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Abstract: Identifying patient subgroups with heterogeneous clinical outcomes and
varying treatment-biomarker interactions is crucial in clinical research. These two
types of subgroups are referred to as subgroup analysis (SA) and homogeneity
fusion (HF), respectively. Unlike existing methods that conduct SA or HF sepa-
rately, simultaneously identifying two-way subgroup structures improves estima-
tion and clustering accuracy, particularly in the presence of cluster heterogeneity
and weak signals across high-dimensional biomarkers. In this paper, we propose a
novel Double Centre-Augmented Penalties Fixed Effect Model(DCAF) for the si-
multaneous identification of two-way subgroups based on clustered survival data.
Instead of conventional pairwise penalties, we introduce a differentiable centre-
augmented harmonic-type penalty to facilitate subgroup identification. We estab-
lish theoretical results on estimation and selection consistency. Numerical studies,
including simulations and two real data examples, demonstrate the effectiveness
of the proposed DCAF method in accurately identifying two-way subgroups, as

well as in selecting important biomarkers for each subgroup.
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1. Introduction

Heterogeneity in outcomes and treatment effects has long been recognized
in complex diseases such as cancer, reflecting differences in disease severity
and treatment response. Identifying patient subgroups based on genetic and
clinical characteristics, referred to as biomarkers, is crucial for prognosis and
personalized treatment. Recent reviews in Pathology highlight advances in
subgroup identification for solid tumors (Cooper and Tan, 2024). Failing to
account for these heterogeneous effects can result in biased estimates and
predictions, as demonstrated by He et al.| (2023)).

In many statistical applications, survival data may be correlated. For
example, our recent analyses involved data from two companion CCTG
clinical trials: PA.3, a randomized trial comparing erlotinib plus gemc-
itabine (Treatment\Trt) with gemcitabine alone (Control) in patients with
advanced pancreatic cancer (Moore et al., 2007), and CO.26, a recently com-
pleted randomized trial comparing combined immune checkpoint inhibition
with best supportive care alone in patients with advanced colorectal cancer
(Chen et al., 2020)). These studies involved patients from multiple clinical
centers, where heterogeneity in outcomes across centres is well-documented
(Legrand et al. 2006). To account for the clustered structure of a clinical

outcome, frailty (Vaupel et al.,|1979) is commonly employed to describe sim-



ilarities in baseline risk within clusters, such as clinical centres, and the vari-
ability between clinical centres in terms of this outcome. Conventionally,
such cluster heterogeneity was modeled through frailty, that is, a random ef-
fect with an associated distribution that induces within-cluster dependence;
common choices included parametric random frailty, which assumed a spe-
cific distribution such as Gamma or log-normal (Hougaard, [1986; Therneau
et al., [2003) but may suffer from distributional misspecification (Heckmanb
and Singer} [1984)), and discrete or non-parametric discrete frailty, in which
the frailty remained a random variable taking a finite number of distinct val-
ues (Caroni et al.| 2010; Guo and Rodrlguez, [1992; |Gasperoni et al., [2020).
In contrast, we do not adopt a frailty (random-effect) formulation. Instead,
we treat each cluster-specific intercept as a fixed effect and introduce a novel
centre-augmented penalty that enables data-driven grouping of clusters.
This penalized fixed-effects approach is distribution-free, thereby avoiding
the misspecification risk of random-effect frailty models, while retaining
interpretability through direct cluster-specific estimates. Unlike standard
fixed-effects Cox models that treat each cluster independently, our penalty
borrows information across clusters to achieve parsimonious grouping.
More importantly, we focus on identifying heterogeneity effects for clus-

tered survival data. Specifically, heterogeneity considered from two di-



mensions, center heterogeneity and biomarker heterogeneity. The former,
known as subgroup analysis (SA), aims to identify subgroup structures
where patients within each subgroup exhibit similar treatment effects on
Overall Survival(OS). The latter, known as homogeneity fusion (HF), aims
to identify subgroups where biomarkers show similar effects on OS. There
is a substantial body of literature focusing on either SA or HF. In the
context of SA, Eng and Hanlon| (2014) proposed a finite-mixture Cox pro-
portional hazards (PH) model to classify patients into subgroups that are
not known a priori based on multiple biomarkers, later extended by You
et al. (2018)) to high-dimensional settings to select important and subgroup-
specific biomarkers via a variable section method. Recently, a concave pair-
wise fusion approach for SA was invented by Ma and Huang (2017) and
extended to a heterogeneous Cox model by Hu et al|(2021) and to a gen-
eral class of heterogeneous transformation models by Han et al. (2024).
However, mixture-model-based methods such as FMCox must estimate K
separate nonparametric baseline hazard functions, which introduces addi-
tional variability and may lead to misspecification when the assumed mix-
ture structure does not match the data. Pairwise fusion methods, on the
other hand, require alternating direction method of multipliers (ADMM)

optimization (Boyd et al., 2010) with O(n?) pairwise comparisons, mak-



ing them computationally burdensome as the number of clusters grows (He
et al., 2023 and sensitive to initialization in practice. For HF, numer-
ous studies have been conducted across different model frameworks; see
for example, Tibshirani et al| (2005); |Shen and Huang (2010)); Ke et al.
(2015)); |Zhu et al. (2013)), among others. Existing methods typically require
prior knowledge of subgroup structures or exhaustive pairwise comparisons.
The former is often impractical and can lead to misleading conclusions, see
Supplementary Materials (Supp) S4.7, while the latter is computationally
intensive with O(n?) pairwise comparisons. A critical limitation shared
by all the above approaches is that they address heterogeneity in only one
dimension—either across centres (SA) or across biomarkers (HF)—and none
incorporates two-way subgroup identification in a unified framework. Fur-
thermore, no existing method provides a unified framework for clustered
survival data that jointly performs data-driven cluster-specific fixed effect
grouping, center-based subgroup analysis, biomarker-based homogeneity fu-
sion, and high-dimensional variable selection.

In this paper, we fill these gaps by proposing a unified, data-driven
framework to simultaneously uncover subgroup structures along both the
center and biomarker dimensions in clustered survival data. The novelty

and contributions of our proposed method are fourfold. First, to our knowl-



edge, this is the first framework that simultaneously identifies center-based
prognostic subgroups (sharing common treatment, biomarker, and cluster-
specific fixed effects) and biomarker-based predictive subgroups (exhibiting
shared treatment-by-biomarker interactions), addressing a key limitation of
existing approaches that focus on only one source of heterogeneity. This
two-way structure enables the detection of weak but biologically relevant
predictive signals that would be missed by conventional one-dimensional ap-
proaches. Second, we develop a Double Centre-Augmented Penalties Fixed
Effect Model(DCAF) for cluster survival data based on a smooth K-Power
Means penalty (Zhang et al., |[1999; Xu and Lange, [2019) to identify both
types of subgroup structures. Compared with mixture model based meth-
ods (e.g., FMCox), which must estimate multiple nonparametric baseline
hazard functions and may suffer from model misspecification, our penalty-
based approach requires no distributional assumptions on either the cluster-
specific fixed effects or the subgroup structure, providing greater flexibility.
Compared to pairwise fusion methods, our centre-augmented penalty in-
volves only O(nK) differences, reducing the complexity to linear and offer-
ing a far more scalable alternative. Third, the smoothness of the K-Power
Means function enables efficient optimization via classical gradient-based

methods, leading to fast implementation. Unlike classical K-means-type



methods or pairwise fusion with ADMM, the proposed algorithm is less
sensitive to initialization, enhancing its robustness in practice. We further
provide formal convergence guarantees showing that the objective function
increases monotonically at each iteration. Fourth, we establish rigorous
theoretical properties for the DCAF estimator, including estimation consis-
tency, oracle property, and asymptotic normality, under a framework that
accommodates both fixed and diverging numbers of subgroups.

The remainder of this paper is organized as follows. In Section [2] we
introduce the DCAF model and the associated algorithm for simultaneously
identifying two-way subgroups based on clustered survival data. Theoreti-
cal results including consistency and oracle property are shown in Section 3
A practical inference procedure is also introduced in this Section. Sections
and [5] include numerical simulation studies and analyses of data from PA.3
and CO.26. Section [] provides concluding remarks. The related theories

and additional numerical results are deferred to the Supp.

2. Methods and Algorithm

Assume there are n independent clusters, for example, clinical centres of
subjects enrolled in a clinical study with m; subjects in the i-th cluster (i €

[n], where [n] :=1,--- ,n). Let T;; and Cj; be the true failure and censoring



time of the subject j in the cluster i (j € [m;]). Denote the observed
failure time and associated censoring indicator as ﬁj = min(7};, C;;) and
d;; = I(T;; < Cyj), respectively. For each subject, we observe biomarkers
x;; € RP, and treatment assignment w;;. In addition, confounding variables
include z;; € R?, such as age, gender, and ECOG performance status, and
disease stage for patients in PA.3 study.

Define the hazard function of the true failure time 7;; for a subject with
biomarkers x;;, the treatment w;;, confounding variables z;; as A(t|x;;, wij, Zi;).
To account for cluster effect and heterogeneous cluster effects of treatments
and biomarkers and identify biomarkers, we consider the following hetero-

geneous Cox model:
)\(t’Xl'j, wl-j, Zij) = )\()(f)’uZ eXp(CiTxl-j + Ui’wi]’ + gTXijU)ij + ’YTZ,L']‘), (21)

where Ao(t) is an unknown baseline hazard function, u;, ¢; and v; repre-
sent respectively the cluster specific fixed effects, the heterogeneous effects
of biomarkers, and the heterogeneous treatment effects, all across clusters,
on the hazard of T;;. Here each u; is treated as a cluster-specific fixed in-
tercept rather than a random variable drawn from a distributional family,
and we do not impose any distribution on wu;. Accordingly, the similarity
among individuals within the same cluster arises from they share a common

fixed intercept, rather than from a stochastic dependence structure induced



by a shared latent random variable. This avoids distributional misspecifi-
cation while preserves interpretability through direct cluster-specific esti-
mates. g = (g1,-+- ,gp) " is the interaction effect between the biomarkers x;;
and the treatment assignment w;;, which is assumed to be constant across
clusters and have grouping structures across biomarkers. That is, biomark-
ers in the same subgroup share the same interaction effects on the survival
outcome. It is important to note that the interaction effects g are not as-
sumed to be identical across all biomarkers; instead, they possess their own
grouping structure via the predictive subgroups Dy, ..., Dg,. The assump-
tion reflect intrinsic pharmacological mechanisms—for instance, whether
a biomarker modifies the response to erlotinib depends on the molecular
pathway the drug targets, not on the clinical centre where the patient was
enrolled. In addition, allowing cluster-specific interactions would introduce
n X p additional parameters, leading to severe identifiability and estimation
challenges. v = (1, ,7,) " with v, as a fixed effect of the h-th confound-
ing variable, which is assumed to be a constant across clusters. The risk of
a subject in the i-th cluster increases if u; > 1 and decreases otherwise. To
avoid imposing a positive restriction on u;, we write 1; = In(w;). Then the
model can be rewritten as follows: A(t|x;;, wij, 2z;;) = Ao(t) exp(n; +

¢ xij +viwy; + g xiwi; + " z;;). Assume that T;; and Cj; are conditionally



independent given x;;, w;; and z;;, indicating that the censoring mecha-
nism is noninformative. Denote 8 = (6] ,--- ,01)",0; = (¢;",mi,v;)", and
R(T;;) as the risk set of patients at time T;;. Then, the log partial likeli-
hood of the observed data (T}, 8, Xij, wij, 2i;) (i € [n], j € [my]) can be
written as: L,(6,9,v) = >, D" 0y nitviwi+C X4 xijwiy 2 —
log { meeR(Tij)exp(m + 0 Wes + € Xps + G Xy s Wy +7Tzrs)}1 . To simul-
taneously identify two-way subgroup structures of biomarkers, we assume
that there are K; prognostic subgroups and Ky predictive subgroups. We
identify the former by clustering the parameters 64, --- ,8,,, which yields
subgroup centers a;® := (aIk, Qog,azr) ! for k € [K;]. Similarly, we iden-
tify the latter by clustering gy, - - - , g,, resulting in centers ayy, for k € [Ks].
In other words, let G = (Gy, -+ ,Gk,) be a partition of {1,--- n} and
D = (Dy,---,Dg,) be a partition of {1,--- p}, respectively. We have
0, = oj® for all i € Gy, k € [K], and g; = auy, for all j € Dy, k € [Ky.
We propose to use the following penalized log partial likelihood function
for identifying these two-way subgroups and the important confounding

variables that are related to the hazards of Tj;:

STL(@?a) = Ln(07977) — P (07 a17a27a3) _p>\2(g7a4)7 (22>
where® = (07,97, v")", a=(a],ay,0f,0f)", 00 = (o], o )7,

Oy = (042,17 ce 7(12,K1)T, a3 = (043,1, T 7043,K1)T7 and oy = (044,1, s 7044,K2)T7



(0.0, 0, 03) = N S0, (17K 00 110, —2]2) ", and pay (g, ou) =
A (1)K, S ng—a47k|]25)l/s. Since each g; is a scalar, ||g; — aux||*
reduces to |g; — au p|*.

The penalty term in (2.2]) is centre-based and encourages the subjects
to shrink toward their own centres. A similar idea has been employed
in the literature, including grouping covariates in high-dimensional regres-
sion (Witten et al., 2014), grouping observations in the network commu-
nity detection problem (Zhang et al |2021), individualized multidirectional
variable selection (Tang et al., 2020)), and centre-augmented lo-type regu-
larization (He et al. 2023)). In all these applications, regularized K-means
clustering was considered and, specifically, the following penalty function
was used: py(a) = AY7 min{d(B;, 1), ,d(8;, k) }, where B; de-
note individual-specific parameters, ay the center parameters for subgroup
k, and d is the Iy or [; distance. In our specific model, B; corresponds
to 6; for the prognostic subgroups and to g; for the predictive subgroups,
while o, corresponds to a;® and gy, respectively. The nonconvexity of
the minimum function in this penalty requires the development of special
algorithms for the related optimization. The proposed penalty term in ([2.2))
includes many common means, usually termed as power means. It is known

that s = 1 and s = —1 correspond to the arithmetic and harmonic means,



respectively, and s - —oo and s — oo lead to the minimum and maximum
functions, respectively. In practice, we may take s = —1, which is related
to the K-Harmonic Means approach (KHM), because it has been shown to
be less sensitive to the initialization of the centres (Zhang et al., [1999; Xu
and Lange, 2019). More importantly, it is a continuous function, and thus,
a conventional gradient-based algorithm can be used.

In high-dimensional cluster analysis, the clustering structure often lies
in the same/different low dimensional subspace, and the majority of the
variables may be redundant in capturing the structure. We therefore pro-

pose adding a third penalty term, which encourages the cluster centre o 4,
to be sparse for k = [K;], to S,,(0, a):
Ky p
SDCAR(©,a) = 5,(0,a) = > > "py, (i), (2.3)
k=1 j=1
where a 1; is the j-th element of ay ;. In this article, we choose the adap-
tive LASSO penalty function (Zou, 2006) for its favorable asymptotic prop-
erties and ease of computation. The estimators obtained by maximizing
SPCAF(®, @) in expression are denoted as DCAF estimators, and

the proposed method is referred to as the DCAF method.



2.1 Algorithm

2.1 Algorithm

Given the latent subgroups K7, K5 tuning parameters \;, Ao, and A3, the

algorithm flow is as follows.

STEP 1. Initiation 8©, g, 4 as the ridge estimators; Initiation &©

can be obtained by A-means method.
STEP 2. Update the 8™ by minimizing: —L, (0,9 4m=D)4x, Y
A sa(m— s 1/s
(1/K) S, 110 = e D)) .

STEP 3. Update dlm),dé and a3 by minimizing: A\; Y., (1/K1 k [,

n(m sal|2s\1/s
1677 = aqt )7 + i Sy pa ).
STEP 4. Update g™ by minimizing — L, (8™, g, 4™~ )+)\22 (1K,

i gy - @i”i‘”HQS)”S.
STEP 5. Update &\™ by minimizing > (1K, Sk |§j(m) — i |25
STEP 6. Update 4 by maximizing Ln(0<m>,g(m>,7) )
STEP 7. Iterate STEP 2-6 utile convergence.

The above algorithm, called the KHM-GA procedure, is used to find
the solution that maximizes the objective function . Particularly,
In STEP 3, when s < 0, the first term is the concave function of a;,
as and ag, and we use an majorize-minimize (MM) algorithm (Lange,
2016)) to estimate the subgroup centres oy, asop and asy (b = [Ki]).

Specifically, define o** = ((af*) ", -+, (a52)") " and KHM(s; 6™ o) =



2.1 Algorithm

(1/K; o5 1169 —ase(|24)1/+. We approximate KHM(s; 8™, a**) through

a first-order Taylor expression at a**™~Y namely, KHM(s; é§m), o (m=1)

HEKHM(s; 6™, ceselm=0)} /50 51 /]y Yo 107 — a2 (]| 6™
ai||? — ||éfm) — o**™~Y||2). Then, we estimate c;, by minimizing the

following objective function:

argmlnkl/KlzZ Ci— o) Wir(Ci— oy +ZZP)\3alkJ (2.4)

k=1 i=1 k=1 j=1
where W, = diag(w; g, -+, wix), and w; , = {KHM(s; é,fm), o*dm=1))1(1/s=1)
107™ — a2 1|126-1) | Note that the objective function can be solved
by using the function ncufit in the R package ncvreg (Breheny and Huang,
2011). We estimate as and a3 by minimizing the following objective func-
tion: arg min ZkK:ll S wip{ (i — agr)® + (v; — azy)?}, leading to closed

2,03

formsas oy =Y 0 wikni/> i Wik and dgp = > o Wi/ > 0 Wik, k=
[K;]. To obtain subgroup membership, we can use the function cluster in
the R package Ckmeans.1d.dp in STEP 3. Similarity, in STEP 5, we use
an majorize-minimize (MM) algorithm (Lange, 2016)) to estimate the sub-
group centres ayk, k = [Ky), KHM(S;Qﬁm),a4) = KHM(s; g](m),agm*”) +
Sory diad (85" —aur)?— (95 =y )2}, where ¢, = 1/ Ko {KHM(s; ™
aim‘”)}(l/*l)(g](. ™) ozfl”,z 1)) (s=1) We estimate cy by minimizing the fol-
lowing objective function: arg min Zk D k( — ay)?, leading to

(e %]

closed forms as duy = >0 ¢j,k§§m)/ Z§:1 ¢k In STEP 6, « is obtained



2.2 Convergence of the Algorithm

by using the coxph of the R package survival with an additional covariate

ngm)+2;(m)wij+cz.(m)Txij +g(m)TXi]~wij with fixed coefficient 1.

)

2.2 Convergence of the Algorithm
We next consider the convergence properties of the KHM-GA algorithm.

Proposition 1. In KHM-GA algorithm, the sequence {SDCAF(G)(’”), a(m))}m>0

s monotonically non-decreasing at each iteration; that is, SDC’AF(G(m)’ a(m)) <

Speap(®@ D, alm ) for allm > 0.

Proposition[I]establishes that the KHM-GA algorithm produces a mono-
tonically non-decreasing sequence of penalized log-likelihood values; since
the objective is bounded above, convergence is guaranteed. However, be-
cause the objective function is non-convex, convergence to a global optimum
cannot be ensured. To address initialization sensitivity, we first estimate
cluster-specific parameters via ridge regression, then apply K-means to ob-
tain initial subgroup centres and memberships. Simulations confirm this

strategy yields stable and accurate results.

3. Theoretical Properties

For the groupings on the prognostic variables and predictive variables, as-

sume G = (Go1, - ,Gox,) and D = {Dy 1, - , Dy i, } be the true partitions



of {1,---,n} and {1,--- ,p}, respectively. Denote D = {D;;,i € [n],j €

~ T
[mil}, Dij = (D{;;, D3;) s Duj = (x5, Lwij) Ty Daj = (25, Y ep, | Tijatij,

T 0 T T AT\ A T T AT 4T\T
e 72[€D0’K2 mij,lwij) . DenOtegi = (02 Y 5 g ) 70 = (91 )T 70717’7 g ) )
- T -
a® = ()", v",af) , and & = ((a*)",v", ). Denote N), =
_ K1
Ziego,k My, N = Zk:l Nk
Let oy is the true value of &, &y is the true value of a;, where a; =

T T T AT\ & e (AT T U
(al,l,la Q2,1,Q3,1, " 5 O g 15 X2 K, 3K, Y, Oy ) ; Qg 1= (al,l,Q? .y aal,Kl,Z) )
o i1 is the important variable with dimension pyj for the k-th prognostic
group, o 2 is the unimportant variable with dimension p —p , for the kth

: o (T T T (T TNT .
prognostic group, o1k = (aO’Lk’l, ao,l,k,z) - (O‘O,l,k,lvo ), and oy s

(T T N\T _
the true value of oy := (o) ;. 1, @) o) ' for k = [Ky]. (021,031, Q02,55
T JTA\T: T T\T
Q03,K1, Y0 » Qo) 18 the true value of (ag1, a3, -+, Qoky, Q35,7 50 )

Denote 8y = 1péy, where ¥ = {t;;} is a (pn +2n +q + p) x (pK, + 2K, +
q+ K3) dimensional 0/1 membership matrix, which is defined in Supp S1.1
To establish the asymptotic properties of the proposed estimators é, we
first establish the asymptotic properties of the oracle estimators é"r, which
is defined as the maximum penalized partial likelihood estimators(MPLE)
of é with true grouping membership known in advance, namely acr, by max-
imizing: ZkK:11 Ziebo,k Dm0 ﬁgd(’“) — log { sz11 ZreDM ZTTSG’R(TU)

exp(f);d(k))H - S Pas(aigy). Then prove that @ converges to



0°" with a probability tending to 1. Supp S1.2 lists a set of mild regularity

conditions. In what follows, it is assumed that m; = m for ¢ € [n].

Theorem 1. Assume that (x;;,w;j,2;;) are independent random samples
for i = [n], j = [m], and that T;; and C;; are conditionally independent
gwen X;;, wy; and z;;. Under conditions (C1)-(C5) listed in the Supp S1.2,
if Npin := ming Ny — 00, vV Nunds = O,(1), then there exists a local

mazimizer & and such that |6 — éo = Op(1/v/Nain),
We next show that & has the oracle property.

Theorem 2. Under conditions (C1)-(C5) listed in the Supp S1.2, if N <

N2

min’

K, = O(N'Y?79) for some 0 < § < 1/2, v/NuinAz — 0 and Nyinds —
00, then the oracle estimator & must satisfies satisfies P(agh.,=0) =1
for all k € [Ki], and m(&i’fm — Q115 G5 — Qo2k, A5 — a0,37k) —
./\/(O, f]n,k(do’l,T)), and \/N(‘Ayo’”—'yg,dir—a()#l) — N(O, C‘l(d0’1,7)>.

where Y11 (6o, 7) and C~ &y, 7) are defined in Supp.

Based on Theorem , the convergence rate of &’ 1, a5, and a5’y is
O,(N; /*) and (37", &5") converge to their true values at the rate O, (N~/2).

The condition N < N2, and K; = O(NY27?%) for some 0 < § < 1/2 are
to ensure parameters (Y%, &y") converge to their corresponding true values

at the rate O,(N~Y/2). When K; is a constant and Ny, — 00, if Ny = M,



the condition N < NZ;, holds automatically, and (&%, , a5, a5)) and
(4°", &3") have the same convergence rate. When K; — oo and Ny = M,

the condition N < N2

min

implies K; < M, and M = O(N'?).

According to the definition of 1), it is clear to see that ém’ — & De-
fine the separation level between different groups as by = ming [|(ag 1 1,
0,2,k 03.k) — (O 1 11> Q02,0 Q0347 ) |2, bo = MiNgsp |ag 4k — Qo ap|. Con-
sider the neighborhood of (6y,70,go), that is, @4, = {0 € R"P*2) ~ ¢
R g e R |1y —vll2 < ¢n, max; [|6; — Ooill2 < dn, max;|g; — gos| < dn}-
The following Theorem [3| indicates that the performance of the proposed

estimator is asymptotically equivalent to the oracle estimator.

Theorem 3. Assume that ¢,, < min(by,bz) and A\; > clKll/s@jl and \y >
Ky ¢t with ¢ defined in condition (C4), then for s < 0, under the
conditions of Theorem@ there exists a local minimizer 0 € ®, satisfying

A

P =6) 1.

Theorem [3]shows that when the separation level is small, a better initial
value is needed to ensure the oracle property, ridge estimator as initial
for our proposed DCAF method, which is confirmed to work well by the
simulation studies in Section [l In practice, it is preferable to conduct
inference for the parameters, and we use the data splitting strategy to

recalculate the standard errors and the p-values (Fei et al. 2021), with



further details provided in Supp S.2.
We propose to simultaneously select Ki, Ky, A1, Ay, and A3 by mini-

mizing the BIC. This part is provided in the Supp S.3.

4. Simulation Studies

In the numerical simulation studies, we evaluated the performance of the
proposed DCAF from the following five aspects: (i) A comparison of the
proposed method with two commonly employed methods: mixture model-
based methods(FMCox, [You et al| (2018)) and regularization-based meth-
ods(Pairwise, Hu et al| (2021)); (ii) The performance of the proposed
method with continuous and discrete biomarkers under balanced and un-
balanced subgroup sizes, respectively; (iii) The robustness of the proposed
method when there are no clusters; (iv) A confirmatory semi-simulation
using the covariates from the CO.26 study; (v) The performance of the
proposed data splitting strategy to obtain standard errors and p-values
with detailed procedures listed in the Supp S2. In addition, the proposed
DCAF method is compared with two other commonly used methods. The
first method, Rig-ref, employs a subgroup Cox PH model to identify sub-
groups through ridge estimation followed by K-means clustering. The sec-

ond method, Oracle, is the estimator for which the true nonzero covariates



4.1 Simulation Study 1: Comparison with existing methods

and the true subgroup membership are known. The performance of these
estimators was assessed using the bias (Bias), standard deviation (SD), root
mean square error (RMSE), and Rand index (RI)(Rand, [1971), which is be-
tween 0 and 1 and the definition of RI can be found in Supp S4.8. Higher
values of the RI indicate better clustering accuracy of the algorithm. To
measure the performance of variable selection, we reported both Sensitivity
and Specificity, representing the proportion of correctly identified zero and

nonzero coefficients, respectively.

4.1 Simulation Study 1: Comparison with existing methods

FMCox method addresses heterogeneity in scenarios with high-dimensional
predictors, while Pairwise method focuses solely on treatment heterogene-
ity. We considered the following two different settings which align with
the scopes of these two methods, respectively. In particular, we assumed
individuals share the same coefficients within each cluster.

Setting 1 (Fixed dimensional biomarkers) The survival time for
the jth subject in the ith cluster is T}; = &;;/ exp(8;' xi;),4 € [30], 5 € [10],
where ¢;; ~ Exponential(1), x;; was generated from the multivariate nor-
mal distribution with mean 0, and covariance matrix (s;;)yxp, Where s;; =

0.5, We considered K =3, 8 = (B1,-- ,8,)" = (Q11, -+, 001,00, -

)

, O 2,
>

ni n2



4.1 Simulation Study 1: Comparison with existing methods

a173, e, a173)T. a171 = (—27 —3, 0, 0;_3)T,a172 = (0, —]_, —]_5, 0;_3)T, and

ns
az = (2,1,1.5,0] ;)". We also assumed p = 3 and explored two situa-

Up—s
tions: (S1) three subgroups with balanced sizes (ni,nq,n3) = (10,10, 10),
and (S2) three subgroups with unbalanced sizes (ni,n2,n3) = (15,7,8).
The censoring time was generated from C;; ~ Uniform(0, c), where ¢ was
selected to obtain the desired censoring rate of 15% and 30%.

Setting 2 (High dimensional Biomarkers) The survival time for
the jth subject in the ith cluster is T}; = &;;/ exp(n; + B/ xi;),1 € [30],7 €
[15), 1 = (1, -+ ,mp) " with centers being as; = —1, 00 =0, and ag 3 = 1.
The other assumptions are similar with that in Setting 1 except p = 50.

Under both settings, the ratio of the true number of the subgroups
selected (Accuracy) is presented. Figures [I] and 2| summarize the key re-
sults for Setting 1. Complete numerical results for Settings 1 and 2 are
provided in Tables S1-S2 of Supp S4.1. Three main findings emerge from
the graphical comparisons. (i) Near-oracle performance of DCAF. The
proposed DCAF estimator achieves RMSE and RI values that are com-
parable to those of the Oracle method( which assumes the true subgroup
structure and active variables are known), and consistently outperforms all

competing methods across both balanced and unbalanced subgroup config-

urations and both censoring rates (Figures [I| and . Under Setting 2 with
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high-dimensional biomarkers (Table S2), the DCAF estimator similarly ex-
hibits the oracle property: in comparison with Rig-ref, the proposed DCAF
method showed a significant enhancement in RI reaching up to 31% im-
provement, while the RMSE decreased by an average of 76% in the setting
with 30% censoring rate and balanced group sizes. (ii) Robustness to
initialization. Regardless of the censoring rate, the KHM-GA algorithm
consistently identified the correct number of subgroups and recovered the
true memberships with high probability (Accuracy = 1 across all configu-
rations in Figure . In contrast, the Pairwise method exhibited notable
sensitivity to the choice of initial values, resulting in substantially lower
accuracy in selecting the correct number of groups (Accuracy ranging from
0.71 to 0.81). (ui) Advantage over FMCoz. FMCox exhibited systemati-
cally higher RMSE than DCAF across all settings (Figure[T]), likely because
it must estimate K; separate nonparametric baseline hazard functions, in-
troducing additional variability into the parameter estimates.

In addition to estimation accuracy, we compared the computational
time among DCAF, Pairwise, and FMCox across varying sample sizes, as
summarized in Figure . In the fixed-dimensional setting (Setting 1, p = 3,
Figure [2f(c)), the Pairwise method is consistently the slowest, with its run-

ning time increasing sharply as n grows—a direct consequence of its O(n?)
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Figure 1: Bias(blue part), and RMSE(total height) of the subgroup cen-
tre estimates a under Setting 1 of Simulation Study 1, for balanced
(n1,n9,n3) = (10,10, 10) and unbalanced (ny,ng,n3) = (15,7, 8) subgroup

configurations with 15% and 30% censoring rates.

pairwise penalty structure. By contrast, DCAF scales more favorably due
to its O(nK) centre-augmented penalty. Although DCAF is moderately
slower than FMCox in this low-dimensional setting, it achieves substan-
tially better estimation accuracy(lower RMSE), clustering quality(higher
RI), and subgroup selection accuracy. In the high-dimensional setting (Set-

ting 2, p = 50,100, Figure [J(d)), the computational cost of both DCAF
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Figure 2: (a) Rand Index and (b) Accuracy for selecting the correct number

of subgroups under Setting 1 of Simulation Study 1. Computational time

(in seconds) of three methods under Simulation Study 1, with balanced

cluster sizes and a 15% censoring rate, for n € {15, 30, 60,90, 120, 150} for

(¢) Setting 1 (p = 3) and (d) Setting 2 (p = 50, 100), respectively.

and

FMCox increases with n and p, as expected. While DCAF incurs a

higher cost than FMCox, the additional computation yields consistently

superior statistical performance-lower RMSE and higher RI values across

all configuration(Table S2 in Supp S4.1). Moreover, in the most challenging
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scenarios (e.g., 15 centres with 100 biomarkers), FMCox fails to produce
valid results, whereas DCAF remains robust and delivers reliable estimates.
When the number of candidate biomarkers is very large (e.g., thousands of
genes), we recommend a two-stage strategy: first apply a sure independence
screening (SIS) method (Fan and Lv, 2008) to a moderate scale, then apply
DCAF on the screened variables. Additional simulation studies evaluating
the performance of this strategy are included in Supp S4.6. This approach
keeps the computational cost of DCAF manageable while preserving its

statistical advantages.

4.2 Simulation Study 2: Performance of the proposed method

We considered the following two substudies with continuous biomarkers as
observed in PA.3 study(Substudy 2.1) and binary biomarkers as observed
in CO.26 study(Substudy 2.2): the setting of these two substudies are seen
in Supp S4.2. In Substudy 2.1, we considered two cases: (Case 1) m;
were randomly sampled from 5 to 50; and (Case 2) m; were randomly
sampled from 5 to 30. In each case, we considered two scenarios: (S1)
three subgroups with balanced size (n1, nge, n3) = (10, 10, 10), and (S2) three
subgroups with unbalanced size (ni,nq,n3) = (15,7, 8).

The estimation results of Substudy 2.1 for Cases 1-2 are summarized in
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Table S3 of Supp S4.2. We can see that the RMSE of the proposed DCAF
is comparable to that of Oracle estimators, which assumes the number, and
membership of subgroups and significant variables are known in advance,
indicating that the proposed DCAF estimators exhibit the oracle property.
In comparison with Rig-ref estimators, the improvement in RI by the pro-
posed DCAF method was as high as 34.6% and the RMSE was down by
an average of 80% under Case 2 with unbalanced subgroup size and small
cluster size. The performance of all of the estimators gets better as the
cluster size m; increases. The results for Substudy 2.2 are summarized in
Table S4 of the Supp S4.2, from which we can draw the same conclusion as
Substudy 2.1 with continuous biomarkers. Specifically, compared to Rig-ref
estimators with small clinical centres n = 30, the improvement in DCAF
was as high as 16% and was down by an average of 94% in terms of the RI
and RMSE of the predictive subgroups, respectively. The performance of
all of the estimators gets better as n increases.

In the Supp S4.3-54.5, we also displayed the performance of the BIC
criterion proposed in Supp S3 and further verified that the robustness of the
proposed DCAF method when there are no clusters(Simulation Study 3);
In addition, a confirmatory semi-simulation using the covariates from the

C0.26 study was studied(Simulation Study 4), and we may conclude that



newly calculated standard errors are able to provide meaningful inference

results(Simulation Study 5).

5. Case Studies

In this section, we applied the proposed DCAF method to two clinical trails,
PA.3 and CO.26. To save space, CO.26 has been moved to the Supp S6.
Between October 2001 and January 2003, 569 patients with locally ad-
vanced or metastatic pancreatic cancer from 17 countries were enrolled in a
randomized trial which assigned patients randomly to receive Treatment\Trt
or Control(Moore et al., 2007) as mentioned in the introduction. In a com-
panion study, the expression levels of 50 biomarkers, which are relative
concentrations of key antibody proteins, were assessed from the pretreat-
ment plasma samples of the patients enrolled in the trial using the PLA,
with the aim of identifying the biomarkers that were prognostic of survival
as well as predictive for a response to erlotinib with respect to survival.
Since patients in this trial were enrolled from a large number of countries in
four continents, there was a potential heterogeneity in the association be-
tween the biomarkers and the outcome among the countries (Cheng et al.|
2015; \Gasperoni et al. [2020; |Liu et al.| [2024). In addition, we did an analy-

sis of variance (ANOVA) to test the differences in biomarker means among



centres, i.e. comparing the variance (or variation) between centres with
the variation within each center. Approximately 40% of the biomarkers
exhibit p-values below 0.05, indicating that these biomarkers have a high
between-centre variance and a low within-centre variance. Here, the prog-
nostic and predictive subgroups correspond to the subgroups across centers
and biomarkers, respectively. We applied the models and inference proce-
dures proposed in this paper to identify prognostic and predictive subgroups
simultaneously based on the countries and multiple biomarkers after tak-
ing into account the following potential confounding factors: age, sex( 1
for male vs. 0 for female), Eastern Cooperative Oncology Group(ECOG),
performance status (PF)(0 or 1 vs 2), extent of disease( DIS)(1 for dis-
tant metastatic vs. 0 for locally advanced). After removing patients with
missing covariates, 478 patients (233 in the group treated with erlotinib
and gemcitabine) from 14 countries were included in the analysis. From
the descriptive analysis of the confounding variables shown in Table S12 of
the Supp S7, it is known that they were balanced between two treatment
groups. Minimization of BIC defined in Supp S3 led to K7 =2, Ky = 7 and
A1 = 0.1, Ay = 0.5, A3 = 0.00042, implying two major prognostic subgroups
and seven predictive subgroups.

Table [1] presents partial results for estimating parameters related to



the prognostic groups, including the corresponding hazard ratios, standard
errors, and p-values from the proposed model and procedures, as well as
three other models: the heterogeneous FMCox (You et al., |2018), which
accounts for heterogeneity in the association between treatment, biomark-
ers, and outcomes across countries solely; a homogeneous Cox PH model
with the same predictive effects (Homo-Lasso); and a homogeneous Cox PH
model with different predictive effects (Cox-Lasso). The complete results
can be found in Table S9 of the Supp S5, and the prognostic subgroup(G;
and G,) identified by FMCox and DCAF are presented in Supp S5.

From Table [1| and Table S9 in Supp S5, we can see that: (a) All three
methods (DCAF, Homo-Lasso, Cox-Lasso) found that patients with locally
advanced disease and lower performance status had longer survival; (b) The
treatment effect is not significant from either the Homo-Lasso (hr= 0.828,
p-value=0.252) or Cox-Lasso method (hr=0.824, p-value=0.264). Addi-
tionally, FMcox method did not find any meaningful subgroup, even after
considering the heterogeneity of the centres( G, hr=0.821, p-value=0.118;
G2, hr=0.821, p-value=0.174). In contrast, our DCAF method success-
fully identified two prognostic subgroups, with the treatment being effective
for the first subgroup (hr=0.717, p-value=0.019). The C-index for FMcox

method is 0.651, which is lower than that (0.695) for DCAF method, sug-



gesting that FMCox may have misclassified some cases; (¢) All four mod-
els indicated that elevated levels of HIF1A and IL6.3B are associated with
lower survival rates. Our DCAF method identified five additional prog-
nostic biomarkers: CEA, IGF2.6B, PDK1,EGFR, and PF4, which were
not detected by the Homo-Lasso and Cox-Lasso methods. Some of these
biomarkers have also been identified as prognostic by previous studies. For
instance, [Shultz et al.| (2016]) reported that higher levels of CEA and HIF1A
are associated with reduced survival; (d) For the two identified subgroups
of countries G; and G, the fixed effect in G was set to 1 for identification
purposes, while the estimated fixed effect in Gy is 1.317 (p-value=0.199),
indicating no significant difference between the two subgroups in terms of
heterogeneity of the clinical outcomes.

A comparison of the baseline characteristics of patients from these two
subgroups reveals that a lower percentage of patients from G, are white com-
pared to those from Gy (86% vs. 97%). Additionally, no Oriental patients
were enrolled from G,, while 8% of patients in G; were Oriental. As shown
in the Kaplan-Meier curves in Figure [3] there was a marginally significant
treatment effect among all patients included in the analyses (log-rank test,
p-value=0.073). However, patients in G; treated with erlotinib and gem-

citabine had significantly longer survival than those treated with placebo



plus gemcitabine (log-rank test, p-value=0.0028). In contrast, there was
no significant difference in survival between the two treatment groups for
patients in Gy (log-rank test, p-value=0.100). This discrepancy may be at-
tributed to the different racial distributions in the two subgroups. This
racial distribution difference is consistent with known ethnic variations in
pancreatic cancer biology and drug metabolism (Ballman) 2015), provid-
ing a plausible biological explanation for the differential treatment effects
observed across the two subgroups.

The results for the estimates of parameters related to the predictive
subgroups with p-values are summarized in Table 2] A few weak predictive
biomarkers were identified by the proposed method, leading to seven predic-
tive subgroups. Significant interaction with treatment was found in six of
these subgroups, which indicates they are meaningful predictive subgroups.
In contrast, no subgroup with a significant interaction with the treatment
was found by the Homo-Lasso approach, and two biomarkers IGF2.6B and
TGF.BETA.10B (TG.10B) were found to have a weak interaction with the
treatment by the Cox-Lasso method. These two biomarkers were clustered
into the same predictive subgroup in our proposed DCAF model with sig-
nificant negative effects. Furthermore, among other seven biomarkers that

were included in the Cox-Lasso model but did not have significant interac-



tions with the treatment because of their small effects, our proposed DCAF
procedure clustered CXCL6 and VEGEFD.7B(VE.7B) into the same pre-
dictive subgroup with significant negative interaction effect. CA.19.9 was
clustered into one and IL8.4B with MMP7.10.B(MMP7) into another pre-
dictive subgroups with significant positive interaction effects. The remain-
ing two biomarkers REG.IV.4B(RE.4B) and HER2 were clustered into the
same predictive group with non-significant effects. These result showed that
our proposed DCAF outperformed conventional variable selection methods
in terms of identifying weak signals. This advantage arises from the centre-
augmented penalty, which enables the detection of weak but biologically
relevant predictive signals by grouping biomarkers with similar interaction
effects—for example, clustering CXCL6 and VE.7B into the same predictive

subgroup with significant negative interaction effects.

6. Discussion

In this paper, we proposed a novel DCAF method to simultaneously iden-
tify two-way subgroup structures in prognostic and predictive for clustered
survival data. A primary assumption of DCAF is that observations within
the same center belong to the same cluster, and that biomarkers within the

same subgroup exhibit consistent interaction effects with treatment across



Table 1: The estimated coefficients(est), hazard ratio(hr), standard er-
rors(se) and p-values for prognostic biomarkers identified by the proposed

DCAF, the FMCox, the Homo-Lasso, and the Cox-Lasso method based on

PA.3.
Method
Prognostic Variables

(C-index)
G Tntercept  Irt  CEA  HIFIA 1L6.3B IGF2.6B PDKI EGFR AXL Pr4
est 0.275  —0.332  0.215 0.162  0.176 —0.284  —0.238 —0.209 —0.177 —0.311
hr 1317 0717 1.239 1176 1.192 0.753 0.788 0.811 0838  0.733
se 0.216  0.142  0.082 0.077  0.077 0.105 0.091 0.084  0.103  0.122
DCAF ) value 0199 0.019 0.008 0.034 0.022 0.007 0.009 0.013 0.084 0.011
G, Trt CEA  HIFIA 163B IGF26B  PDKI _EGFR  AXL PFA
(0.695) est - 0.391  —0.172  —0.007  0.295 —0.216 —0.249 —0.235 —0.152 —0.146
hr - 1479 0.842 0.993  1.343 0.805 0.780 0.791 0859  0.864
se - 0.285  0.176 0.193  0.165 0.189 0.239 0.210 0157 0218
p-value 0.167  0.321 0.950  0.073 0.248 0.292 0.259  0.329  0.493
G = Trt CEA HIFIA 1L6.3B IGF26B 1843 EGFR AXL PFAd
est - —0.198  0.151 0.186  0.230 —0.198 0.143  —0.218 —0.231 —0.079
. hr 0.821  1.163 1.204 1.259 0.820 1.155 0.804 0794 0924
FMCox o - 0.127 0067  0.080  0.081 0.110 0.034 0094 0086  0.070
p-value - 0.118 0.023  0.020 0.005 0.070 0.086  0.020 0.007  0.256
(0.651) fen = Tt CEA HIFIA 1L6.3B IGF26B 1L8.4B EGFR AXL PF1
est —0.197  0.449 0.610  0.265 -0.192 0484  -0.066 —0.224  0.003
hr - 0.821  1.567 1.841 1.303 0.826 1.622 0.936  0.799  1.003
se - 0.147  0.120 0.118  0.093 0.122 0.131 0.109  0.097  0.189
p-value 0.174 < 0.001 <0.001 0.004 0114 <0.001 0533 0.020  0.969
CXCL6  Trt CEA HIFIA 1L6.3B IGF26B  PDKI EGFR  AXL 1L8.4B
Homo-Lasso  est —0.100 —0.189  0.167 0.269  0.261 —0.243  —0.180 —0.129 —0.123  0.165
hr 0.905  0.828  1.181 1.308  1.298 0.785 0.835 0.879 0885  1.179
(0.694) se 0.124  0.167  0.091 0.088  0.088 0.126 0.140 0.141  0.107  0.148
p-value 0413 0252  0.066  0.002 0.003 0.053 0.196 0.354 0248  0.261
CXCL6 Tt CEA HIFIA 1IL6.3B IGF26B PDKI EGFR  AXL IL3.4B
Cox-Lasso  est —0.116 —0.194  0.165 0.261 0.257 —0.198  —0.187 —0.158 —0.164  0.171
hr 0.801  0.824  1.179 1298  1.293 0.820 0.830 0.854 0849  1.187
(0.702) se 0.138  0.175  0.092 0.088  0.088 0.148 0.141 0.128 0110  0.161
p-value 0395 0264 0072  0.003  0.003 0.178 0.180 0.214 0134 0283

all patients. The method performs well when each center has a moderate
number of patients, but may be less effective when centers contain very few
patients or when covariates are high-dimensional.

Several directions remain for future work. First, additional steps would
be needed to generate classification rules for new patients from centers not

included in the clustering dataset; cluster-then-predict approaches (Peikari



Table 2: The estimated coefficients(est), hazard ratios(hr), standard er-
rors(se) and p-values for predictive biomarkers for the response to erlotinib
plus gemcitabine (Treatment) identified by the proposed DCAF, the FM-

Cox, the Homo-Lasso, and the Cox-Lasso method.
Predictive Biomarkers

DCAF variable est hr se  p-value
D, PF4 —0.640 0.527 0.190 0.001
D, 1GF2.10B, IL7.9B, —0.282 0.754 0.100 0.005
IGF2.6B, EGFR, TR.2,
D3  CPAL1.6B, CXCL6, VE.7B, —0.180 0.835 0.037 < 0.001

MMP2,  CXCLI,  GAS6,
OPN.10B, TG.10B,
BMP24, MMMP3, MMPL.3,
p, SPARC3B, IL74B,  RE.4B,
SPARC.6B, TG.9B, MMPLG6,
CXCL6.6B, IL12.7B, RE.5B, 0.009 1.009 0.019  0.618
CXCL9.3B, HER2,  VE.SB,
IL8,IP10, MMP7, AXL,CEA

1L6.3B, PDK1, IL8.4B,
Ds MESO.8B, IL12.8B, MMP7 0.126 1.135 0.045 0.005
Ds CA.19.9, OPN.4B, HIFIA,
PDGFA, IGFB.2 0.208 1.232 0.074 0.005
D; IGFBP3, MUCI, 0412 1.509 0.123 0.001
Homo-Lasso est hr se  p-value
D —0.008 0.992 0.009 0.345
Cox-Lasso  variable est hr se  p-value
CXCL6 —0.125 0.882 0.179 0474
CA19.9 0.161 1.174 0.151  0.281
IL8.4B 0.204 1.227 0.236  0.378
RE.4B 0.146 1.157 0.154  0.337
IGF2.6B —0.314 0.731 0.172  0.066
VE.7B —0.153 0.858 0.186  0.403
HER2 —0.161 0.851 0.136  0.232
MMP7 0.158 1.171 0.151  0.288
TG.10B —0.210 0.811 0.119  0.077

et al., [2018; |Werner et al., 2023) offer a promising avenue. Second, like
most penalized survival methods, DCAF assumes non-informative censor-
ing; extensions via inverse probability of censoring weighting (Robins and
Rotnitzky, 1992)) or joint modeling of event and censoring processes are

important directions. Third, the assumption of constant treatment-by-
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Figure 3: Kaplan-Meier curves for (A) The whole patients(assume the 17
centres are homogeneous); (B) The patients in Gy (the first prognostic sub-
group determined by proposed DCAF model); and (C) The patients in
G (the second prognostic subgroup determined by proposed DCAF model)

received Treatment or Control based on PA.3.

biomarker interactions across clusters may be restrictive in some settings,
and extending DCAF to accommodate cluster-heterogeneous interactions

is a worthwhile area for future research.
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