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Abstract

Motivated by an international breast cancer study, we investigate regression anal-
ysis of clustered interval-censored failure time data in the presence of random change
points. Although a large literature has been developed for regression analysis of clus-
tered or interval-censored data, there does not seem to exist an established approach
for the situation considered here. Change points can occur in many situations and one
example is when a disease risk may shift abruptly once certain biological markers cross
critical thresholds. For the problem, we propose a sieve maximum likelihood estima-
tion procedure that can accommodate all three features, clustered structure, interval
censoring and random change points. For the implementation of the proposed method,
an EM algorithm is developed and the asymptotic properties of the resulting estima-
tors are established. An extensive simulation study is conducted and indicates that
the proposed method works well in practical situations. The proposed methodology is
applied to the aforementioned breast cancer study.

Keywords: Clustered interval-censored data; EM algorithm; Random change point; Sieve
estimation.

1 Introduction

This paper considers regression analysis of clustered interval-censored failure time data in the

presence of random change points. A large literature has been established for regression analysis

of failure time data when there exists clustering structure, interval censoring or change point, each

of which makes the analysis more challenging. However, there does not seem to exist an established

approach that is applicable when all three issues exist together.

This study was motivated by a large international breast cancer study conducted in Europe

and North America (Huang et al., 2024). Breast cancer is one of the most prevalent malignancies
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among women and the second leading cause of cancer-related deaths among American women

(Siegel et al., 2024). For the study, one goal is to identify risk factors that have significant effects

on breast cancer-related events such as death and distant metastasis, meaning that the cancer

spreading to distant organs or lymph nodes. Among others, menopause is widely recognized as a

critical physiological transition in women’s health and has been shown to influence breast cancer

risk and progression significantly (Heer et al., 2020). In particular, postmenopausal women have

been observed to have a higher risk of breast cancer progression compared to premenopausal women

(Stavraky and Emmons, 1974). More details about the study are given below.

Clustered failure time data occur when study subjects come from or can be classified into

different groups or clusters and the subjects within each cluster may be correlated (Huang et al.,

2019, 2024). One common situation that yields such data is that the subjects within a cluster

share or have same characteristics, medical practices, or environmental exposures, and a more

specific example of this is siblings within a family. It is well-known that in the presence of cluster

structure, the analysis that ignores it could lead to biased estimation and invalid inference, and to

deal with it, a commonly used method is the frailty model approach, which uses latent variables to

characterize the underlying relationship among the subjects within the clusters (Hanagal, 2011).

Among others, Hougaard (2000) provides a comprehensive review of the analysis of clustered failure

time data.

Interval-censored failure time data are the most general type of failure time data and a great

deal of literature has been established for their analyses (Sun, 2006; Sun and Chen, 2022). By

interval-censored data, we usually mean that the failure time of interest is observed only to belong

to an interval instead of being observed or known exactly, and it is easy to see that this can

naturally happen in, for example, any periodic follow-up study. It is worth noting that the analysis

of interval-censored data is much more difficult than that of right-censored data since the former

has a much more complicated structure. Many authors have investigated regression analysis of

clustered interval-censored data (Lam et al., 2010; Sun, 2006; Yang et al., 2021). However, there

is no study considering the situation where there exist change points.

Regression analysis of failure time data with change points has gained substantial attention

across disciplines such as biomedicine, clinical research, and precision medicine (He et al., 2018; Lou

et al., 2025; Pons, 2003). In clinical studies, for instance, the risk of disease progression may shift

abruptly when certain biomarkers exceed critical thresholds, leading to changes in the underlying

hazard function. Although many methods have been developed to deal with change points in the
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analysis of failure time data (Chen et al., 2024; Lee and Lam, 2020; Lee and Wong, 2023), most of

the existing methods are for right-censored data except Du et al. (2025). However, Du et al. (2025)

did not consider the cluster structure and thus their approach is not applicable to the situation

discussed here.

In the following, we will propose a novel frailty-based framework for regression analysis of

interval-censored failure time data that can simultaneously take into account both cluster structure

and the presence of random change points. For estimation, we will develop a sieve maximum

likelihood approach with the use of Bernstein polynomials and for the implementation of the

proposed method, an EM algorithm will be provided. The resulting estimators are shown to be

consistent and asymptotically normal.

The remainder of this paper is organized as follows. In Section 2, we will first present a

frailty-based change point Cox model and then describe the observed likelihood function. Section

3 gives the proposed estimation procedure and the developed EM algorithm. In Section 4, we

present some results from a simulation study conducted to assess the empirical performance of the

proposed method and they suggest that it works well in practice. Section 5 applies it to the breast

cancer study described above and Section 6 concludes with some discussion and remarks.

2 Notation, Models and Likelihood Function

Consider a failure time study and suppose that there are N independent and identically distributed

clusters with ni subjects in the ith cluster for i = 1, . . . , N . For the jth subject in the ith cluster,

let Tij denote the failure time of interest and suppose that there exist two vectors of covariates

denoted by Xij and Zij that are p1-dimensional and p2-dimensional, respectively, whose meanings

will be more specifically described below. Also suppose that there exists a latent variable bi, and

given (X⊤
ij , Z

⊤
ij , bi)

⊤, {Ti1, . . . , Ti, ni} are mutually independent and the Tij ’s follow the change

point proportional hazards model

Λ(t |Xij , Zij , bi) = Λ(t) exp
{
X⊤

ij β +Z⊤
ij α+Z⊤

ij γ I (Uij > ζij) + bi

}
(1)

in terms of the cumulative hazard function. In the above, Λ(t) denotes an unknown baseline

cumulative hazard function, β, α and γ are vectors of unknown regression parameters, and Uij

is a univariate covariate that could be an element of Zij such that the effect of Zij on Tij may

depend on Uij due to the random change point denoted by the latent variable ζij in Uij .

It is easy to see that the frailty bi’s characterizes the correlation among the subjects within
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the same cluster, and Xij and Zij represent the covariates with constant and threshold-varying

effects, respectively. In practice, the classification of covariates intoXij or Zij should be guided by

substantive knowledge and existing biological evidence regarding the threshold variable Uij . The

vector Zij should be constructed to include the variables whose effects are suspected to vary with

the level of Uij such as a treatment effect that may differ before and after a specific biological

transition. Standard prognostic factors that are expected to exert a constant influence on risk

should be included in Xij . In the following, we will assume that the bi’s follow a distribution

fb(bi; σ) with mean zero and unknown variance σ2 and the latent variables ζij ’s have the density

function gζ(· ; ν) known up to a vector of unknown parameters ν. Also we will focus on the

situation where the change point exists and assume that γ is non-zero. More comments on this

will be given below.

Define θ =
(
ψ, Λ

)
with ψ = (β⊤, α⊤, γ⊤, ν⊤, σ)⊤ and suppose that one observes the interval-

censored data given by O = {Oi, i = 1, . . . , N} with Oi = {Lij , Rij , Xij , Zij , Uij ; j = 1, . . . , ni}

and Lij < Tij ≤ Rij . That is, Tij is known only to belong to the interval (Lij , Rij ]. Then, under

the independent interval censoring assumption, the likelihood function of θ can be written as

L(θ ; O) =
N∏
i=1

∫
bi

[
ni∏
j=1

∫
ζij

{
S(Lij)− S(Rij)

}
gζ(ζij ; ν) d ζij

]
fb(bi; σ) d bi

=
N∏
i=1

∫
bi

(
ni∏
j=1

[{
S♯
(1)(Lij)− S♯

(1)(Rij)
}
Gζ(Uij ; ν)

+
{
S♯
(2)(Lij)− S♯

(2)(Rij)
}{

1−Gζ(Uij ; ν)}

])
fb(bi; σ) d bi

=
N∏
i=1

∫
bi

{
ni∏
j=1

L̃♯
ij(θ−σ ; Oij) fb(bi; σ)

}
d bi .

(2)

In the above, θ−σ denotes θ excluding σ, Gζ(· ; ν) the CDF of the ζij ’s,

S♯
(1)(t) = exp

[
−
{
Λ(t) exp(X⊤

ijβ +Z⊤
ijα+Z⊤

ijγ + bi)
}]

,

and

S♯
(2)(t) = exp

[
−
{
Λ(t) exp(X⊤

ijβ +Z⊤
ijα+ bi)

}]
.

In the next section, we will discuss the estimation of the parameters based on the likelihood function

above with the focus on fb(bi; σ) being the normal density function. The method applies to other

density functions too.
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3 Sieve Maximum Likelihood Estimation

Now we discuss the estimation of the parameter θ and for this, it is natural to maximize the

likelihood function L(θ). On the other hand, it is apparent that this is not easy or straightforward

due to the unknown function Λ(·). To address this, by following Ma et al. (2015) and others, we will

employ the sieve approach that first approximates Λ(·) by Bernstein polynomials over I = [tl, tr],

where tl and tr denote the lower and upper bounds of the observation times, respectively.

More specifically, let Θ denote the parameter space of θ and define the sieve space Θn = {θn =

(ψ, Λn)} = B ⊗ Γn , where B = {ψ ∈ Rd, ∥ψ∥ ≤M} , d is the dimension of ψ, and

Γn =

{
Λn(t) =

m∑
q=0

ϕ∗qBq(t,m, tl, tr) :
∑

0≤q≤m

|ϕ∗q | ≤Mn, 0 ≤ ϕ∗0 ≤ ϕ∗1 ≤ · · · ≤ ϕ∗m

}
.

In the above, Mn = o(na) with 0 < a < 1/2 and n =
∑
ni, the ϕ

∗
l ’s are unknown parameters to

be estimated, and

Bq(t,m, tl, tr) =

(
m

q

)(
t− tl
tr − tl

)q (
1− t− tl

tr − tl

)m−q

,

where m denotes the degree of the Bernstein polynomials that is usually taken to be m = O(nv)

for some 0 < v < 1/2.

Define the sieve maximum likelihood estimator θ̂ = (ψ̂, Λ̂) of θ as the value of θ that maximizes

the likelihood function L(θ) over the sieve space Θn. Note that in the definition of Θn, we need

the constraints 0 ≤ ϕ∗0 ≤ ϕ∗1 ≤ · · · ≤ ϕ∗m due to the non-negativity and monotonicity features of Λ,

and it can be easily removed by the reparameterizations ϕ∗0 = exp(ϕ0) and ϕ
∗
q =

∑q
i=0 exp(ϕi) for

the ϕ∗q ’s, 1 ≤ q ≤ m. Also note that θ̂ does not have a closed form and for this, we will develop an

EM algorithm.

For the development of the EM algorithm, we will first assume that the frailty bi’s were known

or we had the complete data O♯ =
{
O♯

i = (Oi, bi), i = 1, . . . , N
}
. Then one can easily derive the

complete data likelihood function as

L♯(θ, b) =
N∏
i=1

{ ni∏
j=1

L̃♯
ij(θ−σ ; Oij)

}
fb(bi; σ) :=

N∏
i=1

L♯
i(θ; O

♯
i) ,

where b = (b1, . . . , bN )⊤. It follows that the complete data log-likelihood function has the form

ℓ♯(θ, b) =

N∑
i=1

ni∑
j=1

ℓ̃ ♯ij(θ−σ ; Oij) +

N∑
i=1

log fb(bi; σ) := ℓ̃♯(1)(θ−σ) + ℓ♯(2)(σ) , (3)

where ℓ̃ ♯ij(θ−σ ; Oij) = log L̃♯
ij(θ−σ ; Oij).
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For the E-step of the EM algorithm, at the (k + 1)th iteration, we need to compute the

expectation of (3) conditional on the observed data and the current estimates of the parameters,

which has the form

Q(θ | O, θ̂(k)) = E
{
ℓ♯(θ, b) | O, θ̂(k)

}
=

N∑
i=1

[
E
{
ℓ̃♯i(1)(θ−σ) | Oi, θ̂

(k)
}
+ E

{
ℓ♯i(2)(σ) | Oi, θ̂

(k)
}]

.

(4)

For the expectation above, it is apparent that one needs to evaluate the following types of integrals

E
{
ϱ(bi) | Oi, θ̂

(k)
}

=

∫
ϱ(bi) ℏ (bi | Oi, θ̂

(k)) d bi =

∫∞
−∞ ϱ(bi)L

♯
i(θ

(k); O♯
i) d bi∫∞

−∞ L♯
i(θ

(k); O♯
i) d bi

(5)

for a function ϱ(bi) of bi, where ℏ (bi | Oi, θ̂
(k)) denotes the conditional density function of bi

given the observed data and the k-th iterative estimate of θ. To calculate (5), we propose using

the Gauss-Hermite quadrature integral to approximate the integrals in it. Specifically, with the

integral in the form
∫
ϱ(b) exp(−b2) d b with a specified function ϱ(·), we approximate the integral

by the weighted sum of ϱ(·) at a number of suitably specified points:∫
ϱ(b) exp(−b2) d b ≈

M∑
q=1

ωq ϱ(b
[q]) ,

where for a user-specified positive integer M , b[q] denotes the q-th quadrature point and ωq the

corresponding weight. In particular, the larger M , the more accurate the approximation. In

applications, however, the specification of M is usually driven by the trade-off between the ap-

proximation accuracy and the computation time. For the numerical studies below, we use M = 8.

Alternatively, when dealing with other types of probability density functions for the bi’s, one may

employ the Monte Carlo method as described in Chen et al. (2009).

For the M-step of the EM algorithm, at the (k+1)-th iteration, we need to maximize the con-

ditional expectation (4) with respect to θ to obtain the updated estimate θ̂(k+1). More specifically,

to obtain the updated estimate of θ, we only need to find the updated estimate θ̂
(k+1)
−σ by finding

the value that maximizes E {ℓ̃♯(1)(θ−σ) | Oi, θ̂
(k)}. For the updated estimate of σ, we can calculate

it from

σ̂(k+1) =

√√√√ 1

N

N∑
i=1

E
{
b2i | Oi, θ̂(k)

}
.

To check the convergence of the EM algorithm above, one can use various criteria. A simple

approach, which is used in the numerical studies below, is to calculate the differences of the values

of the likelihood functions between adjacent iterations and declare the convergence if the difference
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is smaller than a predefined positive number such as 10−3. For the implementation of the method

above, it is apparent that one also needs to choose the degree of the Bernstein polynomials m and

for this, a common approach is to try different values and compare the results. Our experience

suggests that the estimation results are usually robust with respect to m and a small value is

generally good enough. The same has been pointed out by others.

Let θ0 = (ψ0, Λ0) denote the true value of θ. We now establish the asymptotic properties of

the proposed estimators in the following theorems with the proofs sketched in the Appendix.

Theorem 1. Suppose that the regularity conditions 1 - 7 given in the Appendix hold. Then the

estimator θ̂ is consistent and we have that

d (θ̂, θ0) = Op

(
n−(1−v)/2 + n−rv/2

)
,

where v ∈ (0, 1) such that m = o(nv) and r is defined in Condition 3.

Theorem 2. Suppose that the regularity conditions 1 - 7 given in the Appendix hold with r > 2

in Condition 3. Then it can be shown that
√
n (ψ̂ − ψ0) converges in distribution to a zero-mean

multivariate normal distribution.

To make the inference about ψ, it is apparent that one needs to estimate the covariance matrix

of ψ̂. For this and following Yang et al. (2021) and others, we suggest to employ the profile

likelihood approach and the numerical studies below indicate that it performs well.

4 A Simulation Study

In this section, we present some results obtained from a simulation study conducted to assess

the empirical performance of the sieve maximum likelihood estimation procedure proposed in

the previous sections. In the study, we considered a two-dimensional vector of covariates Xij =

(Xij,1, Xij,2)
⊤ with Xij,1 ∼ Uniform(−1, 1) and Xij,2 ∼ Normal(0, 1) and a three-dimensional

vector of covariates Zij = (Zij,1, Zij,2, Zij,3)
⊤ with Zij,1 ∼ Normal(0.5, 1), Zij,2 ∼ Bernoulli(0.6)

and Zij,3 ∼ Uniform(−2, 2). The covariates Uij ’s were generated from Uniform(−2, 2), and for

the generation of the change points ζij ’s, we considered two situations, the normal distribution

Normal(0.2, 0.52) and the exponential distribution with the hazard of 0.8. For the latent variables

bi’s, they were generated from the normal distribution Normal(0, 0.52). Given the Xij ’s, Zij ’s,

Uij ’s, ζij ’s and bi’s, the failure times of interest Tij ’s were generated under model (1) with Λ(t) =

0.5 t 1.5.
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For the generation of the observed data, to mimic a follow-up study and for each subject, we

first generated a sequence of examination times with the gap between consecutive examination

times following the uniform distribution over (0.1, 0.3) and the maximum observation time to be

3. Then for subject (ij), Lij was taken to be the last observation time that is smaller than Tij

and Rij the first observation time that is greater than Tij . For the cluster size ni, we considered

two situations. One, Scenario I, is to set ni to be fixed at either 10 or 20 for all clusters and the

other, Scenario II, is to generate ni from the discrete uniform distribution over the set {6, . . . , 15}

or {16, . . . , 25}. Note that both configurations yielded similar overall sample sizes with the average

cluster size, denoted by ñ, approximately equal to 10 or 20. The results reported below are based

on N = 50 or 100 clusters and m = 4 with 500 replications.

[Tables 1 – 2 near here.]

Tables 1 – 2 present the estimation results for all parameters given by the proposed approach

with β = (β1, β2)
⊤ = (0.3, −0.5)⊤, α = (α1, α2, α3)

⊤ = (−0.6, 0.8, 0.3)⊤ and γ = (γ1, γ2, γ3)
⊤ =

(1.2, −0.5, 0.2)⊤ under the normal and exponential change points, respectively. They include the

estimated bias (Bias) given by the average of the estimates minus the true value, the average of

the estimated standard errors (SSE), the sample standard errors (SEE), and the 95% empirical

coverage probability (CP). The results suggest that the proposed estimators seem to be unbiased

and the estimated standard errors provide a reasonable approximation to the true variability.

Furthermore, the empirical coverage probabilities suggest that the normal approximation to the

distribution of the proposed estimates is appropriate, and as expected, the results got better when

either the number of clusters or the sample size within each cluster increased. In addition, the

results seem to be consistent with respect to the within-cluster sample sizes, which are either fixed

or random.

[Table 3 near here.]

In practice, one question of interest may be the importance of taking into account the cluster

structure. To see this, we repeated the study above with σ = 0.8 and under Scenario I and applied

the method, referred to as the Naive method, that ignores the cluster structure or assumes bi = 0

for all i in addition to the proposed method. The results are given in Table 3 and it is apparent that

the Naive method not only can yield biased estimates but also may result in misleading inference.

[Table 4 near here.]

Following a reviewer’s suggestion, we further investigated the robustness of the proposed

method with respect to the distribution of the latent variable. For this, we repeated the study
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above that yielded Table 1 with ñ = 10 and N = 50 under both scenarios except generating the

latent variables from (A) a mixed distribution or (B) a Cox-type model. For the former, it was

assumed that ζij ∼ Normal(0.2, 0.52) when ζij ≤ 0 and ζij follows an exponential distribution with

hazard 0.2 when ζij > 0. For the latter, we generated the ζij ’s from the Cox-type model with

the hazard function Λζ(ζij) = 5 ζij . For the latent variable bi’s, under case (A), we generated

them such that bi ∼ Normal(−0.25, 0.52) when bi ≤ 0 and bi ∼ Normal(0.25, 0.52) when bi > 0.

Under case (B), we first generated the b∗i ’s from the Cox-type model with the hazard function

Λb(b
∗
i ) = (b∗i )

5 and set bi = log b∗i + 0.1155. Note that the mixed distribution in (A) is more

complex than the simple parametric distribution used previously, while the Cox-type model in (B)

represents a commonly used semiparametric specification. The results are presented in Table 4 and

one can see that both the performance and the conclusions are similar to those given in Table 1.

In other words, the proposed method seems to be reasonably robust to the misspecification of the

latent-variable distribution.

5 An Application

Now we apply the sieve maximum likelihood estimation procedure proposed in the previous sections

to the international breast cancer study described above with the focus on the distant metastasis-

free survival. The distant metastasis, defined as cancer spread to distant organs or lymph nodes

as mentioned above, plays a central role in disease progression and is essential for predicting

tumor dissemination risk. Also it is a key prognostic indicator closely linked to mortality and

approximately 30% of women diagnosed with early-stage breast cancer eventually develop distant

metastasis (Redig and McAllister, 2013). Furthermore, since the patients were examined yearly,

only interval-censored data are available on the distant metastasis-free survival. For breast cancer

patients, among other possible influential factors, menopause represents a critical biological tran-

sition such as substantial hormonal and physiological changes (Dall and Britt, 2017; Heer et al.,

2020). The main objective here is to investigate the effects of several influential or risk factors on

the development of disease progression with particular interest in the role of menopausal transition.

For the risk factors, following Huang et al. (2024), we will consider three prognostic factors, es-

trogen receptor status (ER), tumor size (SIZE), and histological grade (GRADE). More specifically,

the factor ER indicates the sensitivity to hormone therapy and takes 1 if the tumor is responsive

to the therapy that suppresses estrogen receptor expression and 0 otherwise. The factor SIZE is
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a binary variable coded as 1 if the tumor is larger than 2 cm and 0 otherwise, and the factor

GRADE reflects the tumor aggressiveness, categorized as 1 (low), 2 (intermediate), or 3 (high). To

describe the effect of the factor GRADE more accurately, we use two binary variables, GRADE2

and GRADE3, to represent it. For the application of the proposed method, we set the covariate

Z to be the factor ER, the covariate X including all of the other factors, and U to be the age

at breast cancer diagnosis with the change point ζ representing the age at which major hormonal

changes occur. In the following, we will focus on the data of 2,026 patients from 21 sub-studies

after excluding the patients with missing values in the relevant factors by treating sub-studies as

clusters. The original study includes 52 sub-studies.

[Table 5 near here.]

Table 5 presents the analysis results given by the proposed approach. They include the es-

timated effect (EST), the estimated standard error (SD), and the p-value (PVAL) for testing no

effect for each of the risk factors. They suggest that all four risk factors seem to have had significant

effects on the development of disease progression. More specifically, the analysis indicates that the

patient with a tumor that is larger than 2 cm or the intermediate or high tumor aggressiveness had

a relatively significantly higher risk of developing disease progression. Furthermore, the effect of

the factor ER seems to have a significant change at around age 46. Before the change, it was pos-

itively related to the risk of developing disease progression but negatively associated with the risk

after the change. A possible reason for this is that premenopausal women usually have higher levels

of endogenous estrogen, which may stimulate tumor growth in ER-positive breast cancers, while

after menopause, declining estrogen levels may mitigate the effect, potentially reducing disease

progression in ER-positive patients.

For comparison, we also applied the Naive method considered in the previous section that

ignores the cluster structure and include the obtained results in Table 5. One can see from the

table that a major difference from the analysis above is that the Naive method did not identify the

significant effects of the risk factors SIZE and GRADE2 possibly due to not taking into account

the cluster structure or the association within the cluster. To further look at the results above, we

performed a simple analysis that ignored the existence of both cluster structure and change point

and give the analysis result again in Table 5. As expected, it suggests that the factor ER still had

a significant effect and was negatively associated with the risk of developing disease progression.

This is consistent with Huang et al. (2024), who fitted the data to a mean residual life model and

did not consider the existence of the change point.
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6 Discussion and Concluding Remarks

This paper considered regression analysis of clustered interval-censored failure time data in the

presence of random change points. Although many methods have been developed for analyzing

interval-censored data with either change points or cluster structures, the proposed approach is

the first, to our knowledge, that can simultaneously accommodate or deal with both features. For

the problem, we presented a change point Cox model and proposed a sieve estimation procedure

that employs Bernstein polynomials to approximate the unknown function. In addition, an EM

algorithm was developed and the asymptotic properties of the proposed estimators were estab-

lished. A simulation study was conducted and showed that the proposed method performed well

in practical settings. Finally we applied the method to a breast cancer study that motivated this

investigation and provided some new insights.

It is worth noting that the proposed method adopts a Cox-type model that is known to have

certain limitations such as the proportional hazards assumption and may not always provide an

adequate fit to the data. To address these limitations, alternative models such as change point

additive hazards or accelerated failure time models could be considered, and the inference proce-

dures similar to those given above could be developed. Furthermore, while Bernstein polynomials

were used to approximate unknown functions due to their natural fit and appealing mathematical

properties, other smooth functions such as splines could also be employed.

Several further directions for research may be considered. One is that in the above, we have

assumed that both covariates and their effects are time-independent but in practice time-dependent

covariates or effects could exist. It would be useful to generalize the proposed method to accom-

modate the latter situation. Also the proposed method has assumed that the censoring mechanism

or the process generating the censoring intervals is non-informative. As discussed in the literature

(Du and Zhao, 2024; Lou et al., 2024), this may not hold sometimes and instead one may face in-

formative interval censoring. It is apparent that it would be helpful to have methods to allow it but

the generalization of the proposed method to accommodate it would not be easy. To address this,

one could generalize the proposed method by employing a joint modeling framework. Specifically,

one might define a shared frailty model where a common latent variable simultaneously affects

both the hazard of the failure time and the intensity of the observation process. Alternatively, one

could model the dependence between the failure time and the observation process using copula

functions. While conceptually feasible, these extensions would significantly increase the computa-
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tional complexity as they would require integrating over additional latent structures alongside the

random change points.
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Appendix: Proofs of Asymptotic Properties.

In this appendix, we will sketch the proofs of the asymptotic properties of θ̂ given in Section 3

using the empirical process theory, and for this, we will first define some more notation and give

some regularity conditions. For any θ̂(1) = (ψ̂(1), Λ̂(1)) and θ̂(2) = (ψ̂(2), Λ̂(2)), define the distance

d(θ̂(1), θ̂(2)) =
∥∥∥ψ̂(1) − ψ̂(2)

∥∥∥+ ∥∥∥Λ̂(1) − Λ̂(2)
∥∥∥
2
,

and the L2(P) norm ∥f∥2 = (
∫
|f |2 dP)1/2 for a function f with probability measure P. Also let

θ0 = (ψ0, Λ0) denote the true value of θ. Following the notation used in van der Vaart and Wellner

(1996), throughout the appendix, we denote Pf =
∫
X f(o)dP(o) and Pnf = n−1

∑n
k=1 f(Ok), which

is the empirical process indexed by the function f evaluated as Ok, the sample points of individual

k, with X denoting the sample space. Define n =
∑N

i=1 ni. To avoid confusion, we add a subscript

n to all the estimators in the following, for example, the estimators θ̂n, ψ̂n and Λ̂n.

Let the letter C represent a constant, which does not necessarily represent the same value

each time here and in the proof. For the asymptotic properties, we need the following regularity

conditions.

Condition 1. The domain of the covariates X, Z and U is a bounded subset of Rd̃, where

d̃ = p1 + p2 + 1. Also E (XX⊤) and E (ZZ⊤) are positive definite.

Condition 2. There exists a positive value e such that P(Rij−Lij ≥ e |X, Z, U) = 1 for subject j

in ith cluster. Also the union of the support of {Lij , Rij : j = 1, . . . , ni ; i = 1, . . . , N} is contained

in an interval [tl, tr], where 0 < tl < tr <∞.

Condition 3. The parameter space for ψ is compact convex and the true parameter ψ0 is an

interior point. In addition, the parameter space of Λ is a collection of nonnegative and increasing

continuous functions, and the true function Λ0 is continuously differentiable up to order r in [tl, tr]

and satisfies C−1 < Λ0(tl) < Λ0(tr) < C for some positive constant C.

Condition 4. The cluster size N is bounded by a positive constant and is independent of both

{Tij : j = 1, . . . , ni , i = 1, . . . , N} and the latent variable b conditional on the covariates.

Condition 5. Conditional on U , the density distribution of ζ has a strictly bounded and positive

density everywhere and has third-order bounded derivatives with respect to ν.

Condition 6. For the single observation data and any θ(1) and θ(2) ∈ Θ, if ℓ(θ(1) ; O) =

ℓ(θ(2) ; O), then θ(1) = θ(2), where ℓ(θ ; O) = logL(θ ; O) denotes the log-likelihood function given
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in Section 2. Also for every θ in a neighborhood of θ0, we have that P {ℓ(θ ; O) − ℓ(θ0 ; O)} ⪯

−d2(θ,θ0), where ⪯ means ‘smaller than, up to a constant’.

Condition 7. The matrix I(ψ0) defined in the proof of the asymptotic normality is nonsingular.

Proof of the Consistency. The consistency of the proposed estimator θ̂n can be established by

following similar arguments in Theorems 1 and 2 in Zhou et al. (2017). To this end, let ℓ(θ)

denote the log-likelihood function based on a single observation O, and M(θ) = − ℓ(θ). Define

Kϵ = {θ : d (θ,θ0) ≥ ϵ,θ ∈ Θn} for ϵ > 0 and

ξ1n = sup
θ∈Θn

|PnM(θ)− PM(θ)| , ξ2n = PnM(θ0)− PM(θ0) .

Consider the class of functions Ln = {H(θ) : θ ∈ Θn} and based on Lemma 1 of Zhou et al. (2017),

we have that the covering number of Ln satisfies N(ϵ,Ln, L1(Pn)) ≤ CM
(m+1)
n ϵ−{d+(m+1)}. Thus,

one can show that infKϵ PM(θ) = infKϵ{PM(θ) − PnM(θ) + PnM(θ)} ≤ ξ1n + infKϵ PnM(θ) . If

θ̂n ∈ Kϵ, then infKϵ PnM(θ) ≤ PnM(θ0) = ξ2n + PM(θ0). Let δϵ = infKϵ PM(θ) − PM(θ0), and

one can prove δϵ > 0. Thus we have infKϵ PM(θ) ≤ ξ1n + ξ2n + PM(θ0) := ξn + PM(θ0) and

ξn ≥ δϵ, which yields {θ̂n ∈ Kϵ} ⊂ {ξn ≥ δϵ}. Based on Lemma 2 of Zhou et al. (2017) and the

strong law of large numbers, we have that ξ1n → 0 and ξ2n → 0 almost surely. Thus,

∪∞
k=1 ∩∞

n=k

{
θ̂n ∈ Kϵ

}
⊂ ∪∞

k=1 ∩∞
n=k {ξn ≥ δϵ} ,

which implies that d (θ̂n,θ0) → 0 a.s.

Proof of the Convergence Rate. Now we discuss the convergence rate of θ̂n. First note by Theorem

1.6.2 of Lorentz (1986), ifm = o(nv), there exist a Bernstein polynomial Λn such that ∥Λ0−Λn∥∞ =

O(n−rv/2) . For any ϱ, define the class Fϱ = {ℓ(θ0,n) − ℓ(θ0) : θ ∈ Θn, d (θ,θ0,n) < ϱ}, where

θ0,n = (ψ0, Λn). Thus, following the similar calculation in pp 597 of Shen and Wong (1994), one

can establish that the entropy with bracketing

logN[](ϵ,Fϱ, ∥ · ∥2) ≤ CN log(ϱ/ϵ)

where N = m + 1, N[](ϵ,Fϱ, ∥ · ∥2) is the bracketing number of the class Fϱ. Moreover, we have

that ∥ℓ(θ0,n) − ℓ(θ)∥22 ≤ Cϱ2 for any ℓ(θ0,n) − ℓ(θ) ∈ Fϱ. Also, based on Conditions 1 – 6, Fϱ is

uniformly bounded, and by following Lemma 3.4.2 of van der Vaart and Wellner (1996), we have
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that

EP∥n1/2(Pn − P)∥Fϱ ≤ CJϱ(ϵ,Fϱ, ∥ · ∥2)
{
1 +

Jϱ(ϵ,Fϱ, ∥ · ∥2)√
nϱ2

}
,

where Jϱ(ϵ,Fϱ, ∥ · ∥2) ≤ CN1/2ϱ. By setting ϕn(ϱ) = C(N1/2ϱ + N/
√
n), one can be easily

verified that ϕn(ϱ)/ϱ decreases in ϱ and r2nϕn(1/rn) = rnN
1/2 + r2nN/n

1/2 < 2C
√
n , where rn =

N−1/2n1/2 = O(n(1−v)/2) with 0 < v < 0.5. Hence by Theorem 3.4.1 of van der Vaart and Wellner

(1996), we have that n(1−v)/2 d (θ̂n,θ0,n) = Op(1). Combined the above results, we can conclude

that d (θ̂n,θ0) = Op(n
−(1−v)/2 + n−rv/2).

Proof of the Asymptotic Normality of ψ̂n. We denote V as the linear span of Θ − θ0, where θ0

is the true value of parameter θ. Let ℓ(θ;O) be the log-likelihood for a sample of size one and

τn = n−(1−v)/2 + n−rv/2. For any θ ∈ Θ with ∥θ − θ0∥ = O(τn), define the first-order directional

derivative of ℓ(θ) at the direction ς ∈ V as

ℓ̇(θ)[ς] =
∂ ℓ(θ + kς)

∂ k

∣∣∣
k=0

and the second-order directional derivative as

ℓ̈(θ)[ς, ς̃] =
∂2ℓ(θ + kς + k̃ς̃)

∂ k ∂ k̃

∣∣∣
k̃=k=0

.

Also, define the Fisher inner product on the space V as < ς, ς̃ >= P {ℓ̇(θ)[ς] ℓ̇(θ)[ς̃]} and the Fisher

norm for ς ∈ V as ∥ς∥1/2 =< ς, ς >. Let V be the closed linear span of V under the Fisher norm.

Then (V , ∥ · ∥) is a Hilbert space.

Define the smooth functional of θ as ϱ(θ) = u⊤ψ, where u is any vector of q dimension with

∥u∥ ≤ 1. For any ς ∈ V , denote

ϱ̇(θ0)[ς] =
∂ ϱ(θ0 + kς)

∂ k

∣∣∣
k=0

.

Note that ϱ(θ) − ϱ(θ0) = ϱ̇(θ0)[θ − θ0]. It follows from the Riesz representation theorem that

there exists ς∗ ∈ V such that ϱ̇(θ0)[ς] =< ς∗, ς > for all ς ∈ V and ∥ς∗∥2 = ∥ϱ̇(θ0)∥. Thus it

follows from the Cramér-Wold device and the formula u⊤(ψ̂n −ψ0) = ϱ(θ̂n)− ϱ(θ0) = ϱ̇(θ0)[θ̂n −

θ0] =< θ̂n − θ0, ς∗ >, also using similar arguments of Theorem 1 of Shen (1997), we have that

√
n < θ̂n − θ0, ς∗ >→ N(0, u⊤Σu) in distribution . In the following, we will first prove that

√
n < θ̂n − θ0, ς∗ >→ N(0, ∥ς∗∥2) in distribution and then ∥ς∗∥2 = u⊤Σu.

To prove the former result, first note that for any ς∗ ∈ Θ0, by Theorem 1.6.2 of Lorentz (1986),

there exists Πnς
∗ ∈ Θn such that ∥Πnς

∗ − ς∗∥ = o(1) and δn∥Πnς
∗ − ς∗∥ = o(n−1/2). Let ϵn be
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any positive sequence satisfying ϵn = o(n−1/2). Also define ℘[θ− θ0] = ℓ(θ)− ℓ(θ0)− ℓ̇(θ)[θ− θ0].

By definition of θ, we have

0 ≤ Pn

{
ℓ(θ̂)− ℓ(θ̂n ± ϵnΠnς

∗)
}

=
(
Pn − P

){
ℓ(θ̂n)− ℓ(θ̂n ± ϵnΠnς

∗)
}
+ P

{
ℓ(θ̂n)− ℓ(θ̂n ± ϵnΠnς

∗)
}

= ∓ ϵnPnℓ̇(θ0)[ς
∗]∓ ϵnPnℓ̇(θ0)[Πnς

∗ − ς∗] + P
{
℘[θ̂n − θ0]− ℘[θ̂n ± ϵnΠnς

∗ − θ0]
}

+
(
Pn − P

){
℘[θ̂n − θ0]− ℘[θ̂n ± ϵnΠnς

∗ − θ0]
}

= ∓ ϵnPnℓ̇(θ0)[ς
∗]∓ I1 + I2 + I3 .

Following the same arguments as on page 9 of the supplementary materials of Zhou et al.

(2017), we obtain that

I1 = ϵnop(n
−1/2) , I2 = ϵnop(n

−1/2) ,

and

I3 = ±ϵn < θ̂n − θ0, ς∗ > +ϵnop(n
−1/2) .

Together with P ℓ̇(θ0)[ς∗] = 0, we can obtain that

0 ≤ Pn

{
ℓ(θ̂)− ℓ(θ̂ ± ϵnΠnς

∗)
}

= ∓ϵn
(
Pn − P

){
ℓ̇(θ0)[ς

∗]
}
± ϵn < θ̂n − θ0, ς∗ > +ϵnop(n

−1/2) .

Therefore, we obtain that
√
n < θ̂n − θ0, ς∗ >=

√
n
(
Pn − P

){
ℓ̇(θ0)[ς

∗]
}
+ op(1) → N(0, ∥ς∗∥2),

where the asymptotic normality is guaranteed by the central limits theorem and the asymptotic

variance being equal to ∥ς∗∥2 = ∥ℓ̇(θ0)[ς∗]∥2.

Now we will prove that ∥ς∗∥2 = u⊤Σu. For each component ψj of ψ, we denote u∗
j and ũ∗

j

as the solution to infu E {ℓψej − ℓuj [uj ]}2, where ℓψ is the partial derivative of the log-likelihood

about ψ, ej is a q dimensional vector of zeros except the j-th element equal to 1, and ℓuj [uj ] is the

directional derivatives with respect to Λ, and can be calculated as directional derivative defined

above. Following the calculations of Chen et al. (2006), we have that

∥ς∗∥2 = ∥ϱ̇(θ0)∥ = sup
ς∈V : ∥ς∥>0

|ϱ̇(θ0)[ς]
∥ς∥

= u⊤Σu ,

and
√
n(ψ̂n − ψ0) → N(0,Σ), where Σ = [E (SψSψ)

⊤ ]−1 = [I(ψ0)]
−1, Sψ = ℓψ − ℓu∗ [u∗] and

I(ψ0) is the Fisher information for ψ. This completes the proof.
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Table 1: Simulation results with the normal change point.

Scenario I Scenario II

(N, ñ) Parameters Bias SSE SEE CP Bias SSE SEE CP

(50, 10) β1 = 0.3 0.0070 0.0921 0.1098 0.978 0.0079 0.0979 0.1076 0.958

β2 = −0.5 -0.0133 0.0621 0.0651 0.948 -0.0142 0.0593 0.0638 0.954

α1 = −0.6 -0.0191 0.1018 0.0978 0.932 -0.0245 0.0973 0.0962 0.942

α2 = 0.8 0.0126 0.1468 0.1345 0.930 0.0223 0.1366 0.1317 0.944

α3 = 0.3 0.0099 0.0703 0.0774 0.966 0.0058 0.0701 0.0755 0.962

γ1 = 1.2 0.0287 0.1482 0.1380 0.918 0.0494 0.1434 0.1371 0.916

γ2 = −0.5 -0.0074 0.1730 0.1893 0.962 -0.0203 0.1704 0.1853 0.956

γ3 = 0.2 -0.0056 0.1051 0.1214 0.968 0.0009 0.1128 0.1193 0.970

νµ = 0.2 -0.0193 0.1514 0.1686 0.938 -0.0061 0.1545 0.1537 0.916

νσ = 0.5 -0.0444 0.1882 0.2221 0.928 -0.0256 0.1859 0.2095 0.934

σ = 0.5 0.0016 0.0857 0.0930 0.976 -0.0065 0.0792 0.0924 0.974

(50, 20) β1 = 0.3 0.0000 0.0668 0.0742 0.968 0.0063 0.0658 0.0738 0.968

β2 = −0.5 -0.0027 0.0410 0.0440 0.960 -0.0063 0.0420 0.0427 0.952

α1 = −0.6 -0.0075 0.0645 0.0664 0.954 -0.0104 0.0660 0.0662 0.936

α2 = 0.8 0.0159 0.0927 0.0960 0.950 0.0048 0.0984 0.0953 0.932

α3 = 0.3 0.0061 0.0420 0.0529 0.982 0.0052 0.0471 0.0526 0.972

γ1 = 1.2 0.0189 0.0966 0.0951 0.934 0.0187 0.0979 0.0936 0.922

γ2 = −0.5 -0.0106 0.1181 0.1293 0.960 -0.0039 0.1107 0.1272 0.976

γ3 = 0.2 -0.0017 0.0707 0.0835 0.976 -0.0025 0.0745 0.0831 0.968

νµ = 0.2 -0.0007 0.1035 0.1117 0.974 -0.0107 0.1045 0.1099 0.942

νσ = 0.5 -0.0171 0.1204 0.1332 0.960 -0.0174 0.1227 0.1322 0.960

σ = 0.5 -0.0025 0.0654 0.0726 0.956 -0.0048 0.0731 0.0720 0.924

(100, 10) β1 = 0.3 0.0034 0.0657 0.0709 0.974 -0.0010 0.0653 0.0695 0.956

β2 = −0.5 -0.0022 0.0434 0.0416 0.930 -0.0055 0.0398 0.0411 0.952

α1 = −0.6 -0.0107 0.0665 0.0637 0.944 -0.0097 0.0644 0.0621 0.932

α2 = 0.8 0.0005 0.0938 0.0871 0.940 0.0059 0.0966 0.0859 0.918

α3 = 0.3 0.0027 0.0463 0.0505 0.974 0.0025 0.0478 0.0492 0.962

γ1 = 1.2 0.0123 0.1016 0.0907 0.920 0.0168 0.0946 0.0880 0.924

γ2 = −0.5 -0.0033 0.1169 0.1230 0.958 -0.0048 0.1152 0.1207 0.966

γ3 = 0.2 0.0001 0.0723 0.0788 0.974 0.0042 0.0745 0.0775 0.968

νµ = 0.2 -0.0068 0.1040 0.1064 0.942 -0.0077 0.0998 0.1046 0.942

νσ = 0.5 -0.0141 0.1218 0.1300 0.954 -0.0042 0.1150 0.1207 0.940

σ = 0.5 -0.0084 0.0599 0.0599 0.948 -0.0021 0.0564 0.0592 0.958
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Table 2: Simulation results with the exponential change point.

Scenario I Scenario II

(N, ñ) Parameters Bias SSE SEE CP Bias SSE SEE CP

(50, 10) β1 = 0.3 0.0059 0.0943 0.1089 0.982 0.0046 0.0970 0.1062 0.952

β2 = −0.5 -0.0102 0.0628 0.0641 0.948 -0.0082 0.0626 0.0630 0.950

α1 = −0.6 -0.0158 0.0789 0.0818 0.952 -0.0090 0.0777 0.0792 0.946

α2 = 0.8 0.0078 0.1309 0.1184 0.930 0.0188 0.1345 0.1173 0.918

α3 = 0.3 0.0072 0.0617 0.0677 0.962 0.0060 0.0624 0.0670 0.952

γ1 = 1.2 0.0348 0.1755 0.1627 0.910 0.0276 0.1781 0.1610 0.916

γ2 = −0.5 -0.0015 0.1964 0.2148 0.956 -0.0065 0.2007 0.2146 0.954

γ3 = 0.2 0.0036 0.1215 0.1403 0.976 0.0134 0.1291 0.1391 0.954

νµ = 0.8 -0.0024 0.2565 0.2634 0.948 0.0225 0.2535 0.2675 0.946

σ = 0.5 -0.0040 0.0801 0.0914 0.972 -0.0057 0.0838 0.0916 0.966

(50, 20) β1 = 0.3 0.0051 0.0679 0.0740 0.964 0.0053 0.0665 0.0732 0.964

β2 = −0.5 -0.0043 0.0416 0.0438 0.960 -0.0041 0.0422 0.0437 0.950

α1 = −0.6 -0.0041 0.0529 0.0554 0.976 -0.0060 0.0531 0.0553 0.954

α2 = 0.8 0.0073 0.0867 0.0861 0.946 0.0048 0.0911 0.0849 0.924

α3 = 0.3 0.0040 0.0409 0.0465 0.972 0.0056 0.0420 0.0459 0.968

γ1 = 1.2 0.0175 0.1149 0.1096 0.928 0.0111 0.1094 0.1088 0.940

γ2 = −0.5 0.0047 0.1365 0.1463 0.960 -0.0011 0.1243 0.1439 0.978

γ3 = 0.2 0.0024 0.0816 0.0959 0.970 -0.0040 0.0827 0.0950 0.972

νµ = 0.8 -0.0044 0.1519 0.1748 0.976 0.0055 0.1635 0.1738 0.966

σ = 0.5 -0.0058 0.0670 0.0722 0.952 -0.0089 0.0724 0.0709 0.926

(100, 10) β1 = 0.3 0.0016 0.0642 0.0707 0.986 0.0051 0.0668 0.0693 0.952

β2 = −0.5 -0.0001 0.0539 0.0416 0.922 -0.0054 0.0399 0.0410 0.948

α1 = −0.6 -0.0053 0.0656 0.0530 0.950 -0.0046 0.0537 0.0518 0.946

α2 = 0.8 -0.0082 0.0973 0.0778 0.922 0.0029 0.0891 0.0771 0.918

α3 = 0.3 -0.0009 0.0444 0.0446 0.964 0.0031 0.0416 0.0434 0.968

γ1 = 1.2 0.0040 0.1349 0.1067 0.932 0.0112 0.1222 0.1033 0.920

γ2 = −0.5 0.0002 0.1339 0.1404 0.964 -0.0038 0.1336 0.1371 0.966

γ3 = 0.2 0.0060 0.0871 0.0910 0.956 0.0046 0.0890 0.0896 0.962

νµ = 0.8 0.0052 0.1651 0.1690 0.958 0.0068 0.1637 0.1649 0.952

σ = 0.5 -0.0130 0.0669 0.0595 0.940 -0.0063 0.0550 0.0594 0.964
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Table 3: Simulation results on the comparison with the naive method.

Proposed method Naive method

Distribution (N, ñ) Parameters Bias SSE SEE CP Bias SSE SEE CP

Normal (50, 10) β1 = 0.3 0.0092 0.1087 0.1127 0.948 -0.0646 0.0951 0.0901 0.874

β2 = −0.5 -0.0064 0.0644 0.0662 0.936 0.1006 0.0623 0.0546 0.514

α1 = −0.6 -0.0119 0.1055 0.1004 0.936 0.1110 0.1090 0.0908 0.664

α2 = 0.8 0.0152 0.1592 0.1422 0.928 -0.1756 0.1447 0.1339 0.712

α3 = 0.3 0.0045 0.0706 0.0804 0.970 -0.0651 0.0729 0.0665 0.808

γ1 = 1.2 0.0341 0.1577 0.1430 0.912 -0.2105 0.1605 0.1346 0.544

γ2 = −0.5 -0.0112 0.1896 0.1958 0.962 0.1005 0.1777 0.1676 0.888

γ3 = 0.2 0.0094 0.1114 0.1260 0.976 -0.0349 0.1198 0.1073 0.912

νµ = 0.2 -0.0028 0.1680 0.1693 0.910 -0.0039 0.2306 0.1889 0.846

νσ = 0.5 -0.0196 0.1871 0.2280 0.940 0.0049 0.2816 7.4068 0.828

(100, 10) β1 = 0.3 0.0042 0.0709 0.0726 0.958 -0.0680 0.0653 0.0629 0.796

β2 = −0.5 -0.0087 0.0485 0.0430 0.950 0.1086 0.0405 0.0381 0.194

α1 = −0.6 -0.0085 0.0731 0.0651 0.932 0.1271 0.0688 0.0627 0.466

α2 = 0.8 0.0102 0.1125 0.0928 0.908 -0.1790 0.1000 0.0827 0.500

α3 = 0.3 0.0180 0.0510 0.0511 0.956 -0.0726 0.0477 0.0455 0.598

γ1 = 1.2 -0.0051 0.1168 0.0930 0.908 -0.2409 0.1088 0.0943 0.334

γ2 = −0.5 0.0073 0.1295 0.1267 0.952 0.1082 0.1258 0.1152 0.800

γ3 = 0.2 0.0031 0.0777 0.0816 0.958 -0.0328 0.0796 0.0741 0.910

νµ = 0.2 -0.0086 0.1029 0.1073 0.936 0.0179 0.1447 0.1258 0.900

νσ = 0.5 0.0058 0.1272 0.1292 0.942 0.0153 0.1921 0.4246 0.860

Exponential (50, 10) β1 = 0.3 0.0022 0.1093 0.1119 0.946 -0.0705 0.1045 0.0903 0.852

β2 = −0.5 -0.0033 0.0712 0.0654 0.944 0.1071 0.0588 0.0544 0.506

α1 = −0.6 -0.0037 0.0877 0.0831 0.944 0.1418 0.0778 0.0695 0.474

α2 = 0.8 0.0079 0.1488 0.1275 0.910 -0.1874 0.1297 0.1207 0.656

α3 = 0.3 0.0049 0.0677 0.0698 0.960 -0.0676 0.0646 0.0570 0.746

γ1 = 1.2 0.0269 0.1976 0.1700 0.908 -0.2072 0.1924 0.1629 0.690

γ2 = −0.5 0.0042 0.2130 0.2243 0.954 0.1345 0.2155 0.1962 0.852

γ3 = 0.2 0.0044 0.1326 0.1447 0.964 -0.0247 0.1379 0.1289 0.934

νµ = 0.8 0.0179 0.2640 0.2759 0.952 0.1110 0.3567 0.2915 0.868

(100, 10) β1 = 0.3 0.0031 0.0718 0.0725 0.958 -0.0690 0.0630 0.0632 0.796

β2 = −0.5 -0.0031 0.0549 0.0426 0.932 0.1102 0.0409 0.0380 0.200

α1 = −0.6 -0.0083 0.0681 0.0543 0.940 0.1340 0.0549 0.0493 0.252

α2 = 0.8 -0.0035 0.1046 0.0841 0.910 -0.1923 0.0824 0.0848 0.384

α3 = 0.3 0.0007 0.0461 0.0457 0.950 -0.0708 0.0404 0.0401 0.564

γ1 = 1.2 0.0131 0.1426 0.1093 0.924 -0.2333 0.1265 0.1141 0.456

γ2 = −0.5 -0.0014 0.1433 0.1451 0.952 0.1233 0.1423 0.1328 0.812

γ3 = 0.2 0.0051 0.0908 0.0937 0.954 -0.0258 0.0945 0.0881 0.922

νµ = 0.8 -0.0001 0.1681 0.1719 0.944 0.0626 0.2398 0.2057 0.900
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Table 4: Simulation results with misspecified distributions.

Scenario I Scenario II

Violation Case Parameters Bias SSE SEE CP Bias SSE SEE CP

ζij ’s (A) β1 = 0.3 0.0014 0.0954 0.1073 0.970 0.0031 0.0954 0.1057 0.962

β2 = −0.5 -0.0081 0.0572 0.0638 0.970 -0.0016 0.0586 0.0624 0.962

α1 = −0.6 -0.0178 0.0970 0.0997 0.952 -0.0154 0.0987 0.0988 0.944

α2 = 0.8 0.0183 0.1493 0.1392 0.918 0.0211 0.1404 0.1361 0.932

α3 = 0.3 0.0077 0.0744 0.0811 0.970 0.0017 0.0724 0.0794 0.958

γ1 = 1.2 0.0352 0.1345 0.1321 0.940 0.0259 0.1276 0.1310 0.954

γ2 = −0.5 -0.0117 0.1669 0.1805 0.960 -0.0088 0.1602 0.1770 0.954

γ3 = 0.2 0.0032 0.1031 0.1162 0.974 0.0123 0.1024 0.1136 0.954

σ = 0.5 -0.0072 0.0829 0.0919 0.962 -0.0156 0.0783 0.0924 0.980

(B) β1 = 0.3 0.0044 0.0902 0.1080 0.980 0.0062 0.0957 0.1045 0.966

β2 = −0.5 -0.0115 0.0595 0.0636 0.964 -0.0108 0.0601 0.0624 0.958

α1 = −0.6 -0.0235 0.0873 0.0892 0.946 -0.0212 0.0817 0.0873 0.958

α2 = 0.8 0.0150 0.1415 0.1274 0.928 0.0184 0.1320 0.1254 0.928

α3 = 0.3 0.0068 0.0644 0.0739 0.972 0.0064 0.0680 0.0725 0.960

γ1 = 1.2 0.0355 0.1220 0.1276 0.944 0.0309 0.1229 0.1260 0.940

γ2 = −0.5 -0.0118 0.1581 0.1743 0.950 -0.0093 0.1598 0.1706 0.952

γ3 = 0.2 -0.0028 0.0946 0.1118 0.974 -0.0001 0.0991 0.1088 0.952

σ = 0.5 -0.0026 0.0799 0.0908 0.970 -0.0044 0.0831 0.0906 0.974

bi’s (A) β1 = 0.3 0.0061 0.0975 0.1116 0.962 0.0124 0.0942 0.1077 0.970

β2 = −0.5 -0.0075 0.0625 0.0656 0.952 -0.0099 0.0608 0.0647 0.954

α1 = −0.6 -0.0232 0.0984 0.1003 0.946 -0.0172 0.0947 0.0974 0.960

α2 = 0.8 0.0164 0.1553 0.1408 0.924 0.0134 0.1438 0.1363 0.930

α3 = 0.3 0.0049 0.0730 0.0796 0.966 -0.0013 0.0683 0.0774 0.978

γ1 = 1.2 0.0326 0.1480 0.1408 0.922 0.0310 0.1441 0.1395 0.928

γ2 = −0.5 -0.0108 0.1803 0.1925 0.952 -0.0077 0.1744 0.1882 0.956

γ3 = 0.2 0.0092 0.1126 0.1244 0.970 0.0122 0.1080 0.1216 0.958

νµ = 0.2 -0.0236 0.1584 0.1585 0.928 -0.0127 0.1640 0.1609 0.910

νσ = 0.5 -0.0342 0.2019 0.2269 0.924 -0.0373 0.1956 0.2356 0.940

(B) β1 = 0.3 0.0095 0.0930 0.1066 0.968 0.0056 0.0879 0.1041 0.978

β2 = −0.5 -0.0159 0.0609 0.0627 0.952 -0.0136 0.0598 0.0622 0.952

α1 = −0.6 -0.0265 0.0976 0.0953 0.942 -0.0206 0.0948 0.0924 0.936

α2 = 0.8 0.0261 0.1405 0.1250 0.920 0.0150 0.1404 0.1227 0.912

α3 = 0.3 0.0133 0.0685 0.0753 0.960 0.0069 0.0692 0.0740 0.952

γ1 = 1.2 0.0463 0.1402 0.1341 0.934 0.0398 0.1417 0.1327 0.924

γ2 = −0.5 -0.0164 0.1622 0.1824 0.960 -0.0110 0.1668 0.1809 0.964

γ3 = 0.2 -0.0002 0.1046 0.1180 0.968 0.0051 0.1039 0.1155 0.956

νµ = 0.2 -0.0171 0.1486 0.1609 0.932 -0.0024 0.1537 0.1497 0.920

νσ = 0.5 -0.0321 0.1755 0.2021 0.928 -0.0312 0.1594 0.1827 0.954
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Table 5: Analysis results of the breast cancer study.

Proposed method Naive method Simple method

FACTOR EST SD PVAL EST SD PVAL EST SD PVAL

SIZE 0.2802 0.1226 0.0223 0.1635 0.0920 0.0754 0.0629 0.0846 0.4670

GRADE2 0.3398 0.1398 0.0151 0.2000 0.1251 0.1098 0.1739 0.1154 0.1319

GRADE3 0.7113 0.1363 0.0000 0.6531 0.1234 0.0000 0.6133 0.1137 0.0000

ER 1.4104 0.2517 0.0000 1.4207 0.1986 0.0000 -0.6374 0.1013 0.0000

ER (γ) -2.8345 0.2438 0.0000 -2.9324 0.1755 0.0000 — — —

νµ 46.329 2.5789 0.0000 47.401 1.5416 0.0000 — — —

νσ 7.0864 0.3237 0.0000 6.9009 0.1180 0.0000 — — —

σ 0.4483 0.1075 0.0000 — — — — — —
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