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Abstract:

High-dimensional compositional regression is common in microbiome studies, where covariates are

relative abundances and the number of taxa often exceeds the sample size. Standard regression methods

may be invalid for such data. While the centered log-ratio transformed linear model offers a principled

framework, it yields unstable estimates with limited target samples. We develop transfer learning

procedures that borrow information from auxiliary source studies for high-dimensional compositional

regression with subcomposition structures and additional non-compositional covariates. The proposed

methods incorporate the compositional linear constraint through constrained `1 -regularized estimation

and allow both model and covariate shifts across studies. We propose Oracle-Trans-sub-Coda-Lasso,

for known informative sources, and Trans-sub-Coda-Lasso, which detects informative sources using

marginal screening statistics. Under suitable regularity and similarity conditions, we establish the

`2-norm error convergence rate of the oracle estimator and the consistency of the source-detection

procedure. Simulations and an application to ulcerative colitis gut microbiome data for body mass

index prediction demonstrate the improved performance of the proposed methods.

Key words and phrases: Transfer learning, Multisource data, Compositional data, Centered log-ratio

model, High-dimensional regression.
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1. Introduction

Regression with compositional covariates arises in many scientific fields, including micro-

biome studies, geochemistry, environmental science, and nutritional epidemiology. Composi-

tional covariates are proportions or relative abundances whose components are nonnegative

and sum to a constant, and hence lie in a simplex rather than in the usual Euclidean space.

Directly applying standard regression methods to raw compositions may therefore lead to

invalid inference and misleading interpretation. This issue is particularly important in mi-

crobiome studies, where microbial abundances are observed as relative abundances and the

number of taxa often exceeds the sample size.

A principled framework for compositional regression is the log-contrast model of Aitchi-

son and Bacon-Shone (1984), which respects the scale-invariance property of compositional

data by imposing a zero-sum constraint on the regression coefficients. For high-dimensional

compositional covariates, Lin et al. (2014) introduced benchmark variables into their model,

shifting constraints from covariates to coefficients. They then proposed estimating param-

eters via a constrained `1-regularized estimator. Subsequent extensions incorporated tree-

structured hierarchies (Shi et al., 2016; Wang and Zhao, 2017), analyzed optimization ge-

ometry (Combettes and Müller, 2021), addressed robustness (Mishra and Müller, 2022), and

handled measurement error (Shi et al., 2022; Tan et al., 2024). Longitudinal extensions have

also been developed (Ma et al., 2023).

Despite these advances, limited sample size remains a major challenge in high-dimensional

compositional regression, especially for target populations such as specific disease subgroups

or clinical cohorts. Penalization exploits sparsity but does not increase the amount of infor-

mation available for estimating the target model. In contrast, related datasets from external
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cohorts or studies are increasingly available in biomedical applications. This motivates trans-

fer learning, which borrows information from auxiliary source datasets to improve estimation

and prediction for a target task.

Transfer learning has recently been studied extensively in high-dimensional statistics,

including linear regression with single or multiple sources (Bastani, 2021; Li et al., 2022),

adaptations for concurrent model and covariate shifts (He et al., 2024b), simultaneous esti-

mation and source selection (Li et al., 2024a), and extensions to generalized linear models

(Tian and Feng, 2023; Li et al., 2024c), quantile regression (Huang et al., 2023; Jin et al.,

2024; Qiao et al., 2024), graphical models (He et al., 2022), and dimensionality reduction (Li

et al., 2024b; He et al., 2025, 2024a). Reviews can be found in Pan and Yang (2010), Weiss

et al. (2016), and Cheng et al. (2020). However, existing methods are primarily designed for

ordinary Euclidean covariates and do not directly address the constraints and dependence

structures induced by compositional data.

In this paper, we develop transfer-learning procedures for high-dimensional regression

with subcomposition-structured compositional covariates and additional non-compositional

covariates. The proposed model allows compositional variables to be divided into multiple

subcompositions, each satisfying its own simplex constraint, and imposes a general linear

constraint C>s θθθ
∗ = 000 on the compositional regression coefficients, where θθθ∗ denotes the com-

positional component of the regression coefficient vector. The standard compositional regres-

sion model without subcomposition structure is included as a special case. The framework

also allows ordinary covariates, such as demographic, clinical, or environmental variables,

to be modeled jointly with transformed compositional covariates, while the constraint is

imposed only on the compositional component.
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We propose two estimators. The Oracle-Trans-sub-Coda-Lasso is designed for the ideal

case where informative source studies are known in advance. The Trans-sub-Coda-Lasso

handles the more realistic setting where informative sources must be identified from the

data. Our source-detection procedure uses marginal statistics to screen candidate source

studies, avoiding repeated high-dimensional constrained estimation over source subsets. It

is therefore simpler to implement than the source-selection strategy of Li et al. (2022) and is

closer in spirit to Tian and Feng (2023) and Jin et al. (2024), although those works do not

consider constrained regression with compositional covariates.

The proposed framework is not a direct extension of existing transfer-learning methods

with an added linear constraint. After the centered log-ratio (clr) or subcomposition-wise

centered log-ratio transformation, the transformed covariates are linearly dependent within

each composition or subcomposition, making the covariance matrix singular by construc-

tion. This singularity creates substantial technical difficulties, since inverse-based arguments

commonly used for ordinary covariates cannot be directly applied. Our analysis therefore

requires arguments that accommodate both the compositional constraint and the singular

design structure.

The main contributions of this paper are threefold. First, we introduce a penalized

transfer-learning framework that unifies subcomposition-structured compositional covariates

and ordinary covariates under a general linear constraint. Second, we develop both an oracle

transfer-learning procedure and a data-driven procedure with informative-source detection.

Third, under suitable regularity and similarity conditions, we establish the convergence rate

of the Oracle-Trans-sub-Coda-Lasso and show that it can achieve a faster `2-norm error

rate than the target-only benchmark estimator. We also prove the consistency of the pro-
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posed source-detection procedure. Extensive simulations and an application to body mass

index prediction using gut microbiome data from ulcerative colitis cohorts demonstrate the

practical utility of the proposed methods.

The rest of the paper is organized as follows. Section 2 presents the proposed methodol-

ogy. Section 3 establishes theoretical properties. Section 4 and Section 5 report simulation

studies and the ulcerative colitis microbiome application, respectively. In Section 6, we re-

view our contributions and discuss some future research directions. Additional numerical

results and proofs are provided in the supplementary material.

Before we start the formal introduction, let us first summarize some notations that will

be used frequently in this article. For two constants c1 and c2, denote c1 ∨ c2 = max(c1, c2)

and c1 ∧ c2 = min(c1, c2). For a generic set S, the cardinality and complement set are

defined by |S| and Sc, respectively. For a vector xxx = (x1, . . . , xp)
> ∈ Rp, denote the `1

norm by ‖xxx‖1 =
∑p

j=1 |xj|, the `2 norm by ‖xxx‖2 =
√∑p

j=1 x
2
j and the infinity norm by

‖xxx‖∞ = maxj |xj| . Let xxxS ∈ R|S| be the sub-vector formed by the index in the set S, and

000p and 111p be the p-dimensional vector whose elements are all zero and one, respectively. IIIp

denotes the p × p identity matrix. For a matrix A = (ai,j)p×q ∈ Rp×q, define the minimum

and maximum eigenvalues as λmin(A) and λmax(A) , respectively. And its 2-norm, infinity

norm and max-norm are defined as ‖A‖2 = maxxxx:‖xxx‖2=1 ‖Axxx‖2 ,‖A‖∞ = maxi
∑p

j=1 |aij| and

‖A‖max = maxi,j |aij|, respectively.

2. Methodology

In this section, we first introduce the centered log-ratio data (clr) formation model. We then

develop two procedures for estimating the above model on the target data using transfer
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2.1 Model

learning.

2.1 Model

Consider a composition XXX = (X1, . . . , Xq)
> that takes values in the (q − 1)−dimensional

unit simplex Sq−1 = {(x1, . . . , xq) : xj > 0, j = 1, . . . , q,
∑q

j=1xj = 1}. The simplex struc-

ture imposes dependence between the components of the compositional data. Thus, the

traditional methodology defined for spaces of real numbers cannot be applied. To overcome

this problem, Aitchison (1982) proposed the additive log-ratio (alr) transformation which

requires the choice of a reference. The log-contrast model is written as,

yyy = Z̃qθθθ∗\q + εεε, (2.1)

where Z̃q = {log(xij/xiq)} is the n× (q − 1) matrix whose q−th component is the reference

component , θθθ∗\q = (θ∗1, . . . , θ
∗
q−1)> ∈ Rq−1 is the corresponding regression coefficient vector,

and εεε is an n−vector of independent noise. Since the log-contrast model employed an

arbitrary reference variable for all other variables, the solution changes depending on the

selection of the reference. By expressing θ∗q = −
∑q−1

i=1 θ
∗
j , we can rewrite model (2.1) into a

symmetric form as

yyy = Z̃θθθ∗ + εεε,

q∑
j=1

θ∗j = 0, (2.2)

where Z̃ = {log(xij)} is the n×q log-transformed matrix (Aitchison and Bacon-Shone, 1984)

and θθθ∗ = (θ∗1, . . . , θ
∗
q)
> ∈ Rq. The linear constraint in (2.2) ensures that, after model fitting,

the response can be equivalently expressed as linear combinations of log-ratios of the original

compositions (Aitchison, 2003; Lin et al., 2014; Combettes and Müller, 2021).

Statistica Sinica: Newly accepted Paper 



2.1 Model

When grouping information for the predictors is available, the zero-sum constraint in

(2.2) allows for a natural generalization. In the context of microbiome research, each pre-

dictor corresponds to a taxonomic or phylogenetic unit, and the hierarchical relationships

among these units are typically encoded in a tree structure with q leaves and G hierarchical

levels. Following Shi et al. (2016) , this information can be incorporated into constraint (2.2)

via a linear equality constraint. To illustrate, suppose that microbiome data are analyzed

at a fixed taxonomic level. The q taxa can be naturally partitioned into G disjoint groups

according to a higher-level taxonomic or phylogenetic classification. Specifically, the g-th

group contains pg taxa belonging to the same higher-level taxon. Each set contains taxa

belonging to the same phylum.

Let Xgs represent the relative abundance of the s-th taxon belonging to the g-th taxo-

nomic group for g = 1, . . . , G and s = 1, . . . , pg, such that

pg∑
s=1

Xgs = 1, for g = 1, . . . , G.

Let Xg (an n × pg matrix) denote n samples of the pg taxa subcomposition. The model

linking the subcomposition to the response yyy is

yyy =
G∑
g=1

Z̃gθθθg + εεε, 111>pgθθθg =

pg∑
s=1

θgs = 0 for g = 1, . . . , G, (2.3)

with Z̃g = log(Xg) = (Z̃g1, . . . , Z̃gpg) = (log(Xg1), . . . , log(Xgpg)) ∈ Rn×pg and θθθg = (θg1, . . . , θgpg)>.

Without loss of generality, we assume that the taxa have been sorted according to their
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2.1 Model

groups. We define the subcomposition matrix Cs as follows

C>s =



1>p1 0 . . . 0

0 1>p2 . . . 0

...
...

. . .
...

0 0 . . . 1>pG


G×p

.

Then model (2.3) can be rewritten by including the subcomposition matrix Cs,

yyy = Z̃θθθ∗ + εεε, C>s θθθ
∗ = 000, (2.4)

where Z̃ = (Z̃1, . . . , Z̃G) and θθθ∗ = (θθθ>1 , . . . , θθθ
>
G)>.

We next adopt the grouped centered log-ratio(clr) transformation of the original taxo-

nomic composition (Aitchison, 1982) for the subsequent analysis. For the g-th group, define

˜̃Zg = clr(Xg) = log{Xg/(Π
pg
s=1Xgs)

1/pg},

which naturally satisfies 1>pg
˜̃Zg = 000. Under the within-group zero-sum constraint 1>pgθθθ

∗
g = 000,

we have ˜̃Zgθθθ
∗
g = Z̃gθθθ

∗
g. Therefore, under C>s θθθ

∗ = 0, there exists ˜̃Zθθθ∗ = Z̃θθθ∗, where ˜̃Z =

(˜̃Z1, . . . ,
˜̃ZG) is the n × q matrix, which confirms that the grouped centered log-ratio data

formation (clr) model with G linear constraints on the coeffiecients,

yyy = ˜̃Zθθθ∗ + εεε, C>s θθθ
∗ = 000, (2.5)

is algebraically equivalent to the grouped log-contrast model(2.4).
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2.1 Model

This reparameterization is not only algebraically convenient, but also distributionally

motivated. In particular, for each group g, suppose that there exists a latent positive basis

vector Vg such that Xgs = Vgs/
∑pg

t=1 Vgt, and let Ug = log(Vg) be one admissible log-basis

representation. It is worth noting that this representation is not unique: Vg is identifiable

only up to a common positive scaling factor within group g, or equivalently, Ug is identifiable

only up to an additive constant on the log scale. If Ug is multivariate normal, then Xg

follows a logistic-normal model. Although Vg is not identifiable up to a common scaling

factor, this ambiguity disappears after clr transformation, since clr(Xg) = Ug− Ūg1pg , where

Ūg = p−1
g

∑pg
s=1 Ugs denotes the average of the components of Ug within group g. Hence

the grouped clr-transformed covariates inherit the Gaussian property of the latent log-basis

vector, whereas the raw log-components log(Xgs) do not admit such a direct characterization.

This provides an additional justification for working with the grouped clr formulation.

When q′ additional non-compositional covariates N ∈ Rn×q′ , such as habitat and host-

associated factors or other control variables, are available, we can extend model (2.5) to

yyy = ˜̃Zθθθ∗ + Naaa∗ + εεε, C>s θθθ
∗ = 000, (2.6)

where aaa∗ ∈ Rq′ is the coefficient vector for all non-compositional variables. We refer to

the proposed model (2.6) as the adjusted group-constrained centered log-ratio regression

model, where “adjusted” indicates the inclusion of additional non-compositional covariates.

By fusing the compositional and non-compositional covariates into the general design matrix

Z = [˜̃Z N]n×p, we can denote the corresponding model coefficients by www∗ = (θθθ∗ aaa∗) ∈ Rp,

where p = q + q′. Adding the linear constraint matrix Cs by a zero matrix G× q′, denoted

Statistica Sinica: Newly accepted Paper 



2.1 Model

by C = [C>s 0G×q′ ]
>, the model (2.6) can be simplified to

yyy = Zwww∗ + εεε, C>www∗ = 000, (2.7)

Our main interest is to estimate the www∗ = (w∗1, . . . , w
∗
p)
>, which is the true regression

coefficient for the target dataset. In addition to the target dataset, suppose we also have

access to K source datasets. For distinction, we denote the target dataset as (X(0),N(0), yyy(0))

and K source datasets with the k th source denoted as (X(k),N(k), yyy(k)) , where X(k) ∈

Rnk×q,N(k) ∈ Rnk×q′ , yyy(k) ∈ Rnk for k = 1, . . . , K. We assume that the adjusted group-

constrained centered log-ratio regression model holds for target and source datasets,

yyy(k) = Z(k)www∗(k) + εεε(k), C>www∗(k) = 000, (2.8)

for k = 0, . . . , K, where yyy(k) ∈ Rnk is the response vector and Z(k) = [˜̃Z(k)N(k)]nk×p is the

nk × p matrix, ˜̃Z(k) = (clr(X
(k)
1 ), . . . , clr(X

(k)
G )), X

(k)
g denotes the compositional data of the

g-th group in the k-th source. The ith row of Z(k) and the i-th element of yyy(k) are denoted

as zzz
(k)>
i and y

(k)
i , respectively. For convenience, we assume that the covariates and responses

are mean-centered. www∗(k) = (w
∗(k)
1 , . . . , w

∗(k)
p )> ∈ Rp is the regression coefficient vector for

target model (k = 0) and k-th source model (k = 1, . . . , K). Similarly, we assume www∗(k) has

sk nonzero elements and that the error term εεε(k) is independent noise (k = 0, 1, . . . , K).

The source regression coefficient vector www∗(k)(k 6= 0) can be different from that of the

target www∗(0). Intuitively, the k-th source could be useful for transfer learning when www∗(k) is

close to www∗(0). Define the k-th contrast δδδ(k) = www∗(0) −www∗(k) . The set of informative source
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2.2 Oracle Trans-sub-Coda-Lasso algorithm

datasets is those whose contrasts satisfy that

A = {1 ≤ k ≤ K : ‖δδδ(k)‖1 ≤ h},

where ‖ · ‖1 denotes the l1 norm. The certain threshold h > 0 determines the transferring

level of the informative set A. In practice, the informative set A is unknown most of the

time. So in the following transfer learning algorithm, we will divide it into two parts. The

first part is the oracle algorithm with the known informative set A. In the second part, we

will first introduce the selection of available transfer learning sources and then the transfer

learning algorithms with the estimated informative set A .

Before deriving the transfer learning procedure, let us first introduce an estimator of

the target regression coefficient vector www∗(0) , using only the target data. Specifically, we

consider the following constrained Lasso estimator,

ŵww(0) = arg min
www

(
1

2n0

‖yyy(0) − Z(0)www‖2
2 + λ‖www‖1

)
, subject to C>www = 000, (2.9)

where λ > 0 is a regularization parameter, and ‖ · ‖2 denotes the l2 norm. This estimator

enjoys model selection consistency and uniform estimation consistency under some regular

conditions on the target data.

2.2 Oracle Trans-sub-Coda-Lasso algorithm

Given an informative auxiliary set A, we propose Oracle Trans-sub-Coda-Lasso—a transfer

learning algorithm for high-dimensional linear regression with subcomposition-structured

compositional covariates and additional non-compositional covariates. Building on method-
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2.2 Oracle Trans-sub-Coda-Lasso algorithm

ologies from Bastani (2021), Li et al. (2022), Tian and Feng (2023) and Jin et al. (2024), our

approach implements transfer learning through a targeted two-stage procedure: a transfer-

ring step followed by a debiasing step.

More specifically, given the informative set A, which identifies source coefficient vectors

www∗(k) (k 6= 0) that are close to the target coefficient vectorwww∗(0) under a predetermined thresh-

old, we leverage this information through data integration to achieve the goal of transferring.

In particular, when www∗(k) = www∗(0) for k ∈ A, simultaneous estimation of shared parameters

using combined target and source data improves estimation accuracy from O(s log(p)/n0)

to O(s log(p)/(n0 + nA)), where s = ‖www∗(0)‖0 and n0 and nA denote target and aggregated

source sample size, respectively. Therefore, we first fit the adjusted group-constrained cen-

tered log-ratio regression model with constrained Lasso by pooling target and all source

samples in a given informative set A. On the other hand, www∗(k)(k ∈ A) is merely very close

to www∗(0), not exactly equal to www∗(0). We then fit the contrast in the second step using only

the target data.

The detailed algorithm (Oracle Trans-sub-Coda-Lasso) is presented in Algorithm 1. In

step 1, ŵwwA converges to wwwA which can be defined via the following constrained optimization

problem

min
w

∑
k∈{0}

⋃
A

αkE
[
(yyy(k) − Z(k)www)>(yyy(k) − Z(k)www)

]
, subject to C>www = 000, (2.10)

where αk = nk

nA+n0
and wwwA can be expressed as a linear transformation of the true parameter

www∗(k), that is, wwwA = Ωc

∑
k∈{0}

⋃
A αkΣ

(k)w∗(k), where Σ(k) = E[(Z(k))>Z(k)], Ωc is the Moore-

Penrose inverse of Σ associated with the constraint matrix C and Σ =
∑

k∈{0}
⋃
A αkΣ

(k).

To highlight our target parameter, we use βββ∗ to denote the target parameter in the following.
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2.3 Informative set selection

Algorithm 1 : Oracle Trans-sub-Coda-Lasso

Input: target data (Z(0), yyy(0)), source data {(Z(k), yyy(k))}Kk=1 , penalty parameters λw and
λδ, transferring set A
Output: the estimated coefficient vector β̂ββ
step 1. Compute

ŵwwA = arg min
www∈Rp

 1

2(nA + n0)

∑
k∈{0}

⋃
A

‖yyy(k) − Z(k)www‖2
2 + λw‖www‖1

 , s.t. C>www = 000.

step 2. Compute

δ̂δδ
A

= arg min
δδδ∈Rp

{
1

2n0

‖yyy(0) − Z(0)(ŵwwA + δδδ)‖2
2 + λδ‖δδδ‖1

}
, s.t. C>δδδ = 000.

step 3. Let β̂ββ ← ŵwwA + δ̂δδ
A

Then the pooling contrast δδδA = wwwA − βββ∗ = Ωc

∑
k∈{0}∪A αkΣ

(k)δδδ(k), where δδδ(k) = βββ∗ −www∗(k)

is the kth contrast. The derivation of the expression and the details of Algorithm 1 are

provided in Section S1 of the Supplementary Materials.

2.3 Informative set selection

As we described, the Oracle Trans-sub-Coda-Lasso is based on knowledge of the informative

set A, which in practice may not be given. Motivated by Tian and Feng (2023) and Jin et al.

(2024), we develop the following effective procedure to select the informative set A , which

is similar to the idea of cross-validation.

The proposed selection method has three steps. First, we partition the full target dataset

into two disjoint subsets of equal size, one for training (I) and another for testing ( Ic ).

Second, we run the pooling-training procedure with each source data and the target training

data, to produce a set of single-source pooling estimators. These pooling estimators are

evaluated on the target testing data. Finally, we select informative sources by comparing
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2.3 Informative set selection

Algorithm 2 : Trans-sub-Coda-Lasso

Input: target data (Z(0), yyy(0)), source data {(Z(k), yyy(k))}Kk=1 , penalty parameters {λ(k)}Kk=0

and a constant ε0 ∈ (0, cε] controls the strictness of selection, where cε is a constant that
satisfies Assumption 5 below.
Output: the estimated coefficient vector β̃ββ and the selected transferring set Â.
step 1. Randomly partition target data (Z(0), yyy(0)) into two disjoint subsets D1 =

(Z
(0)
I , yyy

(0)
I ) and D2 = (Z

(0)

IC , yyy
(0)
Ic ) , where I is a subset of {1, . . . , n0} with cardinality

|I| ≈ n0/2.

step 2. Compute β̂ββ
(0)

I by fitting the constrained Lasso on D1 with penalty parameter λ(0).

step 3. Obtain ŵww(0,k) by running Step 1 in Algorithm 1 with (Z
(0)
I , yyy

(0)
I )
⋃

(Z(k), yyy(k)) and
penalty parameter λ(k) for all k 6= 0.

step 4. Calculate the error Q̂(β̂ββ
(0)

I ) and Q̂(ŵww(0,k)) for k = 1, . . . , K.
step 5. Obtain the estimated informative set as follows

Â = {1 ≤ k ≤ K : Q̂(ŵww(0,k)) ≤ (1 + ε0)Q̂(β̂ββ
(0)

I )}.

step 6. Obtain β̃ββ by Algorithm 1 using {(Z(k), yyy(k))}k∈Â
step 7. Output β̃ββ and Â.

the error incurred by transfer learning estimators with that of the target-only estimator. We

consider the squared prediction error function. For any coefficient estimate βββ, the average

squared prediction error on the target testing data Ic is

Q̂(βββ) =
2

n0

∑
i∈Ic

(y
(0)
i − zzz

(0)>
i βββ)2. (2.11)

The detailed algorithm is presented as Algorithm 2.

It is worth noting that we can estimate cε in Algorithm 2 in practice as

cε = inf
k∈{1,...,K}

(
ŵww(0,k) − β̂ββ

(0)
)>

Σ̂(0)
(
ŵww(0,k) − β̂ββ

(0)
)

Q̂(β̂ββ
(0)

)

where β̂ββ
(0)

is the initial single-target estimator in (2.9)
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3. Theoretical results

In this section, we display the theoretical guarantees for the two proposed algorithms. We

assume the following conditions hold in our theoretical analysis.

Assumption 1 .(Sub-Gaussian random errors). For each k ∈ A∪{0}, E[(y
(k)
i )2] is finite

and the random noise ε
(k)
i are i.i.d. sub-Gaussian with mean zero and variance σ2

k.

Assumption 2 (Sub-Gaussian log-basis and non-compositional covariates). For each

k ∈ A ∪ {0}, let U(k) =
(
U

(k)
1 , . . . , U

(k)
G

)
∈ Rnk×q denote one admissible latent log-basis

matrix associated with the grouped compositional observations. We assume that the rows

of U(k) and non-compositional N(k) are i.i.d. sub-Gaussian with mean zero and covariance

matrix Σ
(k)
U and ΣN , respectively. Moreover, the eigenvalues of Σ

(k)
U and ΣN are bounded

away from 0 and ∞. Since the latent log-basis is identifiable only up to groupwise additive

constants, this assumption is imposed on one admissible representative of the latent log-basis

class.

With the potential distributional shift, that is, the augmented design matrices are mod-

erately heterogeneous, The following measurements are defined to characterize the maximum

difference between Σ(0) and Σ(k), k ∈ A:

CAΣ = 1 + max
1≤j≤p

max
k∈A
‖e>j (Σ(k) −Σ(0))Ωc‖1 (3.12)

where ej is the unit vector with 1 on the j th position, Σ(k) = E[Z(k)>Z(k)]. Notice that

CAΣ can be further bounded, as shown in Li et al. (2022) and Tian and Feng (2023). The
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parameter space we consider is

Θ(s, h) =

{
βββ∗, {www∗(k)}k∈A : ‖βββ∗‖0 ≤ s, sup

k∈A
‖www∗(k) − βββ∗‖1 ≤ h

}

Assumption 3 .(Sample size and finite source). We assume s log p/(n0+nA)+CAΣh
√

log p/n0 =

o(1) and K = O(n0), |A| is bounded by a constant.

Assumption 1 assumes sub-Gaussian random noises for target and source samples, and

the second moment of the response vector is finite.

Assumption 2 is motivated by the logistic-normal model for compositional data intro-

duced by Aitchison (1982, 2003), under which a composition arises from a latent positive basis

through normalization. Moreover, Assumption 2 implies that the grouped clr-transformed

covariates are sub-Gaussian. From another perspective, one may also directly impose sub-

Gaussian assumptions on the grouped clr-transformed covariates, as in Shi et al. (2016) and

Yuan et al. (2024). The sub-Gaussian tail condition and the bounded-spectrum covariance

assumption are standard regularity conditions in high-dimensional theory and are imposed

here to facilitate concentration arguments and theoretical error control. Thus, Assumption

2 may be viewed as a natural grouped extension of basis-based logistic-normal modeling for

compositional data.

Assumption 3 amounts to requiring the true model is sufficiently sparse and the discrep-

ancy in regression coefficients between the target and the sources is not too large.

The following theorem gives the convergence rate for the Oracle Trans-sub-Coda-Lasso

estimator under the aforementioned conditions.

Theorem 1. (Convergence rate of Oracle Trans-sub-Coda-Lasso ). Assume that
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βββ∗, {www∗(k)}k∈A ∈ Θ(s, h) and Assumptions 1-3 hold. Suppose A is known with CAΣh .

s
√

log p/n0 , and n0 . nA. Let the Oracle Trans-sub-Coda-Lasso estimator β̂ββ be computed

with λw = Cw
√

log p/(n0 + nA) and λδ = Cδ
√

log p/n0, where Cw and Cδ are sufficiently

large positive constants. Then, with the probability at least 1− exp{−c log p} for some con-

stant c, we have

1

n0

‖Z(0)(β̂ββ − βββ∗)‖2
2 ∨ ‖β̂ββ − βββ∗‖2

2 = O

(
s log p

n0 + nA
+
s log p

n0

∧ CAΣh
√

log p/n0 ∧ (CAΣh)2

)
.

Theorem 1 demonstrates that the convergence rate of Oracle Trans-sub-Coda-Lasso es-

timator relies on nA and CAΣh, which represent the number of informative source samples

and the similarity between informative source studies and the target study, respectively. Ig-

noring the non-compositional part and grouping structure, the target-only estimator whose

rate of `2 error bounded on βββ is s log p/n0 (Lin et al. (2014)). Under the conditions nA � n0

and CAΣh � s
√

log p/n0, the oracle transfer learning estimator enjoys a faster convergence

rate. Even in the worst-case scenario that there is zero informative source, that is, A = ∅,

the convergence rate of the oracle transfer learning estimator is no slower than that of the

target-only estimator. Theorem 1 further indicates that model performance improves as the

heterogeneity between the informative sources and the target decreases, as quantified by CAΣ .

Next we will consider informative setA selection problem. The corresponding population

version of Q̂(βββ) defined in (2.11) is

Q(βββ) = E{(yyy(0) − Z(0)βββ)>(yyy(0) − Z(0)βββ)},
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where the expectation is taken with respect to the target distribution. We define www(0,k) as

the underlying fusion coefficient vector between the target and the source k arising from

Step 3 of the Algorithm 2 ,

www(0,k) = Ω(0,k)
c

∑
j=0,k

αjΣ
(j)www∗(j),

where Ω
(0,k)
c is the Moore-Penrose inverse of Σ(0,k) =

∑
j=0,k αjΣ

(j).

In order to ensure consistent informative set selection, we impose a general assumption.

Assumption 4 .(Weak sparsity condition) With s′ such that ‖www∗(k)‖0 ≤ s′ for all k ∈ Ac,

there exists a set S ′k ⊂ {1, . . . , p} such that |S ′k| ≤ s′ and ‖www(0,k)

S
′c
k

‖1 ≤ h′ for any k ∈ Ac with

h′ = o(1).

Assumption 4 assumes that the sparsity pattern of www∗(k), k ∈ Ac is similar to βββ∗, which

implies that the corresponding fusion coefficient www(0,k) remain to be ”weakly” sparse (Tian

and Feng, 2023; Jin et al., 2024). To identify informative auxiliary studies, our selection

rule compares the target testing error of the pooled estimator ŵww(0,k) with that of the target-

only estimator β̂ββ
(0)

I . Therefore, at the population level, the key quantity is the discrepancy

between the pooled population minimizerwww∗(0,k) and βββ∗. Intuitively, for k ∈ A, pooling study

k with the target study should only introduce a small perturbation, so that Q(www∗(0,k)) −

Q(βββ∗) remains small; in contrast, for k ∈ Ac, the corresponding discrepancy should be

sufficiently large so that the resulting increase in target prediction risk can still be detected

after accounting for stochastic errors.

To formulate this idea in an interpretable way, we express the separation condition

through the discrepancy between the auxiliary coefficient www∗(k) and the target coefficient βββ∗,

and then connect it to the pooled-target discrepancy through a transfer factor. This leads
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to the following identifiability assumption.

Assumption 5 .( Identifiability of A). Denote s∗ = s ∨ s′, h∗ = CAΣh ∨ h′ and n =

minKk=1 nk, η
2 = o(n0), λmin as the minimum eigenvalue of the matrix Σ(0) + ρC̃C̃> for any

constants ρ > 0, and

κ1 =

√
log p

n0

(
s∗

√
log p

n0 + n
+ h∗

)
+
√
s∗

(
1 +

√
η2

n0

)√√√√s∗
log p

n0 + n
+ h ∗

√
log p

n0 + n

and

κ2 = s∗
√

log p

n0

.

For any k ∈ Ac, there exists a positive constant cε such that

‖www∗(k) − βββ∗‖2
2 ≥ λ−1

min{cεQ(βββ∗) + 4(κ1 ∨ κ2))}κ3,

where κ3 = maxk∈Ac{‖α−1
k Ω

(k)
c Σ(0,k)‖2

2}, αk = nk/(n0 +nk), Σ(0,k) =
∑

j=0,k αjΣ
(j) and Ω

(k)
c

is the Moore-Penrose inverse of Σ(k) . Meanwhile, we require h2 = o(Q(βββ∗)).

Assumption 5 is an identifiability condition ensuring that non-informative auxiliary stud-

ies can be distinguished from informative ones. It is mainly imposed as a sufficient condition

for the consistency of the proposed source detection procedure. We emphasize that exact

recovery of the informative set A is not necessarily required for improving estimation or

prediction accuracy; in practice, some auxiliary studies outside A may still contain partially

transferable information.

The quantities κ1 and κ2 represent stochastic error levels: κ1 controls the estimation

error incurred when replacing the pooled population minimizer by its sample counterpart,
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while κ2 controls the discrepancy between the empirical testing error Q̂(·) and the popu-

lation risk Q(·). The quantity κ3 is a transfer constant that links the auxiliary-target dis-

crepancy to the pooled-target discrepancy. In particular, κ3 is motivated by the inequality

‖www∗(k) − βββ∗‖2
2 ≤

∥∥∥α−1
k Ω

(k)
c Σ(0,k)

∥∥∥2

2
‖www∗(0,k) − βββ∗‖2

2. Therefore, a sufficiently large auxiliary-

target separation for k ∈ Ac, after accounting for the transfer effect κ3, implies a detectable

pooled-target separation at the population level. Combined with the fact that the pooled-

target discrepancy is of order O(h2) for k ∈ A, Assumption 5 guarantees that the empirical

testing errors of informative and non-informative auxiliary studies remain separable with

high probability.

In particular, for any k ∈ Ac, Assumption 5 implies that cε ≤ λmin‖www(0,k) −βββ∗‖2
2/Q(βββ∗).

This implication motivates the practical estimation of cε in Algorithm 4.

The following theorem shows selection consistency property.

Theorem 2. (Selection consistency of Â) For Algorithm 2 (Trans-sub-Coda-Lasso),

suppose Assumptions 1-5 hold. When κ1∨κ2 = o(1), Â obtained in Algorithm 2 is consistent

in identifying A, such that

Pr(Â = A) ≥ 1− c̃1 exp{−c1η
2} − c̃2 exp{−c2 log p}

where c1 ,c̃1 , c2 and c̃2 are some positive constants.

Theorem 2 guarantees that Algorithm 2 (Trans-sub-Coda-Lasso) has the same high-

probability upper bounds of `1/`2-estimation error as those in Theorem 1 under the same

conditions. All proofs are provided in Supplementary Material.
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4. Numerical simulations

In this section, we empirically evaluate the performance of the proposed methods: Oracle-

Trans-subCodalasso with known informative set (proposed in Algorithm 1) and Trans-

subCodalasso with unknown informative set (proposed in Algorithm 2). We also compare

them with several existing approaches. The subCodalasso estimator defined in (2.9) uses only

target samples.The Pooled-sub-Codalasso estimator and Naive-Trans-subCodalasso estima-

tor use all sources for subCodalasso and Oracle-Trans-subCodalasso, respectively. Trans-

Lasso/GLM-alr means the estimators from Li et al. (2022) and Tian and Feng (2023) using

additive log-ratio (alr) transformation of compositional data, respectively. The R code for

this study can be found at https://github.com/luoxiaojing2578/TLsubCodalasso. More im-

plementation details can be found in Section S.5.1 in the Supplementary Materials.

4.1 Numerical setup

In our simulation, we generate data from the true model:

yyy(k) = N(k)aaa∗(k) + ˜̃Z(k)θθθ∗(k) + εεε(k), C>s θθθ
∗(k) = 000,

for k = 0, 1, . . . , K, where k = 0 for our target model and k = 1, . . . , K for source mod-

els. N(k) contains an intercept and q′ − 1 binary covariates generated from a Bernoulli

distribution with probability 0.5. We follow a similar approach to generate compositional

data as in Lin et al. (2014) and Shi et al. (2016). We generate an nk × q data matrix

U(k) = (u
(k)
ij ) from a multivariate normal distribution Nq(ννν,ΣU), and obtain compositional

data X(k) = (x
(k)
i,gs) by transformation x

(k)
i,gs =

exp(u
(k)
i,gs)∑pg

s=1 exp(u
(k)
i,gs)

, for g = 1, . . . , G and the covari-
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4.1 Numerical setup

ates matrix ˜̃Z(k) = (˜̃z
(k)
i,gs) by ˜̃zi,gs = log{x(k)

i,gs/(Π
pg
s=1x

(k)
i,gs)

1/pg}. To reflect that the components

of a composition differ by order of magnitude, we also take ννν = (νj) with νj = log(0.5q) for

j = 1, . . . , 5 and νj = 0 otherwise. The target model is set as aaa∗(0) = (0.5,−0.1, 0, . . . , 0)>

and θθθ∗(0) = (1,−0.8, 0.4, 0, 0,−0.6, 0, 0, 0, 0,−1.5, 0, 1.2, 0, 0, 0.3, 0, . . . , 0)>. The regression

coefficient θθθ∗(0) used in the simulation satisfies the following 8 linear constraints:

10∑
j=1

θ
∗(0)
j = 0,

16∑
j=11

θ
∗(0)
j = 0,

20∑
j=17

θ
∗(0)
j = 0,

23∑
j=21

θ
∗(0)
j = 0,

30∑
j=24

θ
∗(0)
j = 0,

32∑
j=31

θ
∗(0)
j = 0,

40∑
j=33

θ
∗(0)
j = 0,

q∑
j=41

θ
∗(0)
j = 0.

εεε(k) is an nk-dimensional vector of independent noise term, each component following a nor-

mal distribution with mean zero and standard deviation σ(k) =
∥∥N(k)aaa∗(k)+˜̃Z(k)θθθ∗(k)

∥∥/(3√nk).
In the simulation studies, both the covariates and responses are mean-centered. Consider

different numbers of informative sources |A| ∈ {0, 5, 10, 15, 20}. To simulate model and

covariate shift, we consider the following different configurations for the source model.

Model Shift. To examine the impact of source task characteristics, the coefficient

vector (aaa∗(k), θθθ∗(k)) for each source task is constructed as follows. We randomly select da

non-compositional variables, excluding the intercept term, and add perturbations to their

coefficients. The compositional coefficients for the source is set as follows.

(1) Fixed setting. For given A, if k ∈ A and g ∈ H, let

θ∗(k)
gs = θ∗(0)

gs + ξsI(s = H
(k)
g1 )− ξsI(s = H

(k)
g2 ),
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4.1 Numerical setup

and if k /∈ A and g ∈ {1, . . . , G},

θ∗(k)
gs = θ∗(0)

gs + ζsI(s = H
(k)
g3 )− ζsI(s = H

(k)
g4 ),

where H is random subsets of {1, . . . , G} with |H| = d/2 = {2, 6}, and (H
(k)
g1 , H

(k)
g2 ) is

sampled uniformly without replacement from the positions in the g-th group, and (H
(k)
g3 , H

(k)
g4 )

is sampled in the same way, overlap between the two pairs is allowed. ξs and ζs denote the

quality of effective and ineffective sources, respectively. They are set according to one of the

following two ways: Scenario I. ξs ∼ U(0, 0.05) and ζs ∼ U(0.5, 1) which is good effective

sources and poor ineffective sources; Scenario II. (ξs, ζs)
> = (0.1, 0.5)>, which is not too

good effective sources and not too bad ineffective sources. The perturbation magnitudes of

the non-compositional coefficients are consistent with those of the compositional coefficients.

(2) Random setting. For a given A, and g ∈ {1, . . . , G− 1}, let

θ∗(k)
gs = θ∗(0)

gs + ξsI(s = H
(k)
g1 )− ξsI(s = H

(k)
g2 ),

and

θ
∗(k)
Gs = θ

∗(0)
Gs + ξsI(s ∈ H(k)

G5 )− ξsI(s ∈ H(k)
G6 ),

where |H(k)
G5 | = |H

(k)
G6 | = q/4− 2(G− 1) and ξs ∼ U(0, d/q), d = 4, 12.

if k /∈ A and g ∈ {1, . . . , G− 1}, let

θ∗(k)
gs = θ∗(0)

gs + ξsI(s = H
(k)
g3 )− ξsI(s = H

(k)
g4 ),
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4.1 Numerical setup

and

θ
∗(k)
Gs = θ

∗(0)
Gs + ξsI(s ∈ H(k)

G7 )− ξsI(s ∈ H(k)
G8 ),

where |H(k)
G7 | = |H

(k)
G8 | = q/2−2(G−1) and ξs ∼ U(0.5, 0.5 + 5d/q), d = 4, 12. The perturba-

tion magnitudes of the non-compositional coefficients follow the Scenario I setting described

above.

Covariate Shift. To demonstrate the robustness of the proposed methods to covariate

shifts, we consider two settings with different covariate distributions.

(a) Homogeneous design. Each uuu
(k)
i ∼ N(ννν,ΣU), for k = 0, . . . , K, where ΣU = (ρ|i−j|) with

ρ = 0.2 or 0.5.

(b) Heterogeneous design. Each uuu
(k)
i ∼ N(ννν,Σ

(k)
U ), where Σ

(k)
U = (A(k))>A(k) + I. Here A(k)

is a random matrix with each entry equal to 0.3 with probability 0.3 and equal to 0 with

probability 0.7 and Σ
(0)
U = (ρ|i−j|) with ρ = 0.5.

To evaluate estimation accuracy, we calculate two metrics based on β̂ββ − βββ∗ for each

method: the `2 estimation error (L2-error) and the prediction error (PE), defined as

L2-error = ‖β̂ββ − βββ∗‖2, PE(β̂ββ) = ‖yyy(0) − Z(0)β̂ββ‖2
2/n0.

To assess variable selection performance, we report the true positive rate (TPR) and false

discovery rate (FDR). Let S = {j : β∗j 6= 0} denote the true active set and Ŝ = {j : β̂j 6= 0}

denote the estimated active set. The TPR and FDR are defined as

TPR =
|S ∩ Ŝ|
|S|

, FDR =
|Sc ∩ Ŝ|
|Ŝ| ∨ 1

.
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4.2 Simulation results

A larger TPR indicates better recovery of true signals, whereas a smaller FDR indicates

better control of false discoveries.

4.2 Simulation results

In this simulation, different dimension combinations (q′, q) = (10, 100), (0, 100), (10, 50) and

(10, 200) are considered. We set n0 = n1 = · · · = nK = 100 with K = 20. To evaluate

the performance of Trans-subCodalasso under the varying number of informative source

domains, we consider |A| ∈ {0, 5, 10, 15, 20}. We add perturbations to the one coefficient

of non-compositional variables, i.e da = 1, when q′ 6= 0. In the main text, we use the

setting (q′, q) = (10, 100) to illustrate the results. Additional results under other dimension

combinations and simulation settings are provided in Section S5.2 of the Supplementary

Material.

We first evaluate the `2 estimation errors of these methods. In Figure 1-3, we report the

`2 estimation errors under all considered source-domain settings for both homogeneous and

heterogeneous designs. Each point is average from 100 independent simulations.

As expected, the estimation performance of subCodalasso using only the target samples

remains almost unchanged as the number of informative source studies, |A|, increases. In

contrast, the pooled method and the other five transfer learning methods show decreasing

estimation errors as |A| increases, indicating that they can effectively borrow information

from transferable source studies. As d increases, the difference between the target and the

sources increases and the `2 estimation error of the six methods increases. When informative

sources are available (i.e.|A| > 0), all transfer learning methods substantially outperform

subCodalasso using only the target samples.
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4.2 Simulation results

Scenario I Scenario II Random Setting

d=
4

d=
12
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L 2
 e

rr
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Method
subCodalasso Oracle−Trans−subCodalasso Trans−subCodalasso Naive−Trans−subCodalasso

Pooled−subCodalasso Trans−Lasso−alr Trans−GLM−alr

Figure 1: The average `2 estimation error of the seven methods under different settings for coeffi-
cient vector with homogeneous covariance matrices (ρ = 0.2, (q′, q) = (10, 100)).

Scenario I Scenario II Random Setting

d=
4

d=
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or

Method
subCodalasso Oracle−Trans−subCodalasso Trans−subCodalasso Naive−Trans−subCodalasso

Pooled−subCodalasso Trans−Lasso−alr Trans−GLM−alr

Figure 2: The average `2 estimation error of the seven methods under different settings for coeffi-
cient vector with homogeneous covariance matrices (ρ = 0.5, (q′, q) = (10, 100)).
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4.2 Simulation results

Scenario I Scenario II Random Setting

d=
4

d=
12
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subCodalasso Oracle−Trans−subCodalasso Trans−subCodalasso Naive−Trans−subCodalasso

Pooled−subCodalasso Trans−Lasso−alr Trans−GLM−alr

Figure 3: The average `2 estimation error of the seven methods under different settings for coeffi-
cient vector with heterogenous covariance matrices and (q′, q) = (10, 100).

Moreover, Oracle-Trans-subCodalasso achieves the best or nearly the best performance,

which is expected because it assumes prior knowledge of the informative source set. Trans-

subCodalasso closely approaches the oracle performance, particularly for moderate or large

|A|, and substantially improves over subCodalasso, demonstrating the advantage of transfer

learning. When the difference between informative and non-informative sources is relatively

large, as in Scenario I, or when the perturbations are randomly dense, as in the random

setting, the proposed Oracle-Trans-subCodalasso and Trans-subCodalasso show more pro-

nounced advantages over the competing transfer learning methods. In these cases, the per-

formance gap between the naive method and Trans-subCodalasso further demonstrates the

importance and effectiveness of source selection.

We also note that the auxiliary sources labeled as “non-informative” in the simulations

are not necessarily entirely non-informative for transfer. For instance, in Scenario II where
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4.2 Simulation results

the coefficient shift is 0.5 (the second column of Figure 2), Trans-subCodalasso performs

better than the oracle method when |A| = 0. This is mainly because the discrepancy be-

tween these auxiliary sources and the target study is relatively small. Although such sources

are excluded from the oracle informative set A, they may still carry useful transferable

information. Therefore, by adaptively incorporating some mildly heterogeneous sources,

Trans-subCodalasso may achieve performance comparable to, or even slightly better than,

Oracle-Trans-subCodalasso. The behavior of Naive-Trans-subCodalasso under the same sce-

narios provides further support for this interpretation. On the other hand, `2 estimation

error of Trans-subCodalasso estimator is slightly larger than that of subCodalasso estimator

when all sources are poor ineffective quality (Scenario I under homogeneous with ρ = 0.2 and

heterogeneous setting ). A similar phenomenon can also be observed for Trans-Lasso-alr.

When all auxiliary sources are informative (|A| = K = 20), the pooled method surpasses

all transfer learning methods, including our proposed method. For two-step transfer learning

methods, the second-step correction using target data is susceptible to auxiliary source bias.

Specifically, the correction brings limited gains under small bias (e.g., |A| = K = 20 with

bias of 0 ∼ 0.05 and 0.1, comparing the pooled method with Oracle-Trans-subCodalasso),

whereas its advantages become prominent under large bias (e.g., |A| = 0 with bias ranging

from 0.5 to 1.0,comparing the pooled method with Naive-Trans-subCodalasso). Furthermore,

the performance of this correction procedure is based on the quality of the target data, as

elaborated in Section S5.2.3 in Supplementary Materials.

It is worth noting that, under the homogeneous setting with ρ = 0.2 and Scenario II,

the pooled method also performs well once the number of informative source domains |A|

exceeds 10. This is mainly because, in this case, a large proportion of the source domains are
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4.2 Simulation results

Table 1: Means and standard errors (in parentheses) of true positive rate (TPR) and false discovery
rate (FDR) for seven methods under random setting for coefficient vector with heterogeneous
covaraiance matrices and q = 100 based on 100 replicates.

Type Method
TPR FDR

d = 4 d = 12 d = 4 d = 12

|A| = 5 |A| = 10 |A| = 15 |A| = 5 |A| = 10 |A| = 15 |A| = 5 |A| = 10 |A| = 15 |A| = 5 |A| = 10 |A| = 15

q′ = 0

sC 0.98(0.06) 0.98(0.06) 0.98(0.06) 0.98(0.06) 0.98(0.06) 0.98(0.06) 0.83(0.05) 0.83(0.05) 0.83(0.05) 0.83(0.05) 0.82(0.06) 0.83(0.05)
OTC 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 0.59(0.21) 0.51(0.24) 0.41(0.25) 0.62(0.22) 0.55(0.23) 0.46(0.25)
TC 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 0.60(0.22) 0.50(0.24) 0.39(0.25) 0.62(0.22) 0.56(0.22) 0.47(0.25)

NTC 1.00(0.01) 1.00(0.00) 1.00(0.00) 1.00(0.01) 1.00(0.01) 1.00(0.00) 0.81(0.07) 0.79(0.09) 0.76(0.13) 0.81(0.07) 0.81(0.07) 0.78(0.09)
PC 0.99(0.03) 1.00(0.03) 1.00(0.00) 0.93(0.10) 0.96(0.08) 1.00(0.03) 0.57(0.18) 0.46(0.23) 0.34(0.22) 0.54(0.21) 0.45(0.24) 0.32(0.22)

TL-a 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 0.86(0.15) 0.90(0.07) 0.88(0.10) 0.78(0.25) 0.87(0.12) 0.86(0.16)
TG-a 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 0.39(0.20) 0.31(0.22) 0.26(0.24) 0.40(0.20) 0.34(0.21) 0.31(0.24)

q′ = 10
compositional

covariates

sC 0.98(0.06) 0.97(0.07) 0.97(0.06) 0.97(0.06) 0.97(0.07) 0.97(0.06) 0.85(0.06) 0.85(0.06) 0.85(0.06) 0.85(0.06) 0.85(0.06) 0.85(0.06)
OTC 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 0.52(0.24) 0.45(0.27) 0.36(0.27) 0.55(0.22) 0.49(0.25) 0.40(0.27)
TC 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 0.52(0.24) 0.45(0.27) 0.36(0.27) 0.55(0.22) 0.49(0.25) 0.40(0.26)

NTC 1.00(0.01) 1.00(0.00) 1.00(0.00) 0.99(0.04) 1.00(0.02) 1.00(0.01) 0.65(0.19) 0.62(0.20) 0.50(0.26) 0.70(0.17) 0.68(0.17) 0.60(0.23)
PC 0.97(0.06) 0.99(0.03) 1.00(0.01) 0.86(0.13) 0.92(0.10) 0.99(0.05) 0.40(0.23) 0.35(0.24) 0.21(0.20) 0.35(0.26) 0.32(0.24) 0.16(0.20)

TL-a 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 0.82(0.22) 0.82(0.21) 0.75(0.28) 0.75(0.25) 0.83(0.18) 0.78(0.23)
TG-a 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 1.00(0.00) 0.43(0.21) 0.38(0.21) 0.35(0.21) 0.45(0.19) 0.42(0.18) 0.38(0.20)

q′ = 10
all

covariates

sC 0.93(0.08) 0.92(0.08) 0.92(0.08) 0.92(0.08) 0.92(0.08) 0.92(0.08) 0.84(0.06) 0.84(0.06) 0.84(0.06) 0.84(0.06) 0.84(0.06) 0.84(0.06)
OTC 0.90(0.03) 0.90(0.04) 0.90(0.03) 0.90(0.03) 0.90(0.03) 0.90(0.03) 0.51(0.22) 0.43(0.26) 0.35(0.27) 0.54(0.22) 0.47(0.25) 0.39(0.26)
TC 0.90(0.03) 0.90(0.04) 0.90(0.03) 0.90(0.03) 0.90(0.03) 0.90(0.03) 0.51(0.22) 0.43(0.26) 0.35(0.26) 0.54(0.22) 0.47(0.25) 0.39(0.26)

NTC 0.91(0.04) 0.91(0.04) 0.90(0.04) 0.91(0.06) 0.91(0.05) 0.91(0.04) 0.63(0.19) 0.60(0.20) 0.49(0.26) 0.68(0.17) 0.66(0.17) 0.58(0.23)
PC 0.86(0.05) 0.88(0.03) 0.89(0.01) 0.78(0.10) 0.83(0.08) 0.88(0.04) 0.37(0.22) 0.33(0.23) 0.19(0.19) 0.33(0.24) 0.30(0.22) 0.15(0.19)

TL-a 0.82(0.08) 0.86(0.05) 0.86(0.05) 0.82(0.07) 0.85(0.05) 0.85(0.05) 0.68(0.31) 0.80(0.20) 0.78(0.18) 0.62(0.31) 0.73(0.24) 0.77(0.18)
TG-a 0.77(0.05) 0.78(0.03) 0.78(0.02) 0.79(0.03) 0.78(0.03) 0.78(0.02) 0.41(0.22) 0.37(0.23) 0.31(0.20) 0.41(0.21) 0.37(0.24) 0.30(0.20)

Note: sC: subCodalasso; OTC: Oracle-Trans-subCodalasso; TC: Trans-subCodalasso; NTC: Naive-Trans-subCodalasso; PC:
Pooled-subCodalasso; TL-a: Trans-Lasso-alr; TG-a: Trans-GLM-alr.

informative, which favors the pooled estimator. Moreover, under Scenario II, the coefficient

discrepancy between the non-informative source domains and the target domain is set to 0.5,

indicating that the non-informative sources are not severely biased from the target domain.

Consequently, pooling all source domains can still yield competitive performance.

Next, we turn our attention to the performance of the variable selection. We consider

three different numbers of informative sources, |A| = 5, 10, 15. Table 1 presents the TPR

and FDR under model shift in the random setting and covariate shift in the heterogeneous

design for (q′, q) = (0, 100) and (q′, q) = (10, 100). For (q′, q) = (10, 100), we report the

results based on compositional covariates only as well as on all covariates.

According to the results in Table 1, the Trans-subCodalasso method performs remark-

ably similarly to the oracle benchmark method in all simulation settings. This indicates that

the proposed method can effectively identify and utilize informative source domains without

relying on prior knowledge. From the perspective of TPR, all methods perform remarkably
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well for the compositional covariates. After incorporating non-compositional covariates, the

TPR for total variables of all methods declines to some extent; nevertheless, the proposed

method exhibits a much smaller drop compared with its competitors. In terms of FDR,

the Pooled method and Trans-GLM-alr alternately yield the best performance, while our

method closely follows with robust and stable FDR control. Notably, when focusing only

on the compositional covariates, the FDR of the proposed method decreases after adding

non-compositional variables. By contrast, the FDR of Trans-GLM-alr increases rather than

decreases. This finding indicates that the introduction of non-compositional covariates does

not interfere with the variable selection of compositional predictors in our method. Instead,

by providing additional explanatory information — especially a small number of truly rele-

vant non-compositional variables — it reduces the probability of falsely selecting irrelevant

compositional variables.

We further evaluate Trans-subCodalasso under several simulation settings in Section S5.2

of the Supplementary Materials, focusing on prediction performance, compositional covariate

constraints, exclusion of non-compositional covariates, and target-domain sample size.

5. Application to gut microbiome data

5.1 Data description and preprocessing

We apply the proposed method to gut microbiome data reported by Pasolli et al. (2016),

publicly available from the http://segatalab.cibio.unitn.it/tools/metaml. The data consists

of two studies involving subjects with ulcerative colitis and healthy controls, from whom

fecal samples were collected for shotgun metagenomic profiles and demographic variables,

including BMI, age, and sex, were recorded. We focus on genus-level microbial compositions
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5.1 Data description and preprocessing

and use phylum-level information to define subcompositional structures.

Among the original 292 genera, those with zero counts in more than 90% of samples are

removed, and phyla containing only one genus after filtering are excluded, leaving 81 genera

from four phyla. After removing subjects with missing values, the ulcerative colitis and

healthy datasets contain 111 and 628 subjects, respectively. Since sex-dependent differences

in the human microbiome have been reported, we further stratify the data by disease status

and sex into four subgroup datasets: UC male, UC female, Normal male and Normal female,

with sample sizes 39, 72, 310 and 318, respectively. The zero counts in the data are replaced

with 0.5, which corresponds to the maximum rounding error (Aitchison (2003), §11.5), and

the resulting counts are transformed into compositional data. In the transfer-learning anal-

ysis, each subgroup dataset is used in turn as the target dataset, with the remaining three

treated as source datasets.

We also incorporate age as an additional covariate, since gut microbiome composition

may vary with age and affect host metabolic status (Bradley and Haran, 2024). For the

subcomposition-based analysis, the 81 genera are grouped by phylum into Actinobacteria,

Bacteroidetes, Firmicutes and Proteobacteria, containing 9, 12, 44 and 16 genera, respec-

tively. The genus-level count data are normalized within each phylum to form subcomposi-

tional data, and subcompositional constraints are imposed separately within each phylum.

Accordingly, we consider four model settings: subcomposition with age, subcomposition

without age, composition with age, and composition without age.

To motivate our transfer learning framework, we perform preliminary analyses of similar-

ity and heterogeneity across the four subgroup datasets. (see Section 5.3.1 in Supplementary

Material for details). Our results indicate that while the datasets share common features
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5.2 Prediction performance

such as comparable BMI distributions, they exhibit substantial differences in age character-

istics and BMI-microbiome association patterns. These findings confirm that the datasets

are related yet heterogeneous, justifying the need for a transfer learning framework that

can adaptively borrow information from relevant sources instead of naively pooling all data

together. This provides clear motivation for our proposed Trans-subCodalasso method with

transferable source detection.

5.2 Prediction performance

We next evaluate the performance of Trans-subCodalasso and other competing methods in

predicting BMI using gut microbial compositional data. In each analysis, one subgroup

dataset is treated as the target dataset and the remaining three subgroup datasets are

used as source datasets. The 81 genus-level compositional variables are used as predictors

(p = 81), and BMI is taken as the response. We compare the proposed Trans-subCodalasso

with subCodalasso, Pooled-subCodalasso, Naive Trans-subCodalasso, Trans-Lasso-alr, and

Trans-GLM-alr. For each target subgroup, we repeat the BMI prediction experiment over

100 random splits of the target dataset, using 70% of the observations for training and the

remaining 30% for testing. Prediction accuracy is summarized by the average test error

across 100 splits.

We evaluate prediction performance under four modeling settings and summarize each

method by its prediction error relative to the corresponding target-only model within the

same setting, as shown in Figure 4.

Trans-subCodalasso achieves lower prediction error than the corresponding target-only

model in nearly all cases, with the only exception being the UC male target under the
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Figure 4: Relative prediction errors of different transfer learning methods relative to subCodalasso
under four model settings

sub-compositional model with age adjustment. For UC male, the pooled method performs

best across all four settings, possibly because this subgroup has the smallest target sample

size (n = 39), compared with UC female (n = 72), Normal female (n = 318), and Normal

male (n = 310). In such small-target settings, direct pooling may provide stronger variance

reduction. We also observe that Trans-subCodalasso and Naive-Trans-subCodalasso yield

similar performance for some targets, particularly the two Normal subgroups, suggesting that

the additional benefit of adaptive source selection may be less pronounced when the target

sample size is relatively large or when most candidate sources are transferable. In contrast,

Trans-Lasso-alr and Trans-GLM-alr consistently perform worse than target-only across all

settings, suggesting potential negative transfer under the alr-based representations. These

results indicate that Trans-subCodalasso is generally effective and more robust than the alr-
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based transfer approaches, although its empirical advantage may depend on target sample

size, source-target similarity, and model complexity.

Original prediction errors under the four modeling settings are reported in the Supple-

mentary Materials (Table 19). Adding age generally reduces prediction error for most target

subgroups, except for UC male, with the largest improvements observed for the Normal tar-

gets. In contrast, the compositional and sub-compositional specifications show no consistent

difference in prediction error, suggesting that the benefit of sub-composition modeling may

depend on the target subgroup and transfer setting.

o further interpret the results, we examine the source-selection behavior of Trans-subCodalasso

and the microbial features selected by the proposed method, with details provided in Sections

S5.3.2 and S5.3.3 of the Supplementary Materials, respectively.

6. Discussions

This paper develops a transfer learning framework for high-dimensional regression with

both subcompositions and non-compositional covariates. To accommodate the structural

constraints induced by subcompositional predictors, we propose two two-step procedures,

Oracle-Trans-sub-Coda-Lasso and Trans-sub-Coda-Lasso, which combine information bor-

rowing across domains with constrained sparse estimation. The oracle version assumes that

the transferable source domains are known, while the data-driven version further incor-

porates a source-detection step for the practically relevant case where such information is

unavailable.

Our theoretical analysis establishes statistical guarantees for the proposed estimators

under high-dimensional scaling and shows that transfer learning can lead to substantial
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gains when the informative source domains are sufficiently aligned with the target domain.

The simulation studies support these findings and demonstrate the empirical advantages of

the proposed methods over target-only procedures and competing alternatives across a range

of settings involving both subcompositions and non-compositional covariates.

There are several promising directions for future research. First, the current theory still

relies on the condition CA
Σ <∞, which mainly arises from Step 1 of our procedure, where data

from multiple sources are pooled for estimation. This requirement may become restrictive

when covariate distributions differ substantially across sources. Simulation results in the

supplementary material demonstrate that simple attempts to relax this condition, such as the

constrained Trans-Fusion method, perform poorly under compositional data settings. This

highlights the necessity of developing more robust cross-source covariance theories tailored

specifically to the inherent characteristics of compositional data.

Second, `0-based methods such as the SDAR algorithm and best subset selection ap-

proaches are important alternatives for high-dimensional sparse regression. To further as-

sess the relevance of `0-type alternatives, we additionally examined two linearly constrained

`0-type competitors in the Supplementary Material. Additional simulations suggest that

constrained `0-type methods can be advantageous in strong-signal and sparse settings, es-

pecially for coefficient estimation. However, they may also suffer from high computational

cost, tuning sensitivity, or instability under weak-signal and less sparse regimes. By compar-

ison, our method exhibits more stable performance across different regimes and yields fewer

false negatives in variable selection, which is important for compositional data analysis. De-

veloping efficient and tuning-stable linearly constrained `0-type methods for compositional

transfer learning is an interesting direction for future work.
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Another promising direction is to develop more general approaches for characterizing

target–source relationships beyond pairwise comparisons. Such extensions may be useful in

settings where transfer learning depends on the joint contribution of multiple source domains,

for example when individual sources are all far from the target but their collective “center”

is nevertheless close to it.

Supplementary Materials

The Supplementary Material includes the following sections: S1, the details of Algorithm

1S2, proof for the theorem 1; S3, proof for the theorem 2; S4, additional comparison with

other constrained methods; S5, additional results of our numerical studies and real studies.
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