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Varying-Coefficient Fréchet Regression

Yanzhao Wang*, Jiangiang Zhang' and Wangli Xu*
*Center for Applied Statistics and School of Statistics, Renmin University of China

 School of Statistics and Data Science, Zhejiang Gongshang University

Abstract: As a growing number of problems involve variables that are random
objects, the development of models for such data has become increasingly im-
portant. This paper introduces a novel varying-coefficient Fréchet regression
model that extends the classical varying-coefficient framework to accommodate
random objects as responses. The proposed model provides a unified method-
ology for analyzing both Euclidean and non-Euclidean response variables. We
develop a comprehensive estimation procedure that accommodates diverse pre-
dictor settings. Specifically, the model allows the effect-modifier variable U to
be either Euclidean or non-Euclidean, while the predictors X are assumed to
be Euclidean. Tailored estimation methods are provided for each scenario. To
examine the asymptotic properties of the estimators, we introduce a smoothed
version of the model and establish convergence rates through separate theoretical
analyses of the bias and stochastic terms. The effectiveness and practical util-
ity of the proposed methodology are demonstrated through extensive simulation
studies and a real-data application.

Keywords: Fréchet regression, metric space, random objects, varying-coefficient

model.



1. Introduction

Statistical analysis of non-Euclidean data has gained significant attention
due to the increasing availability of complex data structures. Relevant ex-
amples include probability distributions, covariance matrices, phylogenetic
trees, and graph networks. For instance, Zhang et al| (2025) studied the
distribution of stock market returns to monitor structural changes over
time. Dryden et al|(2009) analyzed brain images as covariance matrices to
examine the diffusion of water molecules in the brain. [Nye et al.| (2017)) ex-
plored genomic data by investigating phylogenetic trees for dimensionality
reduction and structure discovery. |Dubey and Miiller (2022)) examined the
dynamics of time-varying networks, focusing on the evolving connectivity
within brain networks and other complex systems. Given these develop-
ments, investigating the relationship between predictors and responses be-
comes crucial when the responses are metric space-valued random objects
rather than Euclidean variables.

In the literature, various models have been developed to analyze cases
where the response consists of random objects while the predictors are Eu-
clidean variables. Among these, Petersen and Miiller| (2019) introduced the
Fréchet regression method, which accommodates both linear and nonpara-

metric relationships between the response and predictor variables. Building



upon this foundation, Bhattacharjee and Miiller (2023) proposed the single
index Fréchet regression, which enables effective dimension reduction by
projecting a multivariate predictor onto a single direction vector. 'Tucker
and Wu| (2025) developed the partially-global Fréchet regression to com-
bine the local and global Fréchet regression, which generalizes the partially
linear regression model. To mitigate the curse of dimensionality, |Qiu et al.
(2024)) introduced a random forest weighted local Fréchet regression, which
relies on a locally adaptive kernel generated by random forests. More re-
cently, [lao et al. (2025) employed deep neural networks to develop deep
Fréchet regression, which captures relationships between non-Euclidean re-
sponses and high-dimensional Euclidean predictors without imposing para-
metric assumptions. In summary, the development of Fréchet regression
has progressed from parametric models towards flexible nonparametric and
semiparametric frameworks, and further into high-dimensional and machine
learning domains.

Although the existing literature has extensively studied various Fréchet
regression models, these models naturally reduce to their Euclidean coun-
terparts when the response variables lie in Euclidean space. For instance,
global Fréchet regression simplifies to standard multiple linear regression

(Petersen and Miller, [2019), while partially-global Fréchet regression re-



duces to classical partially linear regression model in the special case where
random objects lie in Euclidean space (Tucker and Wuj, [2025). Neverthe-
less, when dealing with Euclidean response variables, varying-coefficient
models represent another important class of regression approaches that has
not been similarly generalized to the Fréchet regression. These models cap-
ture dynamic relationships by allowing regression parameters to vary with
covariates or over time, rather than being fixed constants. For example,
Pei et al.| (2022)) analyzed the relationship between income and pollution,
showing that the impacts varied with energy consumption. Since their ini-
tial proposal by Hastie and Tibshirani (1993), these models have generated
a substantial body of follow-up research. On the estimation side, kernel
based local polynomial methods have been widely adopted for estimating
functional coefficients by |Fan and Zhang| (1999). With further developments
on efficient estimation, Huang et al.| (2002)) introduced basis function and
spline based techniques to provide flexible global approximations suited for
the repeated measurements. For inference on coefficient variability, existing
tests are based on the discrepancy between the restricted and unrestricted
sum of squared residuals using smooth estimates of the varying coefficients.
Fan et al.| (2001) developed the generalized likelihood ratio tests to exam-

ine whether coefficient functions are constant or vary over the domain, with



desirable wilks phenomenon properties facilitating inference. In addition,
Huang et al| (2002) proposed resampling-based subject bootstrap proce-
dures to construct confidence regions and to perform hypothesis testing.
Varying-coefficient models represent a vital class of regression meth-
ods for characterizing relationships among variables in Euclidean spaces.
Currently, no existing models have been developed for cases where the re-
sponse variable is a random object. This study establishes the first estima-
tion framework for Fréchet varying coefficient models, with the following

principal innovations:

1. We propose a novel varying-coefficient Fréchet regression model that
extends the classical varying-coefficient framework to accommodate
random objects as responses. This extension provides a unified method-
ology for analyzing response variables that are either Euclidean or

non-Euclidean, without relying on parametric assumptions.

2. We develop an estimation procedure for the proposed varying-coefficient
Fréchet regression model. Unlike existing methods for random object
responses, which are typically limited to Euclidean predictors, our ap-
proach accommodates predictors that are themselves random objects

residing in metric spaces.



3. To investigate the asymptotic convergence rate of the estimators, we
introduce a smoothed version of the varying-coefficient Fréchet regres-
sion model. By separately analyzing the bias term and the stochastic
term, we theoretically establish the convergence rate of the estima-
tor. The effectiveness of the proposed method is validated through

simulation studies and a real-data application.

The remainder of this paper is organized as follows. Section [2| provides
a comprehensive review of varying-coefficient models and corresponding es-
timation methods. Section |3| introduces the proposed varying-coefficient
Fréchet regression, including its definition and estimators. Section 4| es-
tablishes the consistency and convergence rates of the proposed estimators.
Section 5| presents simulation studies with responses including scalars, prob-
ability distributions, and symmetric positive-definite matrices. Section [6]
illustrates the empirical utility of the method through an application to
human mortality data. Finally, Section [7] concludes with a discussion of

methodological implications and potential directions for future research.

2. Varying-coefficient model

To better introduce the varying-coefficient Fréchet model, this section first

presents the properties of varying-coefficient models in Euclidean space. A



varying-coefficient model with Euclidean responses takes the form
Y = B(U) + X"BU) + ¢, 2.1)

where Y is the response variable, the functional coefficient intercept 5o(U)
varies with the scalar U € R, X = (X1, Xy,...,X,)" € RPis a p-dimensional
vector of predictor variable, B(U) = (81(U), B2(U), ..., B,(U))" is a vector
of coefficient function, and random error e satisfying E(e|X,U) = 0. For

every u € R, we have
E(Y | U = u) = Bo(u) + E(X | U = )" B(u) (2.2

From equations (2.1)) and (2.2)), we obtain Y —E(Y | U = u) = (X —E(X |

U =u))"B(u) + €. Thus, B(u) can be obtained as follows

Bu) = (E(X ~E(X|U=u)X ~EX |U=u)"|U=u)"

XE(X ~EX |U=u)Y ~EY |U=u)|U=1u). (2.3)

To estimate B(u) in equation (2.3), we first estimate E(X | U = u)
and E(Y | U = u), denoted by E(X | U = u) and IAE(Y | U = u), respec-
tively. Suppose the random sample is {(Y;, X;,U;) : @ = 1,...,n}. The
estimators IE(X | U = u) and ]/E(Y | U = u) are given by IE(X | U =
w) =n ' s ()X, and E(Y | U = u) = n ' 327, sin(u)Y;, where the

weighting function s;,(u) can be either the local constant weighting s¢, (u)



(Nadaraya, 1964; Watson, [1964) or the local linear weighting s (u) (Fan
and Gijbels, 1996) with their explicit forms given by

o () = B Ui—w) & () = -y Fe() — (W)U — )
" S KU, ) o) = O = ) — 7 Cw)

(2.4)
Here Kj,(-) = h™'K(-/h), K(-) is a smoothing kernel function, h is a band-
width, and z1;(u) = n~t >0 K (U; — u)(U; — uw) for j = 0,1, 2. Hereafter,
unless otherwise specified, the weight function s;,(u) may denote either the
local constant weight s¢ (u) or the local linear weight st (u), and will be
abbreviated as s;,, for simplicity. Using these notations, the estimator B\(u)

takes the form

Zsz——Zs]n X——Zsm
Xﬁzsm(xi - EZsanj)(Yi - ﬁZsanj). (2.5)
e j=1 j=1

Based on equation (2.2)), the intercept term [y(u) can be estimated by
Bo(u) =E(Y | U =u) —E(X | U = u)"B(u). (2.6)

Based on the estimated coefficients B(u) and Bo(u), the predicted re-

sponse at any given covariate vector  and location wu is given by

n

V= B+ Blw) = - 3 i@ S s X Blu) = 3 oy )Y,
j=1 k=1 J=1

(2.7)



n n n
1

Sin 1 S— Sin Sin
@) = L@ S s X, D T (KD s X (0,0,

k=1 i=1 k=1
with the conditional covariance matrix estimator defined as

n n n

i=1 k=1 k=1
Here, the Kronecker delta ¢;; is defined by d,; = 1 if ¢ = j and ¢;; = 0
otherwise. According to the above analysis and noting that ", ¢;(x,u) =
1, we can express the prediction in as the solution to the following

weighted least squares minimization problem

n

~ ~

Y = Bo(u) + " B(u) = arg mianj(m,u) (Y; —y)°. (2.8)

3. Varying-coefficient Fréchet regression

Before presenting the definition of varying-coefficient Fréchet regression and
its estimation methods, we introduce some preliminary notation and as-
sumptions. Specifically, let (), d) and (U, ) be metric spaces, with met-
rics d and 6 defined on the sets ) and U, respectively. We consider
a random triple of objects (X,U,Y) ~ F defined in the product space
RP xU x Y. Here, X = (X3, Xs,..., X,)" € R? represents a p-dimensional

real-valued predictor and U € U is another predictor. The response vari-



able Y € ) is a random object associated with both X and U. F de-
notes the joint distribution of (X, U,Y’), with marginal distributions Fx,
Fy and Fy. The conditional distributions Fy|x vy, F'xjy and Fyy are as-
sumed to exist. The conditional covariance matrix of X given U = w is
CoviX |U=u)=E(X -EX |U=u))(X —-EX|U=u)"|U=u).
For a fixed y € ), the conditional cross-covariance matrix between X and
d*(Y,y) given U = u is Cov(X,d*(Y,y) | U =u) = E(X —E(X | U =
u)(@(Y,y) —E(@(Y,y) | U=u) | U =u).

Building upon the above notation, we extend the varying-coefficient
model Y = [y(U) + X" B(U) + ¢, where the response Y is Euclidean, to
the case where Y is a random object. Motivated by [Petersen and Miiller
(2019), which generalizes linear regression with Euclidean responses to set-
tings where the response is a random object, we reformulate the varying-
coefficient regression model by replacing the Euclidean distance with the
intrinsic metric d on ). This leads to the following definition of the varying-

coefficient Fréchet regression model.

Definition 1 (Varying-coefficient Fréchet regression). We denote the con-
ditional Fréchet regression function of Y given X = « and U = u as
me(xz,u) = argminE(d*(Y,y) | X = x,U = u). The varying-coefficient

yeY

Fréchet regression model is said to hold if mg (x,u) = sg (,u) for any



x € RP and u € U, where sg (x,u) is defined by

o (@, 1) = argmin S (y; 2, u) (3.1)
yey

with Sg (yi @, u) = wo (yiu) + wi (2, w)wy " (u) ws (y;u) . Here, wo(y;w),
wy(x,u), we(u), and ws(y; u) are defined as wo(y;u) = E(d*(Y,y) | U = u),
wy (T, u) =2"—E(X | U =u)", wy (u) = Cov(X | U = u), and ws(y; u) =

Cov(X,d* (Y,y) | U = u).

To estimate the varying-coefficient Fréchet regression model, it is nec-
essary to estimate Sg(y;@,u), which is denoted as §@(y;a:,u), and cor-
respondingly obtain the estimate of sq(x,u), denoted as Sg(x,u). Based
on an independent and identically distributed sample {(X;,U;,Y;) : i =
1,2,...n} from the joint distribution F, the estimate for the varying-

?

coefficient Fréchet regression model is defined as

e (z,u) = argmin S, (y: z,u) , (3.2)
yey

where S, (y;@,u) = @o (y;u) + @1 (z,u) T " (u) T3 (y;u) . The estimators
Wo(y; w), wi(x,u), We(u), and ws3(y; u) are the respective estimates of wy(y; u),
wi (2, u), wy(u), and ws(y; u). We now consider two cases based on the do-
main of the predictor u: Euclidean space and non-Euclidean space.

For the case where u lies in a Euclidean space, the expressions for



wo(y;u), Wy (2, u), wa(u), and ws(y; u) are given as follows

_ 1 ¢ _ 1
Wo(y; u) = n Z sin(w)d* (Y, y), w(z,u) = @' — " Z sin(u) X,
=1 =1

R 1 & 1 1 & -
Wa (u) = = > sin(u)(Xi — ﬁ Sjn () X;5)(Xi — ~ D s W) X)) (33)

i=1 j= 7=1

RS 1 1 <

z NP Viry) = 550 (W) (1),
j=1 j=1

3

=D sin
i=1

Here the weight function s;,(u) may denote either the local constant weight

) in (2.4). Corresponding to the

s (u) or the local linear weight s! (u

varying-coefficient model with a Euclidean response variable, we have
So(T,u) = argmin y c;(x,u)d*(Y;
S (2, u) 8 ey JX_: J )d=(Y;,y),

where ¢;(x,u) is defined in (2.8)).

For the case where u is a random object, the expressions for wy(y; u)

(x,u), wy(u), and ws(y;u) are the same as those in (3.3)), except for the

weight function s;,(u), which takes the following form

A AUA)
LD S AT o4

where 0(+,-) denotes the metric on the space U.
Table [1] summarizes the weighting schemes used throughout the paper

For clarity and reproducibility, Algorithm [I|summarizes the estimation pro-

cedure for the proposed varying-coefficient Fréchet regression. The final



minimization step in Algorithm [I] depends on the response space. Com-
putational complexity and numerical optimization details are provided in

Supplementary Material S1.1.

Table 1: Summary of weighting schemes and their formulations.

Scheme & Notation Formula Type of U
Kp(U; —
Local Constant s§, () — nh( u) Euclidean
n Ej:l Kp(Uj — u)
Kn (Ui — u) [piz(u) — 1 P — :
Local Linear st (u) nlUs = w) [jiz(w) = fin (u) (U = w)] Euclidean

Ho(u) g (u) — ﬁ%(“)
Kn(6(Ui,u))
n=1 Y0 Kn(6(Uj, u))

Non-Euclidean s}, (u) Non-Euclidean

An important case arises when the random objects lie in a Hilbert
space ) equipped with inner product (-, -) and induced norm || - ||y. Under
mild assumptions, each of minimization problem and has an
explicit solution in this setting, thanks to the linearity of the inner product
and Riesz representation theorem. To facilitate a detailed exposition of
this case, we introduce the following notation. For p > 1, let J* denote
the p-fold Cartesian product of ), equipped with inner product (y,y’), =
S v vl), y,y' € YP. Then VP is itself a Hilbert space. For a p x p
matrix A, x € RP, y € Y and y € VP, we define Ay € Y with elements
(Ay); = Z?Zl Ay, 'y = Y8 zy; € Y and @y € YP with elements

(wy)i = T;y.



Algorithm 1 Estimation Procedure for Varying-Coefficient Fréchet Regression
Input: Data {(X;,U;,Y;)} , target point (x,u), bandwidth A, kernel function
Kn(")
Output: Estimator 5g(z,u) = argmingey Y o ¢i(z,u)d*(Y;, y)
1: Compute the weight function s;,(u) for i =1,...,n. If U is Euclidean, s;;,(u)

denotes either the local constant weight s{ (u) or the local linear weight
sk (u). If U is non-Euclidean, set s;,(u) = s% (u) (see Table [1|for the explicit
forms).
2: Compute the local conditional expectation of X at u by
ﬁX\u =n! 2?21 Sin (1) XG.
3: Compute the local conditional covariance matrix of X at u by
EX\u =n"! 2?21 Sm(u)(Xz - ﬁX|u)(XZ - ﬁX\u)T

4: Compute the varying-coefficient Fréchet regression weights by

ci(wv u) = nilsin(u)(l + (m - ﬁX|u)T2;(1‘u(Xz - ﬁX|u))
5: Obtain the estimator g (z,u) = argmingey > v, ¢i(x, u) d*(Y;, y).
6: return sg(x,u)

Lemma 1 (Varying—coefficient Fréchet regression in Hilbert space). For
a given u € U, set p(u) == E(X | U = u) € R?, and assume E(||Y|]3 |
U = u) < co. Define sy(x,X) == 1+ (x — p(u))™wy (u)(X — pu(u))
and thus sg(x,u) = argmingey E(s,(z, X) Y —y[3 | U = u). Then
there exist unique elements v € Y and v, € VP, such that for all y € Y
and y € V¥, E((Y,y) | U = u) = (y(u),y) and E({((X — p(u))Y,y), |
U =u) = (y1(u),y)p. Define B(u) == wy" (u)n(u) and fo(u) = vo(u) —
p(u)Twy t (u)y: (u), the solution to is sg(x,u) = Bo(u)+x"B(u). In ad-
dition, define fi(u) = 5 371, sin(w)Xi, Fo(u) = 5 320 sin(w)Yi, Ti(u) =
3 iy i) (X = () Vi, Blu) = @ (u)Fi(u) and fo(u) = Fo(u) -

~

7i(w)™ @5 (u)A1 (w). The solution to (3.2) is Su(x,u) = Bo(u) + 27 B(uw).



For responses that are random objects in a Hilbert space, Lemma
provides explicit solutions to the minimization problems and
that define the varying-coefficient Fréchet regression. In particular, when
Y is Euclidean space, the varying-coefficient Fréchet regression model can

simplify to the classical varying-coefficient model ({2.1).

4. Theoretical properties

This section establishes the theoretical properties of the proposed varying-
coefficient Fréchet regression estimator Sg(a,u) for both Euclidean and
non-Euclidean U. For the theoretical results below, we assume that X has
bounded support and ) is a totally bounded metric space. To derive the
convergence rate of the distance d(sqg(x, u), Sg(x, u)), we first introduce the

smoothed version of the varying-coefficient Fréchet regression sq (@, u) as

S (x,u) = argmin S, (y; x,u), (4.1)
yeY

where §n (y; &, u) = wy (y; u)+w; (x,u) w, ! (u) w3 (y; u) . The terms wy(y; u),

w1 (x,u), we(u), and wz(y; u) are defined by the following expressions,
@o (y;u) = E(G (Uou) & (Yyy), @ (2,u) =2" —E(G (U,u) X)",
wa (u) = E(G (U, u)(X = E(Gu (U, u) X))(X = E(G(U, u) X))"),

W3 (y; u) = E(G (U, ) (X = E(G (U, u) X)) (d*(Y, y) — E(Gu(U, u)d*(Y, 1))))-



4.1 Predictor U in Euclidean space

The form of weight function (;, (U, u) depends on the space of the predictor
U. For Euclidean U, the weight function may denote either ¢! (U, u) or

¢; (U, u), given respectively by

o — e 2@ U =) KU =)
Ch(U> U) - Kh(U ) 5(2)(u) ) Ch(UJ ) E (Kh(U — u))
(4.2)

where fi;(u) = E (K,(U — u)(U — u)?) for j = 0,1,2, and 03 (u) = fio(u)fiz(u)—
f3(u). For non-Euclidean U, the weight function is denoted by (i (U, u),

which is defined as

Kh (5 (U7 U))
E (K (6 (U,u)))

C;;,(U? u) =

4.1 Predictor U in Euclidean space

In this subsection, we study the properties of the varying-coefficient Fréchet
regression estimator with a Euclidean predictor U. We focus on points
x € R? and u € R for which the marginal densities satisfy fx(x) > 0 and
fu(u) > 0. The empirical estimator corresponding to the weight function
(U, u) in Sg (@, u) is i, (u) in Sg(x, w). The weight function ¢, (U, u) can
be chosen as either ¢! (U, u) or (¢(U,u), with the corresponding estimators
denoted by s (u) and s (u), respectively. In this paper, our theoretical
analysis focuses on the more complex case in which the weight function

takes the form ¢ (U, u).



4.1 Predictor U in Euclidean space

With the notation established, we aim to obtain the convergence rate
for the distance d (sg (2, u),Sg (x,u)). The analysis is based on a bias
variance decomposition: we first derive the convergence rate of bias term
d(sg(x, u), Sg(x,u)), and then analyze the variance term d(Sg(x, u), Sg(x, u)).
The necessary assumptions (A1)—(A6) are stated below.

(A1) The object sqg(x, u) exists and is unique. There exist a positive integer
no such that for all n > ng, Sg(x,u) and 5g(x, u) exist and are unique, the

latter almost surely. Additionally, for any € > 0,

inf {S@(y,w,u) - SGB (SGB(w’u);wau) } > 07

dt(y,sq(z,u))>e

and liminf inf {gn(y; x,u) — S, (Sp(x,u); @, u) }>o.

n—0oo d(yag@ (muu))>5

(A2) Let By (sg(x,u),0) C Y be the ball of radius § centered at sg(x,u)
and N(e, By(sg(x,u),d),d) be its e-covering number under the metric d.
Then ['(1+log N (d¢, By (5s(z, 1), 8) , d))/2de = O(1) as § — 0.

(A3) The kernel K(-) is a probability density function, symmetric around
zero. Furthermore, defining Kj; = fR K*(u)u/du, Ko, K, Kg, Ky and
K¢ are both finite.

(A4) The densities fu (), fuiy=y("): foixizasx;=2; () and fu1x,=0,v=y(") ex-
ist and are twice continuously differentiable. The sup,, |7y _,(u)| and

SUP,, o | /7| x,—, ()| are finite. For any open set A C Y, BCR, C C R?



4.1 Predictor U in Euclidean space

and D C Y x R, the integrals fA APy =y, fB AP x| r=u; fc dPx, x;ju=u and
fD dPy, x,u=, are continuous as a function of w, with 7,7 =1,2,... p.
(A5) There exist n; > 0,C} > 0, and f; > 1 such that if d(y, sg (2, u)) < 71,
Se(y;x,u) — Sg (sg(x,u); z,u) > Cid (y, s@(w,u))ﬂl .

(A6) There exist 7, > 0,Cy > 0, and s > 1 such that if d (y, sg (2, u)) < 02,

liminf, {gn(y; x,u) — Sy (5u(xm, u); @, u) b > Cod (y, 5 (2, 1)) .

Assumptions (A1)-(A4) provide conditions for consistency and convergence-

rate analysis of M-estimators. Assumptions (A5) and (A6) impose local
curvature conditions on the population and smoothed Fréchet objectives,
with £y and [, quantifying local growth near the minimizers. For Eu-
clidean responses, Se(y; @, u) — Sg(se; T, u) = |y — se|* and S (y: @, u) —
So(Sa;x,u) = |y — 3s2, so (A5) and (A6) hold with 8, = B = 2,

Cy, = Cy =1, and ny, 12 > 0 arbitrary. Detailed discussion and verifications

are provided in Supplementary Material S1.7.

Theorem 1. Under Assumptions (A1)-(A5), the bias component satisfies
d (se (2,u) 3 (x,u)) = O(R*/P7Y),
as the bandwidth h — 0, where the [y is specified in Assumption (A5).

This result quantifies the convergence rate of the bias, which depends

on the local geometric structure of the metric space around the minimizer



4.1 Predictor U in Euclidean space

through ;. The parameter (; characterizes the order of smoothness of
S (y; x,u) and thereby determines the bias decay rate O(h%%1=1). In
the Euclidean case, 87 = 2 corresponds to the standard quadratic curva-
ture condition, yielding the familiar bias rate of order O(h?) in classical

nonparametric regression, which is known to be optimal.

Theorem 2. Under Assumptions (A1)-(A3), and (A6), if h — 0 and
nh — oo as n — 00, the stochastic component exhibits the probabilistic

convergence rate
d (g@ (CIJ, U) ,/S\@ (:l:, u)) = Op<(nh)*1/(2(ﬁ2*1)))’
where Py is specified in Assumption (AG).

Theorem [2| establishes the rate of variance term d(Sg(x,u), Sg (2, u)).
The rate depends on 5, which reflects the local curvature of the g@(y; x,u)
around its minimizer. This result is consistent with the rate established for
local Fréchet regression in [Petersen and Miller| (2019)). In the Euclidean

case, setting B, = 2 recovers the optimal variance rate O,((nh)~1/2).

Corollary 1. Under the assumptions of Theorem [1] and Theorem [3, the

distance between sg(x,u) and Sg(x,u) satisfies the following rate

d (8@(33, U), ‘/S\@(ma U)) = Op (h2/(51_1) + (nh)_l/(2(52_1))) .



4.1 Predictor U in Euclidean space

In general, the rate of d(sg(x,u),Se(x,u)) is determined by the lo-
cal geometry near the minimum as quantified in (A5) and (A6). This
result presents the bias-variance trade-off analogous to that in classical
nonparametric regression, and the optimal h is of order n_%. Ad-
ditionally, as h — 0 and nh — oo, the result coincides with the case
Y = R under the Euclidean distance. Specifically, Corollary [1} yields
d(se(x,u),5s(x,u)) = Oy(h? + (nh)~'/?), recovering the rate in |Cai et al.
(2000) for local varying-coefficient models with Euclidean responses.

In addition to these convergence rates, we further develop asymptotic
distribution results when the response space ) is a Hilbert space. The
conditional covariance operator of the error term e given (U, X)), denoted
by X.(U,X) : Y — ), is defined by X.(U, X)y = E[{(y,€)ye | U, X]| for
all y € Y. We first establish the asymptotic distribution of the local linear

estimators of the coefficient functions.

Theorem 3. Under Assumptions (A3)-(A4), if nh® — 0 and nh — oo as

n — oo, we have
vk [ (Bo(u), B ()" — (Bo(w), B"(u)"| = G,

w . .
where “— 7 denotes weak convergence and G is a zero-mean Gaussian ran-
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dom object in YPT1 with covariance operator Yg(u) given by

K20

7ot (E[ZZ|U=u)"E[(ZZ") @S (U, X)|U=u(E[ZZ" |U =u])"".

Here, Z = (1, X")", ZZ" @ ¥.(U, X ) denotes a block operator matriz on

VP with (i, j)th block Z;Z;%.(U, X ), where Z; is the ith component of Z.
We next establish the asymptotic distribution of the stochastic process
{My(x) = Vnh(Se(,u) — s¢(x, u) @ € X}

for a fixed u € U in the space (3 (X) of bounded functions from X to Y,

endowed with the sup-norm || f||x = supger || f(2)|y-
Corollary 2. Under the assumptions of Theorem [3,
M, =M in (F(X),

where M is a zero-mean Gaussian process. For any x,y € X and any

a,b € ), the covariance operator of M is characterized by

Cov ((a, M(z))y, (b, M(y))y) = {(a,x"a), Xg(u) (b,y"b))yw,

where (a,x"a) = (a,T1a,...,x0)" € YPT. Additionally, sup,. y ||Se(x, u)—

se(@,u)lly = O,((nh)~'/2).
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4.2 Predictor U in non-Euclidean space

This subsection studies the properties of the varying-coefficient Fréchet re-
gression estimator with a non-Euclidean predictor U. The weight function
¢(U, u) is given by ¢(U,u) in ({.3). The corresponding empirical weight
in 5g(x,u) is s, (v) = Ky(6(Ui,u))/(n™' 370 Ki(6(Uj,u))) as in (3.4)).
Because the probability of non-Euclidean U depends on the metric
space (U, 0), we define the small ball probability of random object U € U
as wyu(h) = P(U € By(u, h)), where By (u,h) = {u' €U : § (v',u) < h}.
With the small ball probability definitions, we require the following as-
sumptions to handle the predictor U in the metric space.
(A7) For any € > 0, P(U € By (u,€)) =y (€) > 0.
(A8) As n — oo, we have h — 0, logn/(ngy. (h)) — 0, and nh — oc.
(A9) There exist constants 0 < ¢; < ¢, < 0o and C, such that ¢;1pq(-) <
K(-) < eolpqy(+) and [ Kp(6(u/, w))d(u', u)dv(u') < Ch [ Kp(d(v/, w))dv(u'),
where 1 j(-) denotes the indicator function.
(A10) The marginal density fy(u) and the conditional density fu|y—,(u),
foirxi=e; (W) fuixi=as x;=; (W), foix,=e;,y=y(u) for 4,5 = 1,2... p, exist
(with respect to a reference measure v) and are Lipschitz continuous. That
is, there exists a constant C' > 0 such that for all v’ € By/(u,h) and any

conditional density f(-) in the above, |f(u') — f(u)| < Co (v, u).
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Assumptions (A7)—(A10) ensure sufficient local probability mass around
u, the bandwidth conditions for asymptotic bias and variance vanishing,
and the required smoothness of the kernel and conditional densities. Fur-
ther discussion is provided in Supplementary Material S1.7.

Next, we present the main theoretical results for the estimator when U
is treated as a random object. Similar to the case where u is a Euclidean
variable, we first analyze the bias term d(sg(x,u), Se(@,u)), then derive
the rate of variance term d(Sg(x,u), Sg (2, u)). A corollary combines these

results to establish the overall convergence rate of d(sqg(x,u), S (2, u)).

Theorem 4. If Assumptions (A1), (A2), (A5) hold, and (A8)-(A10), then
~ o )
d(s¢ (x,u), 30 (z,u)) = O(h%-T),
where [y is specified in Assumption (Ad).

This result establishes the convergence rate of the distance bias term
d(se(x,u), Se(x,u)). The rate is determined by the Lipschitz continuity
in (A10) and the local geometry of the metric space through f; in (A5).
When Y = R, we have 5 = 2, and the convergence rate becomes O(h).
One might naturally ask why the result here is O(h), given that local con-
stant smoothing with a symmetric kernel is well known to achieve a bias

of order O (h?) in Euclidean settings. The key lies in the specific form of
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the kernel function used in our estimator. Our smoothing term is con-
structed as K, (0 (v/,u)) = Kj (Ju’ — ul), rather than the classical form
Ky, (v —u). This difference is crucial: the integration of the first-order
term [ K, (|u' — u|) o' — u|du’ does not vanish. Therefore, even under a
Euclidean response space and apply a symmetric kernel, the first-order bias
term in the Taylor expansion persists and dominates the convergence rate,
leading to the O(h) result. Therefore, the convergence rate established in

Theorem 4 is reasonable for a general metric space ).

Theorem 5. If Assumptions (A1), (A2), (A6) and (A7)-(A9) hold, then

—1

d(5e(@,u), 55 (. v)) = Op((npuu(h)) 270 ),

—1

and d(§@<m7 u)v :Q\@(a’:, U)) = Ou.s. ((n@u,u(h)/log TL) m) )

where [y defined in Assumption (AG6). Here, the almost sure convergence

rate means that there exists a constant M > 0, such that

P (lim sup d(3e (@, 1), 5o (@, 1)) (ngr.u(h) [log n) D) < M) = 1.

n—00

This theorem establishes the convergence rates of the variance term
d(sg(x,u), Se(x,u)). These rates depend on both the local curvature pa-
rameter 3y in Assumption (A6) and the small ball probability ¢y, (k). It is
worth noting that if U lies in Euclidean space equipped with the Euclidean

distance, then the small ball probability ¢y, (k) = [ uth

u_p, AFy is of order
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h. Consequently, the stochastic convergence rate in Theorem [5| reduces to
O, ((nh)~'/?), which aligns with the rate established in Theorem [2| Fur-
thermore, the almost sure convergence rate is nearly optimal, differing from

the convergence rate in probability only by a logarithmic factor.

Corollary 3. If the assumptions of Theorems[] and[J hold, then

-1

d(s6(@, 1), 56 (x,u)) = Op (R7 T + (ngrgu(h) 7 D),

and d(s@(m, U), /S\GB(:B’ U’)) = Oa.s.<hﬁ + (nSOL{,u<h)/ log n)ﬁl_l))

This corollary combines the bias term in Theorem [] and the vari-
ance term in Theorem 5| The convergence rate of the d(sq(x,u), Sg(x, u))
depends on the Lipschitz continuity of the conditional densities and the
marginal density in Assumption (A10), and local geometry properties as
quantified in (A5) and (A6) through 3;, fs. Moreover, the variance term is
governed by the effective local sample size nyy ,(h). Thus, smaller ¢y, (h)
generally requires a larger bandwidth. In our simulations, SPD matrix
predictors exhibit smaller small ball probabilities and consequently larger
selected bandwidths than Euclidean and distribution predictors. Empirical

illustrations are provided in Supplementary Material S1.2.



5. Simulation studies

In the simulation experiments, two types of responses are considered to
demonstrate the performance of the varying-coefficient Fréchet regression
model. The one is probability distributions and another one is symmetric
positive definitive matrices. For every type of response, we present three
examples where the predictor U be chosen as the scalar, the density and the
symmetric positive definite matrix. These examples cover both Euclidean
predictor and non-Euclidean predictor.

We denote the proposed varying-coefficient Fréchet regression as VFR.
For comparison purposes, we also consider the following three competi-
tors: (1) global Fréchet regression (GFR) proposed by Petersen and Miiller
(2019); (2) the local Fréchet regression (LFR) introduced by [Petersen and
Miiller| (2019)); (3) the partially-global Fréchet regression (PFR) proposed
by [Tucker and Wul (2025). The computations for the GFR and the LFR can
be carried out by R package frechet (Chen et al.,2020)). For the competing
methods, U is included in GFR and LFR only when it is Euclidean. When
U is non-Euclidean, GFR and LFR are not applicable. PFR uses X as
the global predictor and U as the local predictor. For bandwidth selection,
we use 10-fold cross-validation over the grid h; = cjoyn™, j =1,..., K,

where oy = {n"1 Y7 8%(U;, Ug) }/?, 1Uyg is the sample Fréchet mean of U,
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K =20, and {¢;}}%, is an equally spaced grid on [0.10,3.00]. If the cross-
validation minimum occurs at the boundary, the search range is enlarged.
Grid sensitivity analysis and the empirical scaling of selected bandwidths
with n are reported in Supplementary Material S1.3.

Based on the independent testing data {X;,U;,Y;}", and a specific
metric d (-, ), we calculate a generalized mean squared error (GMSE) de-
fined as 71! 27 d2(55(X, U;), Y;), where S(-,-) is an estimated Fréchet
regression function based on the training data using GFR, LFR, PFR and
VFR, respectively. These criteria are used to evaluate the prediction per-
formance of each method. In the following simulations, all the results are
obtained by computing the averaged values of GMSE with 100 replications.
In addition, training samples of size n € {50,100,200} and testing sam-
ples of size n = 1000 were used for all examples. The raw predictors were
generated in two steps: (1) (Si,Sa2,S3,.9;)" is multivariate Gaussian with
E (S;) = 0 and Cov(S;, S;) = 0.5 for i # j; (2) Set T = ® (S,), where ()

is the standard normal distribution function, so that 7"~ Unif [0, 1].

5.1 Probability distribution as response

Let € be the set of probability distributions. The 2-Wasserstein metric

distance between two distributions with cumulative distribution functions
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H(-) and G(-) is defined as dy (H, Q) (fo - G7() dt)1/2 We
denote (21,dw ) as the metric space of probability distributions equipped
with the Wasserstein distance. Consider ) C €21, the responses Y represent
the distribution function with the corresponding quantile function @ (V).
Following Petersen and Miiller (2019), for the sake of notational simplicity,
we also denote the quantile function corresponding to Y as Y. For com-
putational tractability, we approximate the distance d%, (H,G) using the
discrete form m~ S (H' (t;) — G~ (1)), where {t,...,t,} denotes

an equally grid on the interval [0, 1] with m = 20 as in Tucker et al.| (2023)).

Example 1. (U is a scalar) In this example, we consider 4 C R. Set
X; = 51, X = 9, X3 =853, and U = T. The Fréchet regression func-
tion is mg (z,u) = E(Y (1) | X =2,U=u) = uy + nuzr; + yu’cy +
(00 + 3 sin (7u) z3) @71 () . Conditional on X and U, we generate Y (-) =
p+o®71(-), where p | (X,U) ~ N(po +nUX; +1%U?*Xs, 1) and o | U ~
Gamma(o?, /va, va /o), with oy = og + y3sin(rU)X3. Set g = 1,71 =
2,00 = 2,11 = 0.1, 1, = 2 and (72,73) € {(1,1),(3,3)} for two different

Fréchet regression functions mg (x, u).

Example 2. (U is a density) In this example, we consider U C ;. Set
X1 = 51, Xy = S5, X3 = S3. Further, we set E(U(:) | T =1t) = pou +

(00w + Yut) @71 (+) . Conditional on T, the predictor U(-) is generated by
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adding noise as follows: U(+) = pg,+0,P7(:), where o, | T ~ Gamma((cg,+
YuT')? Vs Vo) (00w + 7. T))is independently sampled. The Fréchet regression
function is given by mg (z,t) = E(Y (1) | X =2, T =1t) = po + ntey +
Yot?xs + (0 + 3 sin (7t) x3) @1 (). The response Y () is generated as in

Example [T} with U replaced by T Set fi0, = 0,14, = 1,7, = 3, 004, = 2.

Example 3. (U is a symmetric positive definite matrix) Consider U C €y,
which is the set of symmetric positive definite matrices. Let X; = 51, X5 =
Sy and X3 = S3. Further, set E(U | T =) =E(A | T =t)"E(A|T =1),
where E(A | T' = t) = (uou + But + 0ou + Yul)I + (00u + Yut)V, I denote an
M x M identity matrix and V' = (V; ;) denote an M x M matrix with V; ; =
I(;<j. Conditional on T, the predictor U is generated by adding noise as
follows: U = AN~V Z,ZF)A, where (Zy, ..., Zy) are independently
generated from Ny (0, Ins), A = (o + 04) I+0,V, po, = piou+ 5.7, and o, |
T is independently sampled from Gamma((ooy +vT)?/ Vs Vi) (00w +7T))-
The Fréchet regression function and response generation are the same as in

Example 2l Set M =2, N =10,5, =1, g, = 2.

In the above examples, the parameter v, governs the linear component
of mg(x,u), whereas (72,73) determine the nonlinear component. Accord-
ingly, we consider the setting (v2,73) € {(1,1),(3,3)} to evaluate each

method’s prediction performance under different degrees of nonlinearity.
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As shown in Table 2| for Example [1} the proposed VFR is significantly
superior to GFR, LFR, and PFR when U is scalar, especially under higher
nonlinearity (7y2,73) = (3,3). The VFR also performs well in both Example
and Example |3| when the predictor U is non-Euclidean. We also observe

that the GMSE of VFR decreases as the training sample size n increases.

5.2 Symmetric positive definite matrix as response

Let €5 be the set of symmetric positive definite matrices. The Cholesky de-
composition distance between two matrices Py and P; is defined as do (P, P)
(trace((Pll/2 - 1321/2)T(Pll/2 - P21/2)))1/2. We denote (€25, dc) as the metric
space of symmetric positive definite matrices equipped with the Cholesky
decomposition distance. Consider ) C €)y. Let I denotes an M x M identity

matrix and V' = (V;;) denotes an M x M matrix where V;; = I;<;.

Example 4. (U is a scalar) Consider Y C R. We set X; = 51, Xy =
S9, X3 = 53, and U = T. The Fréchet regression function is given by
me(xz,u) = EY | X = 2,U =u) = EB | X = «,U = u)'E(B |
X = z,U = u), where E(B | X =x,U =u) = (o + 1iuz; + yulzs +
(00 + y3sin(mu)zs)) ] + (00 + yssin(mu)z3)V. Given X and U, generate
Y = BYN'SN. Z,Z7)B, where B = (u+ o)l + 0V, p | (X,U) ~

N(po +1nUX:1 + U?Xs,11), and o | (X,U) ~ Gamma(cy /va, 1a/oy).
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Example 5. (U is a density) Here we consider U C Q. Set X; = 51, Xp =
Sy and X3 = S3. Further, E(U () |T =1t) = pou + (00u + Yul) @71().
Conditional on 7', the predictor U(-) is generated by adding noise as U(-) =
tou + 0, @) with o, | T ~ Gamma((oou + YuT)*/Vu, Vu/ (00w + 1 T))
being independently sampled. The Fréchet regression function and response

generation are as in Example [d, with U replaced by T

Example 6. (U is a symmetric positive definite matrix) We consider & C
Qy. Set Xy = 51, Xy = Sy and X3 = S3. Further, we set E(U | T =
)y =EA | T=0"EA|T =t), where E(A | T = t) = (pou + But +
oou + Yul)In, + (00w + Yut)Up,. Conditional on T, the predictor U is
generated as U = AT(N™! Zfil Z;Z1) A, where (Z1,. .., Zy) are generated
from Np(0,Ins), A = (po + 0u) g, + 0uUnsys oo | T~ N(pouw + BT, V1),
and o, | T ~ Gamma((coy +YT)* /a2, Vuz/ (00w + 7T)). The Fréchet

regression function and response generation are the same as in Example [f

Response space specific implementation details, stopping criteria, and
runtime summaries are given in Supplementary Material S1.6. The results
for Example[dH6) in Table [2] correspond to symmetric positive definite matrix
responses under different nonlinearity settings. The superiority of proposed
VER over the three competing models becomes more pronounced under

higher nonlinearity case (72, 73) = (3,3). Moreover, VFR outperforms other



competitive Fréchet regression methods when U is the Euclidean predictor
in Example [4] and achieves lower GMSE than PFR when the predictor U
comes from the non-Euclidean space in Example [5| and [6]

Additional comparisons with random-forest-weighted local Fréchet re-
gression (RFWLFR; Qiu et al.| (2024)) and deep Fréchet regression (DFR;
lao et al. (2025)) are given in Supplementary Material S1.4. In these com-
parisons, the proposed VFR yields smaller prediction errors while retaining
interpretable varying-coefficient structure. We also report small sample
simulations with n € {30, 35,40} in Supplementary Material S1.5. These
sample sizes are comparable to a real data example in Section [6| with n = 39,

and the results are broadly consistent with the main simulation findings.

6. Real data analysis

In this section, we apply the proposed varying-coefficient Fréchet regression
and other Fréchet regression methods to a human mortality dataset. The
goal is to model age-at-death distributions in 2013 as random objects using
country-specific covariates. Compared with traditional summary measures
such as the death rate, modeling the age-at-death distribution as a random
object provides deeper insights into human longevity.

For this purposes, we consider the random object derived from HMD



Table 2: The averaged GMSE of various methods and the associated standard
errors (in parenthesis).

(72,73) = (1, 1) (72,73) = (3,3)
GFR LFR PFR VFR GFR LFR PFR VFR

2551 2.250 2.480 1.997 4.207 3.001 3.794 2.345
n=50""(0.019) (0.031) (0.023) (0.029) (0.071) (0.065) (0.071) (0.071)

— 2430 2.002 2296 1.845 3.968 2.604 3.441 2.050
xample |l n =100 (9.022) (0.019) (0.023) (0.023) (0.052) (0.088) (0.052) (0.056)

2.354 1.841 2.181 1.723 3.944 2.323 3.357 1.941
n =200 (0.012) (0.019) (0.012) (0.013) (0.079) (0.077) (0.080) (0.082)

2532 2.141 3.948 3.647
n =150 (0.023) (0.039) (0.055) (0.036)
2.344 1.910 3.580 3.323
Example n =100 (0.016) (0.028) (0.036) (0.029)
2.245 1.789 3.331 1.953
n =200 (0.014) (0.013) (0.026) (0.023)
2.551 2.295 4473 3.720
n =250 (0.024) (0.019) (0.124) (0.120)
2.448 2.169 4136 3.341
EX&mple n =100 (0.018) (0.018) (0.065) (0.063)
2.393 2.107 3.968 3.169
n =200 (0.017) (0.016) (0.058) (0.056)
10.414 15.397 10.426 10.036 14.121 31.670 13.859 12.727
n=>50"(0.098) (0.204) (0.104) (0.139) (0.143) (1.344) (0.166) (0.187)
— 9.952 16.095 9.834 9.277 13.296 29.344 12.913 11.452
xample ) n =100 .077) (0.312) (0.081) (0.094) (0.111) (0.798) (0.103) (0.109)
0.606 15.994 9.420 8.777 12.771 25.441 12.293 10.531
n =200 " (0.059) (0.245) (0.060) (0.061) (0.092) (0.703) (0.086) (0.077)
11.688 11.288 16.455 16.088
n =50 (0.107) (0.104) (0.236) (0.326)
— 11.044 10.423 15.748 14.502
xample | n =100 (0.091) (0.093) (0.340) (0.343)
10.865 10.273 14.968 13.528
n =200 (0.098) (0.099) (0.150) (0.146)
10.346 10.142 15.009 14.456
n =50

(0.096) (0.097)

(0.358) (0.366)

- 9.952 9.635 14.453 13.766
xample 0] n = 100 (0.069) (0.066) (0.262) (0.257)
9.659 9.273 13.759 13.008

n = 200

(0.066) (0.065)

(0.450) (0.448)

Note: “~” denotes that the corresponding method cannot be applied in these examples.



(2024) (HMD, http://www.mortality.org), which contains life tables for
39 countries in 2013. The response object is the country-specific age-at-
death distribution in 2013, restricted to the age range [20,110]. For predic-
tors, we consider carbon dioxide emissions in metric tons per capita (CO2E)
serve as the effect-modifier U, and that year-on-year percentage change in
GDP (GDPC), current health care expenditure as a percentage of GDP
(HCE), the human development index (HDI), and infant mortality per 1000
live births (IM) form the Euclidean predictor vector X = (Xi,..., Xy)".
Thus, X; € R* and U; € R constitute the predictors for the i-th country,
i=1,...,39. The data are collected by Bhattacharjee and Miiller| (2023).
To evaluate the prediction performance of the proposed method, we ran-
domly select ny.ai, Observations as the training data and use the remaining
Niest Observations as the test data. Then, GFR, LFR, PFR and VFR are ac-
cessed by the mean squared prediction errors: MSPE = n, %, et de (Y, 2)
Here, Y; is the i-th testing observation and }A/; represents the prediction for
each method based on the training data. We repeat the above procedure
50 times and set the training sample size as ny..m € {20, 25, 30}.
Table[3|reports the mean MSPEs and standard errors for various Fréchet

regression. Among the five candidate predictors considered as the local

predictor U in VFR, CO2E yielded the best performance in terms of pre-


http://www.mortality.org

Table 3: The MSPE values (with standard errors in parentheses) of each methods.

Methods Nirain = 20 Nirain = 29 Nirain = S0

GFR  6.380 (0.230)  6.538 (0.358)  5.959 (0.305)
LFR  47.080 (7.832) 89.679 (59.037) 25.915 (1.571)
PFR  10.223 (0.561) 11.559 (0.670)  9.565 (0.717)
VFR  6.204 (0.253) 6.489 (0.374)  5.677 (0.294)

dictive accuracy MSPE. This result is reasonable because CO2E emissions
exhibit a clear long-term trend and are closely tied to environmental and
health risks that shape the age-at-death distribution (Azimi and Rahman)
2024). Moreover, VFR always achieves smaller mean MSPE values than
GFR, LFR, and PFR across all scenarios, indicating that our model pro-
vides superior predictive performance for the human mortality data. From
an interpretive perspective, unlike global or partially global Fréchet regres-
sion models which assume constant predictor effects across countries, the
varying-coefficient Fréchet regression allows the effects of the predictors X

on the age-at-death distribution to vary with the level of CO2E.

7. Discussion

In this paper, we introduce a varying-coefficient Fréchet regression model
and its corresponding estimators to handle both Fuclidean and Non-Euclidean

predictors. Additionally, we derive the convergence rates of the proposed



estimators. Several examples with random objects are used to show the per-
formance of varying-coefficient Fréchet regression model. Taken together,
our results provide a foundation for further methodological and theoretical
developments in modeling non-Fuclidean data.

Deriving the convergence rate for the bias term d(sq(x, u), Sg(x, u)) in-
volves two fundamental technical obstacles that are not directly handled by
existing theoretical tools for varying-coefficient models or global Fréchet re-
gression. The first technical obstacle is to establish that E [(, (U, u) f(X,Y)]
converges to E[f(X,Y) | U = u| at a certain rate as h — 0. Establishing
such a convergence result is nontrivial when both Y and U take values in
general metric spaces. The second technical obstacle arises from the implicit
definition of the varying-coefficient Fréchet regression. Neither sq(x,u) nor
Se (2, u) admits a closed form solution, which poses nontrivial challenges for
the subsequent theoretical analysis. To overcome this, we develop a novel
approach that generalizes the empirical process theory for M-estimators.

Despite the progress made in this work, a number of challenges and op-
portunities for further development remain. The incorporation of variable
selection methods into Fréchet regression analysis would greatly enhance
its applicability. However, in the absence of explicit coefficients in the VFR

model, it remains unclear how existing methods can be adapted to this



more complex setting. Another important direction is the development of
inference tools to understand the relationships between random object re-
sponse and predictor. For the broader applicability of Fréchet regression, it
is essential to clarify the significance of predictor effects. Dubey and Miiller
(2019) introduced a Fréchet analysis of variance for random objects, includ-
ing a test statistic and its asymptotic distribution. A natural direction for
future work is to investigate whether likelihood ratio tests can be developed
for general metric spaces, thereby offering a unified framework for assessing

and testing variable significance in Fréchet regression.

Supplementary Materials

This supplementary material contains additional implementation and sim-
ulation details, explanations and verifications of assumptions, and proofs of

the main results.
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