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Ruonan Zheng, Xinran Zhang, Jian-Feng Yang, Min-Qian Liu∗
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Abstract: Computer experiments have been widely used in various fields. Among different design

types, space-filling designs stand out as the most common choice for computer experiments

due to their effectiveness in thoroughly exploring the experimental region. Extensive research

has been conducted on the space-filling criteria. However, there are relatively few studies

developing a systematic framework for relationships among most space-filling criteria. Kernel

functions possess numerous elegant properties, and some space-filling criteria also have inherent

connections with them. This paper establishes links among different space-filling criteria via

their expressions in the form of kernel functions. Focusing on the designs with Kronecker

product structure, this paper provides explicit expressions and associated theoretical results for

kernel-based space-filling criteria. In addition, construction methods for optimal designs with

Kronecker product structure are also proposed. Moreover, an algorithm is proposed to generate

a series of space-filling designs that have better performance compared with other designs.

Key words and phrases: Discrepancy; Kernel function; Maximin distance; Uniform design

1. Introduction

In the past decades, computer experiments have been widely used in industry,
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2 ZHENG ET AL.

aerospace and so on due to their high efficiencies. However, the code of a computer

experiment is usually so complex that each implementation may take a lot of time.

Thus, a few representative data points should be selected to fit a model for the computer

experiment. Space-filling design whose data points fill the design region as much as

possible is a good choice. The key problems are how to evaluate the space-filling

property of a design and construct designs based on some given criteria.

To evaluate the space-filling property of a design, various commonly used criteria

have been proposed, such as distance-based criteria, discrepancies, and projection-

based criterion. For distance-based criteria, the maximin distance criterion proposed

by Johnson, Moore and Ylvisaker (1990) is widely adopted. Zhou and Xu (2014)

extended this criterion to select the one with the least number of pairs achieving the

minimum distance among designs that maximize the minimum distance. Designs that

perform well under discrepancies are referred to as uniform designs, which contain

fruitful results in both theory and application. One can refer to Fang et al. (2018) for

various discrepancies. In addition, Joseph, Gul and Ba (2015) proposed the maximum

projection criterion from the perspective of Gaussian correlation function.

For constructing space-filling designs, there are mainly two classes of methods.

One class is deterministic methods, see e.g. Zhou and Xu (2015); Wang, Xiao and Xu

(2018); Li, Liu and Tang (2021); Li, Tian and Liu (2024) and references therein. The

other class is algorithmic optimization methods. For example, Zhou and Fang (2013)

proposed a mixture method to construct uniform designs with large sizes by improving

the threshold accepting (TA) algorithm. Among various construction methods, the
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SPACE-FILLING DESIGNS 3

Kronecker product is a powerful tool and has been widely used to construct various

space-filling designs, such as orthogonal and nearly orthogonal designs (Bingham, Sitter

and Tang, 2009), orthogonal Latin hypercube designs (Lin et al., 2010), and orthogonal

arrays with high strength (Pang et al., 2021).

Existing studies on the relationships among space-filling criteria often focus on pairs

of criteria. For example, Wang, Sun and Xu (2022) investigated the connection between

column-orthogonality and L2-distance, as well as that between projection uniformity

and maximin L1-distance. However, a systematic framework for investigating the rela-

tionships among most space-filling criteria remains lacking. In fact, some space-filling

criteria have inherent connections with kernel functions, for example, discrepancies are

derived based on reproducing kernels, and the maximum projection criterion is derived

from Gaussian kernels. Kernel functions have been extensively studied and possess

numerous favorable properties (Van Den Berg, Christensen and Ressel, 2012), which

can provide new perspectives and tools to derive novel results related to space-filling

criteria. We prove that most space-filling criteria can be expressed in the form of kernel

functions, which are referred to as kernel-based space-filling criteria. For a design with

Kronecker product structure, we provide a specific expression and corresponding the-

oretical results under the kernel-based space-filling criterion. Under this criterion, we

provide corresponding optimal designs. Furthermore, under the maximin L2-distance

criterion, as a specific space-filling criterion, we provide an additional method for con-

structing optimal designs with Kronecker product structure. For some experimental

cases, it is unnecessary for a design to accommodate the same number of levels as the
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run size. However, there are few studies on the construction of space-filling designs with

a large run size and a fixed number of levels. This paper will fill the gap between Latin

hypercube designs and two-level fractional factorial designs and offer an algorithm for

generating space-filling designs with flexible run sizes and numbers of levels.

The rest of this paper is organized as follows. Section 2 introduces the background

and some notation, discussing several space-filling criteria, kernel functions and their

connections. Section 3 provides general theoretical results for designs with Kronecker

product structure. Section 4 proves that several commonly used criteria are kernel-

based space-filling criteria. Section 5 discusses optimal designs with Kronecker prod-

uct structure under the kernel-based space-filling criteria. Section 6 puts forward an

algorithm to generate space-filling designs with flexible run sizes and numbers of lev-

els. Section 7 concludes this paper. Some relevant results, all proofs, some additional

comparisons and simulations, and a large table are provided in the supplementary

material.

2. Space-filling Criteria and Kernel Function

In this section, we first introduce some definitions and notation. Then we discuss

some commonly used space-filling criteria, the kernel function, and their connections.

Let D(N, sm) = (xij)N×m denote a design with N rows, m columns and s levels,

where xij belongs to X = {−(s− 1)/2,−(s− 3)/2, . . . , (s− 1)/2}. A D(N, sm) is

called a U-type design if each level appears equally often in each column. Furthermore,

a D(N, sm) is called an orthogonal array of strength t, denoted by OA(N,m, s, t), if

every possible t-tuple occurs the same number of times in each of its N × t subarrays.

Statistica Sinica: Newly accepted Paper 



SPACE-FILLING DESIGNS 5

Let H(n, 2q) = (hij)n×q be a two-level design whose two levels are −1 and 1. In what

follows, H is used to denote a matrix with entries only −1 and 1 unless otherwise

stated. Let D be a D(N, sm) and H be an H(n, 2q), then the Kronecker product of H

and D is defined as

H ⊗D =


h11D h12D · · · h1qD

h21D h22D · · · h2qD
...

...
...

hn1D hn2D · · · hnqD

 .

It is obvious that the elements of H ⊗D are still in X . For a D(N, sm), if its mirror

image −D is itself up to row permutations, we call it mirror-symmetric (Tang and Xu,

2014). If the correlation coefficient between any two distinct columns of a design is

zero, the design is orthogonal.

2.1 Space-filling criteria

In this subsection, we review and introduce several commonly used criteria that

can measure the space-filling property of a design. Different criteria evaluate the space-

filling property of a design from different perspectives.

Maximin Lp-distance criterion. For a D(N, sm), let dp(xi,xj) =
∑m

k=1 |xik −

xjk|p be the Lp-distance between xi and xj, where xi and xj are the ith and jth rows of

D respectively. The maximin Lp-distance criterion is to maximize the minimal pairwise

Lp-distance of D, denoted by dp(D). Zhou and Xu (2015) provided an upper bound of

dp(D) for a U-type D(N, sm) as shown below.

Lemma 1 (Zhou and Xu, 2015). For any U-type D(N, sm), we have d2(D) ≤ ⌊d̄2⌋,

where d̄2 = Nm(s2 − 1)/(6N − 6).
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6 ZHENG ET AL.

Discrepancy. Discrepancies are proposed to measure the uniformity of a de-

sign through the difference between the empirical distribution function and the uni-

form distribution function, such as the centered L2-discrepancy (CD), wrap-around

L2-discrepancy (WD), mixture discrepancy (MD), discrete discrepancy (DD) and Lee

discrepancy (LD). For example, the squared CD of a D(N, sm) is defined as

CD2(D) =

(
13

12

)m

− 2

N

N∑
i=1

m∏
k=1

(
1 +

∣∣∣xik
2s

∣∣∣− 2
∣∣∣xik
2s

∣∣∣2)

+
1

N2

N∑
i=1

N∑
j=1

m∏
k=1

(
1 +

∣∣∣xik
2s

∣∣∣+ ∣∣∣xjk
2s

∣∣∣− ∣∣∣∣xik − xjk2s

∣∣∣∣) .
Maximum projection criterion. Joseph, Gul and Ba (2015) proposed the

maximum projection criterion for a D(N, sm), which is defined as

ψ(D) =
2

N(N − 1)

N−1∑
i=1

N∑
j=i+1

m∏
k=1

1

|xik − xjk|2
.

They referred to the design that minimizes ψ(D) as a maximum projection design.

Generalized wordlength pattern. Xu and Wu (2001) defined (A1(D), . . . ,

Am(D)) as the generalized wordlength pattern (GWLP) of a D(N, sm), where Ak(D) =

N−2
∑

j

(∑N
i=1 x

(k)
ij

)2
for k = 1, . . . ,m, and Gk =

(
x
(k)
ij

)
is the matrix of orthonormal

contrast coefficients for all its k-factor interactions under an ANOVA model. They

also proposed the generalized minimum aberration (GMA) criterion, which minimizes

A1(D), . . . , Am(D) sequentially, to rank different designs.

β-wordlength pattern. When considering a polynomial model for a D(N, sm),

let αk be the vector of all k-order interactions and Xk =
(
x
(k)
ij

)
N×nk

be the matrix of
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SPACE-FILLING DESIGNS 7

orthonormal polynomial contrast coefficients for αk, where nk is the number of effects

with order k. Cheng and Ye (2004) defined the β-wordlength pattern as (β1, . . . , βK),

where βk(D) = N−2
∑nk

j=1

∣∣∣∑N
i=1 x

(k)
ij

∣∣∣2 for k = 1, . . . , K, and K = m(s − 1). Sim-

ilar to GMA, the minimum β-aberration criterion is to minimize β1(D), . . . , βK(D)

sequentially.

Although GWLP and the β-wordlength pattern characterize a design from the

perspective of factor aliasing, they can reflect the space-filling property of the design to

a certain extent. For instance, Hickernell and Liu (2002) demonstrated that the GMA

criterion can be defined and generalized by discrepancy. Ai and Zhang (2004) proved

that the optimal designs under the GMA criterion possess favorable low-dimensional

projection properties. Tang, Xu and Lin (2012) established that the CD and the β-

wordlength pattern are exactly equivalent for a class of regular designs. Therefore, we

incorporate the GMA and minimum β-aberration criteria into the scope of discussion

in this paper.

Wordlength enumerator. For a D(N, sm), there is no explicit expression for the

GMA and minimum β-aberration criteria. To address this issue, Tang and Xu (2021)

defined Eα(D, z) =
∑m

k=0Ak(D)zk and Eβ(D, z) =
∑m(s−1)

k=0 βk(D)zk. When z → 0,

minimizing Eα(D, z) and minimizing Eβ(D, z) are equivalent to the GMA and min-

imum β-aberration criteria, respectively. Furthermore, by proposing the wordlength

enumerator E(D) = N−2
∑N

i=1

∑N
j=1

∏m
k=1

∑s−1
l=0 pl(xik)pl(xjk)zl, where {p0(x), p1(x),

. . ., ps−1(x)} is an orthogonal polynomial basis and zl ≥ 0, they unified Eα(D, z) and

Eβ(D, z). In the following, we only consider the wordlength enumerator and no longer
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8 ZHENG ET AL.

discuss the GMA and minimum β-aberration criteria separately.

2.2 Kernel function

In this subsection, we introduce the definition of kernel function, and then discuss

its connection with a class of space-filling criteria.

Definition 1. A function f : X ×X → R is called a kernel function on X if and only

if it satisfies that: (a) f is symmetric in the variables, i.e., f(x, y) = f(y, x) holds for

any x, y ∈ X ; and (b) for any positive integer n ≤ s and wi ∈ R, distinct xi ∈ X for

i = 1, . . . , n,
∑n

i=1

∑n
j=1wiwjf (xi, xj) ≥ 0.

Assume that a space-filling criterion for a D(N, sm) has the following form

ϕ(D) =
N∑
i=1

N∑
j=1

wiwj

m∏
k=1

fk (xik, xjk) ,

where wi can be regarded as the weight of the ith point in the design D and fk(x, y)

can be regarded as the criterion used to evaluate the space-filling property of the kth

factor. For example, we can assign larger weights to the points in the central region

than those in the boundary region if we need to pay more attention to the central

region. We are free to choose the kernel function for the kth factor. For example,

we can use a kernel function corresponding to the maximum projection criterion for

quantitative factors, and a kernel function corresponding to the wordlength enumerator

for qualitative factors.

As a reasonable space-filling criterion, symmetrically reflecting all design points

about the origin should keep the value of ϕ(D) unchanged. Therefore, fk(x, y) should
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be symmetric about the origin, i.e., fk(x, y) = fk(−x,−y) holds for any x, y ∈ X and

k = 1, . . . ,m. When we have no prior information, it is natural to take wi = 1/N for

i = 1, 2, . . . , N and f1 = f2 = · · · = fk = f , i.e.,

ϕ(D) =
1

N2

N∑
i=1

N∑
j=1

F (xi,xj) =
1

N2

N∑
i=1

N∑
j=1

m∏
k=1

f(xik, xjk), (2.1)

where F (xi,xj) =
∏m

k=1 f(xik, xjk). Actually, many space-filling criteria can be written

in the form of (2.1). For example, if f(x, y) = 1 + |x| /(2s) + |y| /(2s)− |x− y| /(2s),

then f(x, y) is the reproducing kernel corresponding to CD. In this case, ϕ(D) is the

double summation term of CD2. If f(x, y) = 1/|x − y|2, then f(x, y) is also a kernel

function and ϕ(D) corresponds to the maximum projection criterion. In most cases,

the goal is to minimize the value of ϕ(D).

Zhou and Xu (2014) proposed a general space-filling criterion with the same form

as (2.1), and calculated the average of the criterion values over all level permutations

of a design. In this paper, we derive the expression for designs with Kronecker product

structures under this criterion. Due to the differences in computational objectives,

there exist significant differences in our constraints on f(x, y) compared with those im-

posed by Zhou and Xu (2014), i.e., we require f(x, y) to be a kernel function symmetric

about the origin, while Zhou and Xu (2014) required f(x, y) to satisfy f(x, y) ≥ 0

and f(x, x) + f(y, y) > f(x, y) + f(y, x) for any x ̸= y. Furthermore, Zhou and Xu

(2014) only considered the L2-discrepancies and the extended maximin distance crite-

rion, whereas we will additionally consider the maximum projection criterion and the

wordlength enumerator.

Statistica Sinica: Newly accepted Paper 



10 ZHENG ET AL.

Hereafter, ϕ(D) is assumed to have the form of (2.1). A criterion is called a kernel-

based space-filling criterion if it can be written in the form of ϕ(D) in (2.1) with a kernel

function f(x, y) on X . Note that, for the maximum projection criterion, there may

exist cases where the denominator is 0, which does not affect our results. The specific

details will be discussed in Section 4. Unfortunately, it seems that a few commonly

used criteria cannot be written in the form of (2.1), such as the distance variance and

mean squared correlation criteria. We will discuss them in the supplementary material.

3. General Theoretical Results

In this section, we provide theoretical results for designs with Kronecker product

structure. Kronecker product is powerful for constructing designs with good space-

filling property. Example 1 demonstrates an optimal design with a Kronecker product

structure under the maximin L2-distance criterion.

Example 1. Let

D =


0.5 1.5 0.5 1.5 −0.5 −1.5 −0.5 −1.5

1.5 −0.5 1.5 −0.5 −1.5 0.5 −1.5 0.5

0.5 1.5 −0.5 −1.5 0.5 1.5 −0.5 −1.5

1.5 −0.5 −1.5 0.5 1.5 −0.5 −1.5 0.5



T

be a D(8, 44) with d2(D) = 10. It is constructed using the method presented in Section

5.2 by taking the Kronecker product of two designs 1 1 −1 −1

1 −1 1 −1

T

and

 0.5 1.5

1.5 −0.5

 .

Furthermore, it can be proved to be optimal under the maximin L2-distance criterion

(See Table 2).
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SPACE-FILLING DESIGNS 11

Example 1 shows that the design with Kronecker product structure may perform

well under the maximin L2-distance criterion. Therefore, we believe that some designs

with Kronecker product structure exhibit good space-filling properties. In this paper,

we consider the designs with a more general form defined as

D0 = H ⊗D, (3.1)

where D is a D(N, sm) and H is an H(n, 2q) with n ≥ 2. The construction method

in (3.1) has been studied in several existing works. For example, Bingham, Sitter and

Tang (2009) investigated the orthogonality of designs obtained from (3.1); Lin et al.

(2010) proposed a method for constructing orthogonal Latin hypercube designs based

on this formulation. Theorem 1 provides an expression of ϕ(D0) in terms of GWLP.

Theorem 1. For a ϕ with the form of (2.1), where f(x, y) is symmetric both in the

variables and about the origin, then we have ϕ(D0) =
∑q

g=0C(D, g, q)Ag(H), where

(A0(H), A1(H), . . . , Aq(H)) is the GWLP of H and

C(D, g, q) =
1

N2

N∑
i=1

N∑
j=1

(
F (xi,xj) + F (xi,−xj)

2

)q−g (F (xi,xj)− F (xi,−xj)

2

)g

. (3.2)

It is worth noting that, besides the symmetry about the origin, we only require

that f(x, y) is symmetric in the variables in the theorem, not necessary to be a kernel

function on X . According to Theorem 1, the value of ϕ(D0) is determined by C(D, g, q)

and Ag(H) which are related toD andH respectively. The following example illustrates

how to calculate ϕ(D0) using Theorem 1.

Example 2. LetD(8, 44) be theD in Example 1 andH(4, 23) =

 1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

T

.
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12 ZHENG ET AL.

It is easy to verify that (A0(H), A1(H), A2(H), A3(H)) = (1, 0, 0, 1). If we choose

f(x, y) = 1 + |x| /8 + |y| /8 − |x− y| /8, we can get (C(D, 0, 3), C(D, 1, 3), C(D, 2, 3),

C(D, 3, 3)) = (3.1595, 0, 0.2057, 0). Thus, we have ϕ(H ⊗ D) = C(D, 0, 3) = 3.1595,

which is consistent with the results obtained by calculating ϕ(H ⊗D) directly.

In order to minimize ϕ(D0), the selection of H depends on the signs and relative

sizes of C(D, g, q)’s. For example, if C(D, g, q) is positive and decreases as g increases,

we prefer an H which minimizes A1(H), A2(H), . . . , Aq(H) sequentially. Therefore, we

will focus more on the properties of C(D, g, q). According to Theorem 1, the following

corollary can be immediately obtained.

Corollary 1. If D is mirror-symmetric, then C(D, g, q) = 0 holds for any odd g, where

C(D, g, q) is defined by (3.2).

Remark 1. As shown in Example 2, it may not be true that C(D, g1, q) ≥ C(D, g2, q)

for any g1 < g2. For example, according to Corollary 1, C(D, g, q) = 0 for any odd g

and C(D, g, q) > 0 for any even g when D is mirror-symmetric.

Ag(H) characterizes the degree of factor aliasing for design H. Thus, a design

with a smaller value of Ag(H) is more preferable. Based on this, for a reasonable

space-filling criterion, a natural requirement is that all C(D, g, q) be nonnegative. For

example, if C(D, 1, 1) is negative for some D and f(x, y), and H has only one column,

then ϕ(D0) = C(D, 0, 1)+A1(H)C(D, 1, 1) according to Theorem 1. Therefore, A1(H)

should be as large as possible. As is well known, A1(H) is maximized when the entries

of H are either all 1 or all −1, which implies that the design obtained by repeating the

points in D or −D performs better than that with other choices of H. This violates the

Statistica Sinica: Newly accepted Paper 



SPACE-FILLING DESIGNS 13

fundamental requirement of the space-filling criterion, since the space-filling property

requires that design points explore the entire experimental space as much as possible

and avoid duplicate points as far as possible.

Remark 2. To ensure the nonnegativity of C(D, g, q), it is not sufficient for f(x, y)

to only satisfy the conditions in Theorem 1. For example, for f(x, y) = |x − y| which

satisfies the conditions in Theorem 1, we have C(D, 1, 1) < 0 if D has only one row

with all elements nonzero.

The following theorem states that if f(x, y) is further a kernel function, then all

the coefficients C(D, g, q) of Ag(H) defined by (3.2) in Theorem 1 are nonnegative for

any D(N, sm), q and g = 0, 1, . . . , q.

Theorem 2. If ϕ is a kernel-based space-filling criterion with f(x, y) being symmetric

about the origin, then C(D, g, q) ≥ 0 for any D(N, sm), q and g = 0, 1, . . . , q, where

C(D, g, q) is defined by (3.2).

In the next section, we will investigate whether the criteria mentioned in Section

2 are kernel-based space-filling criteria and provide the corresponding theoretical jus-

tifications.

4. Kernel-based Space-filling Criterion

In this section, our main goal is to prove that several commonly used space-filling

criteria are kernel-based space-filling criteria.

4.1 Results under L2-type discrepancies

Statistica Sinica: Newly accepted Paper 



14 ZHENG ET AL.

In this subsection, we explore the property of C(D, g, q) defined by (3.2) when

f(x, y) corresponds to the double summation term of an L2-type discrepancy. For a

D(N, sm) and a kernel function f(x, y) on [−s/2, s/2], let F (x,y) =
∏m

k=1 f(xk, yk)

with x = (x1, . . . , xm)
T and y = (y1, . . . , ym)

T . The L2-type discrepancy ofD is defined

as

Disc2(D,F ) =

∫
W×W

F (x,y)dFu(x)dFu(y)−
2

N

N∑
i=1

∫
W
F (xi,y) dFu(y)

+
1

N2

N∑
i=1

N∑
j=1

F (xi,xj) ,

where W = [−s/2, s/2]m and Fu(·) is the uniform distribution on W . Here are some

commonly used examples of kernel functions for L2-type discrepancies. (a) For CD,

the kernel function is f(x, y) = 1 + |x| /(2s) + |y| /(2s) − |x− y| /(2s); (b) For WD,

the kernel function is f(x, y) = 3/2− |x− y| /s + |x− y|2 /s2; (c) For MD, the kernel

function is f(x, y) = 15/8 − |x| /(4s) − |y| /(4s) − 3 |x− y| /(4s) + |x− y|2 /(2s2); (d)

For DD, the kernel function is f(x, y) = a if x = y, or b if x ̸= y, where a and

b satisfy that −a/(s − 1) < b < a; (e) For LD, the kernel function is f(x, y) =

1−min {1− |x− y|, |x− y|}.

When we choose any of the kernel functions above, ϕ(D) is equal to the third term in

Disc2(D,F ). It can be verified that all kernel functions mentioned above are symmetric

about the origin, and therefore the corresponding C(D, g, q)’s are all nonnegative. The

first term of Disc2(D,F ) is a constant that only depends on the number of columns in

D. For design H ⊗D with D being a fixed D(N, sm), the values of the second term in

Disc2(H ⊗D,F ) only depends on the column size of H. Therefore, we can obtain the

following corollary.
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SPACE-FILLING DESIGNS 15

Corollary 2. Let D1 = (DT ,−DT )T , then we have Disc2(D1, F ) ≤ Disc2(D,F ) if f

represents CD, WD, MD, DD or LD, where F (x,y) =
∏m

k=1 f(xk, yk).

Corollary 2 is an interesting and intuitive result from Theorem 2. In other words,

if the mirror image of a design D is juxtaposed with itself, then its CD, WD, MD, DD

and LD will definitely not increase.

4.2 Results under the wordlength enumerator

As mentioned earlier, the wordlength enumerator can reflect the space-filling prop-

erty of a design to a certain extent. In this subsection, we discuss the relevant results

when f(x, y) corresponds to the wordlength enumerator.

For x, y ∈ X , let f(x, y) =
∑s−1

l=0 pl(x)pl(y)zl, where {p0(x), p1(x), . . . , ps−1(x)} is

an orthogonal polynomial basis and zl ≥ 0. For this function, the corresponding ϕ(D)

is exactly the wordlength enumerator of D. According to Theorems 1 and 2 in Tang

and Xu (2021), we have the following lemma.

Lemma 2. For a D(N, sm), we have (a) ϕ(D) =
∑m

k=0Ak(D)zk if zl = z; and (b)

ϕ(D) =
∑m(s−1)

k=0 βk(D)zk if zl = zl.

According to the properties of orthogonal polynomial basis, pl(−x) = pl(x) for an

even l and pl(−x) = −pl(x) for an odd l. It is straightforward to verify that f(x, y) is

symmetric about the origin. In addition, it is a kernel function on X by noting that

n∑
i=1

n∑
j=1

cicjf (xi, xj) =
n∑

i=1

n∑
j=1

cicj

s−1∑
l=0

pl(xi)pl(xj)zl =
s−1∑
l=0

zl

n∑
i=1

n∑
j=1

cicjpl(xi)pl(xj)

=
s−1∑
l=0

zl

(
n∑

i=1

cipl(xi)

)2

≥ 0.
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Therefore, the following corollary is evident.

Corollary 3. Let f(x, y) =
∑s−1

l=0 pl(x)pl(y)zl, where {p0(x), p1(x), . . . , ps−1(x)} is an

orthogonal polynomial basis and zl ≥ 0, we have C(D, g, q) ≥ 0 for any D, q and

g = 0, 1, . . . , q, where C(D, g, q) is defined by (3.2).

For the D0 defined in (3.1), we can calculate Ak(D0) for k = 1, 2, . . . ,mq and

βk(D0) for k = 1, 2, . . . ,mq(s−1) according to Theorem 1. In particular, the following

corollary provides the explicit expressions of A1(D0) and β1(D0).

Corollary 4. For D0 = H ⊗D defined in (3.1) with D = (xik)N×m, we have

A1(D0) =
1

N2

N∑
i=1

N∑
j=1

m∑
k=1


∑

1≤l≤s−1,
l is odd

pl(xik)pl(xjk) + qA1(H)
∑

1≤l≤s−1,
l is even

pl(xik)pl(xjk)

 , and

β1(D0) = β1(D)A1(H).

Corollary 4 is derived from Theorem 1, and it enables us to evaluate the one-

dimensional projection property of the resulting design. In addition, if D is a two-level

design and the obtained D0 is taken as H in (3.1) again, this corollary allows us to

directly calculate A1(H).

4.3 Results under adjusted maximum projection criterion

In this subsection, we discuss the theoretical results when f(x, y) corresponds to

the maximum projection criterion, i.e., f(x, y) = 1/|x − y|2. In this case, we have

ϕ(D) = N−2
∑N

i=1

∑N
j=1

∏m
k=1 1/|xik − xjk|2. To avoid the denominator being zero and

maintain consistency of ϕ with (2.1), we make some adjustments to f(x, y) by taking
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f(x, y) = 1/(γ+ |x−y|)2 for γ > 0 as Joseph, Gul and Ba (2019) suggested. Moreover,

Joseph (2016) indicated that the squares in f(x, y) can be replaced by l ≥ 1, that is,

f(x, y) = 1/(γ + |x− y|)l (4.1)

for γ > 0. Hence, the adjusted maximum projection criterion is defined as ϕ(D) =

N−2
∑N

i=1

∑N
j=1

∏m
k=1 1/(γ + |xik − xjk|)l for a small γ > 0. When γ → 0, ϕ(D) is

equivalent to the maximum projection criterion.

It is obvious that the f(x, y) in (4.1) is symmetric both in the variables and about

the origin. Generally, for ease of computation, it is common to choose l = 1 or l = 2.

The following theorem shows that the adjusted maximum projection criterion is a

kernel-based space-filling criterion when l = 1 or l = 2. Thus, the corresponding

C(D, g, q)’s are all nonnegative.

Theorem 3. Let f(x, y) = 1/(γ + |x− y|)l for γ ≥ 0 with l = 1 or l = 2, then f(x, y)

is a kernel function on X .

4.4 Results under extended maximin distance criterion

Zhou and Xu (2014) proposed an extended form of the maximin Lp-distance crite-

rion as χ(D) = N−2
∑N

i=1

∑N
j=1 ρ

dp(xi,xj) for 0 < ρ < 1. When ρ→ 0, minimizing χ(D)

implies maximizing the dp(D) of a D(N, sm). It is called an extended maximin Lp-

distance criterion because it further minimizes the number of point pairs that achieve

the minimal pairwise Lp-distance.

In this subsection, we choose f(x, y) = ρdp(x,y), where dp(x, y) = |x − y|p and
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0 < ρ < 1, then ϕ(D) in (2.1) can be expressed as ϕ(D) = N−2
∑N

i=1

∑N
j=1 ρ

dp(xi,xj).

Let Bj(D) = N−1card{(x,y) : x,y ∈ D and dp(x,y) = j} for j = 0, 1, . . . ,M , where

card{·} denotes the cardinality of a set and M = m(s − 1)p. Zhou and Xu (2014)

proposed to minimizing B0(D), B1(D), . . . , BM(D) sequentially. When the design has

no repeated points, it is obvious that B0(D) = 1 and the minimum distance of the

design D is min {k ∈ Z+ : Bk(D) > 0}.

In fact, we have ϕ(D) = (1/N)
∑M

k=1 ρ
kBk(D) and minimizing ϕ(D) is equivalent

to sequentially minimizing B0(D), B1(D), . . . , BM(D) when ρ→ 0. The following the-

orem shows that the extended maximin distance criterion is a kernel-based space-filling

criterion under some conditions. Thus, all corresponding C(D, g, q)’s are nonnegative.

Theorem 4. Suppose that dp(x, y) = |x − y|p and f(x, y) = ρdp(x,y), then f(x, y) is a

kernel function on X for 0 < ρ ≤ 1/3 and p ≥ 1. Furthermore, if p = 1 or p = 2,

f(x, y) is a kernel function on X for 0 < ρ < 1.

It should be noted that the first part of Theorem 4 is derived from the monotonicity

of |x − y|p, while the second part is obtained from the specific forms when p = 1 and

p = 2. This difference in derivation leads to distinct ranges of ρ in the respective

results. Given that p = 1 and p = 2 are the most practically relevant cases, the second

part of the theorem retains significant practical and theoretical value.

Combining all the results obtained in this section, we have proved that C(D, g, q)

is nonnegative under the space-filling criteria above. Although C(D, g, q) may not

decrease as g increases, D0 tends to have good performance under these criteria when

H minimizes A1(H), . . . , Aq(H) sequentially.
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5. Optimal Designs with Kronecker Product Structures

For a given criterion, it is desirable to obtain designs that perform well under it.

In this section, we provide optimal designs with Kronecker product structures under

a class of space-filling criteria. Specifically, we examine the corresponding optimality

results under the maximin L2-distance criterion, which is one of the most widely used

space-filling criteria.

5.1 Optimal designs under kernel-based space-filling criterion

According to Theorem 1, we have ϕ(D0) =
∑q

g=0C(D, g, q)Ag(H) under some con-

ditions. However, it is a highly challenging task to find a D that minimizes ϕ(D0) when

the values of Ag(H) are unknown for g = 1, 2, . . . , q. Therefore, we consider a specific

case of H, namely a two-level full factorial design. Let Hq be a two-level full factorial

design with q factors, for example, H1 = (1,−1)T and H2 =

(
1 1 −1 −1
1 −1 1 −1

)T

.

For D0 = Hq ⊗D with D being a D(N, sm), we have

ϕ(D0) = C(D, 0, q) =
1

N2

N∑
i=1

N∑
j=1

(
F (xi,xj) + F (xi,−xj)

2

)q

.

Let P1 =
∏

i̸=j, i,j∈X f(i, j), P2 =
∏

i̸=j, i,j∈X f(i,−j), Q1 =
∏

i∈X f(i, i), and Q2 =∏
i∈X f(i,−i). Theorem 5 gives a lower bound of ϕ(D0) with D0 = Hq ⊗D.

Theorem 5. Let D be a U-type D(N, sm), Hq be a two-level full factorial design, and

D0 = Hq ⊗D, then we have ϕ(D0) ≥ LW1 for a ϕ with the form of (2.1), where

LW1 =
1

N

(
Q

m
s
1 +Q

m
s
2

2

)q

+
N − 1

N

P Nm
s2(N−1)

1 Q
(N−s)m

s2(N−1)

1 + P
Nm

s2(N−1)

2 Q
(N−s)m

s2(N−1)

2

2

q

.
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The equality holds if F (xi,xj) keeps the same for any i ̸= j, i, j = 1, . . . , N , so do

F (xi,−xj) for i ̸= j, i, j = 1, . . . , N , F (xi,xi) for i = 1, . . . , N , and F (xi,−xi) for

i = 1, . . . , N , where xi is the ith row of D.

Fortunately, component orthogonal array (COA) is closely related to the equality

conditions stated in Theorem 5. A D(N1, s
m1) is called a COA if each row is a permu-

tation of all levels and, for any two columns, each level combination (i, j) with i ̸= j

and i, j ∈ X appears equally often. For the construction methods of COA, one can

refer to Yang, Sun and Xu (2021). It can be easily verified that if DT is a COA, then D

satisfies the equality conditions stated in Theorem 5. The following example provides

a COA and explains its optimality.

Example 3. Let f(x, y) = 0.7|x−y| and

D =


−1.5 −1.5 −1.5 −0.5 −0.5 −0.5 0.5 0.5 0.5 1.5 1.5 1.5

−0.5 0.5 1.5 −1.5 1.5 0.5 1.5 −1.5 −0.5 0.5 −0.5 −1.5

0.5 1.5 −0.5 1.5 0.5 −1.5 −1.5 −0.5 1.5 −0.5 −1.5 0.5

1.5 −0.5 0.5 0.5 −1.5 1.5 −0.5 1.5 −1.5 −1.5 0.5 −0.5

 .

Then DT is a COA with 12 rows and 4 columns. If q = 2, D0 = H2 ⊗D is a U-type

D(16, 424) with ϕ(D0) = LW1 = 0.06256. If q = 3, D0 = H3⊗D is a U-type D(32, 436)

with ϕ(D0) = LW1 = 0.03127. If q = 4, D0 = H4 ⊗ D is a U-type D(64, 448) with

ϕ(D0) = LW1 = 0.01564.

Although we have proven that D0 achieves the lower bound LW1 when D is the

transpose of a COA, COA is restricted by its inherent properties, resulting in certain

limitations on the numbers of rows and columns of D0. For example, for a COA with

N1 rows and m1 columns, N1 must be an integer multiple of m1(m1 − 1). Besides the
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transpose of COA, we discuss two additional classes of designs that also satisfy the

equality condition in Theorem 5.

The first class is the U-type full design, which can be constructed using the fol-

lowing method. For fixed N and s, we obtain a design D by generating all possible

combinations of the set {0, 1, . . . , s− 1} with each element repeating α = N/s times

in each column. Then D is a U-type D(N, sm) with m = N !/(α!)s. The other class

consists of the transposes of Type II orthogonal arrays with strength 2 (OAII). Rao

(1961) defined OAII by simply replacing the term “level combination (i, j)” in the COA

definition with “unordered pairs (i, j)”, and provided the corresponding construction

method. For example,

D =



−2 −2 −1 −1 0 0 1 1 2 2

2 1 −2 2 −1 −2 0 −1 1 0

1 −1 2 0 −2 1 −1 2 0 −2

0 2 1 −2 2 −1 −2 0 −1 1

−1 0 0 1 1 2 2 −2 −2 −1


is the transpose of an OAII. It is straightforward to verify that the above two classes

of designs both satisfy the equality condition in Theorem 5.

Table 1 presents the numbers of rows (N1), columns (m1) and levels (s1) of the

COAs, OAIIs and U-type full designs (Full) that can be used, as well as the numbers of

rows (N0), columns (m0) and levels (s1) of the resulting designs with Kronecker product

structures achieving LW1. All numbers m are prime powers, except that OAIIs require

m to be an odd prime power, with α, λ and n being positive integers.
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Table 1: Designs achieving the lower bound LW1.

N1 m1 s1 N0 m0 Type

λm(m− 1)† m m m2q λqm(m− 1) COA

λ(m+ n)!/(m− 2)!‡ m+ n m+ n (m+ n)2q λq(m+ n)!/(m− 2)! COA

60§ 6 6 6× 2q 60q COA

90§ 6 6 9× 2q 90q COA

λm(m− 1)/2♯ m m m2q λqm(m− 1)/2 OAII

αs (αs)!/(α!)s s (αs)!/(α!)s2q qαs Full

†: designs from Yang, Sun and Xu (2021); ‡: designs from Huang (2021);

§: designs from Zhao, Li and Zhao (2021); ♯: designs from Rao (1961).

Even if D0 reaches the lower bound LW1, it does not necessarily guarantee the

optimality among all U-type designs with the same size of D0. For ease of comparison,

we set the number of rows of D as N2q and the number of columns as mq. Theorem

6 provides a lower bound for ϕ(D) when D is an arbitrary U-type D(N2q, smq).

Theorem 6. Let n = 2q and D be a U-type D(Nn, smq), then we have ϕ(D) ≥ LW2

for a ϕ with the form of (2.1), where

LW2 =
1

N

(
Q

m
s
1

2

)q

+
Nn− 1

Nn
P

Nnmq

s2(Nn−1)

1 Q
(Nn−s)mq

s2(Nn−1)

1 .

It is obvious that LW2/LW1 ≤ 1. Due to P1Q1 = P2Q2, we have LW2/LW1 → 1

when N →∞ and n→∞. Therefore, if ϕ(D0) reaches the lower bound LW1, then it

will be close to LW2. Therefore, such a D0 is a good space-filling design. The following

example illustrates that D0 exhibits high efficiency among all U-type designs with the

same size.

Example 4 (Example 3 continued). Let f(x, y) = 0.7|x−y| and D be the design in
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Example 3. If q = 2, D0 is a U-type D(16, 424) with ϕ(D0) = LW1 = 0.06256 and

LW2/LW1 = 99.91%. If q = 3, D0 is a U-type D(32, 436) with ϕ(D0) = LW1 = 0.03127

and LW2/LW1 = 99.94%. If q = 4, D0 is a U-type D(64, 448) with ϕ(D0) = LW1 =

0.01564 and LW2/LW1 = 99.92%. Thus, we have enough reasons to believe that these

designs perform well among all U-type designs with the same size.

It should be noted that when H is a two-level full factorial design Hq, the designs

obtained from (3.1) are only available for certain combinations of run size and number

of columns. Specifically, the run size must be a multiple of 2q, and the number of

columns must be a multiple of q.

5.2 Optimal designs under maximin L2-distance criterion

In this subsection, we focus on the construction of optimal designs with Kronecker

product structure under the maximin L2-distance criterion. For convenience of expres-

sion, let δ(hi,hj) = card{hik ̸= hjk, k = 1, 2, . . . , q} be the Hamming distance between

two rows hi and hj in H and δ(H) = min
i̸=j
{δ(hi,hj)}. Let do(D) = min

i
{d2(xi, 0)},

where xi is the ith row of D and d2(xi, 0) is the L2-distance between xi and the origin.

Let ⟨xi,xj⟩ =
∑m

k=1 xikxjk be the inner product of xi and xj. Theorem 7 provides an

achievable upper bound of minimal pairwise L2-distance for D0.

Theorem 7. For D0 defined in (3.1), if D0 is a U-type design, we have

d2(D0) ≤
mq(s2 − 1)

6
. (5.1)

According to Lemma 1, the upper bound of minimal pairwise L2-distance of any U-
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typeD(Nn, smq) is ⌊d̄2⌋ = ⌊Nnmq(s2 − 1)/(6Nn− 6)⌋. Define deff (D0) = d2(D0)/⌊d̄2⌋

as the distance efficiency of design D0. If d2(D0) reaches the upper bound on the right-

hand side of Inequality (5.1), then deff (D0) → 1 when n → ∞ or N → ∞. In the

following, we will provide construction methods for H and D, such that the resulting

D0 can achieve the upper bound in Theorem 7.

For a U-type design D0, the proof of Theorem 7 in the supplementary material

implies that d2(D0) achieves the upper bound on the right-hand side of (5.1) if H

and D satisfy the following conditions: (i) do(D) = m(s2 − 1)/12; (ii) ⟨xi,xj⟩ = 0

for any two distinct rows xi and xj of D; (iii) (DT ,−DT )T is a U-type design; (iv)

H is a U-type design; (v) δ(H) ≥ q/2. Conditions (i), (ii) and (iii) are for D and

Conditions (iv) and (v) are for H. Next we will illustrate how to construct D and H

that satisfy the above conditions respectively. For two square matrices A = (aij)m×m

and B = (bij)m×m, define the Hadamard product of A and B as A ◦ B = (aijbij)m×m.

The following construction method generates designs which satisfy Conditions (i), (ii)

and (iii).

Construction 1.

Step 1. Let H(1) =

(
1 1
1 −1

)
and H(k) =

(
H(k−1) H̃(k−1)

H(k−1) −H̃(k−1)

)
for k = 2, 3, . . .,

where H̃(k−1) = H(k−1)


0 · · · 0 1
0 · · · 1 0
... . .

. ...
...

1 · · · 0 0

 .

Step 2. Let A(1) =

(
0.5 1.5
1.5 0.5

)
and A(k) =

(
A(k−1) A(k−1) + 2k−1

A(k−1) + 2k−1 A(k−1)

)
.

Step 3. Let G(k) = H(k) ◦ A(k) for k = 1, 2, . . ..
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Proposition 1. The G(k) obtained by Construction 1 satisfies Conditions (i), (ii) and

(iii).

In fact, the G(k) obtained by Construction 1 has the following properties: (a) G(k) is

aD(2k, (2k+1)2
k
); (b) any row or column is a signed permutation of 1/2, 3/2, . . . , (2k+1−

1)/2; (c) (G(k))TG(k) is proportional to I2k . For example, when k = 3, we have

G(3) =



0.5 1.5 2.5 3.5 4.5 5.5 6.5 7.5

1.5 −0.5 −3.5 2.5 5.5 −4.5 −7.5 6.5

2.5 3.5 −0.5 −1.5 −6.5 −7.5 4.5 5.5

3.5 −2.5 1.5 −0.5 −7.5 6.5 −5.5 4.5

4.5 5.5 6.5 7.5 −0.5 −1.5 −2.5 −3.5

5.5 −4.5 −7.5 6.5 −1.5 0.5 3.5 −2.5

6.5 7.5 −4.5 −5.5 2.5 3.5 −0.5 −1.5

7.5 −6.5 5.5 −4.5 3.5 −2.5 1.5 −0.5



.

Based on the equality conditions of Theorem 7, we can construct H that satisfies

Conditions (iv) and (v) using the Kronecker product. Let H be an H(q, 2q), it is called

a Hadamard matrix if HHT = qIt. It is easy to verify that a Hadamard matrix satisfies

Conditions (i), (ii) and (iii). Therefore, Proposition 2 can be obtained immediately.

Proposition 2. Let W1 be a U-type H(n, 2q) with δ(W1) ≥ q/2 and W2 be a Hadamard

matrix H(λ, 2λ), then W = W1 ⊗W2 is an H(λn, 2λq) satisfying Conditions (iv) and

(v).

It is well known that a saturated OA(4λ, 4λ − 1, 2, 2) is Hamming equidistant

with a distance of 2λ. If any one column is deleted, the resulting design must be an

OA(4λ, 4λ− 2, 2, 2) with a minimal pairwise Hamming distance of 2λ− 1. Both of the
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above two designs meet Conditions (iv) and (v), thus they can be used as the U-type

designs to generate designs satisfying Conditions (iv) and (v) with large sizes according

to Proposition 2.

Corollary 5. LetW1 be a saturated OA(4λ1, 4λ1−1, 2, 2) or an OA(4λ1, 4λ1−2, 2, 2) by

deleting one column from this saturated OA, and W2 be a Hadamard matrix H(λ2, 2
λ2),

then W = (2W1) ⊗ W2 is an H(4λ1λ2, 2
(4λ1−1)λ2) or H(4λ1λ2, 2

(4λ1−2)λ2) satisfying

Conditions (iv) and (v).

The following example illustrates how to construct a design satisfying Conditions

(iv) and (v) according to Corollary 5.

Example 5. Let W1 =
1

2

(
1 1 −1 −1
1 −1 1 −1

)T

and W2 =

(
1 1
1 −1

)
, which are

an OA(4, 2, 2, 2) and a Hadamard matrix H(2, 22), respectively. It can be verified that

(2W1)⊗W2 =


1 1 1 1 −1 −1 −1 −1

1 −1 1 −1 −1 1 −1 1

1 1 −1 −1 1 1 −1 −1

1 −1 −1 1 1 −1 −1 1



T

is an H(8, 24) satisfying Conditions (iv) and (v).

Theorem 8. Let W be an H(4λ1λ2, 2
(4λ1−1)λ2) or H(4λ1λ2, 2

(4λ1−2)λ2) obtained by

Corollary 5 and G(k) be a D(2k, (2k+1)2
k
) generated by Construction 1. Then D0 =

W ⊗ G(k) is a U-type D(λ1λ22
k+2, (2k+1)(4λ1−1)λ22k) or D(λ1λ22

k+2, (2k+1)(4λ1−2)λ22k)

achieving the upper bound on the right-hand side of (5.1).

In Theorem 8, G(k) satisfies Conditions (i), (ii), (iii), and W satisfies Conditions

(iv) and (v). Thus, it can be verified that d2(W ⊗ G(k)) reaches the upper bound on

the right-hand side of (5.1). Example 6 shows one instance from Theorem 8.
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Example 6. Let D0 = (2W1) ⊗ G(1), where W1 is shown in Example 5 and G(1) =(
0.5 1.5
1.5 −0.5

)
. Then D0 is the U-type design D in Example 1 with d2(D0) = 10,

which reaches the upper bound on the right-hand side of (5.1). According to Theorem

7, D0 is optimal among all designs with Kronecker product structure, and we can prove

that D0 is optimal among all U-type D(8, 44)’s (See Table 2).

In fact, for a U-type D(N, sm), we have ⌊d̄2⌋ → m(s2− 1)/6 when N →∞. Thus,

m(s2 − 1)/6 may be the upper bound of d2(D) for all possible U-type D(N, sm)’s in

some situations. Similar to Theorem 2 of Wang, Yang and Xu (2018), we have the

following lemma.

Lemma 3. When s = 4, if m is even and N ≥ max{m+ 2, 5m/4}, we have d2(D) ≤

m(s2 − 1)/6 for all U-type D(N, sm)’s.

For a D(N, sm), the distance variance criterion (Chen and Tang, 2022; Wang, Sun

and Xu, 2022; Wang and Sun, 2023) is defined as V (D) =
∑

1≤i<j≤N(d2(xi,xj) −

d̄2(D))2, where d̄2(D) = 2
∑

1≤i<j≤N d2(xi,xj)/(N(N − 1)) is the average L2-distance

between all distinct rows in D. In addition, according to Theorem 4.2 in Wang and Sun

(2023), a U-type design D minimizes the value of V (D) if and only if D is orthogonal

and all rows are L2-equidistant from the origin. According to the properties of G(k)

constructed by Construction 1, we have the following proposition.

Proposition 3. Let D0 = W ⊗ G(k), where W is an orthogonal U-type H(n, 2q) and

G(k) is a D(2k, (2k+1)2
k
) generated by Construction 1, then D0 is a D(n2k, (2k+1)q2

k
)),

which is optimal under the distance variance criterion.
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Table 2 shows the minimal pairwise L2-distances and the distance efficiencies of

some designs obtained from Theorem 8, where, for a given W ⊗G(k), the value outside

the parentheses is the minimal pairwise L2-distance and the value inside the paren-

theses is the distance efficiency. In Table 2, W is from Corollary 5 and G(k) is from

Construction 1. The optimality of the designs with a distance efficiency of 1 in Table

2 is derived based on Lemma 3. It is worth mentioning that all designs in Table 2 are

optimal under the distance variance criterion because of the orthogonality of W .

Table 2: The minimal distances and distance efficiencies of W ⊗ G(k) with G(k) being
a D(2k, (2k+1)2

k
).

W D(2, 42) D(4, 84) D(8, 168) D(16, 3216)

H(4, 22) 10(1)∗ 84(0.944) 680(0.970) 5456(0.984)

H(4, 23) 15(1) 126(0.940) 1020(0.970) 8184(0.984)

H(8, 24) 20(1) 168(0.971) 1360(0.985) 10912(0.992)

H(8, 26) 30(1) 252(0.969) 2040(0.985) 16368(0.992)

H(8, 27) 35(0.946) 294(0.970) 2380(0.985) 19096(0.992)

H(12, 210) 50(0.962) 420(0.981) 3400(0.990) 27280(0.995)

H(12, 211) 55(0.965) 462(0.981) 3740(0.990) 30008(0.995)

H(16, 28) 40(1) 336(0.985) 2720(0.992) 21824(0.996)

H(16, 212) 60(1) 504(0.984) 4080(0.992) 32736(0.996)

H(16, 214) 70(0.972) 588(0.985) 4760(0.992) 38192(0.996)

H(16, 215) 75(0.974) 630(0.984) 5100(0.992) 40920(0.996)

H(20, 218) 90(0.978) 756(0.988) 6120(0.994) 49104(0.997)

H(20, 219) 95(0.979) 798(0.988) 6460(0.994) 51832(0.997)

∗: “10” is the minimal pairwise L2-distance of H(4, 22)⊗D(2, 42) and “1” inside the

parentheses is the distance efficiency of H(4, 22)⊗D(2, 42). The rest are similar.

In fact, the designs obtained from Theorem 8 perform as well as some high-

performance designs from the existing literature under the maximin L2-distance cri-

terion. Specifically, if the resulting design is a D(N0, s
m0), then its minimal pairwise
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L2-distance is equal to m0(s
2 − 1)/6. Table 3 presents detailed information on the de-

signs that can be obtained from Theorem 8 and share the same parameters as those in

existing works, where N0 denotes the run size, m0 the number of columns, s the number

of levels, D and H the corresponding designs in Theorem 8, and λ1, λ2 the correspond-

ing values in Theorem 8. Here, k, k0, and b are parameters satisfying the conditions

specified in the corresponding references. Since the minimal pairwise L2-distances of

these designs are all m0(s
2 − 1)/6, they are not included in the table.

Table 3: Details of some designs from existing works and Theorem 8.

N0 m0 s D H λ1 λ2
†2k+2 2k+1 2k+2 G(k) H(2, 21) / /
‡2k 2k − 2k0 4 G(1) H(2k−1, 22

k−1−2k0−1
) 2k−k0−2 2k0−1

‡2k 2k − 2k0 8 G(2) H(2k−2, 22
k−2−2k0−2

) 2k−k0−2 2k0−2

‡2k 2k − 2k0 16 G(3) H(2k−3, 22
k−3−2k0−3

) 2k−k0−2 2k0−3

‡2kb b(2k − 2k0) 4 G(1) H(2k−1b, 2b(2
k−1−2k0−1)) 2k−k0−2 2k0−1b

‡2kb b(2k − 2k0) 8 G(2) H(2k−2b, 2b(2
k−2−2k0−2)) 2k−k0−2 2k0−2b

§8 4 4 G(1) H(4, 22) 1 1
§8 6 4 G(1) H(4, 23) 1 1
§16 8 4 G(1) H(8, 24) 1 2
§16 14 4 G(1) H(8, 27) 2 1
§16 8 8 G(2) H(4, 22) 1 1
§16 12 8 G(2) H(4, 23) 1 1
§32 16 8 G(2) H(8, 24) 1 2
§32 28 8 G(2) H(8, 27) 2 1

†: designs from Theorem 1 in Zhou, Yang and Liu (2020); ‡: designs from Conclusions

1–5 in Li, Tian and Liu (2024); §: designs from Table 5 in Wang and Sun (2023).

Table 3 shows that the designs obtained from Theorem 8 cover many designs from

the aforementioned references, and can also generate new designs that are not listed in

the table. Even for designs with identical parameters to those reported in the existing

Statistica Sinica: Newly accepted Paper 



30 ZHENG ET AL.

literature, we provide an alternative interpretation and construction method from the

Kronecker product perspective. Our results therefore carry significant practical value.

6. Searching For Space-filling Designs

According to Theorem 1, when H is a two-level full factorial design, the value of

ϕ(D0) only depends on D. This also provides inspiration for our next algorithm. Let

ϕ̃(D, q) = C(D, 0, q) =
1

N2

N∑
i=1

N∑
j=1

(
F (xi,xj) + F (xi,−xj)

2

)q

and Hq be a two-level full factorial design with q factors defined in Section 5. For a

fixed q, we can use TA algorithm to search for the D with a small value of ϕ̃(D, q) and

then perform a Kronecker product with Hq to obtain the final design. Algorithm 1 is

used to generate space-filling designs.

In Algorithm 1, a D(N0, s
m0) with a small ϕ value is desired. Therefore, we should

choose the appropriate N , m and q to generate it. We can set I = 50 and J = 104

for medium N and m. If N and m are large, I = 100 and J = 105 are more suitable.

For τ , we can generate 1000 D(N, sm)’s randomly and denote the largest and smallest

ϕ̃ values of these designs by τmax and τmin, respectively. Let τ = α(τmax − τmin),

where 0 < α < 1. We can try some α’s and choose the best one. For simplicity, we

always choose I = 50, J = 104 and α = 0.1. Actually, adding or deleting very few

rows or columns has little impact on the value of ϕ. For the D0 obtained in line 25 of

Algorithm 1, we can add rows and/or columns to D0 or delete rows and/or columns

from D0 randomly such that the final design is a D(N0, s
m0). If possible, we can
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Algorithm 1: Kronecker threshold accepting (KTA)

1: input: N0, m0, s

2: Choose suitable N , m and q such that mq is close to m0 and N2q is close to N0

3: Generate a D(N, sm) randomly and denote it by D

4: input: I, J, τ

5: initialize: i = 1, R = 1010 is a sufficiently large number

6: Dmin ← D

7: rmin ← R

8: while i ≤ I do

9: j ← 1

10: while j ≤ J do

11: generate Dnew by exchanging two elements in different columns of D

randomly

12: if ϕ̃(Dnew, q) < rmin then

13: rmin ← ϕ̃(Dnew, q)

14: Dmin ← Dnew

15: end if

16: if ϕ̃(Dnew, q) < rmin + τ then

17: D ← Dnew

18: end if

19: j ← j + 1

20: end while

21: τ ← (I − i)τ/I
22: D ← Dmin

23: i← i+ 1

24: end while

25: D0 ← Ht ⊗D
26: Add rows and/or columns to D0 or delete rows and/or columns from D0 such

that its row size is N0 and column size is m0

consider as many cases as possible and choose the best one. Algorithm 1 is suitable

for generating designs for which N0 and m0 are approximately integer multiples of 2q
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and q, respectively, for some integer q.

Compared with the original TA algorithm, we change the optimization objective

function of the KTA algorithm from ϕ(D0) to ϕ̃(D, q). The computational complexity

of ϕ̃(D, q) is much smaller than ϕ(D0) in each iteration, since their computational

complexities are O(N2m) and O(N2
0m0) respectively. Thus, KTA can greatly reduce

the computational time.

If we choose an L2-type discrepancy in Section 4 as the space-filling criterion, we

need to make some adjustments to ϕ̃(D, q). For example, if we choose CD2 and omit

the constant term, let F (xi,xj) =
∏m

k=1(1+ |xik| /(2s)+ |xjk| /(2s)−|xik − xjk| /(2s)),

ϕ̃(D, q) will be adjusted to

ϕ̃CD(D, q) =− 2

N

N∑
i=1

m∏
k=1

(
1 +

∣∣∣xik
2s

∣∣∣− 2
∣∣∣xik
2s

∣∣∣2)q

+
1

N2

N∑
i=1

N∑
j=1

(
F (xi,xj) + F (xi,−xj)

2

)q

;

if we choose MD2 and omit the constant term, let F (xi,xj) =
∏m

k=1(15/8−|xik| /(4s)−

|xjk| /(4s)− 3 |xik − xjk| /(4s) + |xik − xjk|2 /(2s2)), ϕ̃(D, q) will be adjusted to

ϕ̃MD(D, q) =− 2

N

N∑
i=1

m∏
k=1

(
5

3
−
∣∣∣xik
4s

∣∣∣− ∣∣∣xik
2s

∣∣∣2)q

+
1

N2

N∑
i=1

N∑
j=1

(
F (xi,xj) + F (xi,−xj)

2

)q

.

Example 7 explains how to search for large space-filling designs by KTA when taking

CD2 as the criterion.

Example 7. We want to construct a D(96, 824) with a small CD2 value. All possible

q values are 1, 2, 3, 4. To balance efficiency and time cost, q = 2 is the most suitable

choice. For q = 2, we search for a D(24, 812) and perform a Kronecker product with

H2 as described in KTA. Finally, we obtain a D(96, 824) with CD2(D) = 1.1634. This
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case will also be shown in Figure 1.

We now compare the CD2 values of different designs with medium and large

sizes, the results are provided in Table S3 in the supplementary material. In that

table, uniform designs (UD) are generated by the R package “UniDOE” with de-

fault parameters (Zhang et al., 2018). Existing designs (ED) are from the website

http://web.stat.nankai.edu.cn/cms-ud/UD/UniformDesign.html or obtained by

TA algorithm or combinatorial methods. Designs obtained by mixture method (MM)

are from Zhou and Fang (2013). The bold font is the smallest one in each case. The

N0 with asterisk (∗) means that the design has the same N0, m0 and s but obtained

by a smaller q compared with the previous case. From Table S3, we can see that KTA

performs the best or almost the best in all cases. For designs with the same N , m and

s, the KTA with a smaller q performs better. The other choices of q are omitted here

due to the similarity.

Figure 1 shows the CD2 values of the designs with 24 factors and 8 levels for run

sizes of 80 to 120 from different methods. It can be observed that KTA with q = 2

is completely superior to other methods for all run sizes and KTA with q = 3 also

performs well. When the run size is 112 or 120, the performance of KTA with q = 3

is very close to that of ED and UD although it is not the best. This indicates that a

smaller q can improve the performance.

Figure 2 and Table 4 further compare the CD2 values of designs with larger sizes.

When the run size increases, there is no available ED for comparison. Therefore, we

only compare KTA with MM and UD respectively. Figure 2 shows the CD2 values of

the designs with 40 factors, 8 levels and run sizes of 320 to 464 obtained by KTA with
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KTA with q=3

KTA with q=2

Figure 1: The CD2 values of the designs with 24 factors and 8 levels generated by
different methods.

q = 4 and UD. Table 4 shows the CD2 values of the designs with different run sizes

obtained by KTA and MM. When the run size becomes larger, KTA still performs

better compared with MM and UD.

Table 4: The CD2 values of different designs.

N0 m0 s N m q MM KTA

215 40 5 27 13 3 13.6156 11.6524

301 40 5 38 13 3 11.2669 10.3080

311 40 5 39 13 3 11.0574 10.1826

401 40 4 25 10 4 12.9535 12.0597

In general, KTA has obvious advantages over existing methods. Even if in some

cases KTA is not the best, we can choose a smaller q to improve the performance. A

larger q has less computational complexity but may have worse performance compared

with a smaller q due to its less search scope. So we should choose a proper q to
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Figure 2: The CD2 values of designs with 40 factors and 8 levels generated by KTA
and UD.

balance the computational cost and performance. In the supplementary material, we

present additional comparison results between the KTA algorithm and other methods

under the maximum projection criterion, MD, and CD. Furthermore, we demonstrate

via case studies that the design generated by the KTA algorithm exhibits excellent

performance in building statistical surrogate models. These results collectively confirm

the effectiveness and practical application value of the KTA algorithm.

7. Concluding Remarks

This paper discusses the relationship between various space-filling criteria and ker-

nel functions, demonstrating that the majority of existing space-filling criteria can be

expressed in terms of kernel functions. For designs with Kronecker product structure,

the kernel-based space-filling criterion can be written in the form of a linear expression

of the GWLP of a small two-level design, facilitating rapid computation of the crite-
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rion. Based on this linear expression, it is proved that all coefficients of the GWLP are

nonnegative under some specific conditions. These results provide theoretical support

for the construction of space-filling designs. Under the kernel-based space-filling cri-

terion, we show that a U-type full design, the transposes of a COA and an OAII, are

optimal among designs with the same size. Under the maximin L2-distance criterion,

construction methods of optimal designs achieving the upper bound are proposed. In

addition, an algorithm is provided for generating flexible space-filling designs, demon-

strating superior performance and reduced computational time compared to existing

methods.

In this paper, H is restricted to a two-level design, thus imposing structural limi-

tations on the resulting design. We may consider adopting a more general form of H

in the future work. Furthermore, although we demonstrate that the lower bound in

Theorem 5 can be achieved when D belongs to three special classes of designs, there

may exist more designs achieving this lower bound when f is a specified kernel func-

tion. Finally, the KTA algorithm is developed for the general space-filling criterion

in (2.1). When a specific space-filling criterion is employed, there might exist more

suitable optimization methods. These aspects will be explored in future research.

Supplementary Material

The supplementary material discusses the corresponding results about extending

the mean squared correlation criterion and distance variance criterion to (2.1) respec-

tively, provides the proofs of some theoretical results, the additional comparisons and

simulations, and a large table.
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