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Statistica Sinica

Comparing Model-agnostic Feature Selection Methods

through Relative Efficiency

Chenghui Zheng!, Garvesh Raskutti!

L University of Wisconsin - Madison

Abstract: Feature selection and importance estimation in a model-agnostic setting is an ongoing chal-
lenge of significant interest. Wrapper methods are commonly used because they are typically model-
agnostic. In this paper, we develop a general comparison framework for model-agnostic feature selection
methods based on relative efficiency, using relative variability o/u to account for different statistics
having different means. In particular we focus on state-of-the-art feature selection methods, the Gen-
eralized Covariance Measure (GCM) and Leave-One-Covariate-Out (LOCO) estimation. In particular,
we present a theoretical comparison under three model settings: linear models, non-linear additive
models, and single index models that mimic a single-layer neural network. We complement this with
simulations and real data examples for the above models and mis-specified models. Our theoretical
results, along with empirical findings, demonstrate that GCM-related methods generally out-perform
LOCO under suitable regularity conditions defined by a suitably defined correlation quantity which
quantifies the asymptotic relative efficiency of these approaches. Our simulations and real data analysis

include widely used machine learning methods such as neural networks and gradient boosting trees.

Key words and phrases: conditional independence; feature selection; generalized covariance measure;

leave-one-covariate-out; model-agnostic methods; variable importance.

1. Introduction

Feature selection is one of the fundamental challenges in statistics and machine learning.

While embedded methods such as Lasso have been widely used under parametric assump-



tions, there is a growing trend toward using “black-box” prediction methods such as random
forests, neural networks, and others. In such settings, wrapper methods for feature selection
which are typically model-agnostic have become increasingly popular.

A natural question to consider is how we provide a theoretical comparison for model-
agnostic feature selection methods. In this paper, we use relative efficiency based on the
relative variability o/ statistic to account for the fact that different estimators have dif-
ferent means. In particular we focus on two state-of-the-art wrapper methods: Leave-One-
Covariate-Out (LOCO) ( |Lei et al.| (2018)) and the Generalized Covariance Measure (GCM)
(Shah and Peters (2020)). LOCO may be viewed as a generalization of ANOVA-based meth-
ods that measure the change in prediction error when a feature is removed ( Fisher (1992));
Duda et al.| (2000)). GCM, on the other hand, generalizes traditional correlation-based tests
( Spearman| (1904)); Pearson and Galton (1997)); Székely et al.| (2007)) to conditional corre-
lation, and can capture general functional relationships. While there has been prior work
analyzing each of these methods and establishing asymptotic normality ( Shah and Peters
(2020); Williamson et al.| (2022)), there is no quantitative comparison of their performance
in feature selection that we are aware of.

Concretely, consider a prediction model:

E[Y ’ X17X2,...,Xp] = f(XhXQ,...,Xp)

for some unknown function f, where Y is the response and (X, Xs,..., X)) are the covari-
ates. The goal of feature selection is to identify which covariates significantly affect Y. This
enhances model interpretability, reduces overfitting, and can improve predictive performance.

In this paper, we compare GCM and LOCO with respect to statistical inference and



1.1 Related work

practical applications under three statistical models: linear models, non-linear additive mod-
els and single-index models. We also include other model-agnostic variable importance meth-
ods such as: the dropout method, which replaces a feature with its marginal mean to avoid
retraining; Lazy- VI (|Gao et al.|(2022))), which approximates the reduced model for efficiency
while maintaining inferential guarantees.

The remainder of the paper is organized as follows. Section [ introduces variable im-
portance tests and asymptotic relative efficiency test for the comparison between feature
selection methods. Section |3 compares LOCO, and GCM under linear, additive, and single
index models. Section [4] extends the comparison to dropout and Lazy-VI. Sections [5] and [0]

present simulation studies and real data experiments, respectively. We conclude in Section[7]

1.1 Related work

Feature selection techniques fall into three main categories: filter-based, wrapper-based,
and embedded methods. Filter methods involve calculating a relevance score for each feature
independently of any model and rank features accordingly. They are computationally efficient
but due to their simplicity often don’t capture conditional relationships. Examples include
mutual information (Hoque et al|(2014)), information gain, Pearson correlation ( |Pearson
and Galton (1997); Yu and Liu/ (2003))), the Chi-squared test (|Witten et al.| (2005))), and the
Fisher score ( Duda et al.| (2000)). Wrapper methods involve evaluating subsets of features
by training models and measuring performance, often using criteria like AIC, BIC, or Cp.
Common algorithms include forward selection, backward elimination ( Kittler| (1978)), and
recursive feature elimination (|Guyon et al.| (2002)). While they account for feature interac-

tions, they are computationally expensive and prone to overfitting due to repeated training.
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Embedded methods perform feature selection during model training. Examples include Lasso
(I Ma and Huang| (2008)), elastic net (|Zou and Hastie| (2005))), decision trees, random forests
(\Sandri and Zuccolotto| (2006)) ), and naive Bayes ( |Cortizo and Giraldez (2006)). Embedded
methods are generally more efficient than wrappers but are tied to specific model classes.
Wrapper-style, model-agnostic feature selection has grown in popularity due to their
flexibility and the increased use of so-called black-box methods. Among global model-
agnostic approaches, permutation importance ( |Breiman (2001)) is the most widely used. It
disrupts a feature’s relationship with the response by permuting values and measuring the
effect on predictive accuracy (|Strobl et al.| (2008); Fisher et al. (2019); Mentch and Hooker
(2016); Altmann et al.| (2010)). However, these methods introduce randomness, which can
lead to instability. The knockoff framework ( [Barber and Candes| (2015); Candes et al.
(2018)) uses conditional randomization to control false discovery by generating synthetic
“null” copies of features. While powerful, this approach relies on the assumption of feature
exchangeability, which is difficult to verify in practice. Furthermore, the theoretical results
focus on false discovery rate (FDR) rather than the mean and variance which is the focus
of this paper. Replacing rather than permuting a feature, e.g., the dropout method, offers
computational efficiency but may underfit ( |Chang et al.|(2018)). LOCO avoids this issue
by removing a feature and retraining, and has been generalized for conformal inference ( [Lei

et al.| (2018)) and bootstrapping in high-dimensional settings ( Rinaldo et al. (2019)).

Conditional Independence Tests Feature selection directly relates to conditional inde-

pendence testing. In particular, any feature X; is informative to Y if and only if:

Y 7‘1/— Xj|X17X27 "'an—lan+1,Xj+2, ...,Xp
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or Y is not independent of X, given all other variables/features. Classical tools like partial
correlations rely on strong parametric assumptions. More flexible tests include Conditional
randomization (|Candes et al.| (2018)), Holdout randomization ( [Tansey et al.| (2022))), Kernel-
based ( |Zhang et al. (2012)) and Mutual information-based ( [Fleuret| (2004)). However,
many of these methods are computationally expensive and rely on estimating conditional
distributions. Generalized Covariance Measure (GCM) ( [Shah and Peters (2020))), which
tests for vanishing normalized covariance between residuals, is a regression-based test that
requires only mild assumptions and works well in high dimensions and nonlinear settings.
This paper focuses on analyzing wrapper-based feature selection using LOCO and GCM.
All methods yield population-level variable importance scores and support hypothesis test-

ing. We provide theoretical and empirical comparisons across various settings.

1.2 Owur contributions

This paper includes the following main contributions:

e Provides an asymptotic relative efficiency comparison for GCM and LOCO in 3 dif-
ferent model settings: linear models, additive models and single index models. In
particular we prove that GCM is asymptotically more efficient compared to LOCO for
the linear model case, provide conditions under which GCM is more asymptotically ef-
ficient than LOCO for non-linear models, and single-index models. We further provide
a quantity related to an adjusted correlation under which GCM has superior relative

efficiency to LOCO.

e We also provide a comparison of asymptotic variance between LOCO and more com-

putationally efficient dropout and lazy fine-tuning based estimator (|Gao et al.| (2022)).



e Finally, we conduct a comparison of these different approaches along with other state-
of-the-art approaches over a series of simulated and real data with different algorithms
including neural networks and tree-based algorithms. The simulation results support
the theory and show that GCM is often more accurate although computationally more

intensive than other methods.

2. Feature selection method comparison

2.1 Asymptotic relative efficiency and relative variability

We begin by discussing how we provide a theoretical comparison for feature selection
methods. Since model-agnostic feature selection methods are often difficult to characterize
and there are a number of different comparison metric choices, this is a non-trivial issue. In
our simulations and real data section, we provide many different comparison metrics.

For the purpose of this paper, we focus on the natural quantity relative efficiency for
comparing two methods. The next natural question is which statistic we use for the efficiency
comparison. When the means of two feature importance estimators are the same, efficiency
simply equates to the variance. However, for feature importance statistics across different
methods, the variance alone may provide a misleading notion of statistical efficiency, since
different methods can produce importance scores on substantially different scales. A statistic
with a larger variance may nevertheless exhibit substantially greater discriminatory power
if its expected importance under the alternative is correspondingly larger.

Classical statistics addresses this issue through scale-invariant measures such as the co-
efficient of variation, which normalizes variability by the magnitude of the mean (Vangel

(1996)). In the feature selection setting however, the relevant reference point is the expecta-
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tion under the null hypothesis H, rather than the absolute mean. This motivates measuring
variability relative to the separation between the null and alternative expectations rather
than relative to the mean itself. Specifically, let po = E[T | Ho] and uy = E[T | Hy]. We

define the relative variability of a feature importance statistic as

Var(T | H
R(T) = ar(T | 1).
|11 — pol
Equivalently, its reciprocal

/Var(T | Hy)

is a standardized signal-to-noise ratio measuring the separation between the null and
alternative distributions.

This criterion is closely related to classical standardized effect sizes (Cohen| (1988)))
and Pitman efficacy, which characterizes the local asymptotic power of statistical proce-
dures through the ratio of the derivative of the mean to the asymptotic standard deviation
(Lehmann and Romano, (2005); van der Vaart| (2000))). Consequently, comparing feature
importance statistics through R(7") provides a scale-invariant notion of statistical efficiency

that directly reflects their ability to distinguish null from informative features.

Definition 1 (Relative variability). Let T" be a feature importance statistic with

po =E[T' [ Ho|, = E[T"| H3].



2.1 Asymptotic relative efficiency and relative variability

We define the relative variability of T" as

RV(T) — \/ Var(T | Hl).

|M1 —M0|

This quantity measures the stochastic variability of the statistic relative to its discriminative

signal, namely the separation between its null and alternative expectations.

In the context of feature selection considered in this paper, the null hypothesis corre-

sponds to zero importance, so that

po = E[T" | Ho] = 0.

In this case, the relative variability simplifies to

—_ V/Var(T TH)

[E[T [ Hy]|

Thus, the relative variability is simply the ratio of the standard deviation to the expected
importance under the alternative. This naturally leads to the definition of asymptotic relative

efficiency when comparing two estimators 77 and 75.

Definition 2 (Asymptotic relative efficiency). Let T\, Ti™ be two estimators, then the

asymptotic relative efficiency (ARE) er, 1, based on the relative variability R(T):

- Var(Ty") /BT
er, T, ‘= 7}1_{20 (n)\ 2 ()7
Var(Tl )/E [Tl ]

Next we define the two estimators we focus on in this paper, GCM and LOCO.
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2.2 Generalized Covariance Measure

GCM is a regression-based conditional independence test. Let’s review the setup in|[Shah
and Peters (2020) and connect it to variable selection. Let (U,V,W) € R% x R% x Rw

with joint distribution F,, where dy = dy = 1 and dy > 1. Define:
U:fo(W)—i‘g 3 V:go(W)+€

where fo(W) = E(U|W), go(W) = E(VIW), £ = U — fo(W), and e = V — go(W). The

generalized covariance between residuals E[Cov(U, V|W)] is defined as:
Yooy = ElE x €]

Given observations {(U;, Vi, W;)}™_,, let f and § be estimates of conditional expectations

fo and gq, respectively. The empirical GCM estimator is a normalized version of:

n

o) = EZ{UZ‘ — FW)HV: = a(W)},

i=1
which estimates a population residual covariance that is zero under U L V' | W.

Theorem 1 (Re-formulated from Shah and Peters| (2020)). Under suitable assumptions

defined in |Shah and Peters (2020), the GCM estimator w UCV) has the following result:
VRO = $E] 2 N, ofuy),

where U(2U’V) = Var(e).



2.2  Generalized Covariance Measure

To see how we apply to the feature selection setting, let’s assume we have samples
Z; = (X,,Y;), ¢ € [n] drawn from data matrices XM € R and Y™ € R". Those
observations are drawn from a data-generating distribution Py. X (resp. X;) denotes the
multivariate random variable containing all features, Y (resp. Y;) denotes the response. For
feature index j € [p] where [p] := {1,...,p}, let X; (resp. X;;) denote the j feature in X
and X_; € RP™! (resp. X;_;) denote the features in X with the j* variable removed. In
particular, let (U, V,W) be (X,,Y, X_;) applied to the GCM, for all j € [p|. For notation
simplicity we use w](f"cm) to represent w((ﬁ(cj@), then we can test the hypotheses

Hy : w§gcm) =0 versus H, : w§gcm) #0

We expect the p-value to be small if Y is not conditional independent of X; given X_j;.

GCM limitation One of the well-known limitations of GCM is that a covariance of 0 does
not necessarily imply independence which is especially relevant for non-linear relationship.
Consider the simple example

Y =X"+e¢

where X is a symmetric distribution (e.g.normal) and € is zero-mean independent noise. It
follows that Cov(X?2,Y) = 0 and the GCM statistic satisfies gbj(-gcm) = 0 when clearly X and
Y are dependent. This extends to any scenario where the functional relationship is an even
function and the random variable has a symmetric distribution. This is a clear limitation of

GCM that will be observed in both the theoretical and empirical results.
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2.3 Leave-one-covariate-out

Before outlining variable importance for feature selection, we review the model-agnostic
population framework of Williamson et al.| (2022)), where each feature importance score is
measured by the change in predictive accuracy after omitting or replacing the feature.

Let’s denote s C {1,...,p} as an index set of the covaraite subgroup of interest. Then,
X_, € RP=Il under population Py _s is defined as the features in X with index in s features
removed. Let V(f, Py) be a measure of the predictive power of a prediction function f of
the model, where f € F, F is a rich function class. A natural candidate prediction function

would be a population maximizer f, over the class F:

fo € argmax;. V(f, ).

Similarly, define prediction function f;_s be the maximizer over function class F_g where
F_s is a collection of function f € F whose evaluation ignores entries of input X with index
in s. In the population setting, for the subset of features X, importance is estimated by
the difference in the predictive power by excluding s features from X. Thus, the feature

importance score of the subgroup X is defined as:

wO,s = V(an PO) - V(fO,fsa PO,fs)'

Throughout this paper we use a negative mean-squared error predictive power:

V(fo, Po) = —E[(Y — fo(X1, X2, ..., X;))?].



2.3 Leave-one-covariate-out

For feature selection, we focus on LOCO (Lei et al.| (2018))), which evaluates one feature
at a time by setting s = {j} and comparing the full model using X with the reduced model
using X_;. A feature is considered important if removing it significantly worsens predictive

performance. Define the respective error term as

e=Y — fo(X) ; e, =Y —fo_;(X)

where fo(X) = E[Y|X] and fy_;(X_;) = E[Y|X_,]. We can adapt Theorem from Williamson

et al. (2022) to LOCO estimator:

Theorem 2 (Re-formulated from Williamson et al.| (2022)). Under suitable assumptions de-

n77‘7>

fined in |Williamson et al.| (2022), the LOCO estimator @JQOCO) =V (fos Pn) =V (fo—j, P

has the following result:

7 (loco oco d
V[ =4 5 N0, 07)

where Y7 = LS {1V, — fu(Xi)2 = [Yi = fuy(Ximy)]?}, and 02 = Var(e® — €2)).

—J

Thus, for all j € [p], we can test the hypotheses
Hy : z/;é{jco) =0 versus H, : 1/1((){;700) # 0.

We expect the corresponding p-value to be small if X; provides additional information for
predicting Y not already captured by X_;.
The focus of this paper on the ARE comparison
“loco “loco
Var (i ™) /E2 [}

€ ~(gem) 72(loco) — hm = ,\J .
qu 7¢j n—oo var(¢§gcm))/E2 [¢§gcm)]




for these two model-agnostic methods GCM and LOCO. The ARE comparison would
apply to any model-agnostic feature importance estimator where the asymptotic mean and
variance can be computed. In the simulations and real data comparison, we consider a

broader set of methods.

3. Main results: ARE comparison

In this section, we compare and evaluate the asymptotic relative efficiency of GCM
and LOCO for linear, non-linear additive and single index model. We focus on these models
because these models allow us to provide theoretical guarantees and they provide a reasonable
class of data-generating models. We consider mis-specified models in the simulations section.

Throughout we define

Xj = X; — E[X;|X ]

which denotes the residual based on predicting X; from X_;. Note that if X; is independent

of X_j, then Xj = Xj — E[X]]
3.1 Linear Model
Let’s consider (X,Y) € R? x R with joint distribution Py satisfying the linear model

Y= X165+ BXj +e

where 3; € R and 3_; € RP™! are regression coefficients, and € is a random noise term with
zero mean and finite variance o2.

To select the most important features in the linear model, we are perform individual
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hypothesis tests: for all j € [p], Hy : §; = 0 which is equivalent to the test: X is dependent
of the target Y given the rest features X_;, and LOCO test: if X; provide additional model

prediction power when the rest features are already included.

Theorem 3. For a linear model, where Y = ijﬁ_j + 5, X; + € and € is random noise with

finite variance o®. For all j € [p], we have

sd( Aj(ycm)) \/Lﬁﬁj \/Var(Xf) - ﬁi?azE(X']?)
T ¥ R
sd( AJ(}OCO)) \/iﬁﬁf\/lfar(f(f) + %UZE(X;)
E@T) FE(X) |

and thus € (gem) 1 (ioco 1.
loem ioc) =

The expressions for the ratio of standard deviation and expectation for each estimator
is instructive in that they are equivalent once dividing numerator and denominator by f;
aside from an additional factor of 4 in the standard deviation for the LOCO estimator.
This displays a clear increase in efficiency for the GCM estimator. As far as we are aware
this is the first direct comparison between the two, even for a linear model. And note that
there are no assumptions of dependence/correlation so the result holds regardless of the
dependence/correlation structure.

The key quantities that determine how much the efficiency is larger for GCM compared
to LOCO is depends on g—; as well as E()E'JQ) and Var(f(f) where X; = X; — E[X;|X_;]. In
particular if "—;E(X 2) is large relative to Var(X?) then the gap in efficiency between GCM

and LOCO increases.

Below is a simple two-variable example illustrating the efficiency ratio.
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Example 3.1. Suppose Y = By+51 X1+ 52 Xo+€ where X; ~ N(0,0%),1 = 1,2, Cov(X1, Xo) =
p, and € ~ N(0,0?) is independent of features. Also, known that X;| X, ~ N(pXs, (1—p*)o?),
then the asymptotic relative efficiency of LOCO and GCM estimators for the testing of X,
is

: -+ 2(1 — p?)o?

s
B3

0-2
5 +2(1 — p?)o?

4
> 1.

6¢§gcm)’d};loco) =

2
— O7 then (& ~(gem) 7 (loco) — 1.

Specifically, if 7 e gt

3.2 Non-linear Additive Model

Although the linear model is instructive, the primary focus of this paper is on non-linear

additive regression settings. Let

Y =3 fos(X;)+e
j=1

where fy ;’s are non-linear and measurable, and there are no interaction terms among fea-
tures, € are i.i.d mean zero with finite variance %, and € L X. For each j € [p], both GCM

and LOCO are performing the following hypothesis test:
Ho-v9D =0 - H -V +£0
0 - ?ﬁj ) a - 1/}3 7é :
For regressing X; and Y on X_; respectively for GCM, let go, hg € F for function class F,

Xj = h,QJ'(X_j) + g—j ; Y = gO,j(X—j) tey



3.2 Non-linear Additive Model

2

€

.. . . . 2 .
where €_;,{_; are 1.i.d mean zero with finite variance of,o; respectively, e_;,§_; L X.

Let h07j(X_j) = E(X]|X_]),QO7J(X_]) e E(Y|X_]), recall X] = XJ - E(X]|X_]), and
foi(X;) = fo;(X;)—E(fo;(X;)|X_;). Weimposing the following assumption on Corr(X;, fo,;(X;)):
%f?)ﬁj”w%ﬂf&j(&»

E(f} ;(X)))+40?E(f2 ;(X;))

B(X2f2,(X)))

Assumption (A). Corr*(X;, fo,;(X;)) >

Assumption (A) is an adjusted correlation condition that ensures the efficiency of GCM
under ARE comparison. Note that Assumption (A) fails for the example where if X is drawn
from a symmetric distribution and fy(.) is an even function since Corr (X;, fo,;(X;)) = 0.
The assumption therefore ensures that the correlation between X ; and f(),j(X ;) is sufficiently
far away from 0. Also note that in the case of the linear model where f;;(X;) = §;X;

Assumption (A) is always satisfied which yields the linear model result from earlier.

Theorem 4. For an additive regression model estimated with mean squared error loss, Y =
fo(X) + € = fo—;(X_;) + fo;(X;) + €, where € are i.i.d ransom noise with zero mean and

finite variance 0. For all j € [p|, we have

sd(@E™) oy /Var(%; fos (X)) + 2 B(X2)

E( Aj(gcm)) E(X}f@j(Xj)) 7
@) 3 Var(7,(X) + 4 B(72, (X))
B E(73,(X) |

Therefore under Assumption (A), € jlacm) j(loco) > 1.
J (R

Next, we present a nonlinear additive regression functions as concrete example to il-
lustrate that the GCM estimator is (approximately) asymptotically more efficient than the
LOCO estimator when Assumption (A) in Theorem (4| is satisfied, and vice versa. The cor-

responding simulation study will also be shown in Section [3, and another further additive
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model comparison example can be found in Supplementary Material S1.

Example 3.2. Let Y = Y71 f;(X;) +¢, where e ~ N(0,0%), and f;(X;) = X}’ where p; is
odd, and suppose X; ~ N(0,1), and X,’s are independent. Then Xj =X, - E(X;|X_)) =
X. For notation simplicity, we use fj to represent f]( ;), then f] —F (X;’ | X_;) = ij )

By the property of the moment for standard normal that F(X?%) = Qt t, !and the sterling

approximation n! ~ v/2mn(%)", we have condition (A) in Theorem W as:

E(fj4)Corr2()~(j, f]) + 402C0rr2()~(j, f])E(f]Q)

B2 41
= B(X{P)—L_~ 40?2 (XPHY (3.1)
J 2p; J
E(X;)
25pj+1p§j (p; + 1)pitl 23(pj +1)pitt
- e2pj+1 t el 0
B(f;)
~ 2~2 ; ~ 2 2429 Py Py
E(X; f; )E( 32> +0?E(f;") = B(X;" ) E(X;") + 0 E(X;")
J (3.2)
N R A AT
N e2pi+1 ePj ’
d(TZ)(lOCO))/E(’lZ;(lOCO)) 2 ]
Thus, (3.1) > (3.2]), and e¢598m>7¢;zoco) — (w@m \JEGT) > 1 up to the Sterling approx-

imation.

Note that in practice, higher-order interaction terms are natural. While our theory does
not extend to this setting, we provide a simulation comparison which includes interaction

terms in Section [l

3.3 Single Index Model

Next, we will generalize to a semi-parametric extension of the linear model: single index

models which has connections to a shallow neural networks. For single index models with a
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scalar response variable Y € R and a predictor vector X € RP, the model is:
Y =n(XTB) +¢

where 8 = (84, ..., 3,)7 is unknown parameter vector, n is an unknown link function, and €
are i.i.d errors with zero mean and finite variance o2, and ¢ L. X. Then, for each j € [p],
GCM and LOCO perform the same individual hypothesis testing as discussed previously.
One way to achieve the relative variability of these two estimators in single index model is

through Taylor expansion of n(X7* ) around E(X*S|X_;). For notation simplicity, we use

=1 (E(XTBIX;)).

E(Y]X) =n(X") =n(EX"B|X_) +n' - (X8 — E(XTB|X_;)) + A

where A = Y20, 1n(B(XTB|X_;))(XT8 — E(X"B|X_;))*. Let’s introduce the notation
for order of approximation used in the following result: f(n) = o(1) means if for all € >

0, there exists M > 0,such that |f(n)| < € for all n > M.

Assumption (B1). 7 is fixed, monotone differentiable function with bounded derivatives

N (XTB) < O0(a=X"P), a> 1, for all s > 2.

Assumption (B2). X has a sub-Gaussian distribution; that is, there exists 02 > 0 such that

for all vectors v € R? with |[v|l =1 and all ¢t € R, with T' = v? X, we have P(|T — E(T)| >
t) < 2exp (—%) :
Assumption (B3). X73 has a density that is bounded from above by §.

Assumption (B4). For any § > 0, there exists a constant C, such that F(X73|X_;) >
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C' max{ \/E .V K}, for some constant K > 3 and tail probability &.

Theorem 5. Under the assumptions (B1) to (B4), consider a single index model estimated
with mean squared error loss, Y = n(XTB) + ¢, where € is random noise with finite variance

o?. For all j € [p|, we have

) \/%;\/77'25]2‘/@7’(5(]2) + O'QE(XJ«Q) + 0(1).
@) 5 B(RE) + o{1) |
)
)

\/Lﬁ\/n"lﬁ;“/ar()zf) + 40277’2B]2E(X72) +o(1)
B2 E(X?) + o(1) '

For any € > 0,6 > 0, with probability at least 1 — 9, we have € jlaem) jtoco) > 1—¢€.
i Y5

Remark 1.

e The asymptotic efficiency proof technique here is similar to Theorem [J except that
we additionally employ a linear approzimation via Taylor series expansion of n(XT )
around E(XTB|X_;), so assumption (B1) and (B4) ensure that first order approzi-
mation of n is sufficient and higher order derivatives terms are negligible, such that

A, B(AJX_;) = o(1).

e (B2) and (B3) are relazed assumptions for the guarantee of the convergence of the least-
square estimator of (n, 5) in monotone single index models introduced in Theorem 4.1 in
Balabdaoui et al. (2019). Those assumptions will also be used to bound the polynomial

terms in Taylor series expansion.

The single index model is useful given its connection to single-layer neural networks if we

have an unknown and fixed link function, or a generalized linear model if the link function is



known. Next, we illustrate a binary classification example to compare the relative efficiency
of GCM and LOCO hypothesis testing where we continue using the same linear predictor

set up as in Example [3.1 but with the sigmoid link function.

Example 3.3. Suppose Y = n(fy + 51 X1 + $2X2) + € where 7 is sigmoid function (ie:
N(x) = me=), Xi ~ N(0,0%),i = 1,2, Cov(Xy, X;) = p, and € ~ N(0,07?) is independent of
matrix X.

The sigmoid function 7 is an increasing function with recursive derivatives (Minai and
Williams| (1993)) 7t) (z) = DR n(z)R (1 —n(z))*~*, where (*') are Eulerian
numbers. Thus, n®)(z) < e~ #IC, = O(e7#l) = o(1) for s > 2 when |z| — oo, so the higher
order derivatives in the remainder term of linear Taylor series expansion is negligible. The
polynomial term in the remainder decays fast because of normal random variable X;. For
notation simplicity, let 7/ = 1/ (E(By + 51X1 + aXalXa)) = /(B (fo + fupXa + foXa)) =
N (Bo + (Bip+ B2)X2)- (1 —n (Lo + (Bip + B2)X2)). Thus, the relative efficiency of GCM and

LOCO test statistics for X is

= ( sd(d55") )2 _ wpoe = p)o +2(1 - p)o (1 N 0(1))
¢Ogcm e oco B n Sd(¢ gcm)) ;/20-52(1 _ p2)0-2 + 2(1 _ p2)20_4 .

Thus, for any € > 0, there exists a sufficiently large ', such that we have e Blaem glie) >1—¢€.

4. Extension to comparison with Dropout and Lazy-VI

The previous section compares the asymptotic relative efficiency for GCM and LOCO.
In this section, we extend the comparison to estimators from dropout and Lazy Variable

Importance (Lazy-VI) (|Gao et al. (2022)) approaches which are used as computationally



4.1 Dropout

faster approaches that attempt to estimate similar parameters to LOCO. Let’s first review

the setup of dropout and Lazy-VI.

4.1 Dropout

The dropout approach is a counterpart to LOCO which avoids retraining a reduced
model. Instead, the j feature is replaced by its corresponding marginal mean and then
reinserted into the pre-trained full model f;. Let’s define the dropout features as X ) (resp.

Xi(j)), where XU) = (X, ..., X; 1, tt5, Xji1, .-, Xp). The plug-in estimator for the dropout is

@2]@") = V(fna Pn) - V(fna pn,—j)

where ]5n7_j is the empirical distributions of X). The dropout estimator for feature j is :

4.2 Lazy-VI

The prediction functions in GCM, LOCO, and dropout tests can be estimated using
user-selected learners. Lazy-VI |Gao et al. (2022)) is a computationally efficient approxima-
tion to LOCO, primarily developed for neural networks because it relies on gradient-based
updates, and an ensemble-based algorithm like random forest does not apply. Instead of
retraining a reduced model for each feature, Lazy-VI fits the full neural network once and
approximates the reduced model by solving a linearized ridge regression around the full-
model parameters. Thus, Lazy-VI reduces the computational cost of LOCO while retaining

asymptotic guarantees under neural network setup. We briefly outline its setup below.



4.2 Lazy-VI

Let a neural network function class {h@(l‘) RP—R|0eRY } be parameterized by a

vector 6, such that the full model estimator is

n

1
0y = argmin— Z [V — ho (X))

n
OeRM 10—

However, unlike LOCO, which need to retrain the reduced model, Lazy-VI approximates the

reduced-model parameter by 6y + Af;(\, n), where

M n
weR i=1

1 & . : ”
Ab;(A,n) = argmm{—z [Yi = hoy (X)) = w" Vahg(XL) ] +A||w||§}
0
and A > 0 is the penalty parameter. Hence, the variable importance score under Lazy-VT is
w;lazy) =V (ho;, Po) =V (ho,+n0,00m) Po.—j) -

Theorem 6. (Re-formulated from|Gao et al.| (2022)) Under the reqularity conditions required
in Theorem 4.4 of |Gao et al.| (2022), the Lazy-VI estimator under the mean squared error

predictive measure

n

“laz 1 ]2
¢§l Y = o Z { [Yl — he, (Xi)]z - [Y; = Do n0;(0m) (Xi(]))} }

=1

has the following result:

7 (lazy) (lazy)y d, 2 2 9 9
V[ — ] S N(0,07), where o5 = Var(e — €2 ;).

J J —J

LOCO, dropout and Lazy-VI are asymptotically unbiased estimators used to estimate



the ability of X; in predicting Y in terms of the variance only. Then, we can extend the

asymptotic relative efficiency comparison to those methods in the following theorem:

Theorem 7. Under the regularity conditions required in Theorem 4.4 of |Gao et al.| (2022),
together with respective assumptions in Theorem[3 Theorem[q], and Theorem[J, then we have
the corresponding asymptotic variance relationship:

lim Var(@"?)= lim Var@"*)< lim Var@'").

5. Simulations

In this section, we validate our theoretical results by comparing GCM, LOCO, dropout
and Lazy-VI. We also provide a comparison to other state-of-the-art feature selection meth-
ods such as Lasso (Ma and Huang (2008)), Knockoff (Barber and Candes| (2015); |(Candes
et al| (2018)), and permutation testing (Breiman| (2001)). We assess their efficiency and
accuracy for the linear model, single index model, and various non-linear models both with

and without interaction terms. Specifically, the following simulation settings are used:

(a) Linear model:
Y ~ 001X1 —|—01X2 +X3 +X4+1.5X5+2X6+3X7+4X8+€, where X ~ N(O, 220><20),

Corr(X3, X,) = 0.5, € ~ N(0,0.1%).

(b) Non-linear additive model :
Y ~ 2X? + 2cos(4X3) + sin(X3) + exp (X4/3) + 3X5 + X + 5X; + max(0, Xg) + e,

where X ~ N(O, E20><20)7 €~ N(O, 012),

(c) Non-additive model with interaction :



5.1 Variable selection comparison across methods

Y ~ 2sin(X;) + log(| Xa| + 1) + 3X; X5 + cos(X3 + Xy) + X2 + X X7 X5 + €, where

X ~ N(O, Eggxgo), €~ N(O, 012),

(d) Single Index Model :
Y ~ f(XB) + ¢, where f is sigmoid function, 3 = (6,5,4,3,2,1,0.5,0.1,0,...,0)T €

RQO,X ~ N(O, 220X2O)7 Corr(Xl,Xg) = 05, €~ N(O, 012)

5.1 Variable selection comparison across methods

In this section, the key theoretical results will be validated by the following simula-
tions. For all models (a)-(d), the response variable depends only on the first 8 of p = 20
features, and we use n = 1000 observations in each of the 100 simulations. We discuss the
feature selection methods through canonical implementations designated for each model (see
Supplementary Material S4 for more details). However, the variable importance selection
methods we investigate here are not restricted to regression problems. We consider both
algorithms suggested by the corresponding models, and the same method across different
models. Specifically, we choose a widely used tree-based algorithm: gradient boosted deci-
sion tree with default setting (gbm, Ridgeway et al.| (2024]) package in R). The average p-value
for each feature performed by GCM, LOCO, dropout and permutation variable selection is
presented in Fig. [II What’s more, the performance comparison is also extended with other
popular methods which do not provide p-values, e.g. Lasso and Knockoff with target FDR
= 0.2 across all models, is reported in Fig. |3[ and the dashed line is the empirical threshold
from random coin-flipping. (glmnet, Friedman et al|(2023); knockoff, [Barber et al. (2022)
packages in R).

In Fig. |1} plot (a) shows that all approaches have similar performance in the linear model
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Figure 1: Averaged p-value and standard deviation of each feature for model (a) - (d)
for GCM, LOCO, dropout and permutation univariate selection on dataset using gradient

boosted decision tree. Red dashed line: targeted type-I error rate (o = 0.05).

case. The performance of lasso is slightly better than others with the highest averaged accu-
racy and F1 score as shown in Fig. 3] For the additive non-linear model (b) in Fig. I, LOCO
requires approximately half the computational time of GCM, but GCM can identify more
significant variables than LOCO as long as the ratio checking (see Fig. [2)) LHS over RHS in
assumption (A) in Theorem [4 holds. The first two ratios are 0 because the quadratic and co-

sine functions are even functions and yield the corresponding Corr(X' s fo,j (X;)=0,j=1,2,



5.1 Variable selection comparison across methods

Case b):

w

1t -2 -@----8-9 -©-9 6-9 6-0-5-0-9-0-9-6-

Ratio for condition (A)

o
[ ]
[ ]

Figure 2: Averaged ratio with standard deviation for verifying theoretical condition (A)

(LHS/RHS) in Theorem @ for case b).

which violates assumption (A). What’s more, GCM outperforms knockoff and lasso methods
in the non-linear model with high accuracy, F1 score and low FDR, since the underlying
model is not sparse as shown in Fig. [3] The simulation with the non-additive nonlinear
model (c) examines the necessity of assuming the absence of joint effects in the applica-
tion of all variable selection approaches even under “black-box” machine learning algorithm,
since all of the approaches barely identify the significant features which yields low recall. For
single index model (d), as illustrated in Fig. , all four methods effectively identify variables
with relatively large weights but fail to detect those with smaller contributions. The GCM
measure is the most computationally demanding method, as it requires training 2p models.
In contrast, the LOCO approach trains p + 1 models, while the dropout, permutation and
lasso method requires less computational effort with only a single model needs to be trained.
The knockoff filter method maintains single-model computation efficiency but requires ex-
tra time for knockoff feature generation. Overall, the GCM approach is more stable and
effective compared to all other feature selection methods. Additional simulation results for

models trained with kernel SVM, presented in Supplementary Material S4, further validate
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Figure 3: Average performance measure and time (seconds) with standard deviation across
100 simulations for lasso, knockoff (target FDR = 0.2), GCM, LOCO, dropout and permuta-
tion univariate selection on dataset using gradient boosted decision tree for (a) - (d). Dashed

line: empirical random-guessing baseline.

the strength and robustness of GCM.

5.2 Model Mis-specification

To assess the robustness of the proposed comparisons beyond the correctly specified
settings used in the theoretical results, we consider two mis-specified models, one with in-
teractions and the other with heavy-random variable with heavy-tailed distributions (which

violates sub-Gaussianity) with n = 1000 observations in each of the 50 simulations:



5.2 Model Mis-specification

(e) Non-additive model with surrogate feature:
Y ~ BX; +0.05 (X3X? + X4 X2)+ X5+, e~ N(0,1), and Xy = pX; + /1 — p?Z,

where Z ~ N(0,1),p € {0,0.3,0.5,0.7,0.8,0.9} and X ~ N(0, Isxa).

(f) Nonlinear additive model with heavy-tailed covariates :
Y ~ X1+ 1.5s8in(X5)+2*I{ X3 > 0} +tanh(X4)+0.6 X3 +¢, where e ~ N (0, 1), X; s

t,,v € {3,5,10,15,30,inf},j = 1, ..., 20.

X p-value X, p-value X3 p-value X4 p-value

Xs p-value F1 Recall FDR

Mean metric value + se

Method -~ GCM -e- LOCO Learner - gbm -A&- ksvm -# nnet

Figure 4: Performance of GCM and LOCO under t-distributed covariates with varying
degrees of freedom. Panels show mean X; p-values and performance metrics over 50 simu-

lations, with error bars denoting standard errors. The blue dashed line marks a = 0.05.

In model (e), X is correlated with the significant variable X, but has no direct effect on
the response. The model is intended to evaluate robustness of comparison between LOCO
and GCM to model misspecification. For the learners, GBM is implemented with 50 trees

and a learning rate of 0.05, neural networks are fitted using the default hyperparameters,



5.2 Model Mis-specification

and KSVM is fitted with (C=0.1). From Fig[] we see that across different learners, conclu-
sions from the theoretical results remain consistent. GCM always identifies X; regardless of
whether X is weakly or strongly correlated with X, whereas LOCO is more sensitive to the
correlation and produces more false discoveries. Neither method reliably detects the non-
additive interaction term X3 and X,. Overall, GCM is more stable than LOCO, achieving

higher F1 score and recall. Model (f) considers a nonlinear additive model with heavy-tailed

X p-value X, p-value X3 p-value X4 p-value

1.00:

0.75

0.50

0.25

oo
==}
=)
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Mean metric value + se

Degrees of freedom

Method -e- GCM -e- LOCO Learner -e= gbm -A- ksvm -#- nnet

Figure 5: Performance of GCM and LOCO under t-distributed covariates with varying
degrees of freedom. Panels show mean X; p-values and performance metrics over 50 simu-

lations, with error bars denoting standard errors. The blue dashed line marks a = 0.05.

covariates. The covariates are generated independently from t-distributions. To make it
comparable across different degrees of freedom, each covariate is standardized to have unit
variance. The model evaluates the performance of GCM and LOCO generalizes beyond the
model from beyond Gaussian or light-tailed covariate distributions. All three learners are

implemented with default settings. Figl5|shows that GCM is more stable than LOCO across



5.3 Comparison with Lazy-VI in neural networks

different degrees of freedom and machine learners. GCM consistently achieves higher F1
score and recall while maintaining a lower FDR. In contrast, LOCO performs worse under
heavier tails, but gradually improves as the degrees of freedom increase, in other words,
the covariate approaches Gaussian distribution, allowing it to better identify the significant
features.

These findings indicate that the superior performance of GCM remains across the mis-
specified settings considered, suggesting greater empirical robustness beyond standard mod-

eling assumptions.

5.3 Comparison with Lazy-VI in neural networks

In the next simulation, we extend the performance comparison with Lazy-VI in a wide
neural network setup. For this comparison, we implement simulations in Python as the
estimation procedure for a lazy training method is not easily transferable to R because it
relies on a sufficiently large neural network function class and other designated assumptions.
To generate synthetic data, we use the same setup of the neural network as that of |Gao et al.
(2022) proposed for evaluating the performance of Lazy-VI. We train a wide, fully connected
two-layer neural network for all simulations, using Adam with learning rate 1072 and the
width of the hidden layer in the training network is 50.

In Fig. [6) we display the performance comparison among LOCO, GCM, Lazy-VI and
dropout across 100 simulations. We find that GCM still has better performance than others
in terms of high accuracy, F1 score and recall in model b) and d) with sigmoid link function
albeit at the expense of computational time. Lazy-VI has proved to be fast and accurate in

approximating the LOCO test. LOCO and Lazy-VI have similar performance which is con-
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Figure 6: Average performance measure and time (seconds) with standard deviation across
100 simulations for GCM, LOCO, dropout and Lazy-VI univariate selection on dataset using
large neural network for (b), (c), and (d) with sigmoid and gaussian link function. Dashed

line: empirical random-guessing baseline.

sistent with our theory. For model (c), all methods perform poorly due to interaction terms,
resulting in low statistical power. For the single index model (d), when the monotonicity
assumption (B1) in Theorem [3|is violated, the gaussian link function (ie: e=*"), none of the

feature selection methods work well.

5.4 High-dimensional Regression

We also check the behavior of all feature selection methods in high-dimensional setting.
We use 500 covariates. Specifically, the first 40 variables are significant and are generated

by repeating the same eight-significant-feature block in model (a) and (b) five times, while



the remaining 460 variables are noise variables. In setting (a), all covariates are independent
except that the third and fourth active variables within each repeated block have correlation
0.5. In setting (b), all covariates are independent. The computational burden is more
pronounced in high-dimensional setup since GCM requires retraining more models than
other methods. Fig. [7] displays the average performance of each feature selection method
over 50 simulations in the high-dimensional setting. All methods are implemented using
gradient boosted trees with the default gbm settings in R, except that the tree depth is set
to 4. The dashed line represents the empirical threshold obtained from fair coin-flipping
sampling. Knockoff filter method works well in all sparse models with high F1 score and
low FDR, lasso has the best performance in sparse linear model (a). The performance of
GCM is slightly better than other wrapper-based selection with higher accuracy, recall and
F1 score in case (a), and GCM performs as good as others in non-linear high-dimensional
setting. Model training choices also influence feature selection. Further simulation results
with kernel SVM also validate the stability and power of GCM (see Supplementary Material

S4).

6. Real data analysis

In this section, we evaluate GCM and LOCO on two real datasets: Airbnb pricing
data [Inside Airbnb| (2026) and social media addiction data Zaman (2026). We use 5-fold
cross-validation and report the average MSE with its standard error across folds in tables.
Stability selection Meinshausen and Bithlmann (2010) where if the feature is selected in 4
or 5 folds is used to select features. We use linear regression, gradient boosted decision tree

and neural network prediction algorithms. Additional data analysis results are available in
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Supplementary Materials S4.

6.1 Airbnb listing price data

As Airbnb has transformed the short-term rental market, understanding the factors
that influence listing prices has become increasingly important for hosts and travelers. The
data consist of 1,863 Airbnb listings from Quebec City, Canada, collected in June 2026

from the publicly available platform |[Inside Airbnb| (2026). The response variable Y is
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Figure 8: Selection rate of each feature selected by GCM and LOCO across 5-fold cross
validation on Airbnb listing price data, using Im, GBM and NN as the base predictor re-

spectively. Red dashed line: targeted selection frequency.

the log-transformed listing price, and the covariates include geographic location (latitude
and longitude), listing characteristics (minimum nights, room type), host information
(calculated host listings count), and booking activity measures (number of reviews,
reviews per month, number of reviews in the last 12 months, and availability through-
out the year). The categorical variable room type is embedded using one-hot encoding. For
Airbnb listing price data, the GBM model uses the default setting in R. The neural network
is a fully connected feed-forward model with hidden layers of 32 and 16 neurons, learning
rate 1073, weight decay 1072, and batch size 64. From Table we see that GCM consistently
achieves the lower averaged MSE across all different machine learning learners. Figlg| shows
that GCM consistently identifying the significant variables in predicting listing price, such
as latitude, longitude, and minimum nights. Across all learners, GCM generally tends

to select more variables than LOCO and yields more stable selections.



6.2 Social media addiction dataset

Table 1: Mean squared prediction error averaged across 5-fold cross-validation for GCM and

LOCO on Airbnb listing price data, using lm, GBM, NN respectively.

Models:

Method Im GBM NN
GCM 0.3338 £ 0.0093 0.2507 + 0.0134 0.2892 4+ 0.0113
LOCO | 0.3366 £+ 0.0105 0.2960 + 0.0103 0.3227 4 0.0272

6.2 Social media addiction dataset

Whether social media use enhances or harms productivity has become an increasingly
important question as digital platforms play a central role in everyday life. The dataset
is publicly available on Kaggle ( [Zaman| (2026)) and contains 4,999 observations after
removing missing values. The response variable is productivity score, and the covari-
ates include age, daily screen time, social media hours, study hours, sleep hours,
notifications per day, focus score, and addiction level. For social media addic-
tion data, the GBM model uses 500 trees and depth 4 in R. The neural network is a fully
connected feed-forward model with hidden layers of 32 and 16 neurons, learning rate 1073,
weight decay 1073, and batch size 128. Figl9] shows that both GCM and LOCO select
social media hours, study hours, sleep hours, and the number of notifications per
day consistently across learners. Compared with LOCO, GCM exhibits more stable se-
lection, with same or higher frequencies for important variables and lower frequencies for
insignificant variables. Table [2] shows that the two methods have identical prediction error
under the linear model, while GCM achieves slightly lower mean squared prediction error

than LOCO under GBM and neural network.
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Figure 9: Selection rate of each feature selected by GCM and LOCO across 5-fold cross
validation on impact of social media addiction on productivity data, using lm, GBM and

NN as the base predictor respectively. Red dashed line: targeted selection frequency.

Table 2: Mean squared prediction error averaged across 5H-fold cross-validation for GCM
and LOCO on impact of social media addiction on productivity data, using lm, GBM, NN

respectively.

Models:

Method Im GBM NN
GCM 95.95 £ 2.56 91.23 4+ 2.08 84.70 £ 1.95
LOCO |95.95 £ 256 91.85 + 2.02 85.61 4 2.31

7. Conclusion

A key result of this paper is that GCM demonstrates greater efficiency in variable
selection compared to LOCO under suitable regular conditions for linear, additive and single
index models. Application to real-data variable selection further confirms that GCM selects
models with lower prediction MSE than LOCO and is more stable. Future work could
develop a novel GCM-based test statistic that improves computational efficiency or strikes

a compromise with Type II error, advancing hypothesis testing methodologies.
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Supplementary materials

The online Supplementary Material contains an extra efficiency comparison example for
additive model (Section S1). Mean and variance for test statistics under different models
(Section S2), proofs of theorems (Section S3), and additional simulation and data analysis
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