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ESTIMATION OF CONDITIONAL EXTREMILES
IN REPRODUCING KERNEL HILBERT SPACES
WITH APPLICATION TO
LARGE COMMERCIAL BANKS DATA

Fang Chen'f, Caixing Wang?!*

L Nanjing Forestry University and ?Southeast University

Abstract: As analogs of quantiles, extremiles are coherent spectral risk measures
with explicit formulations and intuitive interpretations. Their inherent sensitiv-
ity to the magnitude of extreme outcomes makes them particularly suitable for
heavy-tailed data. However, existing extremile estimation methods rarely ex-
ploit rich auxiliary covariate information, which limits their ability to capture
conditional extreme patterns and to extrapolate reliably at very high risk levels.
This paper proposes a new nonparametric framework for estimating conditional
extremiles in the presence of multiple covariates. By combining reproducing ker-
nel Hilbert spaces (RKHS) with a quantile regression process approximation, our
method flexibly models the conditional extremile structure while enabling reliable
extrapolation for heavy-tailed distributions. We establish the non-asymptotic er-

ror bound for the estimation error, rigorously justifying its theoretical validity.

* Corresponding author. Email: caixingwang@seu.edu.cn
T The two authors contributed equally to this work.



Simulation studies show that our approach outperforms existing competitors in
both efficiency and extrapolation accuracy in heavy-tailed settings. An empirical
application to large commercial banks further illustrates its practical value for

extreme risk measurement.

Key words and phrases: Asymmetric least squares, extreme value theory, heavy

tails, quantile regression.

1. Introduction

Rare events often incur catastrophic consequences, such as massive portfolio losses (Schaumburg},

[2012} |Odening and Hinrichs| [2003)), extreme oil price fluctuations (Marimoutou et al.,2009), and

severe meteorological disasters (Dupuis et al.| 2015} |Friederichs and Hense, |2007)). For example,

the 2022 U.S. bond market crash resulted in extreme portfolio losses that exceeded quantile-

based risk forecasts by 26% (Adrian and Fleming} 2022, while in 2019 the inland flooding caused

economic losses globally of USD82 billion due to mis-estimated extreme damage magnitudes
. These failures, amplified by the 2008 global financial crisis, underscore a critical
truth: for heavy-tailed distributions governing extreme events, it is essential to characterize tail
quantities rather than central tendencies such as the mean.

Numerous risk metrics have been developed in the literature. However, existing tail risk
measures generally fail to simultaneously achieve sensitivity to the magnitude of extreme values,
compliance with coherence axioms, and practical interpretability, leaving a pressing method-

ological gap. Quantiles have long dominated tail risk analysis due to their intuitive threshold

interpretation and computational tractability (Embrechts et all [1997} [Linsmeier and Pearson|

2000). However, quantile-based risk measures suffer from two fundamental drawbacks. First,

they only exploit information on whether observations fall below or above a given threshold,



ignoring the actual magnitudes of large losses (e.g., a $10 million loss and a $100 million loss
are treated identically if both exceed go.01). Second, quantile-based measures are in general not
coherent because they fail subadditivity (Artzner et al., [1999). To address these limitations,
an alternative risk measure called expectiles was introduced by Newey and Powell| (1987), a
least-squares analog of quantiles that integrates both tail probabilities and extreme value mag-
nitudes. In fact, expectiles generate the unique law-invariant coherent risk measure that is also
elicitable (Girard et al.| 2022)). Nevertheless, expectiles lack explicit closed-form expressions,
requiring numerical approximation even for simple distributions.

Daouia et al.|(2019) introduced extremiles, a tail risk measure that unifies the interpretabil-
ity of quantiles, the coherence of expectiles, and the sensitivity to extreme magnitudes. Formally,
extremiles extend the quantile minimization framework by replacing the absolute deviation with
the squared deviation, leveraging a tail-weighted loss function to prioritize extreme values. For
a random variable y and a given quantile level 7 € (0, 1), the quantile ¢, can uniquely be defined
as the generalized inverse ¢, = F~'(7) = inf{y : F(y) > 7} of the cumulative distribution func-
tion F. Without loss of generality, we assume F' is continuous. In fact, we can verify that the
quantile g, is the median of the random variable Z, with the cumulative distribution function

Fz, = K.(F), where

1T—(1—t)*" fo<T<1/2;
K. (t) =

() if1/2<7<1,

and r(7) = s(1 — 7) = log(1/2)/log(7). Then, the 7-th quantile can be obtained by solving

¢r = argming E{J(F(y)) - [ly — 0| — [vll},



where the weight-generating function is J-(-) = K.(-). The 7-th extremile {; modifies the

objective function by using the squared deviation, yielding that

& = argminy E {JT(F(?!)) : [|?J - 6’|2 - |y|2] } )

and equivalently, it serves as the mean of the transformed tail variable Z,; with Fz = K,(F).

Asymmetric least squares (ALS) regression (Yao and Tong} [1996) provides a natural way
to investigate some higher or lower regions of the sample space. Extremiles are defined on the
asymmetric function and own some attractive merits compared with traditional risk measures.
Compared with the quantiles, extremiles are comonotonically additive (Acerbi and Szekely,
2014)) and depend on both the tail realizations and their probabilities, thus they suggest a better
capability of fitting both locations and spread in data points. Compared with the expectiles,
extremiles admit several equivalent explicit representations and more transparent interpreta-
tions. These estimators are available in closed form and are computationally convenient, so
that inference on extremiles is typically simpler than for both expectiles and extreme quantiles.
Moreover, extremile estimators strike a favorable balance between the robustness of ordinary
quantiles and the high sensitivity of extreme quantiles. For moderate probability levels, they
are more tail-sensitive than the corresponding quantiles, while for very high or low levels, they
tend to be more stable.

In financial and actuarial applications, responses y (e.g., loss severity) are rarely observed
in isolation, they are typically accompanied by p-dimensional covariates x (e.g., asset portfolio
structure, market volatility, geopolitical risk indices) that drive conditional tail behavior. A
substantial body of work has therefore focused on the estimation of extreme conditional risk

measures, including conditional expectiles and quantiles. In the unconditional heavy-tailed



setting, [Daouia et al.| (2018) and [Daouia et al| (2020) study extreme expectile estimators.

[Wang et al| (2012) considered extreme quantile estimation in a linear regression framework

by combining intermediate quantile estimators with extreme value theory, while

(2013) relaxed the linearity assumption via a power transformation. For time series data,

et al| (2014) and |Li and Wang| (2019)) developed extreme quantile estimators based on extreme

value theory. In a covariate-dependent context, Gardes and Girard| (2010 proposed an estimator

of extreme conditional quantiles using neighborhoods in the covariate space, and

(2009) studied extreme conditional quantiles under a covariate-dependent extreme value index.

More recently, (2022b)) introduced a semiparametric approach based on a tail single-

index model. A local smoothing method to estimate the conditional extremiles of the response y

is also investigated in |[Daouia et al.| (2022]), where the number of covariates is required to remain

small. They estimated the conditional extremiles by using observations in a small neighborhood
of the covariate, and thus the finite sample behavior of the estimate heavily depended on the
richness of data in their neighborhood.

This paper proposes a nonparametric framework for estimating the conditional extremiles
with multivariate covariates, leveraging reproducing kernel Hilbert spaces (RKHS) and quantile
regression processes. In contrast to approaches that impose linearity or strong low-dimensional
restrictions, our method is designed to adapt to complex covariate structures. In particular,
when using a universal kernel such as the Gaussian kernel, the induced RKHS is rich enough
that any continuous function can be approximated arbitrarily well in the sup norm by functions
in the corresponding RKHS , which makes the proposed framework highly
flexible for modeling conditional extremiles. Our work is closely related to the RKHS literature

on conditional quantiles and expectiles. (2007) studied nonparametric estimation of

conditional quantile functions in an RKHS, while [Zhang et al|(2016]) extended kernel quantile




regression to incorporate sparsity constraints. |[Yang et al.| (2018|) proposed an RKHS-based
expectile regression method and developed an efficient algorithm for computing the entire so-
lution path. Building on these ideas, we construct an RKHS estimator specifically tailored to
extremiles. The resulting estimator is particularly promising for extreme value analysis, as it
can naturally accommodate nonlinearity, non-additivity, and complex interaction effects in the
covariates.

The remainder of the paper is organized as follows. Section 2] briefly outlines the problem
formulation and the foundational concepts of reproducing kernels. The proposed methodology
for estimating intermediate and extreme conditional extremiles is detailed in Section [3| and @,
respectively. And the corresponding theoretical results are established in Section [5] Section
|§| compares extremiles with traditional risk measures and discusses their connections to the
distortion function K. Section |Z| validates the method via simulation studies and a real-world
case analysis. Concluding remarks are given in Section 8, and all technical proofs are deferred

to the Supplementary Material.

2. Preliminaries

2.1 Conditional Extremiles

Let x € X C R? and y € R be random variables following a Borel probability measure px,, on
X x R. Suppose that Z" = {(x;,y:) € X x R,1 <14 < n} is a collection of n independent copies
of (x,y). We consider the following model

yi = fo(xi) +e, 1=1,2---,n,

where the error ¢; satisfies E(ei|x;) = 0 and E (£7|x;) = 07 < oco.



2.1 Conditional Extremiles

The conditional extremiles of the response y is defined as the median of the random vari-
able ZT whose distribution function is given by Fzx = K. (Fx(y)), where Fx(-) refers to the
conditional cumulative distribution function of the response y given the covariate x. Through-
out this paper, we assume that Fx(-) is continuous, and then we define the 7-th conditional
extremiles of the response y given the covariate x analogously as that of |Daouia et al.| (2022

with the weight-generating function J,(-) = K~(-), that is

& (x) = arg}{ﬂin]E {J- (B()) [ly = f* = y*] | %}, (2.1)

Thus, it is straightforward to obtain that

L EL (B
0= E A

Note that E [J-(Fx(y))|x] = 1 by the continuity of Fx for all 7 € (0,1). Hence, we further

obtain that

1 1
& (x) = EfyJr (Fx(y)) [x] = / Jr(t)q: (x)dt = / q:(X)dE-(t), (22)
0 0
where ¢, (x) = Fy (1) = inf{y € R|Fx(y) > 7} denotes the 7-th conditional quantile.

Since the quantile ¢, (x) coincides with the median of the random variable ZF, an argument

analogous to Proposition 2 in |Daouia et al.| (2019)) shows that, whenever E | ZX| < oo,



2.2 Reproducing kernels

The integrability condition E |ZF| < oo is in turn implied by E[|y|| x] < co. Hence, extremiles of
any order exist only when the response y admits a finite first conditional moment. Throughout
this paper, we assume the existence of the first conditional moment of the response, i.e., E(|y|) <
o0o. This assumption is satisfied by many heavy-tailed models used in practice, such as Pareto-
type distributions with tail index larger than one, which are commonly employed in financial
risk measurement.

Since the objective function in requires the estimation of certain unknown functions,
appropriate penalty terms must be incorporated to avoid overfitting. In general, the regularized

extremile regression problem can be written as

mink {J- (Fx(v)) [ly = Fx)P]} + AT(F),

where F is the functional space of our interests, 7T'(-) is the penalty functional, and A is a

regularization parameter controlling the strength of regularization.

2.2 Reproducing kernels

We focus on estimating conditional extremiles in a reproducing kernel Hilbert space (RKHS)
framework and therefore only recall the basic notions needed for our development. For compre-
hensive treatments, we refer the reader to |Wahba (1990), Shawe-Taylor and Cristianini (2004)
and Berlinet and Thomas-Agnan| (2004). Let K : X x X — R be a symmetric and positive defi-
nite Mercer kernel. The associated RKHS H i is defined as the completion of the linear span of

the functions {Kx(:) = K(x,-),x € X'} with the inner product given by (Kx, Ku), = K(x,u)

for any x,u € X. In particular, the RKHS Hx is uniquely determined by the kernel K.

2

Given a probability measure px on X', the space Hx is continuously embedded in Lj_,



where L2 = {f : [ f?(x)dpx < oo}. For each x € X, the function z — K (x,z) belongs to Hx,

and the inner product is chosen so that K(x,-) acts as the representer of point evaluation:

<f7K(Xa')>K :f(x), for f € Hk.

We denote by ||gl|x = v/(9,9)x and g2 = (fXg(x)dex)l/2 as the norm in Hx and L2,
respectively. It is worth pointing out that the RKHS induced by some universal kernel, such as
the Gaussian kernel, is a fairly large functional space in the sense that any continuous function
can be arbitrarily well approximated by an intermediate function in its induced RKHS under
the infinity norm (Steinwart, [2005]).

Furthermore, we assume that the kernel function K(-,-) is upper bounded by some con-
stant, i.e., sup,c K(x,%x) < %2, which is satisfied by many commonly used kernels, such as
the Gaussian kernel and polynomial kernels defined on a bounded set. A similar assumption
was previously used in [Steinwart and Scovel| (2007)) and |Blanchard et al.| (2008). Reproducing
kernel Hilbert spaces (RKHS) have been extensively used in traditional quantile and expectile
regression (Takeuchi et al.l 12006} [Li et al.l 2007, [Yang et al. |2018)). By allowing for nonlinear,
nonadditive, and highly interactive effects among covariates, RKHS-based methods provide a
flexible nonparametric framework for approximating complex underlying functions in applica-

tions.

3. Estimation of Intermediate Conditional Extremiles

3.1 Problem Formulation

We are interested in estimating extreme conditional extremiles at levels 7 = 7,, with 7, — 1 at

an extremely high rate. As a first step, we study the estimation problem at an intermediate level



3.1 Problem Formulation

Tn — 1 satisfying the usual condition n(1 — 7,) — o0, and then extrapolate to more extreme
levels.

Assume that, for a fixed 7, the true conditional extremile function &, belongs to an RKHS
Hrk induced by a given kernel K : X x X — R. The conditional extremiles can subsequently
be derived by solving the following optimization problem, which integrates the asymmetric

weighted least-squares loss with a penalty term based on the squared Hilbert norm,

min E {J; (Fx(y)) [ly = F)]} + Al (3.3)
feHK
where A > 0 is a regularization parameter and || f||x = (f, f)}(/Q is the RKHS-norm of f.

Given a random sample Z™ = {(x;,y;)}i=1, it is natural to estimate &,, by the empirical

analogue of (3.3)),

a0 = argmin = 31, (B (00) (5 — £ 06))* + 1 (3.0
fenx "4

where ﬁx() is an estimator of Fx(-), and A1, > 0 is a regularization parameter controlling
the complexity of the model. In this work, ﬁx() is obtained via a quantile regression process
approximation, see Section for details. Compared with the Nadaraya—Watson kernel esti-
mator (Horvath and Yandell, |1988)) used in Daouia et al.| (2022]), which is essentially restricted
to settings with a small number of covariates, our method remains effective when the covari-
ate dimension p is moderate or large. As illustrated in the simulation study in Section [7] the
resulting estimator exhibits satisfactory finite-sample performance.

Note that by the representer theorem (Wahbay, [1990), the function f in the RKHS can be



3.1 Problem Formulation

expressed as a linear combination of the kernel functions {K (x;,:),i =1,...,n}, that is,
) =3 i (xi,%) = ok (%), (3.5)
i=1

where o = (a1,...,a,)" and K,(x) = (K (x1,%),...,K (xn,x))". By plugging (3.5) into

(13.4), we further obtain an equivalent optimization problem expressed as

n n 2
a= moin % Z Jrn (ﬁxl (yl)) <yi — <Z a; K (x5, Xj)>> + Ao Ka, (3.6)
i=1 j=1

where K is the gram matrix with the elements [K (x:,X;)]7;=1. Let
W, = diag(Jr, (Fe, (01)), - Jr (Fx (un)), ¥ = (U1, 9n) "
A straightforward calculation shows that the solution of can be written as
a= (KW, K+ K) KW, 7,

where (-)™ denotes the Moore—Penrose generalized inverse.

The proposed method requires O(n2) memory for storing the matrices K and W,,, and
a time complexity of O(n?®) for solving the optimization problem in via matrix inversion
operations. This is standard for kernel methods and is adequate for the moderate sample sizes
considered in our simulations and empirical application. However, when n is very large, such
a cost becomes prohibitively high. To address scalability, we can use popular low—rank kernel

approximations such as Nystrom approximations (Rudi et al.l [2015) or random Fourier features



3.2 Quantile Regression Process Approximation

(Rahimi and Recht| [2007)), reducing the storage cost to O(mn) and the computation cost to
O(nm?) with m being the dimension of random center and m < n. Additionally, when data
are stored in different systems, we can adopt distributed approaches within our estimation
framework (Lin et al., [2017)). Since our objective is a weighted quadratic loss in RKHS, these
scalable strategies can be used without altering the form of the extremile estimator and provide

a natural route to handle very large n.

Remark 1. In practice, kernel choice is typically guided by reasonable prior beliefs about the
smoothness and structure of the target extremile function. For standard real-valued regression
or classification, the most standard choice is a Gaussian or Matérn kernel, which are univer-
sal on compact sets. Gaussian corresponds to a very smooth prior, while Matérn provides a
tunable smoothness scale via its parameter, moving from rough to smooth functions. When
a linear structure is plausible, a linear or dot kernel can reduce variance compared with very
smooth RBF kernels. When the data have explicit structure (periodicity in time series, spa-
tial correlation), one may use kernels that respect those invariances, such as periodic kernels,
spatial Matérn kernel, and so on. For example, in the simulation study presented in Section
the underlying extremile function &;(z) exhibits high smoothness, rendering the Gaussian
kernel both reasonable and effective. In addition, since we care about the heavy-tailed noise
setting, kernel choice is less critical than loss choice and robust procedures. However, one may
prefer kernels with bounded RKHS norm for simple functions and Lipschitz control, which are

typically provided by Gaussian or Matérn kernels.

3.2 Quantile Regression Process Approximation

This section describes how we approximate the conditional distribution function Fk(-) by es-

timating a finite collection of conditional quantile functions and interpolating them over the



3.2 Quantile Regression Process Approximation

quantile levels 7.
We first construct a kernel quantile regression process on a grid of levels 0 < 7 < -+ <

Ts,, < 1. Specifically, we solve

Sn n

~ ~ . )\2n on
Grivoe 0 Gry, = argmin —— "> " po (g — g (%) + 20> g Il (3.7)
Gry s drs, €Hx WS T Sn 5

where p;(u) = u{T—1(u < 0)} is the check loss function and 71, . . ., 7s,, are quantile levels chosen

equispaced on (0,1). According to the representer theorem, each ¢, € Hx can be written as a
finite kernel expansion in terms of the training inputs, so (3.7 reduces to a finite-dimensional
optimization problem in R", similar to those in (3.4)—(3.6) in Section |3] Although the primal

problem has no closed-form solution, it is equivalent to a constrained quadratic program in

its dual formulation, which can be solved efficiently using standard kernel quantile regression

algorithms, see Takeuchi et al|(2006); Chen et al|(2021) for computational details. We can also

consider the random Fourier features and distributed approach to solve the scalability issue in

kernel quantile regression (Wang et al., 2024; Wang and Feng], [2024]).

To approximate the entire conditional quantile process, we view the collection {(’1}]. i =
1,...,sn} as evaluations of a curve in 7 and interpolate between them by natural linear splines.

Let the grid of quantile levels be

1 Sn
Q: = e = .
{Sn+1 < < Tsp Sn+1}

For each fixed covariate vector x, define the estimated conditional quantile curve g(7|x) as the



natural linear spline in 7 with common knots 2 satisfying

q(m1%) =g, (%), j=1,... 5.

Thus, 7 — g(7] %) is continuous and piecewise linear on (0, 1) and, in practice, nearly monotone
in 7. Since the collection of conditional quantile functions {¢-(x) : 7 € (0,1)} characterizes the
full conditional distribution of Y given x, we can recover an estimate of Fx(y) by inverting the

estimated quantile curve. In particular, for any (x,y) we define

F(y) = inf {7 € (0,1) : q(7] x) >y},

which can be evaluated numerically by linear interpolation between adjacent knots in 2. This
provides a convenient estimator of the conditional distribution function Fx(y) based on the joint

kernel quantile regression process in (3.7)).

4. Estimation of Extreme Conditional Extremiles

4.1 Basic Assumptions and Properties

In this section, we first introduce the basic model assumptions and some key properties of ex-
tremiles. Let DA(-) denote the maximum domain of attraction of an extreme-value distribution,
that is, the class of distribution functions whose suitably normalized maxima converge in dis-
tribution to a given extreme—value law. The Fréchet distribution corresponds to heavy-tailed
cases and is typically used to model extremely large values when the upper tail decays slowly.

It plays a central role in financial and actuarial applications (Embrechts et al., [1997} [Resnick)



4.1 Basic Assumptions and Properties

2007)). In what follows, we focus on distributions whose maxima are attracted to the Fréchet

family.

More precisely, following Proposition 3 in |Daouia et al| (2019), for any fixed x, if Fy|x €

DA (®,(x)), where ®.,x)(y) = exp{—y~/7*} denotes the Fréchet distribution and y(x) < 1,

then

AaY
~—

-(x

= "~ I'(1—~y(x)) {log 23709 as T — 1, (4.8)

~—

Q

where I'(-) is the Gamma function. According to |De Haan and Ferreira (2006), the model

assumption Fy|, € DA (@W(z)) is equivalent to the first-order regular variation condition, that

is

i Dm0t X))
t=oo  qy_y4-1(X)

for all u > 0. (4.9)

To derive the convergence rates of extreme conditional extremiles, we further need the second-
order condition indexed by (y(x), o(x), A(:| x)), that is, there exists v(x) € (0,1), o(x) < 0 and

auxiliary function A(-|x) satisfying lim;_, ., A(t|x) = 0 such that

1 (x o(x) _
lir {ql‘(“‘) 1) w")} —®YT L w0, (4.10)
t=oo A(t|x) | ¢1o¢-1(x) o(x)

Moreover, we assume that A(-|x) is a regularly varying function with index o(x), that is,

limg o0 A(tz]| x)/A(t|x) = 22®9 (De Haan and Ferreira, 2006). We can substitute log(z) in

ZQ(X) —1
o(x)

place of when o(x) = 0. This second-order condition controls the convergence rate of
ql—(tu)*l (x)

. CINE Many commonly used continuous distributions fit the second-order condition. For
1—t—



4.2 Estimation Procedure

example, it holds for the normal distribution with v = o = 0. If v > 0 and g < 0, then is
also equivalent to
G111 (%) = ct"™ |1+ M{l +o(1)}|, as t— oco.
o(x)
We refer the reader to |De Haan and Ferreira) (2006]) for more details of extreme value theory,
including numerous interpretations and examples.

Within the domain of attraction DA(@W(,{)), this asymptotic relation shows that extremiles
&-(x) are more sensitive to the heaviness of the right tail than the corresponding quantiles ¢, (x)
as 7 — 1. Here the extreme value index y(x) governs the tail thickness of Fy|x, with larger
positive values indicating heavier tails. Therefore, it is crucial to develop estimation methods
that can reliably quantify £, (x) for 7 close to 1, in order to obtain accurate assessments of tail

risk.

4.2 Estimation Procedure

In this section, we extrapolate the intermediate extremile estimator to an extreme level 7,
which approaches one at a rate in the sense that n (1 — 7,) — ¢, for some constant ¢ > 0.

We first consider the estimation of extreme conditional quantiles. To extrapolate beyond
the range of observed data in the extreme tail, a classical and efficient tool is the Weissman
estimator (Weissman) [1978), which exploits the asymptotic behavior of extremes. Define a
sequence of intermediate levels 7,_p < Th—k41 < ... < Th—1 € (0,1) with 7,—; = (n—73)/(n+1)

forj=1,...,kand 7,—; — 1 as n — oo. For the extreme level 7;,, we define the Weissman-type



4.2 Estimation Procedure

estimator of the conditional quantile ¢,, (x) by

—~ 1 — Tn—k /Y(X)/\
G (%) = (—) G (), (4.11)

where @s (x) and 7(x) are the estimators of ¢, (x) and (x), respectively. In this construction,
the intermediate level is typically taken as 7,—x = (n — k)/(n+1), where k = k(n) is an integer
sequence satisfying k — oo and k/n — 0 as n — co.

Under the Assumption Fy |, € DA (tlh,(m)) or equivalently the first-order regular variation
condition , we can derive from (4.8)) that

€r i (%)

~ G(y(x)) ~ ———— asn — oo,

and hence

(x4 (x)
§ru (X)) gr, (%)

as m — oo. (4.12)
Combining and motivates the following purely extremile-based estimator:

e = () Ve woten = (5E) Ve e
where ng*k (x) is estimated by the method of Section Thus, the final extremile-based estima-

tor at the extreme level can be viewed as the extrapolation of the intermediate one. Furthermore,

for the tail index y(z), we consider Hill’s estimator (Hilll [1975)), which is a pivotal tool for tail



index estimation in extreme value theory, that is

NASE B SV O B T S A ) (4.1)
TG T TE-14 % '

Hill estimator achieves optimal convergence rates under mild regularity conditions (Hill, [1975).

Remark 2. In the estimation procedure, k is the number of intermediate level extremiles used
for the tail extrapolation. Actually, the choice of k depends on the sample size n, that is,
k = k(n) satisfying k — oo and k/n — 0 as n — co. In the extreme value literature (Hill,
1975; [Wang et al.| 2012)), the selection of k is very important. The value k can be viewed as the
effective sample size for tail extrapolation. A smaller k leads to estimators with larger variance,
while a larger k£ results in more bias. In practice, a common approach to select k is to plot the
estimation error versus k, then choose a suitable k& corresponding to the smallest error. In our

simulation, we employ this approach for selecting k, see Figure [1] in Section

5. Main Results

In this section, we present the theoretical results for the proposed estimator. We begin by
introducing an integral operator that plays a central role in our analysis. Let K : X x X - R

be a Mercer kernel. It induces a linear operator Ly on L2 _ defined by

(L f)(x) = [ K(x,u)f(w)dpx(n),  f€ L,
X
where L2 = {f : [ f?(x)dpx < oo} and px denotes the marginal distribution of px,y. The
following technical assumptions are needed to establish the consistency and convergence rates

for the proposed estimator.



Assumption 1. There exists some constant x > 0 such that sup,cx || Kx|lx < k.

2

T
ox» Where L

Assumption 2. For r € [1/2,1], we assume &,, = Lih,, for some h,, € L

denotes the r-th power of L.

Assumption 3. The effective sample size k = k(n) — oo is an integer sequence, and as

n — o0, k/n — 0, VEA (n/k) — ¢ € R, where A(-) is a regularly varying function.

Assumption (1] implies that we can consider those bounded kernels, a conventional choice

extensively discussed in RKHS studies. Popular employed kernels include Gaussian kernel and

Sobolev kernel (Smale and Zhou, 2007} [Yang et all, [2016)). Assumption [2[imposes a regularity

condition on &-, and controls the RKHS approximation error of the estimator. It is a classical

source condition that has been extensively used in approximation theory (Smale and Zhou| 2007}

[Lin et all, 2017} He et al.| [2021). The case r = 1/2 corresponds to the least favorable situation

and is essentially equivalent to making no additional smoothness assumption beyond belonging
to the RKHS. Assumption [3] specifies the increasing rate of k with respect to the sample size
n. k/n — 0 is a condition on the effective sample size in extreme value theory (EVT). The
regularly varying function A(:) is introduced in Section which is also frequently used in
EVT. More specific choices of k can be referred to Theorem [2] and our simulation analysis.
Under the aforementioned assumptions and conditions and introduced in Sec-
tion we are now ready to give the convergence rates of the proposed estimators. In Propo-

sition [T} we first establish the consistency of the quantile regression process estimator.

Proposition 1. Suppose Assumption[]] is satisfied, and

_1
si? (logn)'/? (1 4 kA7)
nl/4

— 0, asn,sp — 00,



then we obtain that

sup H’/J\T _Q:HK = 0y(1),

1 Sn
€ Ln+1 Vel

where ¢;(-) denotes the true T-th quantile function.

This proposition gives the uniform consistency of the estimated quantile process on the set
sequence approaching the whole quantile interval (0, 1), which implies that the estimate Fx()
is also consistent.

In this paper, we focus on the right heavy tail of variables. We begin by providing the

estimation result at the intermediate level following n — oo, n (1 — 7,) — 0.

Theorem 1. Suppose Assumptions|IH] and the conditions in Proposition are satisfied, then
there exists some positive constant C such that, for any §, € (0,1), with probability at least

1 — d,, there holds

3 4 (6kr., MS Crri M§ D
IEn, — &l < log < " ) -

PR W s W SR R Af:71””5%\12)’

n 2
where M§ = max{/i | foll e + 22’5%?101‘7 Hfm”}(} and an > 0.

Here «,, is determined by the regularization parameter A2, and the number of quantile
levels s,, and it represents the convergence rate of the estimated conditional distribution func-
tion Fi(-), i.e., SUD,cR |Fx(y) — Fx(y)| = Op(an). The explicit form of ay, is given in the proof

provided in the Supplementary Material. The error bound in Theorem [1| consists of two main

KT 3 Crr2 & — S —
components: log 5% (6)\1 T::l]\;[; + A1;ZTH 1+ Ii)\lnl/2)) and log 547)\?; ! HLK”ET” H2 The first
term can be viewed as the empirical error, as quantified in Lemma 2 of the Supplementary

Material, while the second term corresponds to the approximation bias induced by the RKHS

through the source condition on &;,. This non-asymptotic control at the intermediate level is



a key ingredient for deriving error bound at the extreme level. The next theorem provides the

convergence rate of the estimated conditional extremiles at the extreme level 7.

Theorem 2. Suppose Assumptions conditions in Propositz'on and conditions (4.9) and
[@.10) are satisfied, denote p, =1 —7}, 75, — 1, np, = o(k) and log(np,) = o(vVk). Then there
exists some positive constant C' such that, for any 6, € (0,1), with probability at least 1 — dn,

there holds

i &, 1] = i + M

log(k/npn) \ || &, || 1—p c

6rrr M Cwr?2  MS _ = _ .
where B = tog & (et et 1 1) 4 L7, ) it

23" o2
ME , = max {n Vol + /222 e, HK} .

Theorem [2| provides an upper bound on the convergence rates at the extreme levels 7,,.

The conditions imposed on 7}, are analogous to those used in [Wang et al.| (2012) and [Wang]

(2013)). As discussed in Remark |2} the number of intermediate extremile levels k plays
a key role in balancing bias and variance. Note that the upper bound involves two terms,

W %Q and 28R/ (203 Buk e firgt term corresponds to the variance of the estimator

C

which shrinks as k increases, and the second term represents the bias of the estimator which
grows proportionally with logk. The influence of k on the finite-sample performance of the

estimator is further investigated in the simulation study in Section [7}

Remark 3. Our theoretical analysis is developed under a fixed covariate dimension p, in line

with the general theory of kernel methods (Smale and Zhou, [2007; He et all 2021)), where

convergence rates are not explicitly in terms of p. In particular, our results cover settings in
which the conditional extremiles &, (-) lie in a relatively low-complexity subspace of Hx, even if
the ambient dimension is moderate or large. A full p > n theory is beyond the present scope,

and we leave this as a future direction.



6. Comparisons and Discussion

6.1 Advantages of Extremiles Over Traditional Risk Measures

As emphasized in |[Daouia et al.| (2019), extremiles address critical limitations of Value at Risk
(VaR) and expectiles by integrating tail sensitivity, coherence, statistical estimation efficiency,
and intuitive interpretability, which are tailored for extreme risk analysis. VaR is defined as
the 7-th quantile ¢, of a non-negative loss distribution with 7 close to 1 or —g, of a real-
valued profit-loss distribution with 7 close to 0. VaR only depends on the frequency of losses
exceeding a threshold, not on their values. Thus, it is insensitive to the magnitude of those
excess losses. Moreover, VaR is in general not coherent because it fails subadditivity. It can
lead to inconsistent capital requirements for portfolios. By contrast, the extremile at level 7 is
defined as a tail-weighted least-squares functional, which depends on both the probability of tail
events and the magnitude of tail losses. Extremile-based risk measure is coherent, satisfying
subadditivity, monotonicity, and law invariance. More importantly, they also meet the co-
monotonic additivity property for co-monotonic losses, as introduced in Section 4.1 in [Daouial
et al.| (2019).

Expectiles are also based on asymmetric least squares and thus share with extremiles
the dependence on both tail probabilities and magnitudes. Expectiles are coherent in most
respects but fail comonotonic additivity (Acerbi and Szekely| 2014), which is a critical property
for aggregating correlated risks. In addition, they typically do not admit simple closed-form
expressions and can be harder to interpret in terms of extreme events. However, extremiles enjoy
several explicit representations, i.e., {; = fol Jr(t)g:dt. At very high levels, extremiles have a
direct asymptotic link to extreme quantiles and the tail index, which we used in our theoretical

development. This makes extremiles particularly suitable for modeling extreme conditional



6.2 Connection between Extremiles and K, ()

losses, while still retaining a least-squares structure that is suitable for RKHS methods.

6.2 Connection between Extremiles and K, (t)

In fact, the distribution transformation K- (t) : [0,1] — [0,1] is a piecewise distortion function,
given by:

1-(1-0)*" fo<7r<1/2;
Ko (t) =

¢ if1/2<71<1,
where r(7) = s(1 — 7) = log(1/2)/log(7). The key insight is that K, (¢) acts as a distributional
distortion that connects quantiles and extremiles of a functional of the random variable Z,.
Specifically, the 7-th quantile ¢, of Y is equivalent to the median of Z,, where Z, has CDF
Fz, = K,(F). Here we provide a brief proof. First, it is easy to verify that K,(r) = 1/2
whenever 7 € (0,1/2] or 7 € [1/2,1), according to the definition of K.(-). Since K (-) is
increasing and F () are non-decreasing, when y < ¢-, we have Fz_ (y) = K-(F(y)) < K-(1) = %;
when y > ¢r, we have Fyz_(y) = K-(F(y)) > K-(7) = 3, where we use the definition of 7-th

quantile ¢-. Thus, we can conclude that ¢ = median(Z;), or
q- € argmingEz |Z, — 0].
Note that J,(-) = K.(-) > 0, we have

Ez.|Zr — 6] = / ly — 0dFz. (y) = / ly — 6dK, (F(y))

= [ Ewly -~ laF () = B, L1 (Pl - o]



Thus, we can define the 7-th quantile ¢, as the minimizer of the following:

qr = argming E {J-(F(y)) - [ly — 0] = [yl]} .

The 7-th extremile of the response y is the parallel counterpart of the 7-th quantile, which is

given by replacing the absolute deviation with the squared deviation

& = argming E {J(F(y)) - [y — 01> — |y|2] )

And we can similarly prove that the 7-th extremile &, of Y is equivalent to the mean of Z.
The distortion function K (¢) used in this paper is not arbitrary. In this paper, we adopt
the distortion function K, of Daouia et al.| (2019), so that our target functional coincides
with their quantile and extremile. In particular, with this specific K, (¢), the quantile ¢, and
the extremile & are respectively the median and the mean of the same distribution K, (F).
This yields explicit integral formulas expressing £, as a probability-weighted moment. These
representations are central to the theory of extremiles and to their extreme-value asymptotics.
However, the framework can be generalized to other distortion functions that generate valid
weighting functions, and could be used to study other tail-weighted least-squares functionals

beyond classical extremiles.

7. Numerical Experiments



7.1 Simulation Examples

7.1 Simulation Examples

This section investigates the finite-sample performance of the proposed method and compares
it with ordinary extremile regression without extrapolation to extreme levels. We consider the

following nonlinear regression model:

P
Yy = Zﬂi sin(2rx;) + (1 4+ rZ)es, 1=1,2,...,n,

Jj=1

where 8; ~ Unif(0,0.1), z;; ~ Unif(0,1) with z, = %25:1 x;j. Here, p is the covariate
dimension, and r € {0, 1} controls the error structure: r = 0 corresponds to the homoscedastic
case, whereas r = 1 generates heteroscedastic errors. The noise variables ¢; are i.i.d. with
heavy-tailed distributions and are independent of the covariates {z;; }5:1. We consider the

following error distributions:
1. Pareto distribution with extreme value index parameter v = 1/3;
2. Fréchet distribution with extreme value index parameter v = 1/4;

3. Student’s t distribution with degree 5.

For a t distribution with ¢ degrees of freedom, the extreme value index is v = 1/¢, so in
Example 3 we have v = 1/5.

According to (2.2), the 7-th conditional extremile of the response can be written as
1
&r(x) =f(x;) + (1 + m’cl)/ J-(t)g(t)dt, 1=1,...,n,
0

where x; = (zi1,...,xip) |, F(x;) = 2% Bisin(27zi;) and ge(t) is the ¢-th quantile of ;. To

evaluate the performance of the proposed estimator, we use two summary measures. The first



7.1 Simulation Examples

Table 1: The mean absolute errors and root mean squared errors of those
three estimators in the case with the error distribution Pareto(1/3), where
7/ =0.99,0.995 and 0.999.

MAE RMSE

0.99 0.995 0999 0.99 0.995 0.999

KEE-QR 4.69 6.75 10.78 483 6.87 11.46

n = 200 OKE-QR 560 889 1798 564 891 18.01
KEE-NW 581 750 1572 593 7.61 1594

KEE-QR 3.13 3.22 10.11 3.66 3.82 10.67

r=20 n = 500 OKE-QR 445 553 18.05 4.69 561 18.07
KEE-NW 359 421 1149 4.60 571 123

KEE-QR 265 288 631 275 296 6.54

n=1000 OKE-QR 332 414 1265 3.51 421 1221
KEE-NW 3.01 3.78 10.21 4.38 3.92 11.59

KEE-QR 336 484 853 426 522 925

n = 200 OKE-QR 518 759 1794 531 764 1797
KEE-NW 1262 891 13.15 1754 9.03 13.34

KEE-QR 3.07 319 699 331 370 835

r=1 n = 500 OKE-QR 4.86 6.88 18.02 4.92 6.96 18.05
KEE-NW 6.1 741 1094 838 794 1235

KEE-QR 251 275 245 287 315 290

n=1000 OKE-QR 325 476 836 3.49 484 837
KEE-NW 476 5.73 10.59 6.09 7.95 15.96

Sample size  Method

is the mean absolute error (MAE) defined as

MAE = n* Z E‘rn (%) = &, (%0)|,

=1

and the second measurement is the square root of mean squared error (RMSE)

1/2

RMSE = <n1 i {Em (x:) — & (xi)}Q) ;

where Em and &, (x;) are the estimated and true conditional extremiles, respectively.
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Table 2: The mean absolute errors and root mean squared errors of those
three estimators in the case with the error distribution Fréchet(1/4), where
7/ =0.99,0.995 and 0.999.

MAE RMSE

0.99 0995 0.999 099 0.995 0.999

KEE-QR 259 3.82 545 272 389 588

n = 200 OKE-QR 346 549 943 350 549 944
KEE-NW 3.16 435 7.09 3.28 442 7.29

KEE-QR 228 342 461 244 3.61 4.98

r=20 n = 500 OKE-QR 3.16 5.02 9.41 3.21 5.04 9.43
KEE-NW 325 430 5.12 336 444 537

KEE-QR 201 294 382 245 3.01 3.95

n=1000 OKE-QR 265 371 721 273 376 7.23
KEE-NW 232 354 492 248 371 5.01

KEE-QR 1.52 217 441 1.76 251 4.77

n = 200 OKE-QR 238 419 946 25 424 947
KEE-NW 241 473 645 262 487 6.59

KEE-QR 1.39 148 271 1.67 175 3.22

r=1 n = 500 OKE-QR 2.08 3.77 9.45 229 381 9.46
KEE-NW 242 272 384 277 3.08 439

KEE-QR 1.12 124 215 115 126 217

n=1000 OKE-QR 185 326 743 191 337 7.59
KEE-NW 193 233 3.12 195 253 3.20

Sample size  Method

We consider extremiles computed at the risk levels 7, = 0.99,0.995, and 0.999, with

covariate dimension p = 10. We use the standard Gaussian kernel

o2
K(u,v) =exp (—%)

for our estimation, which is widely used in the literature of RKHS (Smale and Zhoul [2007; |He

et al}[2021). Under each model setting, the experiments are repeated B = 100 times for sample

sizes n = {200, 500, 1000}. In accordance with the conditions of Theorem 2] the number effective

sample size used for tail extrapolation is set as k = [cnl/ %] with ¢ = 3 for a stable default choice.



7.1 Simulation Examples

We also investigate alternative values of k obtained by varying the constant c, i.e., see Figure
for a sensitivity analysis. Moreover, we choose the regularization parameter A1, by minimizing
the MAE on an independently generated dataset in each scenario. The searching grid is set in
{1077,107%,...,107*,10°,10}. To compare with our proposed method, named kernel extremile

estimator (KEE-QR), we implement two alternatives:

(i) the ordinary kernel method (OKE-QR), which is derived based on (3.4) without any
extrapolations as the benchmark to show the necessity of extrapolation when estimating

at extreme levels;

(ii) the conditional extremile estimator proposed by [Daouia et al. (2022) denoted as KEE-

NW.

Tables E—@report the MAE and RMSE of the different estimators of £, across all experimental
scenarios.

The results in Tables show that all three methods improve in terms of MAE and
RMSE as the sample size increases. Leveraging the quantile process approximation in an RKHS,
and thus avoiding the purely local Nadaraya—Watson smoothing when p is moderate, KEE-QR
systematically outperforms KEE-NW in our settings. Moreover, KEE-QR also dominates OKE-
QR in all cases at extreme risk levels, especially at 7, = 0.999, confirming that direct extremile
regression without extrapolation becomes unstable in the tail region due to data sparsity. As n
grows, the RMSE of KEE-QR. at 7;, = 0.999 decreases markedly, indicating that the proposed
procedure can successfully extrapolate beyond the range of observed data. As expected, both
MAE and RMSE increase with the risk level 7,, for all three error distributions. Regarding the
heteroscedasticity parameter r, the performance of KEE-QR is robust in both the homoscedastic

(r = 0) and heteroscedastic (r = 1) settings.



7.2 Real Data Application: Large Commercial Banks Data

Table 3: The mean absolute errors and root mean squared errors of those
three estimators in the case with the error distribution t(5), where 7/ =
0.99,0.995 and 0.999.

MAE RMSE

0.99 0.995 0.999 0.99 0.995 0.999

KEE-QR 281 325 395 292 336 5.11

n = 200 OKE-QR 5.02 6.43 9.56 5.03 6.44 9.68
KEE-NW 413 581 712 431 5.89 7.33

KEE-QR 1.73 231 372 191 254 4.05

r=20 n = 500 OKE-QR 429 6.27 834 431 6.28 8.51
KEE-NW 262 4.11 5.69 293 454 6.83

KEE-QR 1.32 201 331 141 243 3.54

n=1000 OKE-QR 3.67 592 792 378 6.02 8.01
KEE-NW 234 388 5.12 276 394 532

KEE-QR 154 263 429 195 3.62 4.68

n = 200 OKE-QR 3.72 6.15 9.65 3.75 6.16 9.66
KEE-NW 425 5.06 823 441 528 848

KEE-QR 106 179 362 13 206 397

r=1 n = 500 OKE-QR 351 532 956 3.54 557 957
KEE-NW 293 478 748 339 512 7.80

KEE-QR 0.84 143 254 1.02 145 290

n=1000 OKE-QR 295 4.78 821 3.14 498 8.64
KEE-NW 223 356 587 3.56 387 6.31

Sample size  Method

Figure[I] displays the MAE of KEE-QR as a function of the number of intermediate levels
k for the Pareto(1/3) errors with n = 200. We observe that the MAE remains small for
k € [40,70], a range that includes our default choice k = |3n'/?|. The empirically optimal k
increases with the risk level, suggesting that a larger number of intermediate levels should be

used for tail extrapolation when estimating more extreme extremiles.

7.2 Real Data Application: Large Commercial Banks Data

This section focuses on the analysis of the large commercial banks dataset, which has been

previously studied by [Wang et al| (2014]) and Xu et al| (2022a). The data contain weekly
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Figure 1: The mean absolute errors against the numbers of intermediate
levels k (Pareto(1/3) errors and sample size n = 200).

observations for four major banks: Bank of America (BAC), Citigroup (Citi), JPMorgan Chase
(JPM), and Wells Fargo (WFC). The sample sizes for BAC, Citi, JPM, and WFC are 1771,
1386, 2210, and 2210, respectively. The sample period runs from 1971 to 2013 and covers six
recessions (1974-1975, 1980, 1981, 1990-1991, 2001, and 2007-2009) as well as several notable
financial crises (1987, 1994, 1997, 1998, 2000, 2008, and 2011).

We take the negative weekly return as the response variable Y, and use the following
covariates: weekly market return (z1), three-month yield change (z2), equity volatility (z3),
credit spread change (z4), term spread change (z5), short-term TED spread (z¢), and real
estate excess return (x7). The heavy-tailed nature of the loss distributions for these four banks

have been documented in (2022a)) using boxplots of weekly market losses, which justifies
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an extreme-value-based analysis. In our empirical study, we adopt the polynomial kernel

K(x,x') = ((x,x) + 1)d

for the RKHS estimation with degree d = 3. Prior to the analysis, both the response and the
covariates are standardized to make the results comparable across banks. The effective tail
sample sizes k used for extrapolation are set to 70, 55, 40, and 45 for BAC, Citi, JPM, and
WFC, respectively.

Our main objective is to examine how risk exposure varies across different risk management
standards. To this end, we estimate the conditional extremiles at risk levels 7 = 0.99,0.995, and
0.999. As illustrated in Figure [2] the estimated conditional extremiles increase monotonically
with 7 for each bank. Specifically, the larger the risk level, the higher extremile value ob-
tained for a company. Among the four companies under investigation, Citi exhibits the largest
conditional extremiles at all risk thresholds, indicating the highest tail risk. BAC and JPM
display comparable risk estimates, with the similarity being particularly pronounced when the
risk quantile 7 is moderately low. In contrast, WFC tends to have lower extremile estimates,
suggesting comparatively stronger risk control among the four banks considered. These findings
align with the conclusions reported by Xu et al.| (2022a)) where they considered the conditional
expectiles of these banks.

Furthermore, we estimate the weekly conditional extremiles for each of the four banks at
the risk level 7 = 0.995. We then compare these estimates with (i) the corresponding conditional
expectiles at the same risk level 7 = 0.995 and (ii) the actual weekly losses. For the conditional
expectiles, we adopt a linear expectile regression model: intermediate conditional expectiles are

first estimated and then extrapolated to the extreme level using Hill’s estimator for the tail
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Figure 2: Estimated conditional extremiles across different risk levels.

index. The R package expectreg is employed to obtain the conditional expectile estimates. For
the extremile regression in , the regularization parameter is set to 0.2.

Figure [3] reports the in-sample weekly conditional extremiles, conditional expectiles, and
actual weekly losses for the four banks over the period 1990-2013, all computed at 7 = 0.995.
Visually, the yellow curves (extremiles) typically envelope the green curves (actual losses) from
above, indicating that extremiles provide a conservative risk benchmark capable of guarding
against potential actual losses and thus serving as a useful instrument for risk management. In
contrast, the expectile curves sometimes intersect or lie below the realized losses, whereas the
extremile curves tend to yield systematically higher risk estimates, implying higher required
capital or risk charges. The sample period includes six recessions (1974-1975, 1980, 1981,
1990-1991, 2001, and 2007-2009) and several major financial crises (1987, 1994, 1997, 1998,
2000, 2008, and 2011). Most of these stress episodes are clearly reflected in the in-sample
extremile estimates for all four banks, as shown in Figure[d] Despite the differing profit and loss

patterns across institutions, the extremile curves exhibit a pronounced time-varying association
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Figure 3: Time series of in-sample conditional extremiles (yellow), expec-
tiles (blue), and actual weekly losses (green) for four large-scale financial
institutions.
with weekly losses, responding strongly during turbulent periods.

Overall, these empirical results suggest that conditional extremiles offer a more conservative

and informative view of tail risk than conventional measures such as expectiles, and therefore

merit further investigation in financial risk management applications.

8. Conclusion

This paper focuses on the estimation of conditional extremiles and proposes a nonparametric
estimation framework rooted in the quantile regression process within a reproducing kernel

Hilbert space (RKHS). We derive an RKHS estimator for conditional extremiles, establish its



asymptotic properties under suitable regularity and tail conditions, and illustrate its finite-
sample behavior through simulation studies and a real data application.

Our work complements and extends the local smoothing approach of |Daouia et al.| (2022),
which was the first comprehensive investigation of conditional extremile estimation. Their
method relies on the minimization of a local linear check function and yields an explicit closed
form for the estimator, which is computationally convenient in low dimensions. However, it
is inherently exposed to the curse of dimensionality and can struggle in the presence of non-
linear and non-additive interactions among covariates that are common in financial and other
applied contexts. In contrast, the RKHS framework can naturally accommodate nonlinearity,
non-additivity, and complex interaction effects through the choice of the kernel, while global
regularization provides a principled way to control model complexity. At the same time, our
theoretical analysis is developed under a fixed covariate dimension and does not yet constitute
a full p > n theory. In high-dimensional applications, further gains can be expected by in-
corporating sparsity and variable selection into the RKHS extremile estimator, for example via
additive or partially additive kernels, sparse feature representations, or gradient-based screening
rules (He et al. 2021} |Chen et al.| |2021). Developing systematic high-dimensional theory and
practical algorithms for such sparse RKHS extremile models is an important direction for future

research.

Supplementary Materials

The supplementary materials contain some useful lemmas and the detailed proofs of the main

results in this paper.
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