumptions on the model and estimator. The conditional va-
lidity is hard to achieve in missing data prediction intervals since methods
for missing data rely on correctly specified models.

Zaffran et al. (2023) introduced a framework for conformalized quantile
regression, showing that missing-data augmentation with the impute-then-

predict strategy is marginally valid, and explored conditional validity within
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a masked framework. However, their research primarily addresses missing
covariate values, and the accuracy of the conformal interval is highly in-
fluenced by the choice of imputation model. Therefore, we propose a con-
formal interval that is adaptive to missing responses and less sensitive to

imputation models.

1.2 Multiple Robust Estimation

Suppose the observations are pairwise samples {R;Y;, X;, R;} ,, where Y
is the response variable, X € RP is the vector of covariates, and R; is the
indicator of missingness. We write R; = 1 if Y} is observed and R; = 0 if Y;
is missing. In this paper, we consider the typical missing at random (MAR)

mechanism (Little and Rubin, 2002); that is,
P(R=1|Y,X)=P(R=1] X),

and this conditional probability is called the propensity score function, de-
noted by m(X). Let m = > | R; be the number of fully observed samples.
Without loss of generality, assume that the indices of the completely ob-
served samples with R; = 1 are ¢ = 1,...,m. For regression tasks with
missing responses, the parameter of interest is ug(x) = E(Y|X = z) for
mean regression or yu.(r) = Q-(Y | X = x) for quantile regression. Multi-

ple robust learning introduces a general framework for deriving a multiple
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robust estimator of u(x).

Previous studies on multiple robust estimation for mean [Han and Wang
(2013) and quantile Han et al.| (2019) regression problems can be summa-
rized in a general framework that incorporates multiple propensity and

error-imputation models.

1.3 Related Works

Multiple robust (MR) approaches reduce sensitivity to model misspecifica-
tion by combining multiple propensity-score and imputation models, yield-
ing consistent estimation if any one working model is correct (Han and
Wang), 2013). These multiple robust approaches involve both imputation
and inverse probability weighting (IPW) (Han, |[2014b)). By leveraging infor-
mation from multiple models, the calibrated empirical-likelihood estimator
attains the semiparametric efficiency bound when both the propensity-score
model and an outcome model are correctly specified (Han, [2016). Such
multiple robust methods can mitigate sensitivity to near-zero estimates in
[PW methods (Kang and Schafer], 2007) and reduce bias in imputation ap-
proaches. The multiple robust approach can be applied to several missing-
data and regression scenarios, including marginal quantile/mean estima-

tion (Han et al., 2019)) and regression with missing responses/covariates (Li
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et al., 2020). The computational cost lies in the constrained optimization,
which can be solved via the Newton-Raphson method (Han) 2014al).

The literature on multiple robust estimation develops a general robust
estimation framework for missing data, using calibrated empirical likelihood
weights to achieve consistency and efficiency when at least one working
propensity or outcome model is correct. In contrast, our goal is to construct
valid prediction intervals under the MAR missingness mechanism, which
requires further calibrating the distribution of conformity scores rather than

only estimating conditional means or quantiles.

1.4 Summary

In this paper, we develop a robust conformal prediction method for MAR

missing data with both methodological and theoretical contributions:

e We propose a multiple-robust regression framework that combines
multiple propensity-score and outcome models, yielding consistency

under MAR if any one working model is correct.

e We introduce a double calibration procedure for conformal intervals:
reweight complete-case conformity scores using multiple-robust em-
pirical likelihood weights, and calibrate score quantiles by pooling

across multiple imputations to account for missingness and imputa-



tion uncertainty.

e We establish asymptotic marginal and conditional validity under stan-
dard conditions, and demonstrate strong finite-sample performance in
simulations and a real-data application, often producing shorter in-

tervals than naive alternatives.

Section presents the MR estimator, Section develops the double cal-
ibration framework, and Algorithm 1 summarizes the Conformal Prediction
for Missing Data under Multiple Robust Learning (CM-MRL) procedure.

Sections [3] and [] provide asymptotic results and empirical evaluations.

2. Methodology

2.1 Multiple Robust Estimation

In this section, we propose the multiple robust estimator for the CM-MRL
interval construction following the main procedure of the MRL in Han
(2014b); Han et al.| (2019). Let the full sample set be D; = (X;, R;, R;Y;), i =
1,...,n, where R; € {1,0} is the response-observation indicator. In prac-
tice, we fully observe only » " | R; = m pairs. In the missing at random
(MAR) setting, the response Y is observed when R = 1 and missing when

R=0,and P(R=1]|Y,X)=P(R=1] X). We adopt a multiple ro-
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bust method to derive a consistent estimator for this regression task with
missing responses. Specifically, one can consider J propensity models with

parameter a and K imputation models with parameter b:
= {r'(a" X),....x"(a”; X)}; F={f"(Y | X;b"),.... /5 (V| X;0%)}.

Initial estimators of the parameters {a',...,a’} and {b*,...,b%} in the
working models are obtained by maximum likelihood. We maximize the

binomial likelihood to obtain the estimator @’ for the propensity score,

n

H {7 (; Xi)}Ri {1-7 (aj;Xi)}lfRi . (2.1)

i=1
Next we obtain the estimator b* by maximizing the conditional likelihood:

n

[T (vi | xi00) ™. (2.2)

=1

Next, we can impute the missing values by random sampling from the
conditional distribution f* <Y; | X Bk> Let L(Y —pu(x)) be a loss function,
and let Y/ (b*) be the ¢-th random draw from the k-th imputation model. By
averaging the T repeated random draws, the imputed values can be more
robust to extreme random draws. Subsequently, we obtain the estimator

fx(z) under each imputation model k& by minimizing

) = SO RL O = (X)) + 30 (1= R) = 3L () = ()}

=1 = t=1

(2.3)
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The estimator fix(x) from every imputed dataset usually introduces bias,
as the imputation model may not perfectly represent the true model f(Y |
X = z). To correct the bias, we can apply weights, denoted by w, to
balance the fully observed samples and the samples with imputed data.
Let g(u) = OL(n)/Ow be the first derivative of the loss function with
respect to p, and define g*(b*; X;) = T-' S0, g{V} (Z;k) — jx(z)}. The
weight w; plays a role similar to inverse-probability weights (IPW) for
fully observed samples. In robust estimation involving multiple models,

the weights w are applied in a way that satisfies

Z wir! (675 X;) = 0 =n7! Z m (&'; X;) (2.4)
=1 i=1
Zwigk <1;k, Xi> =i =n" ng (i)k, Xi> , (2.5)
i=1 =1

with the constraint » " w; = 1for j =1,...,Jand k = 1,..., K. Let
a=(a',....a"), b= "....b%), p= (i, ..., 0%), and let v;(a,b, 1) be

the normalized vector for multiple models of dimension J + K:

~

f)z(da i)a I:l’) - {ﬂ-l (dl? Xl) - él’ e 77TJ (&J’ X’) B QJ’

~ ~ T
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For every fully observed sample i = 1,...,m, the empirical-likelihood (EL)

weights {w; };.r,—1 are then obtained by

1 1
Wi = ———————, (2.6)
m 14 pTv;(a, b, f1)

where p minimizes
Fulp) = —~ S o {1+ p"oi(a.b. )} @7)
m m = i\ Yy : o
The nonnegativity of w; imposes the feasibility constraints
1+ p 0;(a,b, ) >0 (i=1,...,m).

The objective in ([2.7)) is strictly convex, so p can be computed by a Newton

method (Han|, 2014a).

Proposition 1. The weight w in (@ satisfies equations and .

The weight w calibrates the fully observed samples so that the weighted
average based on the fully observed samples is equal to the unweighted
average based on the total samples. In other words, the weighted averages
over complete cases match the unweighted averages over the full sample
for all working propensity and imputation-derived score moments. This

multiple balancing is what imparts robustness.
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Final MR estimator. We now propose a multiple robust estimator for
u(x), denoted by fiyr, by re-solving the prediction problem using only

complete cases, but weighted by the EL weights:

DL (Y - plX0)}. (2.8)

where the weight w; for every fully observed sample is obtained by .
Intuitively, (2.8) corrects the selection bias in complete cases while pooling
information across all working models; if any one of 7/ or f* is correctly
specified, the calibration in (2.4)-(2.5) aligns the weighted complete-case

objective with its full-data counterpart, yielding a consistent estimator.

Remark 1 (Choice of loss). There are various choices of loss function for
different tasks. We can choose the least squares loss L(u) = u? for mean
regression of pg, or the quantile check loss L(u) = u{r — 1(u < 0)} for

quantile regression of p,(x) at the 7-th quantile level.

Remark 2 (Extension to missing covariates). In fact, this framework for
missing responses can be easily extended to cases with missing covariates.
Without loss of generality, suppose that X; contains missing values among
X1,--+-,X,. In the imputation step , we draw random samples from
the imputation model f¥(X; | Y, Xy, ..., X,,b") and fill the missing values

in X, with X(b*). The objective-function estimates follow steps similar to



2.2  Double Calibration

those in (2.3) and (2.6)); the only difference is that X; is replaced by the
imputed X (b%). Finally, we can obtain a multiple robust estimator g

(Han et al., |2019).

2.2 Double Calibration

We now construct a conformal prediction interval framework under missing
outcomes by combining split conformal calibration (Vovk et al., 2020) with
the multiple-robust (MR) machinery from Section 2.1l The key idea is a
double calibration: (i) compute conformity scores on a held-out calibration
set, and (ii) reweight these scores via empirical-likelihood (EL) balancing
so that they represent the full calibration distribution under MAR, even
when some working models are misspecified. Without loss of generality,
we consider the mean regression estimator for o throughout this paper.
Extensions to quantile estimators and the corresponding theoretical results
are shown in in the Supplementary Materials.

First, we split the dataset into two subsets, a training set Z;., and
a calibration set Z.,, with sample sizes ny., and n.y, respectively; the
corresponding fully observed sample sizes are denoted by my., and mey,
respectively. We obtain the multiple robust estimator fiyr using all training

samples i € Zy,, by following the steps in Section 2.1} Let 1 — o denote the
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target coverage rate.

First calibration: conformity scores on complete calibration cases.
We conduct the first calibration by calculating the conformity score, defined

by the absolute error, using fully observed samples in the calibration set:
& =Y — invr(Xi)|, @ € ZLea (2.9)

and set Mmea = > R;. The conformity score measures the discrepancy

1€1cal
between the prediction and the true response. Let po(z) = E(Y | X = )
be the unknown population mean regression function. The oracle score is
e* = |Y —po(X)| with 1 —a-quantile ¢f_,. Let P.«(-) denote the distribution
function of €*; then P.«(x < ¢j_,) = 1 — a. A direct approach to approx-
imate ¢j_, is to use empirical quantile estimation of absolute error .

In standard split conformal, one would take the empirical 1 — a-quantile of

the fully observed errors {&; : R; = 1}, denoted by ¢1_,(¢;), and form
Cop(@) = [inm(Xs) = di-a(es), ivr(Xs) + di-al)]; (2.10)

where ¢;_o(g;) is the 1 — a-th empirical quantile of the absolute error &
defined in (2.9). However, under MAR the distribution of &; among com-
plete cases can differ from that among all calibration points, especially with

heteroskedastic or heavy-tailed errors, so ¢;_,(¢) may be a biased estimate
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of ¢j_,. Therefore, we leverage the multiple robust framework to further

calibrate the fully observed absolute errors.

Second calibration: MR reweighting of conformity scores. Now
we conduct the second calibration of the conformity score using the multiple
robust approach. As with outcomes Y;, conformity scores are missing when
R; = 0; we index them by ¢ = m.y + 1,...,nqy. We impute their values
using the K fitted outcome models from Section 2.1} For each k =1,..., K

and each i € Z., with R; = 0, draw T" Monte Carlo imputations
VIO ~ fRC X0, t=1,...,T,

and define the imputed conformity score as &(bF) = TS |Vi(b*) —
foir(x,)|- Each imputed error £:(bF) corresponds to the imputed Y;(b%). Let
p1-a(u) = u{l—a—1(u < 0)} be the check loss and ¢, _,(u) = 1—a—1(u <
0) its subgradient at the 1 — a quantile level. For each model k, obtain a
model-wise 1 — a-quantile cﬁk_)a by minimizing the imputed check-loss risk

over the entire calibration set,

. .1 . " g
g, € arg g > {Ri proa (& —q) + (1 = Ri) proa(&(VF) — q)},
ca ieIcal

(2.11)
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Define the corresponding centered -moments by

é0 = = S R (G- +(1-R) (G0 -d2,) ) 212)

n
cal €T

In parallel, let {7’ }3-]:1 denote the fitted propensity models defined in Sec-

tion [2.1] estimated on Zi.,, and set

A 1 o
o) — Z (@ X,), j=1,...,J. (2.13)

n
cal €T on

We now calibrate the observed calibration scores {¢; : R; = 1} by computing
EL weights {d;}icz., r—1 that simultaneously balance (i) the propensity
moments and (ii) the ¢-moments from ([2.12)). For each complete calibration

case ¢ define the centered moment vector

~

bi(a,b,q) = {x' (@ X,) = 0',. . 7' (a’; X;) — 67,
o ~ T
U (@) = € (@ x) - €6

and obtain the EL weight by

d; = R A X:argmin{— ! Z log(1+5\T'ﬁz’)},

< Y
m, To. A m,
cal 1 —+ A v; cal €Ty, Ri=1

(2.14)

with feasibility constraints 1 -+ AT%; >0 foralli€Z, with B, =1 .



2.2  Double Calibration

Final calibrated quantile and interval. The double-calibrated confor-
mity quantile ¢gyr is defined as the root of the weighted score equation
Z d; V1—a(é — qur) = 0. (2.15)
i€ T a1, Ri=1
where d; is obtained from . Therefore, the calibrated quantile estima-
tor for ¢i_,, of the conformity scores ¢; is gur.
Finally, we can obtain the conformal prediction interval using multiple

robust estimation and double calibration by
Crr (@) = [fvr(7) — Gurs finr (%) + Gur] - (2.16)

Algorithm [1}in the Appendix summarizes the full Conformal Prediction for

Mossing Data under Multiple Robust Learning (CM-MRL) procedure.

Remark 3 (Flexibility in predictors and conformity scores). The double-
calibration layer is model-agnostic and offers flexibility in reweighting con-
formity scores. For instance, the framework allows the point prediction
fvr () in to be replaced by predictions from alternative models,
including those generated by black-box machine learning techniques. Addi-
tionally, the definition of the conformity score, initially presented in (2.9)),
can be diversified. Alternative formulations of the conformity score, such

as those proposed by [Romano et al|(2019) and Candes et al.| (2023)), can



be easily integrated into the proposed framework. We show the details of

the extensions in in the Supplementary Materials.

3. Theoretical Results

3.1 DMarginal and Conditional Coverage

We establish large-sample guarantees for the MR point estimator from Sec-
tion 2.1 and the double-calibrated quantile from Section 2.2 We first state
consistency and asymptotic normality for the proposed estimators. Then,
we derive marginal and asymptotic conditional coverage of the conformal

interval (2.16]). Proof sketches are deferred to in the Supplementary

Materials.

(C1). (i.i.d. sample, MAR, and sample split) {(X;, R;, Y;)}**! arei.i.d., the
split into Zi;, and Z., is independent of the data, and R L YV | X

with 0 < inf, mo(z) < sup, mo(z) < 1.

(C2). (Oracle error for absolute-residual scores) Let po(z) = E(Y | X = x)
and ¢* = |Y — uo(X)|. The cdf F.- is continuous in a neighborhood

of its 1 — a-quantile ¢}_,, and has density fe-(¢_,) > 0.

(C3). (Modeling robustness) At least one propensity working model in IT or

one outcome model in F is correctly specified.
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(C4). (Moments complezity) The fourth moment E|X||* < oo, and the
classes {77(-;a)}, {f*(-|-;b)} have manageable complexity so that
the empirical processes used in calibration are o,(1), i.e., Donsker

classes.

(C5). (Loss regularity) The loss L(-) is convex and locally Lipschitz; for
mean regression L(u) = u?, for 7-quantiles L(u) = u{r — 1(u < 0)}

with subgradient ¢, (u) =7 — 1(u < 0).

Condition (C1) gives the basic independence assumptions required for con-
formal prediction. Condition (C2) allows heteroskedasticity in Y | X; it
only requires smoothness of the marginal distribution of €*. If one prefers
a conditional formulation, it suffices to assume that the conditional cdf of
Y — po(X)| given X has a density that is bounded and bounded away
from zero at the 7-quantile uniformly in x. Condition (C3) is a regularity
assumption for quantile estimation. Condition (C4) requires E||X||* to be
bounded. It controls the tail behavior of the distribution of X and is used

to establish a Donsker class in empirical-process arguments.

Remark 4. Assumption (C4) holds in various standard settings. For in-
stance, if X has bounded support, X is sub-Gaussian, or X is categorical,

then E|| X ||* < co. Moreover, when the propensity score model 7(-) and the
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working outcome models f(+) are finite smooth functions such as logistic
and Gaussian linear models for Y | X with parameters in compact sets, the

corresponding function classes satisfy (C4).

Remark 5. Assumption (C4) is a high-level empirical-process condition en-
suring asymptotic normality of the plug-in estimating equations. Following
Chernozhukov et al. (2018), one can replace the Donsker and moment con-
ditions of (C4) by employing cross-fitting and Neyman-orthogonal scores.
An extension of this argument to the full CM—MRL calibration moments is

shown in the Supplementary Materials [S1.6]

Theorem 1 (Consistency and asymptotic normality of MR estimator).
Under (C1)-(C5), if either a propensity model in II or an outcome model
in F is correctly specified, then g — po. If, in addition, fox(0 |
x) exists and is bounded away from zero uniformly in x, then \/n (jiMr —
to) — /\/(0, VMR), where Vg s the semiparametric variance bound when

a propensity model and an outcome model are both correctly specified.

The variance Vjg and the proof are given in Han, 2014b; Han et al.|
2019 This result demonstrates the consistency of the mean regression esti-
mator jiyr. Additionally, the asymptotic normality of the estimator holds

under further assumptions. We now show the consistency of the double-
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calibrated estimator ¢);z for the reweighted conformity score in Section

2.2

Theorem 2 (Consistency and limit distribution of gyr). Under (C1)-(C5),
Gvr — 4i_o- Moreover, if fo is continuously differentiable at qi_,,, then,

wWith Mea = ZiEIcal Ri,

\/@(@MR—CHF—Q) — N(O M >,

) " * KMR
{for(gr_0)}?
where kyr < 1 is an efficiency factor determined by the EL calibration;
kMR = 1 when weights are uniform in complete-case split conformal and

typically kyr < 1 when the balancing moments are correctly specified.

Even when the point estimator is misspecified, the EL calibration aligns
the complete-case score distribution with the full calibration distribution
by constraints and . As a result, gugr converges to ¢j_, and has
smaller asymptotic variance than the unweighted empirical quantile when
the balancing moments are correct. This typically yields shorter intervals

than complete-case split conformal while preserving coverage.

Remark 6. Although Theorems 1 and 2 and the related conditions are
stated for mean regression with squared loss, CM—MRL can be extended
directly to conditional quantile estimation u.(z) = Q- (Y | X = z), yielding

MR estimators of fa/Q and fl_a/Q as shown in Han et al.| (2019). In addition,
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we can extend the method to the CQR conformity score (Romano et al.|
2019) by applying the same EL reweighting to complete calibration scores
and targeting the (1 — «)-quantile of the corresponding oracle score S* =
max{Y — fo.1-a/2(X), fo,a/2(X)—Y}. The extended asymptotic results and

proof details are shown in in the Supplementary Materials.

The conformal interval constructed in (2.16]) has strong theoretical sup-

port, providing reliable coverage both marginally and conditionally.

Theorem 3 (Asymptotic marginal coverage). Under (C1)-(C5),

liminf P{ V41 € Cur(Xot1) } = 1—a.

n—oo

Additionally, if the calibration weights are functions of X only and the split

is independent, then the coverage error is o(1).

The result states that double calibration recovers the oracle conformity
quantile and thus achieves the nominal marginal coverage asymptotically.
To quantify the accuracy of the proposed interval, we show the condi-
tional coverage. There are various metrics for measuring conditional cover-
age (Lei et al., 2018; |[Feldman et al., 2021; |[Foygel Barber et al., [2021)). We
adopt the asymptotic conditional coverage definition in |Sesia and Romano

(2021)), where conditional coverage holds when intervals are asymptotically



close to the oracle intervals under regular conditions. We define the oracle

interval by the true conditional mean puo(x) and quantile ¢j_,,.

Definition 1 (Oracle prediction interval). Let C*(z) = [po(z)—q]_,, po(z)+

qf_a} denote the oracle interval.

Theorem 4 (Asymptotic conditional coverage). Under (C1)-(C5), there

exist sequences &, — 0 and b, — 0 such that
P{ ]P)[ Yn+1 € CA’MR(AXVn—&—l) | Xn—i—l} Z l—a-— gn } — 1= bn

Equivalently, C’MR(-) is asymptotically equivalent to C*(-).

4. Numerical Results

4.1 Simulation Study

In this section, we evaluate the performance of the proposed CM-MRL via
simulations and compare it with various existing methods under different
scenarios and settings. We provide two experiments: first, we consider a
setting adapted from Han| (2014b) to assess effectiveness and robustness,

and then we compare against related conformal methods.
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4.1.1 Numerical experiment I
We generate i.i.d. covariates by
X; ~N(5,1), X5~ Bernoulli(0.5), X3~ N(0,1), X;~N(0,1).

The true regression is linear with 5y = (3.5,0.5,2.0,1.0,1.0). The outcome

follows a linear signal-plus-noise model
Y = 3.5+0.5X1+2X2+X3+X4+0’6y,

so that the conditional mean is po(z) = By = with 8y = (3.5, 0.5, 2, 1, 1).
We generate MAR missingness via logit mo(X) = 3.5 — 5.0X, with about
58% observed and consider three error scenarios, including Gaussian, heavy-
tailed, and heteroskedastic errors. We evaluate robustness under misspeci-
fication using two candidate propensity models and two candidate outcome
models across the six settings shown in Table [2} at least one candidate
model is correct in each setting. Importantly, both candidate propen-
sity score models are correctly specified in Experiment I: the first is the
true logistic model, and the second is a larger correctly specified logistic
model that contains the true propensity model as a special case. We run
100 Monte Carlo replications with n = 3000, split the sample into train-
ing/calibration /testing, and compare CM—MRL with Impute-SC, complete-

case split conformal (SC), and WCCQR/WCCQR-CV at target coverage
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1—a = 0.9; full details are provided in[S1.2]in the Supplementary Materials.

Performance is summarized by empirical coverage, average interval length,
and the corresponding standard deviation (sd) in Tables [3]and [i In addi-
tion, Figures|l] and [2| report boxplots of the length across all methods under
different settings and scenarios.

Across all settings, complete-case split conformal (SC) systematically
overcovers the nominal level 1 — a = 0.9 and produces the longest in-
tervals. In contrast, the three missing-data methods, CM—-MRL (ours),
Impute-SC, and WCCQR/WCCQR~-CV, cluster near nominal coverage
with markedly shorter lengths. In settings S1 and S2 with correct a") avail-
able, CM-MRL, Impute-SC, and WCCQR/WCCQR~-CV achieve compa-
rable coverage around 0.89-0.90 with similar lengths, while SC is longer
and overconservative. For example, in STA;, CM-MRL length is 4.621 ver-
sus 5.133 for SC; in S2C, CM-MRL is 4.344 versus 4.878 for SC. Standard
deviations are small and similar across the missing-data methods. In Set-
ting S3 with no correct outcome model, CM-MRL delivers the shortest
intervals among all methods, reflecting its calibration efficiency. SC again
overcovers and is longest. This highlights a trade-off under misspecification:
CM-MRL prioritizes shorter length while maintaining stable performance,

whereas imputation/weighting baselines tilt toward slightly higher coverage
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with wider intervals.

Therefore, CM—MRL consistently produces intervals that are (7) much
shorter than complete-case SC across scenarios and (i7) competitive with,
or shorter than, Impute-SC/WCCQR when a correct working model is
present (S1/S2). Under outcome-model misspecification (S3/S4), and when
only the larger propensity model is used (S5/S6), CM-MRL preserves its
short-length advantage but exhibits mild undercoverage, illustrating the
expected robustness and efficiency trade-off. In low-noise regimes, such as
scenario (A), it offers the best length-coverage balance among all missing-

data methods.

4.1.2 Numerical experiment 11

In the second experiment, we consider a nonlinear regression model with
X € R® and heteroskedastic noise. We generate n = 2,000 i.i.d. ob-
servations and repeat the experiment 100 times. We conduct a nonlin-
ear, heteroskedastic regression simulation with MAR missing outcomes un-
der three propensity scenarios (A-C), using a train/calibration/test split
(50%/30%/20%), and compare CM—MRL with Han-Bootstrap and weighted
conformal baselines (CP-Logit/CP-NN/CP-RF). Full data-generating de-

tails and model specifications are in in the Supplementary Materials.
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The performance of each method is shown in Figure [3, which displays
coverage in blue bars associated with the left axis and mean interval length
in orange bars associated with the right axis, with the dashed horizontal
line indicating the nominal 1 — a = 0.90 coverage. The plots show a clear
coverage-length balance across intervals and scenarios. Across the three
MAR scenarios, CM-MRL consistently delivers among the shortest mean
interval lengths while keeping coverage close to the 0.90 target, especially
in Scenarios A and B. In contrast, Han-Bootstrap produces substantially
wider intervals. The weighted conformal baselines CP-Logit and CP-RF
often achieve coverage above the target, but their intervals inflate notice-
ably as the missingness model becomes more nonlinear and overlap weak-
ens in Scenario C, which is consistent with instability from IPW weights
under harder MAR with larger weights. Finally, CP-NN produces very
short intervals, but its coverage drops below 0.90 in these plots, making it
anti-conservative. This is a common failure mode when flexible propensity
models are trained on finite samples, leading to underestimated calibration
quantiles and undercoverage. Therefore, CM—MRL is more efficient and

more robust across MAR complexities.
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Table 1: Choices of the error term ¢y and the scale o.

No. | o %
A |1 ey ~N(O1)
B |1 gy ~ t3
C |06 ey ~N(0,(0.6+0.2|X1])?)

Note. We use all three choices in every setting. ¢, denotes a Student-¢ distribution

with v degrees of freedom. The probability of outlier occurrence is 0.02 in choice C.

Table 2: Candidate propensity and imputation model combinations.

Setting | 7' (a!) 7% (a?) a'(v') a®(v?)
S1 v v v v
S2 v X v v
S3 v v X v
S4 v v 4 X
S5 X v v v
S6 X v 4 X

Note. v indicates the model is adopted, while X

4.2 Real Data

indicates not adopted.

As an application of the proposed method, we consider data from 2,139

HIV-infected subjects enrolled in the AIDS Clinical Trials Group Proto-

col 175 (ACTG 175) (Hammer et al. |1996).

Subjects were randomly
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Figure 1: Interval length of all methods in Settings S1-S3 with candidate

model selections under Scenarios A-C with 100 repetitions.

assigned to one of four antiretroviral regimens: zidovudine (ZDV) alone,

ZDV+didanosine (ddl), ZDV+zalcitabine (ddC), or ddlI alone.

Following the analyses by (2014b), we compare two treatment

arms: the standard ZDV monotherapy arm and the combined arm of the

three newer treatments.

These two arms include 532 and 1607 subjects,
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Figure 2: Interval length of all methods in Settings S4-S6 with candidate

model selections under Scenarios A-C with 100 repetitions.

respectively. Our primary focus is the effect of the treatment arm on CD4

counts measured at 96 + 5 weeks post-baseline (CD4g4), adjusting for base-

line CD4 counts (CD4y) and other baseline characteristics. These character-
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Figure 3: Average interval length (orange bar) and coverage (blue bar) in

numerical experiment IT under Scenarios A-C over 100 repetitions.

istics include continuous covariates (age in years and weight in kilograms)
and binary covariates (treatment, where 0 = ZDV; race, where 0 = white;
gender, where 0 = female; antiretroviral history, where 0 = naive and 1 =
experienced; and whether the subject was off-treatment prior to 96 weeks,

where 0 = no). Our aim is to fit the following linear regression model:

CDgg =01 + o trt + 53CDg + B4 age + P5 weight + (g race
+ [B7 gender + (g history + [y offtrt + e,
where € has a mean of zero conditional on all covariates. The data can be
accessed through the R package speff2triall We provide summary statistics
for these data in Table [1

Accurately specifying a model for 7(X) is challenging with an eight-

http://cran.r-project.org/web/packages/speff2trial /speff2trial.pdf
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dimensional X, even with model selection and diagnostic techniques. The
same challenge applies to modeling E(Y | X). Due to potential model
misspecifications, the reliability of estimation and inference based on dou-
bly robust methods can be questionable. Therefore, we apply the pro-
posed method, which, although not definitive, may provide more reliable
conclusions in the presence of model misspecifications, as demonstrated
by the simulation studies in Section . Following Han| (2014b), we use
a logistic regression model for the propensity score function 7(X) and
a linear regression model for E(Y | X). To ensure thoroughness, both
models include all main effects of X. We employ the estimating function
Uy, X,8)=X (Y—XTH).

We further compare CM-MRL with split conformal and weighted con-
formal baselines whose propensity scores are estimated using machine-learning
methods, such as neural networks (CP-NN) and random forests (CP-RF),
implemented via the SuperLearner package in R] see in Supplemen-
tary Materials for full implementation details and settings.

Table |5| reports prediction-interval performance on the ACTGI175 test
set. Overall, the compared methods yield coverages ranging from 0.871

to 0.899 at the nominal 1 — o = 0.90 level. Split conformal attains the

https://cran.r-project.org/web/packages/SuperLearner /index.html
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coverage closest to nominal (0.899) with mean length 170.35. CM-MRL
achieves comparable coverage (0.889) while producing a shorter interval
(166.71), improving efficiency relative to split conformal with only a modest
reduction in coverage. Among the weighted conformal baselines, CP-RF
has a similar mean length to CM-MRL (166.72) but slightly lower cov-
erage (0.887), whereas CP-NN yields the shortest intervals (162.79) but
exhibits the largest undercoverage (0.871). Taken together, these results
suggest that CM-MRL provides a good validity—efficiency trade-off in this
application. It maintains near-nominal coverage while delivering compara-
tively parsimonious intervals, and it is less sensitive to the choice of a single

propensity model by leveraging multiple-robust calibration.

Supplementary Materials

In the Supplementary Materials, we present extensions of the proposed

method, including the algorithm pseudocode (S1.1)), detailed experiment

settings (S1.2} [S1.3)), extensions under model misspecification (S1.4)), the

quantile conformity score version (S1.5)), and the double machine learning

extension (S1.6). We also include technical proofs of the main results (S2).
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Table 3: Coverage and interval length (mean (sd)) across methods in Set-

tings S1-S4 under 100 repetitions.

Setting S1
Method
Cov. Len. Cov. Len. Cov. Len.
CM-MRL 0.892(0.019) 4.620(0.213) 0.885(0.021) 4.849(0.257) 0.898(0.019) 4.362(0.248)
Impute-SC 0.893(0.018) 4.638(0.212) 0.887(0.019) 4.868(0.246) 0.899(0.018) 4.386(0.246)

Split Conformal (CC) 0.927(0.016)
WCCQR 0.893(0.018)

WCCQR-CV 0.893(0.018)

5.169(0.268) 0.923(0.017)
4.638(0.212) 0.887(0.019)

4.638(0.212) 0.887(0.019)

5.547(0.300)
4.868(0.246)

4.868(0.246)

0.932(0.018)
0.899(0.018)

0.899(0.018)

4.936(0.319)
4.386(0.246)

4.386(0.246)

Setting S2

CM-MRL 0.887(0.020)
Impute-SC 0.888(0.018)
Split Conformal (CC) 0.924(0.015)
WCCQR 0.888(0.018)

WCCQR-CV 0.888(0.018)

4.558(0.243) 0.886(0.019)
4.571(0.235) 0.888(0.018)
5.072(0.253) 0.925(0.017)
4.571(0.235) 0.888(0.018)

4.571(0.235) 0.888(0.018)

4.819(0.248)
4.833(0.234)
5.498(0.282)
4.833(0.234)

4.833(0.234)

0.896(0.018)
0.897(0.018)
0.930(0.017)
0.897(0.018)

0.897(0.018)

4.341(0.222)
4.356(0.221)
4.915(0.277)
4.356(0.221)

4.356(0.221)

Setting S3

CM-MRL 0.871(0.025)
Impute-SC 0.892(0.020)
Split Conformal (CC) 0.925(0.017)
WCCQR 0.892(0.020)

WCCQR-CV 0.892(0.020)

4.395(0.284) 0.872(0.022)
4.639(0.233) 0.885(0.021)
5.176(0.290) 0.922(0.017)
4.639(0.233) 0.885(0.021)

4.639(0.233) 0.885(0.021)

4.620(0.285)
4.816(0.255)
5.432(0.316)
4.816(0.255)

4.816(0.255)

0.875(0.023)
0.898(0.020)
0.932(0.017)
0.898(0.020)

0.898(0.020)

4.077(0.261)
4.396(0.229)
4.943(0.313)
4.396(0.229)

4.396(0.229)

Setting S4

CM-MRL 0.879(0.021)
Impute-SC 0.879(0.021)
Split Conformal (CC) 0.930(0.015)
WCCQR 0.879(0.021)

WCCQR-CV 0.879(0.021)

3.134(0.160) 0.872(0.023)
3.133(0.160) 0.872(0.023)
3.710(0.207) 0.924(0.017)
3.133(0.160) 0.872(0.023)

3.133(0.160) 0.872(0.023)

3.487(0.201)
3.487(0.201)
4.224(0.266)
3.487(0.201)

3.487(0.201)

0.877(0.021)
0.875(0.019)
0.936(0.015)
0.875(0.019)

0.875(0.019)

2.504(0.175)
2.495(0.171)
3.344(0.262)
2.495(0.171)

2.495(0.171)
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Table 4: Coverage and interval length (mean (sd)) across methods in Set-

tings S5-S6 under 100 repetitions.

Setting S5
A
Method
Cov. Len. Cov. Len. Cov. Len.
CM-MRL 0.880(0.023) 4.464(0.251) 0.877(0.023) 4.707(0.261) 0.885(0.021) 4.169(0.238)
Impute-SC 0.892(0.020) 4.640(0.233) 0.884(0.021) 4.816(0.256) 0.898(0.019) 4.398(0.230)

Split Conformal (CC) 0.925(0.017) 5.175(0.291)

0.922(0.017)

5.433(0.316)
4.816(0.256)

4.816(0.256)

0.932(0.017)
0.898(0.019)

0.898(0.019)

4.944(0.313)
4.398(0.230)

4.398(0.230)

WCCQR 0.892(0.020) 4.640(0.233) 0.884(0.021)
WCCQR-CV 0.892(0.020) 4.640(0.233) 0.884(0.021)
Setting S6
CM-MRL 0.865(0.026) 4.299(0.282) 0.867(0.024)
Impute-SC 0.892(0.020) 4.640(0.233) 0.884(0.021)

Split Conformal (CC) 0.925(0.017) 5.175(0.291)
WCCQR 0.892(0.020) 4.640(0.233)

WCCQR-CV 0.892(0.020) 4.640(0.233)

0.922(0.017)
0.884(0.021)

0.884(0.021)

4.538(0.295)
4.816(0.256)
5.433(0.316)
4.816(0.256)

4.816(0.256)

0.871(0.025)
0.898(0.019)
0.932(0.017)
0.898(0.019)

0.898(0.019)

3.984(0.273)
4.398(0.230)
4.944(0.313)
4.398(0.230)

4.398(0.230)

Table 5: Prediction-interval performance on the ACTG175 test set.

Method Mean length Coverage ngps test
CM-MRL 166.71 0.889 280
Split conformal 170.35 0.899 280
CP-RF 166.72 0.887 280
CP-NN 162.79 0.871 280
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