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Abstract

Two-sample hypothesis testing is a fundamental problem with various applica-
tions, which faces new challenges in the high-dimensional context. To mitigate the
issue of the curse of dimensionality, high-dimensional data are typically assumed to
lie on a low-dimensional manifold. To incorporate geometric information in the data,
we propose to apply the Delaunay triangulation and develop the Delaunay weight to
measure the geometric proximity among data points. In contrast to existing similarity
measures that only utilize pairwise distances, the Delaunay weight can take both the
distance and direction information into account. A detailed computation procedure
is developed to learn the unknown manifold and approximate the Delaunay weight.
We further propose a novel nonparametric test statistic using the Delaunay weight
matrix. Asymptotic normality under the null and consistency under the alternative
of the test statistic are developed. Applied to simulated data, the new test shows
robustness to the learning of the unknown manifold and exhibits substantial power
gain if the distributions differ in the principal directions of covariance matrices. The
proposed test also detects significant differences on a real dataset of mice protein
expression levels.
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1 Introduction

The two-sample test on whether the two underlying distributions are the same or not is a
fundamental problem in statistics and machine learning with broad applications in change
point detection (Cao et al., 2018; Chen, 2019), goodness-of-fit evaluation (Chwialkowski
et al., 2016; Arias-Castro et al., 2018) and experimental design (Morgan and Rubin, 2012).
In the era of big data, there are emerging challenges that the power of classical two-sample
tests (e.g., Hotelling’s T-squared test, Wald test or likelihood ratio test) decreases or even
vanishes as the data dimension increases. Under the high-dimensional setting, several
methods have been developed to test a simpler hypothesis on whether two population means
are the same. For example, under the sparse alternative that mean vectors of two samples
only differ in a small number of dimensions, Cai et al. (2014) developed a maximum-type
test statistic. To enhance the power and robustness to extreme values in detecting sparse
mean differences, a parametric bootstrap approach with feature screening was proposed by
Chang et al. (2017), while Wang et al. (2019) incorporated the trimmed mean approach
to developing a robust test. Liu et al. (2024) developed a projection test by assuming the
sparsity of the optimal projection direction. Yang et al. (2024) introduced a novel test whose
estimation error does not affect asymptotic power while achieving superior performance.
However, the aforementioned methods are not consistent against general alternatives, e.g.,
the two populations possess the same mean but differ in the covariance structures.
Nonparametric two-sample testing for general differences between distributions is a his-
torical research topic with rich literature. For univariate data, the Kolmogorov—Smirnov
test (Kolmogorov, 1933; Smirnov, 1948), the Wilcoxon-Mann—Whitney test (Wilcoxon,
1945; Mann and Whitney, 1947) and the Wald-Wolfowitz runs test (Wald and Wolfowitz,

1940) are early developments on this topic. Although such methods may be directly ap-



plicable to multivariate settings (Bickel, 1969), they would perform poorly unless the total
sample size grows at an exponential rate with the dimension. To circumvent such difficulty,
Friedman and Rafsky (1979) developed a two-sample test based on the minimum spanning
tree (MST) that connects all data points with the minimal total length of edges. Given
an MST of the pooled sample, the test statistic is constructed as the number of edges
connecting data points from different samples, which is shown to be consistent against
general alternatives. More recently, many nonparametric two-sample tests have been pro-
posed for multivariate/high-dimensional data, including: (i) distance/energy-based tests
based on pairwise distances of the pooled sample (Székely and Rizzo, 2004; Jureckova and
Kalina, 2012; Marozzi, 2015); (ii) graph-based tests, e.g., the k-nearest neighbor (k-NN)
graph (Schilling, 1986; Henze, 1988; Hall and Tajvidi, 2002) and the k-MST graph (Chen
and Friedman, 2017; Chen et al., 2018); (iii) kernel tests via a decaying kernel of pairwise
Euclidean distances of the pooled sample (Gretton et al., 2009, 2012; Cheng and Xie, 2024;
Yan and Zhang, 2023); and (iv) regression tests by connecting the binary classification and
two-sample testing (Kim et al., 2019; Hediger et al., 2022).

To mitigate the curse of dimensionality, high-dimensional data are often assumed to
lie on an unknown low-dimensional manifold, which is reasonable in many applications,
such as bioinformatics (Moon et al., 2018), image data analysis (Pless and Souvenir, 2009)
and natural language processing (Zhao et al., 2021). Performances of the nonparametric
tests under the low-dimensional manifold setting have been studied in the literature. For
example, it is shown that the kernel test (Cheng and Xie, 2024) and the local regression
test (Kim et al., 2019) are adaptive to the intrinsic dimension of the manifold by properly
choosing the tuning parameter. Arias-Castro et al. (2018) also showed that the multivariate

chi-squared test is adaptive to the intrinsic dimension of the manifold, while their work was



mainly focused on theoretical development rather than practical implementation. However,
none of these tests directly take the manifold structure into account, while our work aims
to fill this gap.

In particular, we develop a new nonparametric two-sample test, named the Delaunay
weighted test, for high-dimensional data under the low-dimensional manifold assumption.
Following the k-NN test by Schilling (1986), we propose the test statistic as the average of
all within-group proximities of the pooled sample. The proximity is measured by our newly
developed Delaunay weight instead of the k-NN. By incorporating the Delaunay triangula-
tion on a Riemannian manifold (Leibon and Letscher, 2000), the Delaunay weight measures
the geometric proximity among data points by taking both the geodesic distance and the
relative direction into account. In practice, the Delaunay weight cannot be computed ex-
actly because the manifold is usually unknown. As a remedy, we compute the Delaunay
weight matrix of low-dimensional manifold representations for approximate inference. The
manifold representations are obtained following the idea of Isomap (Tenenbaum et al.,
2000). We develop the stereographic projected DELAUNAYSPARSE algorithm to find the
Delaunay simplices for computing the Delaunay weight. The p-value of our test is obtained
by a permutation procedure, and our Delaunay weighted test is applicable as long as the
sample size is larger than the (estimated) intrinsic dimension of the underlying manifold.
Compared with the kernel test and the local regression test based on local distances that
are adaptive to the intrinsic dimension of the manifold, ours further takes the relative direc-
tion among data points into account, and thus it is more efficient in detecting the direction
difference of two distributions. Numerical experiments on synthetic data reveal that our
Delaunay weighted test outperforms existing approaches when the two distributions differ

in the principal directions of covariance matrices, although the power of our method is not



the highest under location differences between distributions.

The rest of this article is organized as follows. Section 2 motivates and formulates the
two-sample testing problem for high-dimensional data lying on an unknown Riemannian
manifold and introduces preliminary geometric concepts. The Delaunay weighted test is
proposed in Section 3, including the definition and advantages of Delaunay weight, the
test statistic, computational strategies to approximate the Delaunay weight, and the per-
mutation procedure for inference. Section 4 investigates the theoretical properties of the
proposed test. In Section 5, we conduct various numerical experiments including a real
data example to demonstrate the practical performance of our method, such as the sta-
tistical power, robustness to the manifold learning procedures, and computational cost.
Section 6 concludes with discussions. The supplementary material contains details of our

computational strategies, proofs of theorems and additional experimental results.

2 Manifold Hypothesis and Delaunay Triangulation

2.1 Manifold Hypothesis

Consider two samples X = {x1,...,%x,,} C R” and Y = {y,,...,y,,} € R” of indepen-
dent and identically distributed (i.i.d.) data from two distributions F' and G, respectively.
Our goal is to test Hy : F' = G versus Hy : ' # G. Let Z be the union of two samples,
7 =XUY ={zy,...,2,}, and let § = {01,...,0,} denote the group indicator of the pooled
sample, where n =n; +ng, §;, =1ifz; e Xand §; =0ifz; € Y, fori =1,...,n.

We assume that both F' and G are supported on a d-dimensional geodesically convex
Riemannian manifold M embedded in the ambient space R” with d < D. This assump-

tion, also known as the manifold hypothesis, is reasonable in many real data examples and



prevailing in high-dimensional data analysis (Pless and Souvenir, 2009; Meila and Zhang,
2024). For example, each image often contain several thousand pixels, while Gong et al.
(2019) showed that the intrinsic dimension of a face image dataset is around 10 to 20. In
addition, the manifold hypothesis has been invoked in analyses of bioinformatics (Moon
et al., 2018), natural language processing (Zhao et al., 2021), etc.

The manifold hypothesis is also investigated in the literature of two-sample testing
(Arias-Castro et al., 2018; Kim et al., 2019; Cheng and Xie, 2024). To illustrate how the
manifold hypothesis is helpful in two-sample testing applications, we consider an example
of biological data analysis. In biological experiments, an essential task is to investigate
whether the protein expression levels vary among cells of different conditions. Based on
the experimental results, researchers are able to verify the disease mechanism in terms of
protein expression and the efficacy of treatments. Because interactions among proteins only
depend on a limited number of proteins’ biochemical and structural properties (Terradot
et al., 2004), the manifold hypothesis is usually imposed in the analysis of protein expression

levels (Dorrity et al., 2020).

2.2 Delaunay Triangulation on Manifold

In Riemannian geometry, let £,,(a, b) denote the shortest geodesic path between two points
a,b € M, whose length is the geodesic distance, dy(a,b), induced by the ambient space
RP. The manifold M is assumed to be geodesically convex meaning that the path £,(a, b)
uniquely exists for any a,b € M. Let T, M denote the tangent space of M at point a € M.
The logarithmic map log, : M — T, M is defined as the vector starting from a whose
length equals du(a,b) and direction is the derivative of fy(a,b) at a. Since f,(a,b)

always exists uniquely for any two points a,b € M, the domain of the logarithmic map



log,(+) is the whole M, for all a € M. We can generalize the geometric concepts from the

Euclidean space to the geodesically convex Riemannian manifold M as follows.

e Convex set: A subset C C M is convex on M if for any two points a,b € C,

KM(a, b) cC.

e Conver hull: For a set of points Z C M, the convex hull of Z, denoted by H(Z) C

M, is the intersection of all convex sets on M that contain Z.

e Ball and sphere: A ball on M with the center z € M and radius r > 0 is defined
as Bu(z,r) = {z* € M;dm(z,z*) < r}, and the corresponding sphere is defined as

0Bm(z, ) ={z" € M;dm(z,z*) =r}.

o Simplex and circumscribing ball: For k = 0,...,d, the k-simplex of k + 1 points
Zi,...,2Zg+1 € M is the convex hull Haq({2z1,...,2k41}), and the circumscribing ball
of z1, ...,z is the smallest radius ball among all balls on M containing z1, . .., Zx 1.

In particular, the 1-simplex of points {z;, zs} is the shortest geodesic path € (z1, z2).

e Projection: For a set of points Z C M, the projection p* of p € M on Hy(Z) is
defined as p* = argmingcq,,(z) dm (p,q), in the case that the right hand side exists
uniquely; otherwise, we first find p' = arg mianHRD z) drD (p,q) and define p* as
the Euclidean projection of p™ onto H(Z), which exists uniquely almost everywhere

with respect to the Lebesgue measure of RP (Bhattacharya and Patrangenaru, 2003).

Following Leibon and Letscher (2000), the Delaunay triangulation can be defined on

M as follows.

Definition 1. For a set of n points Z = {z1,...,z,} C M, the Delaunay triangulation of

Z, denoted by DT m(Z), is a mesh of m d-simplices {Si,...,Sn} satisfying:



1. Forj=1,...,m, the set of d+1 vertices of simplex S;, denoted by V(S;), is a subset

of Z. and is not contained in any k-simplex (k=0,...,d—1) on M.
2. Different simplices are disjoint except on their shared boundaries.
3. The union S U ---US,, is the convex hull of Z on M, H(Z).

4. The empty ball property: For j = 1,...,m, the circumscribing ball of S; on M

contains no points of Z except on its sphere.

We refer to simplices Sy, ...,Sn € DT m(Z) as the Delaunay simplices. According to
Leibon and Letscher (2000), the Delaunay triangulation DT x(Z) is unique if and only
if the pooled sample Z is generic, i.e., any d + 2 points in Z do not lie on a sphere on
M and any k + 2 points do not lie in a k-simplex on M (k = 1,...,d —1). As long as
both F' and G have Lipschitz continuous densities f and g with respect to the measure on
M induced by the Lebesgue measure of the ambient Euclidean space, the pooled sample
Z is generic with probability one. Being the geometric dual of the Voronoi diagram, the
Delaunay triangulation generates a mesh of simplices on M that are most regularized in
shape. Figure 1 shows the empty ball property of the Delaunay triangulation DT r(Z) for
M = R? and DT y(Z) maximizes the minimum angle in all the triangles (2-simplices)

over all possible triangulations of Z (Sibson, 1978).

3 Delaunay Weighted Test

3.1 Delaunay Weight

Considering the simplest case M = R¢, for each internal point p € Hga(Z) = S;U- - -US,,,

there exists a Delaunay simplex S(p;Z) € DT ra(Z) such that p € S(p;Z). We define



(a) (b) (c)

Figure 1: (a) Graphical illustration of the empty ball property of the Delaunay triangulation
with M = R?; (b)-(c) The Delaunay triangulation versus a random triangulation of the
same Z.

the Delaunay weight vector for p € Hza(Z) with respect to Z as a vector w(p;Z) =

(w1 (p;Z),. .., w,(p;Z))" such that

(a) wi(p;Z2) € [0,1] if z; € V(S(p;Z)), and w;(p;Z) = 0 if z; ¢ V(S(p;Z)), where

V(S(p;Z)) denotes the vertex set of the simplex S(p; Z);
(b) Yoimy wi(p; Z) = 1;
(¢) >oimy wi(p; Z) - 2 = p.

According to Abadie and L'Hour (2021), the Delaunay weight vector w(p;Z) for p €
Hra(Z) corresponds to the convex combination of Z with the smallest compound discrep-
ancy » ., w;||p — z]|* among all convex combinations satisfying p = > w;z;. That is,
w(p; Z) selects at most d + 1 points in Z (those with w; > 0) that are convexly combined
to form p and closest to p in the sense of the minimal compound discrepancy.

Conditions (a)-(c) only define the Delaunay weight vector for an internal point p €

Hra(Z). For generalization to an external point p ¢ Hra(Z), we utilize the projection idea

from Section 2.3 of Abadie and L'Hour (2021). Let w® (p; Z) = (w\M(p: Z), . .., w,(f‘)(p; )T



be the solution to the optimization problem,

min

2 n
+ A willp -zl
=1

n
| S E WiZ;
i=1

subject to w = (wy,...,w,)" € [0,1]" and Y©"  w; = 1, where || - || denotes the Eu-
clidean norm. The Delaunay weight vector w(p;Z) for p € Hzra(Z) can be rewritten
as w(p;Z) = }\il(l)W(A)(p;Z). For p ¢ Hga(Z), Abadie and L'Hour (2021) showed that
}\ii% > wE)‘)(p;Z)zi = p*, where p* is the projection of p on the convex hull Hpa(Z).

Therefore, we have

w(p*;Z) = limwV(p; Z), Vp e R™ (1)
A—=0
Further, we can generalize the definition of the Delaunay weight for all p € R¢ by substi-

tuting condition (c) with

(CT) 2?11 wi(p; Z) - z; = p*.

However, when M is not Euclidean, condition (c') is no longer applicable because it
relies on the linear operation of Cartesian coordinates, which is not well-defined on M.
To generalize the Delaunay weight vector to nonlinear manifolds, we make use of the

logarithmic map.

Definition 2. For a set Z = {zy,...,2,} C M, the Delaunay weight vector of p € M is

w(p;Z) = (wi(p;Z), ..., w,(p; Z))" satisfying (a), (b) and
(ch) > wi(p; Z) log,.(z;) = 0,

where p* is the projection of p on the conver hull H(Z) and S(p;Z) € DT m(Z) in (a)

1s the Delaunay simplex containing p*.

10



For the special case that M = R%, (c) and (ct) are equivalent because

- = 53 - *
> wi(p;Z) - p'zi =p'pt <= Y wi(p;Z)log,.(z;) = log,.(p°), (2)
i=1 =1

where p"‘_zz denotes the vector from p* to z;. Therefore, condition (ct) is indeed a gen-
eralization of (c') on a nonlinear manifold. Since the Delaunay triangulation DT r(Z) is
unique for generic Z (Leibon and Letscher, 2000), the Delaunay weight vector w(p;Z) is
unique for Z and any point p € M, as shown in Section S1 of the supplementary material.

Based on Definition 2, the Delaunay weight matrix of Z is defined as I'z = (7ij)nxn, With

Vi =0, (Vits e v oy Yisiets Visit1s - - - Yin) | = W(zi;Z\ {z:}), i=1,...,n, (3)

where ~;; measures the geometric proximity of z; to z; and Z\ {z;} represents the remaining
set of Z excluding z;. Because v;; and ~j; are typically not the same, the Delaunay weight
matrix I'z is a directed weighted adjacency matrix of Z. Unlike the kernel, local regression
and k-NN based approaches which only consider local distances to z;, the Delaunay weight
w(z;;Z \ {z;}) evaluates the geometric proximity of the vertices of the Delaunay simplex
S(zi;Z \ {z;}) to z; using both the distance and direction information. In particular, v;;
and ~;; can be different even if ||log,.(z;)|| = [[10g,: (zx)||. Indeed, we see from Definition
2 that w(z;;Z \ {z;}) depends on the vectors log,.(z;) rather than merely the distances
o (7). for J 1.

To gain more insights on the Delaunay weight, we see that, when z; is an inner point of
the Delaunay simplex S(z;;7Z \ {z;}), the non-zero elements of w(z;;Z \ {z;}) correspond
to the points in Z \ {z;} from all directions surrounding z;. In contrast, under sparse or

nonuniform sampling, nearest neighbors of z; cannot cover all directions from z; because

11



Figure 2: Graphical illustration of the Delaunay simplices (triangles) S(z;;7Z \ {z;}) for
i =1,...,4 (top panel) and for i = 5,...,8 (bottom panel) computed from a random
sample Z = {zi,...,zg} on R

they tend to cluster in certain directions. We illustrate this point using an example with a
sample Z = {zi,...,2zg} in M = R?. Figure 2 shows the Delaunay simplex S(z;;Z \ {z;})
that contains the projection of z; on the convex hull Ha(Z\ {z;}). Based on S(z;;Z\ {z;})
(i =1,...,8), the weight vectors w(z;;Z \ {z;}) are concatenated to form the Delaunay
weight matrix I'z, as shown in Figure 3. For zo € H(Z\{2z2}), the three nearest neighbors
of zy are z3,z7; and zg, which are all from the top-right direction of z, and the information
from the bottom-left direction is not captured. In contrast, the Delaunay simplex S(z2;Z\
{z2}) is formed by z;,z; and zs, which covers all directions from z,, and the relative
directions of Zyz;, (k = 5,7,8) are used in constructing w(zy;Z \ {z,}). Therefore, the
Delaunay weight utilizes the local geometric information in a more comprehensive way
than the k-NN.

To better demonstrate the global advantage of the Delaunay weight matrix in capturing

direction information, we generate a dataset Z in R?, where Z = XUY, X = {x1,..., X2}

12
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Diagonal Block  Off-diagonal Block

1 2 3 4 5 6 7 8
Off-diagonal Block  Diagonal Block

Figure 3: The Delaunay weight matrix I'; computed from the Z in Figure 2, with the group
indicators §; = 1, for i = 1,...,4, and d; = 0 otherwise. The test statistic Tpw equals the
average of all the Delaunay weights in the two diagonal blocks of I'z.

contains 20 points from MVN(0, diag(4,1)), and Y = {y;,..., ¥4} is obtained by rotating
X by 7/2 counterclockwise with respect to the origin. Here, we display in Figure 4 (a)—(c)
the adjacency graphs of Z induced by k-NN, k-MST (Chen and Friedman, 2017; Chen et al.,
2018) and TI'z respectively. Specifically, k& = 3 for both A-NN and k-MST, and the adjacency
graph induced by I'z is directed with weight «;; > 0 for the edge z; — z;. Unlike k-NN
and k-MST graphs, the adjacency graph induced by the Delaunay weight matrix includes
more edges connecting points in the principal directions of X and Y. In this example, the
principal directions of X is along the X-axis (0 and £7), and that of Y is along the Y-axis
(£7/2). As a result, the Delaunay weight matrix better captures the principal directions of
X and Y. To visualize this more explicitly, we show the kernel density estimate (KDE) of
directions among edges pointing x;’s and y;’s (see Section S2 of the supplementary material

for computing the KDEs of direction) in Figure 4 (d)—(f). Specifically, Figure 4 (f) shows

13
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Figure 4: Graphical illustration of the global advantage of the Delaunay weight matrix in
capturing direction information. (a)—(c): Adjacency graphs induced by k-NN, k-MST and
the Delaunay weight matrix respectively. In (c), the shade of the edge z; — z; indicates the
magnitude of 7;;. (d)—(f): The kernel density estimates (KDEs) of directions among edges
pointing to x;’s (red) and y;’s (blue) in neighborhood graphs induced by k-NN, k&-MST and
the Delaunay weight matrix, respectively.

that among edges pointing to x;’s, more weights are assigned to edges in directions close
to the principal directions of X. The same is true for Y. In contrast, directions of edges

pointing x;’s in both k-NN and k-MST are less prominent in the principal directions as

shown in Figure 4 (d)—(e).

14



3.2 Test Statistic

For the pooled sample Z = {z,...,2,} with the group indicator § = {d,...,0,}, the

k-NN test statistic in Schilling (1986) is

n k
Z Z Z I(z; is the [-th nearest neighbor of z;) x I(J; = ¢;),

j=1 i#j 1=1

which has inspired a family of nonparametric two-sample tests for detecting distribution
differences via a proximity graph of the pooled sample (Rosenbaum, 2005; Chen and Fried-
man, 2017; Chen et al., 2018). Based on the Delaunay weight 7;;, we construct the test

statistic,

TDWI%ZZ%J‘X[(@':@), (4>

i=1 ij
where the new geometric proximity measure v;; accounts for the manifold structure and

direction information.

3.3 Approximation of Delaunay Weight

In practice, the underlying manifold M is typically unknown, so that exact computation
of the Delaunay weight matrix I'z via Definition 2 (and thus Tpw) is infeasible. Because
I'z is constructed by Delaunay weight vectors w(z;;Z \ {z;}) which only measure the
geometric proximity between z; and the points locally surrounding z; (i.e., the vertices of
S(zi;Z\{z;})), we can utilize manifold learning techniques to approximate I'z, by I';, where
7= {Z1,...,2,} C R%is a low-dimensional Euclidean representation of Z whose Delaunay
weight matrix can be computed. Generally speaking, any nonlinear dimension reduction
technique that aims to preserve the local geometric structure of Z can be applied to obtain

Z. We follow the [somap algorithm (Tenenbaum et al., 2000) for its broad applicability,

15



which requires an adjacency graph. A k-NN or e-ball graph is often used, but it cannot
ensure connectivity. If the graph contains more than one connected components, then
elements in I'; corresponding to all pairs of points from different components must be
zero, which incurs information loss and power deterioration. To circumvent this issue, we
propose using the union of a k-NN graph and the MST graph as our adjacency graph.
We then estimate the geodesic distances daq(z;,z;) by applying Dijkstra’s algorithm to our
adjacency graph and apply the classical MDS (Kruskal, 1964) to obtain 7 C R4 see Section
S3 of the supplementary material for details. In case of unknown intrinsic dimension d,
any existing method can be applied to estimate d, e.g., Facco et al. (2017) as summarized
in Section S3 of the supplementary material. Our numerical experiments show that our
method is robust to estimation of d.

To compute I';, we note the equivalence of conditions (c') and (c¥) in (2) for the low-
dimensional Euclidean representation Z. Once we know the Delaunay simplex S(%;; Z\ {z;})
that contains z*, which is the projection of z; on the convex hull Hyza(Z\{Z;}), we can easily

compute w(z; 7 \{z:}) = ity -+ s Vi1, Viie1s - - - » Vin) " Dy solving the linear equations,

(

Yi; =0, Vz; ¢ V(S(2;Z\ {z:})),

D, eV(SEEN E) Vs = L

\ 2,y V% = Zi-

The remaining difficulty in computing I'; lies in finding the Delaunay simplex S(z;; Z\{Z,}),
fori=1,...,n.
Although the DELAUNAYSPARSE algorithm by Chang et al. (2020) can efficiently find

S(z:: 7\ {z:}) for z; € Hypa(Z \ {z:}), it does not work for those z; ¢ Hpa(Z \ {z;}).

16



(b) Delaunay triangulation on 0B,
A - n=1 n=2 n=3

(c) Projecting the Delaunay triangulation on (d) Approximated Delaunay triangulation ap-
OBy back to R? leads to an approximation proaches the true one as the scaling parameter
of the Delaunay triangulation on R 7) grows.

Figure 5: Graphical illustration of the stereographic projected DELAUNAYSPARSE algo-
rithm.

To tackle this difficulty, we incorporate the inverse stereographic projection to the DE-
LAUNAYSPARSE algorithm and develop the stereographic projected DELAUNAYSPARSE
algorithm to find S(z;; Z \ {Z;}), regardless of whether z; € Hpa(Z \ {Z}) or not. In sum-
mary, the stereographic projected DELAUNAYSPARSE algorithm first projects Z C R to
Z C 0B,,,.., then locates S(z;Z \ {#;}) in a breadth-first search manner (similar to the
crystallization search in Gu and Yin (2021)) and finally projects S(z;; Z \ {Z;}) back to R¢
for 8(z;:Z \ {z:}). Such a procedure can be regarded as an extension of the original DE-
LAUNAYSPARSE algorithm (Chang et al., 2020) to the case of z; & Hyga(Z\ {z;}). Without
loss of generality, let the Euclidean representation Z be centered at 0. The stereographic

projected DELAUNAYSPARSE algorithm is detailed as follows.

1. We first compute 7max = max;—1__, ||Z|, set a scaling parameter n > 0 and apply
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the inverse stereographic projection,

2,.2 =112
—1 d T ~ N T hax _ Nmax|Z]|
'R _>aB7" O7Tmax ) Z— ~ " Z, ~ )
o Qs (mraax+r|zu2 P+ 7P
(6)
to project Z to a d-sphere OB = {2 € R™ |12 — (0, N7max/2) " || = N7max/2}
Let z; = gb;,,lmax (z;), for i = 1,...,n, and let the reference point zy be (04, Nrmax)-

We define the augmented point set as Z = {Zg, Z1,...,%,} C 0B,,..... A graphical

illustration of obtaining Z from Z with d = 2 is exhibited in Figure 5 (a).

. As shown in Figure 5 (b), for any ¢ = 1,...,n, the union of simplices in the Delaunay
triangulation DT sp,,  (Z\ {2;}) covers the whole sphere 0B,,,... This is due to the
augmentation of Zg = (04, 7rmax ), which is the image of points at infinity on R¢ under
the inverse stereographic projection qb;ri]ax. By projecting DT o5,,,.. (Z\ {z;}) back
to R% under the convention that the geodesic path los,, (2, 2) (for any j # i) is
mapped to the line in R? from Z; in the opposite direction of 04, an approximation
of DT ra(Z\ {Z;}) is obtained as shown in Figure 5 (c). Figure 5 (d) shows that such

an approximation converges to DT a(Z \ {z;}) as the scaling parameter 7 tends to

infinity.

. Because DT g, (Z\ {z;}) covers 9B,,,.., for any i = 1,...,n, there must exist a
Delaunay simplex S* € DTgp,, (Z\ {}) that contains z; on 9B,,,,.. Thus, we
use the breadth-first search procedure similar to the DELAUNAYSPARSE algorithm
(Chang et al., 2020) to compute the Delaunay simplex S*. Finally, if zq ¢ V(S*),
S(z:;: 7 \ {z;}) on R% is obtained by the simplex formed by {z; : z; € V(§")}; if
7o € V(S*), S(z::Z \ {z;}) is obtained by the simplex formed by {z;:2; € V(SN)},

where St is the neighbor simplex of S* opposite to Z.
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The complete pseudocode and other information of the stereographic projected DE-
LAUNAYSPARSE algorithm are included in Section S4 of the supplementary material. We
only need to generate the local (but not full) Delaunay triangulation to find the Delaunay
simplex S (ZZ,Z \ {z;}), and thus the computation is not intensive. Specifically, Section
S4 of the supplementary material shows that the computational complexity of the stere-
ographic projected DELAUNAYSPARSE algorithm is O(n?t'/9d?). As the computational
complexity of solving (5) via Gaussian elimination is O(nd?) and the sample size n is usu-
ally much larger than the intrinsic dimension d, we conclude that the overall computational
complexity for computing the approximation I'; is O(n*+1/d4q?).

The use of the inverse stereographic projection only has a small impact on the final
Delaunay matrix I'; because of its local shape-preserving property. Specifically, the inverse
stereographic projection preserves the angle between the logarithmic maps and rescales the
length of the logarithmic maps by a locally constant factor. This rescaling factor converges

to 1 as n — o0o. As a result, any shape in the neighborhood of z; would be preserved with

—1
N max

tiny distortion under the inverse stereographic projection ¢ when 7 is large, including
S(%;; Z\{z;}). Thus, the probability of returning an incorrect simplex is tiny (like in Figure
5 (d)). As long as the simplex S(z;; Z \ {;}) is correctly found, the Delaunay weight can
be correctly calculated using both z; and S(z;; Z\ {z:}) on R<. To empirically evaluate the
impact of the stereographic projection parameter n on the final Delaunay weight matrix,
we perform an experiment as detailed in Section S4 of the supplementary material. It is

shown that the Delaunay weight matrix I'; . only differs due to unavoidable floating-point

errors of the computer when n > 15. Thus, we suggest using 1 = 15 in practice.
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3.4 Permutation Test

The Delaunay weighted test statistic in (4), Tow = > 7_) > .5 v ¥ (0 = ;) /n, aims to
detect differences between the underlying distributions F' and G via the deviation of Tpw
from its expectation under the null. Figure 3 gives an illustrative example of the Delaunay
weight matrix I'z with group indicators §; = 1, for e = 1,...,4, and §; = 0 otherwise. If we
partition I'z at the 4-th row and column, Tphw equals the average of all Delaunay weights
in the two diagonal blocks of I';. Generally, off-diagonal elements in I'z are identically
distributed under the null. In contrast, under H; : F' # GG, more z;’s in X are located in the
region where the density of F' is higher than that of G. For these z;’s in X, the expected
proportion of data points from X in V(S(z;; Z\{z;})) is larger than that in Z\{z;}. Similar
arguments also hold for Y. Thus, Tpw is stochastically larger under the alternative than
under the null.

The exact distribution of Thw under the null is complex and difficult to derive, and

thus we implement a permutation procedure to compute the p-value as follows.
1. Compute the observed value of the test statistic Tpw via (4).

2. For b = 1,..., B, we randomly generate a permutation of group indicators o) =
{6, ., 6%}, where D, 5" = ny and Yo (11— 5% = ng, and compute TI()@V -

22;1 Zi;ﬁj Yij X I((5§b) = 5§b))/n under 6.

3. Compute p-value = {30 I(Tpw < Tgev) + 1}/(B 4+ 1), where 1 is added in both
the numerator and denominator to calibrate that under Hy, Pr(p-value < o) < «
for all a € [0,1]. Indeed, under Hy, TDW,T](;V)V, e ,T](D@ are 1.i.d. given the pooled
sample Z and sample sizes (ny,ng). Therefore, the p-value is uniformly distributed

on {1/(B+1),2/(B+1),...,1}, which converges to Unif[0, 1] as B — 0.
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Under the unknown manifold setting where I'z cannot be computed exactly, we replace
it by I'; for approximate inference. Unlike most of the existing tests based on pairwise
distances only, the Delaunay weight takes the relative directions among data points into

account, and thus our test gains more power in detecting the direction difference between

F and G.

4 Theoretical Analysis

For convenience, we write ¥;; = 7;; + 7;i, for all ¢ # 7, and we use the subscript “H}” in

Eg, and Vary, to denote the condition that Hj, is true, for £ = 0,1. To derive asymptotic
properties of the test statistic Tpw, it is common to deduce the distribution of the uncondi-
tional standardized statistic. However, since Tpw is a function of both é and the Delaunay
weight matrix I'z, it is difficult to obtain an explicit expression of its variance under the
null due to the discrete nature of the Delaunay triangulation. Therefore, we first provide
the expectation and variance of the test statistic conditional on Z, where the proximity

graph based on I'z becomes nonrandom as in Chen and Friedman (2017) and Chen et al.

(2018).

Theorem 1. LetZ = {z1,...,2,} be a set of generic points on a d-dimensional geodesically

convex Riemannian manifold M C RY. When Hy is true, we have

_ ni(ny — 1) +ng(ng — 1)
n(n—1)

En, (Tow|Z)

and

_ ni(ny — Dng(ng — 1)

nyno(n — 2 nin 4An2n?
o mmo(n = 2),, | Moy, L0

Vars (Tow|Z) 3 AT T 2T g

Voz +
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where o o s
 Dicicjekaacn ViV + YiwTi + VaVie)

Voo —
0z nn—1)(n—2)(n—23)/24 '
V.o > i<icjchen VigYik + Vi Vik + VirVir)
b2 n(n—1)(n—2)/6 ’
Zl§i<j§n ’7%
Vag = =",
’ n(n—1)/2

are average values of {(Vij Ve + Y Vit + JaVie)|1 < i <j <k <l <n}, {5 + Yij Vi +
FiYin)|l <i < j <k <n} and {’yfj|1 <1 < j < n}, respectively.

The proof of Theorem 1 is based on the fact that § is uniformly distributed on all (:1) re-
alizations containing n; ones and ng zeros conditional on Z under Hy, as detailed in Section
S5 of the supplementary material. Given the finite-sample conditional mean Ep, (Tpw|Z)
and conditional variance Vary,(Tpow|Z), we deduce the asymptotic null distribution of the

standardized statistic of Tpw.

Theorem 2. Assume that (i) lim ny/n = k € (0,1); (ii)) F = G and they have Lip-
n—oo
schitz continuous densities f = g with respect to the measure on M induced by the

Lebesgue measure on the ambient Fuclidean space; and (iii) there exists v < 9/4 such

that Y1 [Ni|* = o(n”), with N = UsepT vi(2)mies V(S). As n — oo, we have

Tow — En,(Tow|Z) b
vV Var g, (Tow|Z)

N(0,1), (7)

D e
where — denotes convergence in distribution.

The proof of Theorem 2 is given in Section S6 of the supplementary material. In
Theorem 2, conditions (i) and (ii) are standard and mild. To gain insight into condition
(iii), we define a hub z; as a point with a degree much larger than the average degree in the
DT m(Z), which only occurs under the rare case that many data points are located on the

sphere 0Baq(z;,r) for some r > 0. Condition (iii) regularizes the Delaunay triangulation
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DT m(Z), which is satisfied if no hub exists in DT o((Z). Empirical evidence of Theorem 2
is provided in Section S8 of the supplementary material.
The consistency of the Delaunay weighted test with the permutation procedure can be

shown as follows.

Theorem 3. Under the same conditions as in Theorem 2 except that F = G, the Delaunay
weighted test using Tpw is consistent against all alternatives. That is, for any significance
level a € (0,1) and F # G, the Delaunay weighted test with the permutation procedure

rejects the null Hy : F' = G with asymptotic probability one.

The proof of Theorem 3 is given in Section S7 of the supplementary material, for which
the main idea is adopted from Henze and Penrose (1999). In particular, we show that
Tow — En,(Tow|Z) converges to a positive value and Varpy,(Tpw|Z) converges to zero
a.s., as n — oo. Although the test statistic Tpw is constructed based on I'; instead of 'y

in practice, the consistency of the test is preserved as long as the mapping from Z to 7Z is

one-to-one, a standard assumption in manifold learning.

5 Experiments

To illustrate the empirical performance of the Delaunay weighted test, we conduct extensive
experiments on both simulated and real data. For comparison, we also implement several
existing nonparametric tests, including the k-NN test (Hall and Tajvidi, 2002), the e-
distance test (Székely and Rizzo, 2004), the covariance test (Cai et al., 2013), the k-MST
test (Chen and Friedman, 2017), the regression test (Kim et al., 2019) and the kernel test
(Gretton et al., 2012; Cheng and Xie, 2024). Among these methods, the (local) regression
test with the k-NN regression and the kernel test are adaptive to the intrinsic dimension

of the underlying manifold, and thus we adopt the k-NN regression with k& = n?/(*9 as
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Table 1: Rejection proportions (%) of the Delaunay weighted test on the Euclidean data
under the null and different significance levels v = 0.01, 0.05, 0.10.

np, = 50,”0 =50 ny = 100,77,0 =50 ny = 100,’[10 = 100
d a=0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10

20 1.4 4.6 8.7 1.0 47 103 0.5 48 105
50 1.0 4.2 9.5 0.6 45 10.1 1.0 4.7 9.9

suggested by Kim et al. (2019) in the regression test. Following the suggestion that the
bandwidth should scale with v/D and n~/(¢+2%) (Cheng and Xie, 2024), we choose the
bandwidth s-n~1/(@*+28) for the kernel test, where s2 is the sum of variances of Z and = 1
is the Holder exponent. As the Delaunay weight w(z;;Z \ {z;}), for each z;, contains at
most d + 1 nonzero components, we use k = d + 1 in the k-NN tests and k-MST test for
fair comparison. The covariance test is consistent only if the covariances of F' and G differ,
while it is of interest to compare its performance under general cases. For the standard

permutation procedure, we set the number of permutations as B = 1000.

5.1 Scenario 1: Euclidean data

To validate the size of the Delaunay weighted test on Euclidean data, i.e., M = R”, we
generate 1000 Gaussian datasets under the null Hy. In each dataset, X and Y respectively
contain n; and ng i.i.d. samples from the multivariate normal distribution MVN(0y, Ijxq),
where 1.4 is the d x d identity matrix with d = D. We consider different dimensions
d € {20,50}, sample sizes (n1,n9) € {(50,50), (100, 50), (100, 100)} and significance levels
a = 0.01,0.05 and 0.10. Table 1 shows the rejection proportions of the Delaunay weighted
test under different cases. In general, the Delaunay weighted test is able to control the
type I error rate at the target level.

We also investigate the power of the Delaunay weighted test in distinguishing differences

between distributions F' and G on 1000 Gaussian datasets. We consider both the location
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Table 2: Rejection proportions (%) of different two-sample tests on the Euclidean data
under the location alternative and different significance levels a = 0.01,0.05,0.10, where
the best performance is highlighted in boldface.

ny = 50, Ng = 50 ny = 100,710 =50 ny = 100, Ng = 100

d  Tests a=0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.06 0.10
Delaunay weighted 11.9 295 429 14.2 339 47.3 33.7 582 69.0
k-NN 6.2 21.2 333 7.5 273 425 18.6 45.6 61.0
k-MST 19.2 319 418 27.2 444 547 49.7 66.6 T73.7

20 Kernel 271 522 659 40.3 669 794 71.9 87.5 929
e-distance 38.3 64.6 76.2 57.8 81.5 88.7 86.5 95.9 98.2
Covariance 0.9 5.3 10.5 0.9 5.4 132 1.3 7.3 13.6
Regression 5.5 174 28.1 6.2 184 339 15.8 36.8 50.6
Delaunay weighted 17.0 37.6 504 22.6 446 578 40.5 659 770
k-NN 1.9 124 252 2.5 169 33.3 4.3 29.7 50.3
k-MST 5.6 135 21.1 33.1 545 65.6 63.0 81.6 86.8

50 Kernel 39.0 649 74.7 59.5 83.7 914 88.1 97.0 99.2
e-distance 43.8 67.9 78.3 66.0 87.4 93.6 90.8 98.9 99.2
Covariance 1.1 49 11.2 1.2 6.2 11.5 0.8 5.4 9.7
Regression 2.5 13.0 21.8 1.9 105 20.2 6.5 224 36.5

alternative and the direction alternative, where the former imposes the difference in location
parameters (mean or median) of distributions F' and G, and the latter sets the same
location parameter for distributions ' and G but their covariance matrices have different
principal directions (directions with large variance). Under the location alternative, X
contains n; independent samples X1, ..., X,, from F' = MVN(04, Lixq), while y,, ...y, in
Y are generated from G = MVN(Ay, I;.4), where A, is an independent variable uniformly
distributed on 0Bra(0,0.8) for d = 20 and 0Bz«(0,1) for d = 50. Under the direction
alternative, both samples X and Y are generated from zero-mean Gaussian distributions
F = MVN(04, 2x) and G = MVN(0y4, X ), with covariance matrices,

1.25"T 0 I O
>, = and 3, = ;

0 I 0 1.25%1

where all submatrices I and 0 are of dimensions (d/2) x (d/2).

Table 2 presents the power of the Delaunay weighted test in comparison with other
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Table 3: Rejection proportions (%) of different two-sample tests on the Euclidean data
under the direction alternative and different significance levels o = 0.01,0.05,0.10, where
the best performance is highlighted in boldface.

ny = 50, ng = 50 ny = 100,710 =50 ny = 100, ng = 100

d  Tests a=0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10
Delaunay weighted 12.1 31.2 45.7 21.1 45.0 59.6 48.8 74.0 85.6
k-NN 1.5 7.5 135 1.8 8.5 16.2 3.4 117 217
k-MST 1.8 6.7 13.0 6.4 14.2 20.7 14.6  29.4 41.0

20 Kernel 3.6 134 235 6.5 19.6 30.9 11.2  34.8 50.9
e-distance 1.2 6.2 121 1.6 8.9 15.0 1.9 7.8 15.6
Covariance 4.6 18.8 33.5 189 46.1 61.8 25.0 61.7 799
Regression 1.7 7.5 14.2 1.3 7.7 147 3.5 13.0 227
Delaunay weighted 15.6 34.7 49.2 31.6 56.6 T73.0 61.7 82.7 914
k-NN 1.3 55 10.6 0.7 57 10.7 0.6 52 14.8
k-MST 3.3 8.4 12.9 1.3 45 9.1 1.5 6.5 12.3

50 Kernel 2.1 9.8 18.3 3.8 129 239 59 18.8 324
e-distance 0.6 54 11.3 2.0 6.8 11.1 1.2 6.2 10.8
Covariance 2.7 129 245 17.9 455 62.0 19.1 52.2 68.2
Regression 0.8 5.9 104 1.3 5.0 10.7 3.1 8.6 16.7

methods under the location alternative. For both d = 20 and d = 50, the power of the
Delaunay weighted test tends to 1 as the total sample size n; +ny grows, demonstrating its
ability to distinguish the location difference of distributions. Compared with the existing
ones, our test outperforms the £-NN test and the regression test and it yields comparable
power with the k-MST test, while the kernel test and the e-distance test possess the highest
power. However, the power difference between these two tests and our Delaunay weighted
test becomes smaller for d = 50. As expected, the covariance test is powerless, because it
is not consistent in distinguishing the location difference.

Table 3 presents the power of the Delaunay weighted test in comparison with other
methods under the direction alternative. Our method outperforms all the tests in com-
parison, except that the covariance test has comparable power when d = 20. Under the
direction alternative, our test, which takes the direction information into account, is more
powerful than those tests that only use the distance information. The advantage of our

Delaunay weighted test over the others further amplifies when the dimension d grows to
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50, because the information contained in the Euclidean distance diminishes as d grows.

5.2 Scenario 2: Manifold Data
5.2.1 Size and Power

To validate the effectiveness of the Delaunay weighted test on high-dimensional data that lie
on a low-dimensional manifold, we generate synthetic datasets on a d-dimensional manifold
M embedded in RP with d = 10 and D = 100. Specifically, the d-dimensional manifold

M is obtained via the parametric transformation

ty - cos(mty)

ty - sin(mty) - sign(tq)

taso - cos(mtqa)
gDZRdHRD, @(tl,...,td>IQ ,

taso - sin(mtq s )sign(ty s)

La/2+1

la

where Q is a random D x (3d/2) matrix with orthonormal columns. Under this model, the

geodesic distance between z; = ¢(t11,...,t14) and ze = @(ta1, ..., tag) is
d/2 to 2 d
dM(Zl, Z2) = Z {/ vV 1 + 7T282d8} —f- Z (tgi —_ th‘)Q.
i=1 t1i i=d/2+1

To validate the size and power of the Delaunay weighted test on manifold data, we ran-

domly generate 1000 synthetic datasets with sample sizes (nq,n9) € {(250,250), (500, 500)}.
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For i =1,...,ny, we generate x; = ©(¢ (win), .-, (Uia2), Wiajat1, - - - Uig) Where
(:R—=TR, ((s) :/ V14 m2uldu,
0

and (ui1,...,uiq)" ~ MVN(py, Bx). For i = 1,...,n9, we generate y, in the same way
except that (ug1,... ,uia)" ~ MVN(py, Zy). Values of p,, By and py, Xy under different

scenarios are summarized as follows.
o Null: MKy = [,l,y = Od and Ex = Ey = Id><d‘
e Location alternative: pu, = 0.06 x 1, py, = —0.06 x 14 and Xy = Xy = Ljxa.

e Direction alternative: p, = p, = 0q,

1 0.12 1 —0.12
>, =L® and Xy =1, ® )

0.12 1 —0.12 1

where ® stands for the Kronecker product.

Table 4 presents rejection proportions of all tests under different scenarios. Most of the
estimated d are slightly overestimated as 11 or 12. Under the null, the rejection proportions
of the Delaunay weighted test are close to the target significance levels, suggesting its ability
to control the type I error rate. Although the Delaunay weighted test is not the most
powerful under the location alternative, its power is comparable to most of the existing
tests except the kernel test, which performs the best under the location alternative. Under
the direction alternative, the Delaunay weighted test has the dominating power. Such an
advantage even amplifies when sample sizes grow. The covariance test, designed to detect

the directional difference, performs the second best under the direction alternative. In
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Table 4: Rejection proportions (%) of different two-sample tests on the manifold data under
the null and different alternatives (H;) and different significance levels o = 0.01,0.05, 0.10,
where the best performance under H; is highlighted in boldface.

Tests Null («) Location H; («) Direction H; («)
0.0I 0.05 0.10 0.0I 0.05 0.1I0 0.0I 0.05 0.10
ny = 250, Ng = 250
Delaunay weighted 0.6 5.4 10.7 9.1 236 34.7 14.4 34.1 46.6
Kernel 0.7 49 9.7 19.8 42.9 57.8 3.5 159 285
Regression 04 41 93 9.9 275 36.0 23 118 218
k-NN 09 56 94 9.9 243 354 3.7 120 20.9
k-MST 1.7 57 11.6 9.2 181 279 3.5 121 18.2
e-distance 09 49 104 14.8 26.3 40.5 1.4 6.8 128
Covariance 1.1 36 6.7 0.2 1.5 4.4 11.5 31.0 425

ny = 500, ng = 500
Delaunay weighted 0.6 5.7 10.8 29.2 440 58.1 46.7 69.7 81.4

Kernel 1.9 52 9.2 62.6 80.3 86.8 11.1  35.0 50.5
Regression 1.9 59 111 32.7 541 66.8 7.7 21.0 34.7
k-NN 1.9 5.7 10.0 275 472 60.2 5.7 22.1 34.7
k-MST 1.3 64 10.2 20.1 384 49.2 12.0 278 36.3
e-distance 1.6 6.0 10.2 30.2 47.8 59.0 1.7 7.5 155
Covariance 1.3 35 59 1.0 3.7 6.2 43.4 66.9 78.2

summary, when the data lie on a manifold, our Delaunay weighted test is able to detect

general distribution differences with emphasis on the difference in the principal directions.

5.2.2 Sensitivity Analysis

As described in Section 3.3, a manifold learning procedure is required in our Delaunay
weighted test on manifold data, including estimating the intrinsic dimension, estimating
the geodesic distance, and obtaining the low-dimensional Euclidean representation Z via
the MDS. It is of interest to see how the manifold learning steps affect the performance of
our Delaunay weighted test. Specifically, we generate 1000 datasets under both the null
and the direction alternative as in Section 5.2.1 with sample size n; = ng = 500. We

consider three implementations of our test for comparison.

e Known Manifold: We implement the Delaunay weighted test based on the known

manifold structure. That is to say, we directly calculate the Delaunay weights using
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Definition 2 and perform the permutation test.

e Fixed d: We implement the Delaunay weighted test by fixing d at several values

including the true intrinsic dimension.

e Estimated d: We implement the Delaunay weighted test with all the manifold learning

steps.

Figure 6 displays the rejection proportions of different implementations of the Delaunay
weighted test under different scenarios. In general, the Delaunay weighted test manages
to control the type I error rate under the null and the power does not vary much with
known or unknown manifold structures, indicating the Delaunay weighted test is robust to
the manifold learning steps. This is corroborated by the similar results among the cases
of “Known Manifold”, “Fixed d=10 = d’, and “Estimated d”. Because our goal is to
test the hypothesis rather than accurately estimate the manifold structure, the Delaunay
weighted test only loses power if the estimated intrinsic dimension d is lower than the
truth. Indeed, as shown in the results of “Fixed d” with different values of d, we see that
the power keeps increasing as d grows from 6 to 10 and does not fluctuate drastically for
a small range of d > 10. Recall from Section 5.2.1 that the intrinsic dimension d tends
to be slightly overestimated for this example. It is as expected that the implementation

“Bstimated d” shows robust performance.

5.2.3 Computational Cost

To investigate the computational cost of the Delaunay weighted test compared with existing
approaches, we generate 200 datasets under the null in a way similar to Section 5.2.1 with
different sample sizes n = ny+ng (N1 = ng), intrinsic dimensions d and ambient dimensions

D. Table 5 summarizes the computational time of different steps in the Delaunay weighted
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Figure 6: Rejection proportions of different implementations of the Delaunay weighted test
under the null and the direction alternative as in Section 5.2.1 with sample size ny = ng =
500 and different significance levels (a).

test and existing approaches. In general, the computational time of the Delaunay weighted

test is mainly dominated by the computational time in estimating the geodesic distance

and calculating the Delaunay weight matrix. More specifically, the computational time in

calculating the Delaunay weight matrix grows as the sample size and the intrinsic dimension

increase, while the computational time in estimating the geodesic distance only depends

on the sample size. Although the Delaunay weighted test is only more computationally

efficient than the k-MST test, which requires an iterative procedure, its computational cost

is still affordable.
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5.3 Real Data Analysis

As an illustration, we apply the Delaunay weighted test to the mice protein expression
dataset! (Higuera et al., 2015). This dataset records the expression levels of 77 proteins in
1080 cells from the cortex nuclear fraction of 72 mice. These 72 mice belong to 8 groups
according to their genotype (control or trisomic), behavior (stimulated to learn or not) and
treatment (injected with the drug “memantine” or only saline). We remove 3 cells and 9
proteins with more than 10 missing values, resulting in a complete dataset of 1077 cells
and D = 68 proteins.

To check whether or not the protein expression levels are likely supported on a low-
dimensional manifold, we apply Algorithm S1 (Facco et al., 2017) to estimate the intrinsic
dimension using all cells. This gives the estimated intrinsic dimension d= 3, which is much
smaller than D = 68. We further compute the low-dimensional Euclidean representations
of all cells via the MDS, as visualized in Figure 7. The protein expression level difference
is prominent between cells of different behaviors, while the difference is less obvious with

respect to different genotypes and treatments. Thus, we focus on the two hypothesis tests:
e [, : No difference in protein expression levels between cells of different genotypes.
e H : No difference in protein expression levels between cells of different treatments.

It is likely that protein expression levels are correlated for cells of the same mouse.
Thus, a direct permutation test on all the cells may not be consistent. Instead, we perform
the Delaunay weighted test with the mouse-level permutation, under the assumption that
cells of different mice are independent. Due to possible correlation, bias may be introduced
in computing the low-dimensional representations as well as in the Delaunay weights, which

would incur power loss. However, the type I error is controlled by using the mouse-level

https://archive.ics.uci.edu/dataset/342/mice+protein+texpression
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Figure 7: Low-dimensional Euclidean representations of protein expression levels of 1077
cells from the mouse cortex, where Vk denotes the k-th coordinate of the Euclidean rep-
resentations, and cells are colored according to their (a) genotypes, (b) behaviors and (c)
treatments.

permutation. Similarly, all existing methods under the comparison are also performed with
the mouse-level permutation.

We compute p-values of our Delaunay weighted test and all other approaches in testing
Hy g and Hyy, as shown in Table 6. We find that all the tests except the e-distance test are
significant with respect to Hy, under o = 0.05. This suggests different protein expression
levels between mice of different genotypes, as expected. However, in testing Hy, only our
Delaunay weighted test yields a significant result under a = 0.05, while all other tests fail
to reject the null. This indicates that the drug “memantine” may cause changes in protein
expression of mouse cortex cells, which can be detected by the tests that exploit geometric
structures.

Based on the discovery by the Delaunay weighted and kernel tests that the drug “me-
mantine” induces different protein expression, we further investigate which subgroups of
mice the drug is effective on. Specifically, we perform a stratified analysis of Hy; over

mice subgroups defined by genotypes and behaviors and report the results in Table 7. We
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Table 6: The p-values of different two-sample tests in testing Hy, and Hpy. Here,
denotes significance under a = 0.05 and “*” denotes significance under o = 0.10.

Tests Hy, Hy
Delaunay weighted 0.028** 0.011**
Kernel 0.012**  0.076*
Regression 0.010** 0.776
k-NN 0.038* 0.501
k-MST 0.021*  0.880
e-distance 0.992 0.806

Table 7: The p-values of the Delaunay weighted test and the kernel test in testing Hy; over
different subgroups. Here, “**” denotes significance under a = 0.05.

Tests Control & Control & Trisomic & Trisomic &
stimulated not stimulated stimulated not stimulated

Delaunay weighted 0.126 0.245 0.037** 0.005**

Kernel 0.252 0.171 0.135 0.002**

find that both the Delaunay weighted and kernel tests detect expression level changes of
trisomic mice who are not stimulated. However, the Delaunay weighted test additionally
detects a significant difference (under av = 0.05) for the trisomic and stimulated mice. This
is the main reason why the Delaunay weighted test has a smaller p-value than the kernel

test does with respect to Hy in Table 6.

6 Discussions

We propose a new two-sample test for high-dimensional data by incorporating geomet-
ric information on manifolds. Based on the Delaunay triangulation on manifolds, a new
geometric proximity measure named the Delaunay weight is developed with a series of
computational strategies for efficient calculation. The Delaunay weight distinguishes itself
from others by taking the direction information into account, and thus the resulting test is
more efficient in detecting the direction difference of two distributions. We define the test

statistic as the average of within-group Delaunay weights, whose p-value is computed via
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the permutation procedure. Theoretical derivation shows that under mild conditions, the
test statistic is asymptotically normal under the null and the proposed test is consistent
against general alternatives. Experiments demonstrate broad applicability and advantages
of the Delaunay weighted test compared with existing ones when two distributions differ
in their principal directions of covariance matrices.

There are several directions for future work. First, as the type of alternative is usually
unknown in real applications and our Delaunay weighted test is particularly powerful in
detecting directional differences, it is inspiring to combine our test with the kernel or e-
distance test through a Cauchy combination test (Liu and Xie, 2020) for more robust
performance across different types of distributional differences. Second, it is of interest
to utilize the Delaunay weight matrix I'; that captures pairwise geometric information
for more complicated statistical inferences other than hypothesis testing. Finally, it is
interesting to generalize the Delaunay weight framework to the case of noise-contaminated
data or data residing on a union of manifolds of different dimensions. Such extensions
would substantially enhance the scope of our methodology, enabling its application to

more complex real-world datasets.

Code Availability

The R code for reproducing all the experiments is available at https://github.com/

GuJQ5/Delaunay-weighted-test.
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