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Abstract: In complex systems, networks describe relationships between nodes through edges. Latent
space models are widely used for network tasks such as community detection and link prediction due
to their interpretability and visualization power. However, when the network size is small or the true
latent dimension is large, a single latent space model may suffer from high estimation error or model
misspecification. To address this, we propose Network Model Averaging (NetMA), which combines
multiple latent space models with different dimensions. The weights are estimated using a K-fold edge
cross-validation scheme that is specially designed for network data. Our method applies to both single-
layer and multi-layer networks. We provide theoretical guarantees for NetMA. When all candidate
models are misspecified, NetMA still achieves asymptotically optimal prediction. When models with
large enough latent dimensions are included, NetMA assigns nearly all weights to them. We also prove
that the estimated weights converge to the optimal weights. Simulation studies show that NetMA
performs better than model selection and simple averaging. It even outperforms the “oracle” model
when the true latent dimension is large. Applications to mutual-following and virtual event networks

further highlight the strong performance of NetMA in link prediction.
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1. Introduction

Networks are a powerful tool for representing complex systems, where entities (nodes) are
connected by relationships (edges). Unlike traditional data, network data record both node-
level attributes and interactions between nodes, sometimes supplemented with pairwise fea-
tures (Ma et al), 2020). In today’s interconnected world, network data arise in diverse
domains, such as social sciences (Serrat, 2017), international trade (Dong et all, 2021)), epi-
demiology (Jo et all, 2021)), and fraud detection (Oskarsdéttir et all, 2022). A fundamental
task in network analysis is link prediction, which estimates the probability that a connection
exists or will form between two nodes. Missing links are common due to factors such as
unclear boundary specification, reporting errors, survey non-response (Kossinets, 2006), or
resource limitations in experimental settings (Li et all, 2016). In dynamic networks, link
prediction also supports forecasting future relationships (Song et all, 2022).

A widely used approach for link prediction is to fit a probabilistic model to the ob-
served network. Existing models include random graph models (Erdos and Rényi, 1959), the
p1 model (Holland and Leinhardt, 1981)), stochastic block models (SBMs) (Holland et al.,
1983), latent space models (LSMs) (Hoff et al), 2002), and many variants of them (Karrer
and Newman, 2011; Sewell and Chen, 2015). Among these models, LSMs are particularly
appealing due to their interpretability and their ability to capture key structural properties
such as transitivity, homophily, and community structure (Zhang et al), 2022). Mecha-
nistically, these models represent each node as a vector in a low-dimensional latent space,

where the probability of a connection between two nodes depends on the distance between



their latent positions. While LSMs are traditionally recognized for inferring latent node
positions to facilitate visualization, their utility also extends to link prediction. The funda-
mental ability of these models to capture the underlying geometric structure renders them
naturally robust candidates for inferring missing edges. This perspective is supported by
literature demonstrating that latent factor-based approaches often outperform heuristic or
neighborhood-based methods in prediction tasks. For instance, Koren et al| (2009) showed
in recommender systems that matrix factorization techniques work better than standard
neighbor-based methods because they effectively capture global patterns. Menon and Elkan
(2011)) applied this to general graphs, showing that learning latent features handles imbal-
anced data better than simple topological indices. Furthermore, Zhu et al) (2016) proposed
a temporal latent space model for dynamic social networks. They found that modeling how
node positions change over time leads to better prediction accuracy than other baseline
methods. More recently, Pan et al, (2022) developed a latent space logistic regression frame-
work that explicitly captures reciprocity and transitivity for link prediction, demonstrating
superior performance in sparse social networks compared to standard baselines. Pan et al.
(2026) extended LSMs to citation networks by integrating author-paper bipartite informa-
tion, showing that modeling the joint latent geometry can enhance link prediction accuracy
in scientific networks.

A key modeling choice in LSMs is the dimension of the latent space. In practice, two-
dimensional embeddings are often used to facilitate visualization (Sosa and Buitragd, 2021;
Tang and Zhu, 2025). However, this simplification may fail to capture essential structural in-
formation. Several methods have been proposed for dimension selection, including shrinkage

priors (Durante and Dunson, 2014; Gwee et al], 2025), Bayesian criteria (Oh and Rafteryy,



2001, 2007), and cross-validation techniques (Hoff, 2007; Li et al, 2020).

Nonetheless, when the true latent dimension is relatively high and the network size is
small, model selection becomes unreliable. In such cases, the resulting LSM can suffer from
either large modeling bias (due to selecting a smaller latent dimension) or high estimation
variance, both leading to poor predictive accuracy. Model averaging offers a principled way
to address this issue by combining multiple candidate models to stabilize estimation and
improve prediction. There are two main types of model averaging methods, i.e., Bayesian
model averaging and frequentist model averaging. Bayesian model averaging has been stud-
ied for a long time, both in statistics and economics (Hoeting et al., 1999; Fragoso et all,
2018). In recent years, there has been a rapid development in frequentist model averaging
(Yang, 2001; Hansen, 2007; Zhang and Liang, 2011}; Liao and Zou, 2020; Liao et al), 2021). In
terms of optimal model averaging, Hansen and Racing (2012) introduced a jackknife model
averaging (JMA), which determines model averaging weights by minimizing leave-one-out
cross-validation for independent data, which is extended to dependent data by Zhang et al.
(2013). Gao et al) (2016) developed a model averaging method based on the leave-subject-
out cross-validation for longitudinal data. Additionally, Zhang and Liu (2023) proposed an
averaging prediction which determines the weights through the K-fold cross-validation.

Existing model averaging approaches are mainly designed for structured data, while net-
work data are typically unstructured. Unstructured data have no particular format, schema
or structure, such as text, images and networks ([Tanwar et al), 2015). Network data, in par-
ticular, present unique challenges such as small sample size, growing parameter space and
sparsity, which complicate both methodological design and theoretical analysis. A related

network mixing strategy was proposed by Li and Le (2024), which determined nonnegative



weights through a single dyad split. While the Exponential Weighting method in [Li and Le
(2024) satisfies the unit-sum constraint, their Non-Negative Linear mixing method does not.
In addition, their methods are restricted to single-layer networks. A very recent work by Qiu
and Zhang (2025) considered link prediction under a transfer learning framework using model
averaging. Their work focuses on privacy-preserving knowledge transfer between auxiliary
and target layers. In contrast, our proposed NetMA method targets the fundamental chal-
lenge of dimension uncertainty and estimation stability in both single-layer and multi-layer
networks, assuming full access to the network data. We focus on the optimal model averag-
ing approach for link prediction in single-layer and multi-layer networks, which has not been
explored before, to our knowledge. The weights are obtained through the K-fold edge cross-
validation rather than a single random split. Compared to the typical K-fold cross-validation
designed for model averaging (e.g., Zhang and Liu (2023)), the K-fold edge cross-validation
here is more adaptive to the network data structure. On the theoretical front, we show that
when the candidate models are all misspecified, NetMA exhibits an asymptotic optimality,
and when the candidate set includes models with large enough latent dimensions, it asymp-
totically assigns all weights to the correct models. Additionally, NetMA weights converge to
the optimal ones. Extensive simulations and empirical applications are conducted to show

the advantages of our method on both single-layer and multi-layer networks.

2. Model Averaging Prediction for Single-Layer Networks

2.1 Model framework

Suppose that we have an undirected and unweighted single-layer network, which can be

represented by a binary adjacency matrix A € {0, 1}¥*¥ where A;; = A;; = 1 if node 7 and



2.1 Model framework

node j are connected, and A;; = Aj;; = 0 otherwise. The diagonal elements of A are set to
be 0, i.e., A; = 0. We assume that the connectivity between each pair of nodes 7 and j is
conditionally independent Bernoulli random variables, with F(A) = P given certain latent
variables and heterogeneity parameters. The primary goal of network analysis is to estimate
P from A. However, unlike many types of structured data, we typically observe only a single
realization of A. To address this difficulty, it is necessary to impose additional structural
assumptions. In this work, we consider the following LSM proposed by Hoff et al) (2002).
Specifically, for any 7,7 =1,..., N and 7 < j, we have

A;j %S Bernoulli (Pj), with
(2.1)

10git<Pij> = @ij = q; + Oéj + ZZTZJ',

where o; € R reflects the popularity of node i, z; € R? denotes the latent vector of node
i with 1 < d < N, and logit(x) = log{z/(1 — z)} for any = € (0,1). In matrix form, we
have © = al} + 1ya’ +ZZ7, where a = (ay,...,ay)", 1y is the all one vector in R and
Z = (z,...,2n)" € RY*4 To ensure the identifiability of parameters in Model (@), we
assume the latent variables are centred, that is JZ = Z, where J = Iy — 1y1%/N. This

constraint makes Z identifiable up to an orthogonal transformation of its rows.

Remark 1. Model (@) is a basic and classic form of the LSM. We use this model because we
are mainly interested in the weighted average effect of latent spaces of different dimensions.
Regarding the functional forms of ¢(z;, z;), here we consider the inner product form, i.e.,
(zi,zj) = z; z;. Apart from this, Hoff et al) (2002) mentioned the projection form £(z;, z;) =
2! 2;/|1z|| and the distance form £(z;, z;) = ||z; — 2;]|. Both forms are also suitable for our

framework. Since most papers on LSMs currently use the inner product form (Zhang et al),



2.1 Model framework

2022; Tang and Zhu, 2025; Li et al), 2023), we follow this choice as well. Note that the
form of ¢ is not essential, and the theoretical results hold as long as Assumption m below is

satisfied.

Remark 2. A common feature in real-world networks is the phenomenon of homophily,
which means that nodes sharing common characteristics are more likely to connect with
each other (Kossinets and Watts, 2009). For example, social scientists have found that
school children tend to form friendships and playgroups when they have similar demographic
characteristics (McPherson et al|, 2001). Therefore, we can incorporate node or edge-specific
covariates which represent the similarity between nodes to reflect homophily. Specifically,
we introduce the following model which is proposed by Ma et al, (2020). Assume that for
any ¢ < 7,

1Og1t(PZJ) = q; + Q; + ﬁXz] —+ ZI-TZJ', (22)

where X;; denotes the covariate of the edge between node 7 and node j. We further require
that X;; = X,; to ensure symmetry, and X;; = 0 to avoid self-loops in the model. The value
of X;; can be either binary, indicating whether nodes 7 and j share a common attribute
(e.g., gender, country), or continuous, representing a distance or similarity measure (e.g.,
differences in age or similarities in hobbies). The estimation of this model has been studied
in detail in Ma et al) (2020).

Certainly, if we include covariates in our model, we would need additional assumptions,
such as Assumption 4 regarding the stable rank of the covariate matrix in Ma et al. (2020).
However, this is not fundamentally different from our model. The properties of the estimator
obtained from the true candidate model have been extensively studied in the context of

different forms of LSMs (Ma et al), 2020; Zhang et al,, 2022). We conduct a simulation
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study on the case with covariates, which can be found in Section [1!

As the network size increases, the number of parameters to be estimated also increases.
Due to the large number of parameters to be estimated in Model (@), the estimation
problem is particularly challenging. In recent years, researchers have proposed estimation
methods that can be divided into two categories: one is the Bayesian approach via Markov
chain Monte Carlo and the other is the maximum likelihood estimation method (Kim et al,,
2018). In the former category, the parameters are treated as random effects (Hoff, 2007;
Handcock et al), 2007), and specific assumptions on the distribution of parameters are re-
quired. In the latter category, the parameters are treated as fixed effects. Ma et al| (2020)
was the first to adopt this idea and proposed an efficient projected gradient descent (PGD)
algorithm for estimating the single-layer inner-product LSM. Due to the absence of distribu-
tional assumptions and the efficiency and scalability of PGD, many researchers have utilized
the algorithm to estimate the LSM (Zhang et al/, 2020, 2022; Lyu et all, 2023). In this paper,
we treat the parameters as fixed effects and adopt the PGD algorithm to estimate Model

(.1).

We estimate the parameters a and Z by minimizing the following conditional negative

log-likelihood:
L(a,Z) ==Y log P(Ai; | 0, Z) = = > {Ai;60;; — f(Oi)},
2% 1,3

where f(x) = log(1+ exp(z)). Then we can adopt the PGD algorithm to obtain the estima-

tors of the parameters.



2.2 Model averaging criterion

2.2 Model averaging criterion

The motivation for considering multiple models stems from the intrinsic complexity of real-
world networks. In practice, the connectivity patterns between nodes are often driven by
diverse latent factors (e.g., social circles, geographic locations, and shared interests) that may
not be adequately captured by a single rigid dimensional space. A single low-dimensional
model tends to miss fine details by focusing only on the global backbone, while a single
high-dimensional model is prone to high variance. Consequently, selecting a single model
is challenging, particularly when the true latent dimension is large and the network size is
small. As clearly demonstrated in CASE 1 of our simulation, model estimation performance
remains suboptimal even when the true latent dimension is explicitly provided. Under these
circumstances, a single LSM is prone to severe bias due to under fitting or high estimation
variance, making it risky to rely on one selected model. Therefore, it is desirable to consider
multiple candidate models, each with a different latent dimension, and combine them. By
assigning optimal weights to candidate models, we can fully leverage the strengths of multiple
models to achieve superior performance. This helps us better capture the structure of the
network and reduces the risks of picking a wrong or unstable single model. Suppose that
we have M candidate models, where the dimension of the latent vectors in the mth (m =
1,..., M) candidate model is m. Specifically, the mth candidate model is © = al} +
Iva’ + Z(m)Z(Tm), where Z,) € RN*™  Tn many practical scenarios, the network may
not be fully observed. Let W = {(i,5) : ¢, j = 1,...,N} be the set of all nodal pairs.
We assume that the edge information is available only for a subset of pairs, denoted as
Uy C U, while the edge information for the remaining pairs, denoted as Wy = U\ Uy, is

missing. The missing pattern is assumed to be symmetric, meaning that if (7,5) € Uy,
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then (j,i) € Wy, Our goal is to predict the connection probability on the missing set
U, using the information from the observed set W;. To facilitate estimation, we assume
that the missing data mechanism is missing completely at random (MCAR), following the
practice of Mariadassou and Tabouy (2020). This means that ¥; can be regarded as a
uniform random sample from W. Let p = |¥;|/|¥| be the proportion of observed edges. To
estimate the parameters for partially observed networks, we adopt the zero-filling strategy
established by Chatterjee (2012) and Gao and Mal (2020). Specifically, we define the zero-
filled observed matrix A(W;) by setting entries corresponding to missing edges in ¥y to
0. We utilize the negative log-likelihood of A(¥;) as a surrogate objective function. This
approach is justified because, under the MCAR assumption, the zero-filled matrix satisfies
E[A(¥,)] = pP (Li and Le, 2024). Computationally, this allows us to treat the problem
as a full-matrix estimation task using the efficient PGD algorithm. By applying PGD to
A(¥), we obtain the estimators of a and Z,,, denoted as G(m) = (Qum)1,-- -, Am)n) | €
RY and E(m) = (Zmy15 - - - ,/z\(m),N)T € RY¥xm  According to Model (@), these yield an
intermediate estimator ﬁgn) for the probability matrix. Since ]38%) targets pP and is thus
biased, we explicitly correct the scaling bias by setting ﬁ(m) = ﬁ(?n) /p. We further constrain
the estimators to fall between 0 and 1.

Let w = (wy, ..., wa) | be the weight vector with w,, > 0 (m =1,..., M)and > _ w,, =
1. The averaging prediction for P;;, (i,7) € Uy is I/D\ij(w) = 2%21 wmﬁ(m),ij, where ﬁ(m),ij is
the estimated connection probability between nodes ¢ and j for the mth candidate model.

To select model weights, our objective is to minimize the squared error, defined as L(w) =

Z(i,j)e%{ﬁzj (w) — P;}? for the single layer network. However, the optimization of L(w)

depends on the true probability matrix, which is impractical to obtain. Therefore, rather
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than directly minimizing L(w), we resort to selecting data-driven weights by the K-fold
cross-validation criterion. However, it is obvious that nodes in the network are connected
by edges, and partitioning nodes would require removing edges, destroying the network
structure. Therefore, the traditional K-fold cross-validation used for model averaging is no
longer applicable. Here, we propose a K-fold edge cross-validation criterion for networks
to select the model weights for link prediction. The key idea for the K-fold edge cross-
validation is to split the nodal pairs into K groups and treat each group as a testing set
to evaluate the model performance. Then we describe the calculation of the K-fold edge
cross-validation criterion and how to conduct link prediction with data-driven weights in

detail. The proposed method proceeds as follows.

Step 1: Divide the nodal pairs in W, into K groups equally. Let Gy, k= 1,..., K, denote

the set of the nodal pairs in the kth group.
Step 2: Fork=1,... K,

(a) Exclude the nodal pairs in the kth group from W; and use the remaining nodal
pairs in W, to calculate the estimators of Z,) and a in the mth model (m =
1,..., M), which are Z ([;L])g] and &E;S], respectively.

(b) Calculate the predictions for observations within the kth group for each model.
That is, we calculate the prediction of P o S for the mth model by ]5(% =
J1 (@;{;}1} + 1N&E;,S]T + Z([;I;]Z([:;]T> o S, where o denotes the Hadamard
product of two matrics, f,(z) = K/{(1+exp(—x))(K —1)}, and S = <Sg€}> =

(Lujyec,) € RN where 1; jjec, is an indicator function that equals 1 if the

pair (i,7) is in the set Gy and 0 otherwise.



2.3 Theoretical property

Step 3: Construct the K-fold edge cross-validation criterion C'V (w) =

- 2 - ~
2Ty on HA[k] — P[k](w)HF, where AM = Ao ™ and PH(w) =M me([ﬂ).

Step 4: Select the model weights by minimizing the K-fold edge cross-validation criterion,
i.e., @ = argmin,,,CV (w), with w = (wy,...,wy)" being a weight vector in the
unit simplex in RM, ie., W = {w € [0,1]M: Zn]\le Wy = 1}. Thus, we can con-

struct an averaging prediction for P,;, (i,7) € ¥, through 13”(@) =M @mﬁ(m)ﬂj.

Minimizing CV (w) can be transformed into a quadratic programming problem about w.

Specifically, let h;;;, = (ﬁ[k] p

K K Hlk
(1)71']'7 sty (M),ij)Tv H = Zk:l Z@j hl]kh;gka and h = 2 Zk:1(<A[k]v P([ ]>a

1)
...,(A[k],ﬁ([ﬁ)))T, where (-,-) denotes the sum of all elements in the Hadamard product
of two matrices. Then we have min,eyy CV(w) < mingepy (wTHw — hTw), which is a

quadratic function of w. Therefore, we can use quadratic programming to solve the K-fold

edge cross-validation weights.

2.3 Theoretical property

In this section, we first present an analysis of the asymptotic optimality of the proposed
averaging prediction when the candidate models are all misspecified. When the candidate
set includes models with large enough latent dimensions, as will be shown later, the proposed
method assigns all weights to these models. Then we provide the convergence rate of the
weight estimator towards the infeasible optimal weight vector. For the single layer network,
Theorem m shows that the empirical K-fold edge cross-validation weights asymptotically
minimize the loss function L(w). The assumptions required for Theorem m are discussed as

follows. All limiting processes in this section are with respect to |¥;| — oc.



2.3 Theoretical property

Assumption 1. Suppose that M < N. For (i, j) € ¥y, there exists a limiting value F,,

for ﬁ(m),ij such that Z(m)e%(ﬁ(m%ij — P

(m)7ij)2 = O,(NM) uniformly for m =1,..., M.
Assumption m guarantees that the estimator of P, ;; in each candidate model has a limit

P("‘m) i Here, P(*m) i could be regarded as a pseudo-true value, which is not necessarily equal

K]
)i

to the true value. Notice that ﬁ(m)ﬂ-j and ]5([; have the same limiting values P(’;n)ﬂ. i because
|Wy| and |Wy|—|¥;|/K have the same order for any K € {2,...,|W¥;|}. The existing literature
on the LSM (Zhang et all, 2022; Ma et al), 2020) showed that the PGD estimation error
satisfies HC:)(m) —0||% = O,(Nm) with probability at least 1 — N~ for some constant C' > 0.
A union bound over m = 1,..., M then yields maxj<,<y Z(i,j)ewl(ﬁ(m),ij — P(*m)’i].)2 =
O,(N M) with probability at least 1 — MN~¢, suggesting that Assumption m is reasonable
for fixed M, and also for diverging M as long as M = o(N°) for some constant C' > 0. A
more detailed discussion is provided in Section S3.1 of the Supplementary Material.

Next, we introduce some notations associated with the limiting value P(’;n) The av-

47

eraging prediction based on the limiting value is Pj(w) = Z%zl Wi G 15

Similarly, the
loss function based on the limiting value is defined as L*(w) = > iy, {F5(w) — P}
The minimum loss in the class of averaging estimators based on the limiting value is £* =
inf, ey L*(w). The following assumption is about an upper bound on the expected nodal

degree D, which is defined to satisfy D = N max;; P,

ij-
Assumption 2. NME! = o(1) and N max{D,log N}¢*~! = O(1).

Assumption E constraints that £* grows faster than NM, and N max{D,log N }¢*~! is finite.
The former is similar to Assumption A3 of Ando and Li (2017) and Assumption 5 of Zhang
and Liu (2023). This assumption rules out the scenario where a candidate model has a

large enough latent dimension, in the sense that its dimension of the latent vectors is greater
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than or equal to the true dimension. To better understand its implications, we note that
this condition essentially requires the dimensions omitted by the candidate models to contain
significant signals. We acknowledge that this assumption may have limitations in transitional
regimes. For instance, if the candidate dimension is close to the true dimension or if the
omitted latent factors are weak, the resulting risk &* might be smaller than N M. In such
cases, the system effectively shifts from a misspecified regime toward a regime where the
model has large enough latent dimensions. The theoretical properties for the case where
candidate models include models with large enough latent dimensions will be discussed later.

We now justify that the weights selected by the K-fold edge cross-validation criterion are
asymptotically optimal. In other words, the K-fold edge cross-validation weights asymptot-

ically minimize the prediction loss.

Theorem 1. Under Assumptions@ and @, we have + L(@)

ooy L(w) 1 in probability.

The optimality statement in Theorem m is an important property of the model averaging
estimator - that the model averaging estimator based on the K-fold edge cross-validation
asymptotically achieves the lowest squared loss where w is chosen in W. The proof of
Theorem m is presented in Section S2.1 of the Supplementary Material.

Next, we discuss the situation where the candidate set includes models with large enough
latent dimensions. Specifically, denote 7 to be the subset of {1,..., M} containing the
indices of models with large enough latent dimensions. For example, when the true dimension
is dy and dy < M, then T = {dy,...,M}. Let Z: Y mer Wm be the sum of K-fold edge
cross-validation weights assigned to these models. Denote W* ={w e W: 3" . wn =1}
to be the subset of W which assigns all weights to the models with lower latent dimensions.

We need the following assumption to consider the case where the candidate set includes
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models with large enough latent dimensions.

Assumption 3. NM {inf,ep- L*(w)} " = o(1) and N max{D,log N} {infyep> L*(w)}

= 0(1).

Assumption E gives the restriction on the growth rate of the minimum loss of the averaging
estimator over all misspecified models. It is easy to see that Assumption H is equivalent to
Assumption E when all candidate models are misspecified. Next, we show that Z — 1 in

probability under some regularity conditions.
Theorem 2. Under Assumptions@ and B, if T is not empty, we have Z—> 1 in probability.

Theorem E implies that when the candidate set includes models with large enough latent
dimensions, the proposed method asymptotically assigns all weights to these models. The
proof of Theorem E can be found in Section S2.2 of the Supplementary Material.

Next, we present the convergence rate of the K-fold edge cross-validation-based weights.
We first introduce some notations. Define the squared risk function as R(w) = >, ey, £ (]31] (w)—
P;;)%. We note that the integrability condition for the risk function is naturally satisfied in
our framework. Specifically, since both the estimated probabilities and the true Bernoulli
parameters are strictly bounded within the interval from zero to one, their squared dif-
ference lies within the unit interval. Consequently, the expectation is well-defined with-
out requiring additional integrability assumptions. Let & = inf,eyy R(w), and denote the
optimal weight vector w® = argmin, ., R(w). Let Apin(B) and Apax(B) be the mini-
mum and maximum singular values of a general real matrix B, respectively. Arrange
{4y (i) € Wi} (P, (04) € Wi}, {By(w) = 5 Bilw), (i) € Wi}, {Ponyyy =

~k . = . = .. . .
ZI{:{:I P([m}),ij’ (17]) € \111}7 {Pij(w)v (17]) € \111}7 {P(m)vijﬁ (Z7]> € \111}7 {Pz'j(w)v (Zaj) € \Ijl}
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and {1

i (i,7) € ¥1} in a same particular order, and denote them as vector a; € RI"il,
p € R Bi(w) € R 5y, € R By(w) € R py,y € R pr(w) € RYil and
Piimy € Rl vespectively. Denote Ay = (Pi1y, - - -, Diany), 1 = (P1 — Piqays - - -» D1 — D)),
A= AJA; and Q = Q] Q. Theorem a shows the rate of @ toward the infeasible optimal

weight vector w°. The following assumptions are needed to show this theorem.

Assumption 4. There are two positive constants p; and pg, such that 0 < p; < Ay (A/[P4]) <

Amax(A/[W1]) < M, in probability tending to 1.
Assumption 5. A\ (2/|04]) = O,(M).

Assumption 6. N'"* max{D,log N}ME™ = o(1), N\ =4 M2¢1 = o(1), and M = o N™in{4x:1/3})

where k € (0,1/2).

Similar to the Condition (C.4) in Liao and Zou (2020), Assumption @ puts a constraint on
the singular values of A/|W,|. It requires that the minimum singular value is bounded away
from zero by a fixed constant p;, while the maximum eigenvalue is bounded by M with
probability tending to 1. Assumption B requires that the maximum singular value of Q /||
is bounded by M in probability. Assumption B further restricts the relationship between M,
N and &. The third part of Assumption B indicates that the number of candidate models can
increase with /N but at a rate with a constraint. Additionally, when M is fixed, as long as
the first part holds, the second and third parts hold naturally. Assumptions EI—B are verified

in Section S3 of the Supplementary Material.

Remark 3. We note that Assumption Q is used exclusively for establishing the convergence
rate result in Theorem E, and is not required for Theorems EI and E The scenario where

models with dimensions dy and dy + 1 produce similar predicted values occurs precisely
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within the correctly specified regime (7 = {dp, ..., M}). In this regime, Theore E already
guarantees that the total weight Z = > et Wm converges to 1 in probability, which does
not rely on Assumption @ Therefore, even if Assumption @ is violated in this regime, the
fundamental theoretical guarantees of NetMA remain fully preserved.

We acknowledge that Assumption @ does require the candidate models to exhibit sufficient
diversity in their prediction vectors, and this condition may weaken when the candidate set
includes models with very close dimensions such as dy and dy + 1. As demonstrated in
our simulation studies, the NetMA method consistently performs well even when candidate
dimensions include dy and its neighbors, confirming that the final averaged prediction is
not compromised because any convex combination of models in 7 yields similarly accurate

predictions.

Theorem 3. If w° is an interior point of W, and Assumptions B and —H are satisfied, then

W satisfies || — w°|| = O, (§/2|W,|~1/2H7), where r is defined in Assumption B’

Theorem H gives the convergence rate of the estimated weights @ towards the optimal
weights w, which is associated with the sample size |¥;| and the minimized risk &. Specif-
ically, the slower the rate of & — oo, the faster the rate of w — w® as |¥;] — co. Note
that C'V(w) is a convex quadratic function over the simplex WW. Moreover, as shown in the
proof of Theorem H (Section S2.3 of the Supplementary Material), Assumption @ ensures
the uniqueness of the global minimizer. The requirement that w° is an interior point of W
facilitates the asymptotic analysis by ensuring that the neighborhood of the optimal weight
vector remains entirely within the feasible parameter space. This condition allows us to
employ standard local perturbation techniques. From a practical standpoint, violating this

interior point assumption does not negatively impact numerical performance. We solve the



optimization problem using quadratic programming which efficiently handles constraints and
solutions on the boundary of the simplex. Furthermore, our method remains robust even
when the interior assumption is theoretically violated. For example, Theorem [J proves that
the method asymptotically assigns all weights to the models with large enough dimensions.
This phenomenon is clearly illustrated in the additional simulation results reported in Figure
@. In particular, when M = 5 and dy = 4, for N = 500, NetMA assigns all the weight to
the candidate models with latent dimensions being 4 or 5, whereas the first three candidate
models receive zero weight. Hence, the resulting solution lies on the boundary of the sim-
plex, yet NetMA still achieves superior numerical performance. The proof of Theorem a is

presented in Section S2.3 of the Supplementary Material.

3. Model Averaging Prediction for Multi-Layer Networks

A multi-layer network is a collection of various networks connecting the same set of nodes.
In many applications, some complex relationships can be characterized using multi-layer
networks, such as social networks of friendships, work connections, as well as networks
that evolve over time. Here, we propose a model averaging method for link prediction in
multi-layer networks, where the weights are determined by considering the performance of

candidate models across all layers.

3.1 Model framework

Assume that the multi-layer networks are composed of T' networks over a common set of
N nodes. Fort = 1,...,T, the t-th layer network is represented by an adjacency matrix

A® € {0, 1}V where AS) = A;? = 1 if node 7 and node j are connected and AS) = A;? =
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0 otherwise. Similarly, we consider using the inner-product LSM. For any t = 1,...,T,

1,7=1,...,N and i < j, we have

Ag) ~ Bernoulli (Pfﬁ) ,  with

(3.3)

O 0

% j o

logit(}’i(f)) — 0 — o +aj + 2

v

where zi(t) € R%. Here, d; represents the true but unknown latent dimension of the t-th
layer network, which is allowed to vary across layers. Regarding the parameters, we assume
all layers share the same «, while the latent positions of nodes may vary across different
layers. Specifically, the layer-invariant «; characterizes the stable and overall popularity of

the nodes, whereas the layer-specific latent position zi(t)

captures structural variation of the
network across different layers. This setup aligns with existing studies such as Friel et al.
(2016); Sewell and Chen (2017, 2015) and Sewell and Chen (2016).

For presentation simplicity, we rewrite the model in matrix form, i.e., O® = all +
Iya™ + ZWZOT  where 20 = (29 z](\t,))T € RYV*4 Denote Z = {ZW,..., ZM}. To
ensure the identifiability of parameters {«, Z}, we assume the latent variables are centered,
that is JZ®) = Z®.

Then we develop a PGD algorithm for multi-layer networks to estimate the Model (@)

We first define the objective function as the negative conditional log-likelihood of {AM}T |

under Model (@)

r N N T N N
c0n - E 3 v (4 105) S5 el )
=1 i—1 j—1 =1 i—1 j—1

We need to find the estimators of a and Z that minimize the objective function. The original
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PGD algorithm is designed for single-layer networks (Ma et al), 2020). Here, we extend it to
multi-layer networks, which is similar to the algorithm proposed by Zhang et al| (2020). The
procedure is summarized in Algorithm 1 in Section S4 of the Supplementary Material. We
adopt the initialization method proposed by Ma et al| (2020) to obtain appropriate initial
values. The original projected gradient descent algorithm is extended to the multi-layer

network.

3.2 Model averaging criterion

Following Section @, we consider M candidate models, where the dimension of the latent
space in the mth (m = 1,..., M) model is m. The mth candidate model is ©®) = a1} +
Iva’ + Z((Z)Z((Z)T, where Z((Z) € RY*m_ Here, it is important to clarify the distinction
between the true latent dimension and the candidate model dimension. As defined in Section
El!, d; denotes the true but unknown latent dimension of the ¢-th layer network, which may
vary across layers in the data generating process. In contrast, m refers to the dimension
of the m-th candidate model. For a specific candidate model, we fit a latent space model
with a fixed dimension m across all layers. Although a single candidate model assumes a
common dimension, our NetMA method approximates the complex structure of the multi-
layer network by averaging multiple candidate models based on their predictive performance.

To select model weights for multi-layer networks, we propose a K-fold edge cross-validation
criterion. Following the single-layer setting in Section @, we partition the set of all nodal
pairs ¥ into an observed set W; and a missing set Wy, where the same partition is ap-

plied across all T' layers. This missing pattern is natural when the observation mechanism

operates at the nodal-pair level rather than at the individual layer level. For example, in
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multi-relational social network surveys, respondents are typically presented with a roster and
asked about multiple types of ties (e.g., friendship, advice, collaboration) with each individ-
ual on the roster. Since the roster determines which pairs are queried, and the same roster
applies to all relationship types, the set of observed pairs is identical across layers. Simi-
larly, in multi-layer biological interaction networks, high-throughput screening experiments
often test a fixed set of molecular pairs for multiple types of interactions simultaneously,
so that untested pairs are missing across all interaction types. Extending the framework to
accommodate layer-specific missing patterns is an interesting direction for future research.
Specifically, we aim to minimize the loss function Li(w) = 7/, > j)ets {]32-(;)(10)—]32-(;)}2

~

where the aggregated prediction P\ (w) is defined as pY (w) = Z%zl W PY

y y ()i Here,

]3((2)7“ denotes the estimated connection probability from the mth candidate model in layer
t, as described in Section S5 of the Supplementary Material. In light of the unattainability
of the objective function L;(w), we opt for the determination of data-driven weights through
the K-fold edge cross-validation criterion. The detailed procedure is similar to that for
single-layer networks and can be found in Section S5 of the Supplementary Material.
Furthermore, we establish the theoretical foundations of the proposed method for multi-
layer networks. We demonstrate that the weights obtained via K-fold edge cross-validation
are asymptotically optimal (Theorem S1) and consistently assign full weight to models with
large enough latent dimensions (Theorem S2). Additionally, we derive the convergence rate
of these weights towards the infeasible optimal weight vector, highlighting how the rate
scales with both the number of nodal pairs and the number of layers 7' (Theorem S3). A

comprehensive discussion of the underlying assumptions and the full technical proofs are

provided in Sections S1 and S2 of the Supplementary Material.



4. Simulation Studies

In this section, we evaluate the NetMA methods by using simulation examples. In addition
to NetMA, we also consider three other methods. The first one is the oracle method, which
uses the true model structure and latent dimension. The second one is the “equal” version
which assigns equal weights to all the candidate models. That is, if there are M candidate
models, then the weight of each model is 1/M. The third one is the best model selected
by the edge cross-validation (ECV) procedure of Li et al| (2020) and Gao and Ma (2020).
Specifically, we divide the nodal pairs in ¥; into K groups, and then use K — 1 groups to
fit the model each time. Select the model that minimizes the loss on the hold-out set as
the best model. For example, in a single-layer network, the ECV algorithm simply replaces
Step 3 in Section @ with m* = argmin,, [¥|~1 320, | A — ﬁ([ﬂ)”; We compare the four
methods for both single-layer and multi-layer networks. The simulation results of multi-
layer networks are presented in Section S6.2 of the Supplementary Material due to space
constraints. The findings highlight the robustness and adaptivity of NetMA in both well-
specified and misspecified model settings.

In the following simulations, we consider three cases. The first case measures the effect
of the dimensions of latent vectors on the prediction performance. The second case evaluates
the effect of the size of the network. The third case evaluates the effect of the network density.
Due to space limitations, the third case is presented in Section 6.1 of the Supplementary

Material. We set K = 10 and the ratio of the numbers of nodal pairs in ¥; and ¥, as 7:3.
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4.1 Single-layer networks

In the following simulation design, we generate a network adjacency matrix A = (4;;) €
RN*N “where A;;s are generated from the Bernoulli distribution independently. Specifically,
A;; takes the value 1 with probability P;;, and the value 0 with probability 1 — P;;. The
probability P; is determined by logit(P;;) = a; + o, + 2 2;, where «; is generated from
Uniform(—1, 1) independently for ¢ = 1,..., N. For the latent vectors, we first generate a
matrix Z € RY*% guch that each entry is generated from N(0,1) independently. Then we
transform Z by setting Z = JZ where J = Iy —1y15/N and rotate Z such that Z' Z o I,.
Finally, scale Z such that Z"Z = N1 . In particular, to control the expected average degree
of the networks, we consider transforming P by multiplying a constant . For example, if we
want to obtain a network with an expected average degree of D, then v equals D/ARS(P),
where ARS(P) refers to the average of the row sums of P.

We focus on estimating the network connection probability matrix P. Given an estimator
P , the performances of the four methods are measured by the relative empirical risk function,

which is calculated as

2
pla (o plad
Q Z(i,j)e%{ ijq <w{q}) B ijq }

{a? ’
=1 2 (ig)ews {Pij }

where () is the number of simulation replications, and qu}(@{q}) denotes the prediction
based on the “oracle”, the “equal”, ECV and NetMA weights in the ¢th replication. In the
following simulations, we set () = 100, and consider a sequence of candidate models, where
the dimension of the latent vectors in the mth candidate model is m, m =1,..., M.

CASE 1 (DIMENSION OF LATENT SPACE). In this case, we set the size of the network as
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N = 200, and the expected average nodal degree is 60. We vary M from 2 to 12, and let the
true dimensions of the latent vectors dy be 4, 7 and 10, respectively.

The resulting relative risks under each d, are presented in Figure m Figure m shows from
left to right the cases where the true dimension is 4, 7 and 10, respectively. The upper panels
of Figure m show the change in relative risk as M changes, and the lower panels of Figure m
show how the weight distribution changes as M varies. It can be seen that, as dj increases,
the advantage of our method becomes more and more obvious, which is even better than the
“oracle”. This is mainly because when the network size and network density are fixed, the
increase of dy introduces more parameters to be estimated. Thus, when dj is large, the true
model may yield poor results. This phenomenon can be verified by observing the relative risk
of the “oracle” from the upper panels of Figure Iﬂ from left to right. To be more specific, in
the setting of dy = 4, when all the candidate models are misspecified, “oracle” performs the
best. As the candidate models gradually include the true model, the relative risk of NetMA
and the “equal” drops dramatically. In the meanwhile, models with higher latent space
dimensions are given higher weights. When the candidate models include the true model,
the model selected by ECV performs similarly to the “oracle”, while NetMA and the “equal”
perform similarly, and much better than the “oracle” and ECV. In the setting of dy = 7, the
“oracle” performs the best only when M = 2. When the dimension of the latent space in the
candidate model exceeds 2, NetMA performs the best. As M increases, NetMA’s superiority
over the “equal” also becomes more apparent. In the setting of dy = 10, regardless of whether
the candidate model contains the true model, the performance of ECV is similar to that of the
“oracle”, which is much worse than NetMA and the “equal”. Additionally, NetMA performs

better than the “equal”, and the gap between NetMA and the “equal” is larger than their
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gap under dy = 4 and dy = 7. It is worth noting that NetMA outperforms the oracle model,
particularly when the true latent dimension is large or the network is sparse, as illustrated
in Figure S1 of the Supplementary Material. This observation is consistent with recent
findings in network estimation by [Li and Le (2024). Heuristically, while the oracle model
utilizes the true dimension, it suffers from high estimation variance due to the large number
of parameters N x dj required to be estimated from limited edge data. In contrast, NetMA
combines multiple models including lower-dimensional ones. Although these simpler models
introduce specification bias, they are more stable and possess lower estimation variance.
In the difficult regime such as sparse networks or small sample sizes, NetMA outperforms
the oracle by leveraging optimal weighting to fuse the strengths of heterogeneous candidate
models, thereby achieving a superior balance between bias and variance.

CASE 2 (NUMBER OF NODES). In this case, we vary the size of the networks N from 100
to 500. In order to maintain consistent density for networks of different sizes, we set the
expected average nodal degree of the network to be 0.3(N — 1). The true dimension of the
latent vectors is fixed at dy = 6.

Figure E illustrates the relative risks for four distinct settings of CASE 2, corresponding to
candidate model set sizes of M = 2, 4, 6 and 8, respectively. When the maximum dimension
of the latent space in the candidate models is 2 or 4, which is smaller than the true dimension
of latent space, NetMA performs the best under small network sizes. As the network size
increases, the advantage of the “oracle” becomes more evident. However, apart from the
“oracle”, NetMA performs the best, especially when M = 4, which is more pronounced.
When the maximum dimension of the latent space in the candidate models is equal to the

true latent space dimension (M = 6), NetMA performs the best for most cases. When N
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Figure 1: Relative risks and model weights for the four methods with different candidate
models in single-layer networks.

is relatively large, the performance of the “oracle” and ECV becomes increasingly similar
to that of NetMA, while the performance of the “equal” shows a certain gap compared to
NetMA. Finally, when the candidate set is over-fitted with M = 8, NetMA maintains its
superior performance. This demonstrates the robustness of our method to the inclusion of
redundant high-dimensional models.

We further examine the performance of the proposed method when the true latent di-
mension is larger than the candidate model dimensions. Following the setup of CASE 2,

we increase the true latent dimension to dy = 20 while setting the number of candidate
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Figure 2: Relative risks of the four methods with different network sizes in single-layer
networks, with the number of candidate models M varying from 2, 4, 6 to 8.

models to M = 10. Consequently, the candidate set does not contain any models with large
enough latent dimensions. The network size N varies from 100 to 500. The results, pre-
sented in Figure a, show that NetMA consistently achieves the lowest relative risk compared
to competing methods across all sample sizes. Moreover, a comparison with Figure P (where
dy = 6) reveals that the performance advantage of NetMA is even more substantial in this
high-dimensional, misspecified setting.

To empirically validate the theoretical convergence of the weight estimator established in
Theorem E, we examine the behavior of Eas the network size increases. We adopt a setting
with M = 5 and dy = 4, ensuring the candidate models cover the true latent dimension,
and vary N from 100 to 500. As illustrated in Figure @, the estimated weight E increases
monotonically with the sample size N and gradually approaches 1 as N becomes large. This
finding confirms that our method can correctly identify the model structure asymptotically,
providing strong empirical support for Theorem E

To further assess the predictive capability of our estimator, we conduct a comparative
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Figure 3: Relative risks of the four methods with different network sizes in single-layer
networks when M = 10 and dy = 20.

study with the methods proposed by ILi and Le (2024). Specifically, we include the Expo-
nential Weighting method, the Non-Negative Linear mixing method, and the bounded Non-
Negative Linear mixing method. We denote these methods as EXP, NNL, and NNL.bound
respectively. The NNL method estimates weights without imposing a unit-sum constraint,
whereas the NNL.bound method applies a further restriction to ensure the probability esti-
mates fall within the unit interval. Figure B presents the relative risks across varying network
sizes. The results indicate that the the unconstrained NNL method exhibits the highest rel-
ative risk among all candidates. This finding supports the discussion that the absence of a
unit-sum constraint may lead to unbounded predictions. The bounded version NNL.bound
mitigates this issue and improves performance. Moreover, while the EXP method demon-
strates strong competitiveness, NetMA consistently achieves the lowest relative risk in most
settings. Notably, as the network size N becomes large, the performance of the competing
methods like EXP becomes increasingly similar to that of NetMA.

We subsequently explore two extensions in single-layer networks: (1) the inclusion of
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Figure 4: Sum of model weights placed on the models with large enough dimensions with
different network sizes in single-layer networks when M =5 and dy = 4.

edge covariates, and (2) non-random missing data mechanisms.

In the first extension, we consider Model (2.2) with edge covariates. Specifically, we
generate J and each entry of the covariate matrix X from Uniform(0,1). The generation for
the other parameters remains unchanged. Figure B shows the results of the four methods as
the numbers of nodes and candidate models change. It can be observed that Figure B is very
similar to Figure E, i.e., our method performs best when the candidate set includes models
with large enough latent dimensions, or when the candidate models do not include models
with large enough latent dimensions but the number of nodes is relatively small.

In the second extension, we consider a case of non-random missingness, i.e., egocentrically
sampled networks. These networks are constructed through egocentric sampling, which is a
procedure where a subset of nodes is first sampled, and then the links between these nodes
are recorded, while other information remains unknown (Li et al), 2023). An example of
the adjacency matrix of an egocentrically sampled network is shown in Figure H In Figure

H, the grey area represents the observable parts, while the white area indicates the missing
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Figure 5: Comparison of relative risks between NetMA and the methods proposed by
@g() under different network sizes, with the number of candidate models M varying

from 2, 4, 6 to 8.

parts. Our goal is to predict the missing links based on the information from the observed
links. In the simulation, we assume that 90% of nodes are sampled, meaning that the links
between the remaining 10% of the nodes are missing. All other settings are the same as those
in CASE 2. Figure E shows the prediction results of different methods under the egocentric
missing situation. It can be seen that when the candidate set does not include models with
large enough latent dimensions, NetMA performs second only to the oracle, especially when
the number of nodes is relatively large. When the candidate set includes models with large
enough latent dimensions, NetMA performs the best, particularly when the network size is

relatively small.

5. Empirical Example

In addition to the following empirical analysis based on multi-layer virtual world data, we
also apply the proposed NetMA method to a single-layer real-world network constructed

from the ResearchGate platform. Due to space limitations, the detailed description of this
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Figure 6: Relative risks of the four methods with different network sizes in single-layer

networks with edge covariates.

Figure 7: An illustration of the adjacency matrix of an egocentrically sampled network,
where grey blocks are observed and the white block is missing.

single-layer analysis, including dataset construction, model setup, and experimental results,
is provided in the Supplementary Material (Section S7.2). The results further demonstrate

the superior performance and robustness of NetMA compared to ECV and simple averaging

methods.

5.1 Prediction on virtual world data

In this section, we apply the proposed method NetMA to real-world data with a multi-layer

network. bankowski et al.| (l2017|) provides a dataset which contains the record of six types
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Figure 8: Relative risks of the four methods with different network sizes in single-layer
networks with nonrandom missing.

of spreading events that occurred in a virtual world platform. The types of events include
campaigns, friends, logins, messages, transactions and visits. Here, we extract a subset
of common users present in four events and construct a multi-layer network. The network
consists of four layers, representing friend, message, transaction and visit relationships. Each
layer has 183 users and thus N = 183. Considering that some of the relations are directed,
we convert the directed networks to undirected networks based on the existence of any single
directional edge between nodes.

We apply the model averaging and model selection methods to analyse the multi-layer
network. Here, we consider three scenarios, namely M = 4, 6, and 8. We consider three
scenarios for mo = |Wy|/|Ws|: 5/5, 7/3, and 9/1. In addition, when selecting weights for
NetMA and models for ECV, we take K = 5 and K = 10 for the K-fold cross-validation.
The experiments are replicated 100 times, and the results for link prediction are shown in

Table EI As we can see, NetMA with 5-fold cross-validation performs the best in terms

of average AUC in all scenarios. As M increases, the advantage of NetMA becomes more
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pronounced. This trend is likely driven by two key factors. First, real-world networks
may possess rich underlying structures that correspond to a potentially high-dimensional
latent space. When the maximum dimension M is small, the candidate models might not
fully capture these features, whereas a larger candidate model offers a better opportunity
to approximate the complex true structure. Second, as the number of candidate models
increases, the uncertainty in identifying a single best dimension may rise for standard model
selection methods. In contrast, NetMA reduces the risk of relying on a single and potentially
suboptimal model by integrating information from various dimensions, thus yielding a more
pronounced advantage in larger search spaces. Due to space limitations, weight allocation
results are presented in Supplementary Table S1. Unlike the results on the weight allocations
for single-layer networks, the weight allocations for multi-layer networks are inconsistent for
ECV and NetMA. Furthermore, the choice of K seems to have a great impact on the weight

allocation in ECV, while its influence on NetMA is comparatively small.

Table 1: Average AUC for link prediction on virtual world data (standard errors are in
brackets).
[0,[/[Ws]  equal ECV (K =5) ECV (K =10) NetMA (K =5) NetMA (K = 10)

5/ 0.6979 0.6872 0.6859 0.7006 0.7000
(0.0047)  (0.0055) (0.0059) (0.0047) (0.0046)

M=d4 73 0.7235 0.7117 0.7116 0.7246 0.7235
> (0.0050)  (0.0055) (0.0048) (0.0051) (0.005)
0/1 0.7388 0.7283 0.7270 0.7394 0.7385

(0.0087)  (0.0085) (0.0088) (0.0087) (0.0088)

5/5 0.6962 0.6870 0.6848 0.7029 0.7021

(0.0050)  (0.0055) (0.0057) (0.0046) (0.0044)

M=6 73 0.7220 0.7111 0.7106 0.7258 0.7247
- (0.0049)  (0.0055) (0.0045) (0.0048) (0.0048)
0/1 0.7387 0.7273 0.7259 0.7417 0.7408

(0.0085)  (0.0086) (0.0086) (0.0088) (0.0086)

5/5 0.6986 0.6871 0.6842 0.7063 0.7055

(0.0050)  (0.0054) (0.0059) (0.0046) (0.0042)

Mog 13 0.7240 0.7110 0.7097 0.7297 0.7285
- (0.0048)  (0.0052) (0.0054) (0.0046) (0.0046)
0/1 0.7404 0.7262 0.7257 0.7445 0.7434

(0.0083)  (0.0085) (0.0085) (0.0083) (0.0083)




6. Discussion

In this paper, we introduce a model averaging strategy for link prediction. Specifically, we
focus on LSMs and allow for different dimensions of latent space. Our K-fold edge cross-
validation procedures can be used to select the data-driven optimal weights for candidate
models in both single-layer and multi-layer networks. The proposed method fully leverages
information from multiple models and thus leads to the desirable prediction performance.
Specifically, when the candidate models are misspecified, NetMA is proved to be asymp-
totically optimal in terms of squared errors; when the candidate model set includes models
with large enough latent dimensions, it assigns all weights to these models asymptotically.
Besides, we derive the rate of the NetMA-based empirical weights converging to the theoret-
ically optimal weights. Simulation studies show the promise of the NetMA method in both
single-layer networks and multi-layer networks. We also evaluate its competitive performance
empirically in link prediction problems.

Although we focus on LSMs in this paper, the NetMA procedure, along with its theo-
retical properties, can be applied to models for any undirected and unweighted network. As
Li and Le (2024) demonstrates, one can consider integrating various models for networks,
such as SBM, the degree-corrected stochastic block model of Karrer and Newman (2011),
and the universal singular value thresholding of Chatterjeq (2012) in the future. For other
types of networks, such as directed networks, we can consider candidate models designed for
directed networks. For example, Zhang et al, (2022) proposed a LSM for directed networks,
where logit(P;;) = v w;, with v; € R? and w; € R? being the latent vectors of out-node
7 and in-node j. It makes sense to extend the model averaging method to this situation.

Furthermore, in the study of networks, there are not only issues related to link prediction



but also several other problems such as community detection (Lancichinetti and Fortunatg,
2009) and predicting the response observed for each node in social network (Zhu et alJ, 2017).

It would be interesting to extend model averaging to these research problems.

Supplementary Materials

The supplementary material provides additional details including theoretical proofs, assump-
tion verifications, algorithmic procedures, and extended simulation and empirical results.
Specifically, Section S1 provides the theoretical results for multi-layer networks. Section S2
contains the proofs of Theorems 1-3 and S1-S3. Section S3 provides detailed verifications
of Assumptions 1-6. Section S4 introduces the projected gradient descent algorithm for
parameter estimation in multi-layer networks. Section S5 describes the procedure for select-
ing model weights in the multi-layer setting. Section S6 presents the simulation results for
both single-layer and multi- layer networks. Finally, Section S7 reports the result of weight

allocation and empirical analysis based on the ResearchGate dataset.
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