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Abstract:

Consider fitting a general parametric regression model, such as a generalized lin-
ear model, with individual data. It is common to have summary information,
such as parameter estimates, available from external studies that use similar re-
gression models. Many methods have been developed to incorporate this external
information into internal model fitting to improve parameter estimation. Some
of these methods aim to reduce estimation variance without introducing estima-
tion bias that could result from study population heterogeneity. Others allow
introduction of bias in exchange for substantial variance reduction, based on the
bias-variance trade-off consideration. We take the latter approach and develop
James-Stein shrinkage estimators to integrate the external information. These
estimators can reduce the asymptotic risk compared to not using the external in-
formation, regardless of the degree of heterogeneity between internal and external

populations. This is a highly desirable property as it provides a safe passage for



the utility of external information. Few existing methods provide such a guaran-
teed improvement. We also conduct simulation studies and apply the method to

a prostate cancer dataset to illustrate the numerical performance.

Key words and phrases: data integration, efficiency, mean squared error, popula-

tion heterogeneity, risk

1. Introduction

Data integration has become increasingly important in recent years due
to the need to leverage information from various sources to provide better
answers to scientific questions. We consider a data integration problem
where (i) a study, referred to as the internal study, collects individual data
to fit a general parametric regression model, such as a generalized linear
model, and (ii) an external study provides some estimated parameters under
a regression model with possibly less detailed covariates with no individual
data available. The goal is to integrate the external summary information
to improve the internal model estimation. This setting is of substantial
interest in practice, as it is common for summary information to be found
from existing studies.

Many methods have been developed to deal with the aforementioned

data integration problem, including Qin (2000), Chatterjee et al. (2016),



Huang et al. (2016), Cheng et al. (2018), Han and Lawless (2019), Kundu
et al. (2019), Zhang et al. (2020), Chen et al. (2021), Taylor et al. (2023),
Zhai and Han (2022, 2024). Most of these methods aim to improve the
efficiency of the internal study estimation without introducing estimation
bias when integrating external information. Alternatively, some methods
have been developed to allow for the introduction of estimation bias in
exchange for a reduction of estimation variance, based on the bias-variance
trade-off consideration. These methods include Estes et al. (2018), Gu et
al. (2019), Hector and Martin (2024), and Han et al. (2024), among others.

In particular, Han et al. (2024) developed a James-Stein shrinkage es-
timator (James and Stein, 1961) for the data integration problem for linear
regression models. The estimator guarantees improvement in terms of pre-
diction mean squared errors even if some estimation bias may be introduced
when integrating external information due to study population heterogene-
ity. In addition, this guarantee is regardless of the degree of heterogeneity,
although severe heterogeneity can result in a negligible improvement. This
guaranteed improvement is highly desirable, since study population hetero-
geneity is almost inevitable when data are integrated from different sources.
Existing methods, including those based on empirical Bayes such as Estes

et al. (2018) and Gu et al. (2019), do not provide theoretical results of



such a guaranteed improvement. Numerical evidence in Han et al. (2024)
for Gaussian linear regression shows the superior performance compared to
these competitors.

In this paper, we develop James-Stein shrinkage estimators for data
integration for a general parametric regression model. This development
covers the generalized linear model for categorical outcomes as a special
case. This is a significant extension of Han et al. (2024) because of the
much broader applicability of a generalized linear model. We focus on the
positive-part James-Stein estimators, as they have been shown to dominate
the original James-Stein estimator in terms of mean squared error for Gaus-
sian distributions (Baranchick 1964). Our theoretical treatment adopts the
framework in Hansen (2016).

We show that, when the shrinkage dimension is greater than 2, the pro-
posed estimators are guaranteed to have a reduced asymptotic risk (e.g.,
mean squared error) after integrating the external information, regardless
of the degree of heterogeneity between internal and external study popu-
lations. This property is appealing because it provides a safe passage to
utilize available external information to improve internal model estimation,
despite that the improvement may not be substantial in the presence of

severe population heterogeneity. To the best of our knowledge, there have



been no existing methods in the literature that provide such a guaranteed
improvement when integrating external information.

The setting we consider is different from those in the literature of trans-
fer learning and federated learning, although all of these are about integrat-
ing data from multiple studies/sources, with or without the assumption
of transportability that some data distribution characteristics are shared
across studies. Transfer learning in general focuses on how to transfer com-
mon information shared between studies. In doing so, transfer learning
often considers settings where individual data are accessible from all stud-
ies and the same model is fitted to all study data (e.g. Li et al. 2022, Tian
and Feng 2023). Federated learning, on the other hand, does not require
the sharing of individual data. However, the summary statistics computed
and shared across studies are under the command of a central site, which
dictates what summary statistics should be computed and shared (e.g. Guo
et al. 2025, Han et al. 2025). In contrast, in our setting only estimated
regression coefficients from the external study are needed, and the exter-
nal model can be different from the internal model with fewer covariates.
Oftentimes, the external estimates are provided by historical studies, from
which the internal study takes whatever is available to integrate into its

model fitting without the capability of demanding new computations from



the external study. This is different from those settings considered by trans-
fer learning and federated learning, and thus the existing methods under

those learnings do not directly apply to our setting.

2. The Proposed James-Stein Estimators

2.1 Notation and Setup

The main interest is to study the association between the response Y and
certain covariates X and Z. We purposely separate X and Z so that, for
example, X includes those demographical covariates that are also measured
by the external study and Z includes biomarkers only measured by the
internal study. We allow Z to be a null set.

Let f(Y | X, Z;3,) denote a parametric model for the density f(Y |
X, Z), which corresponds to a regression model in this paper. Here 3 is the
vector of regression coefficients and is of main interest and = is the vector
of nuisance parameters, with true values 3, and -, for the internal study
population such that f(Y | X,Z;08,,7,) = f(Y | X,Z). For example,
if Y is continuous and f(Y | X, Z) is a normal distribution correspond-
ing to a linear regression, then (3 contains the regression coefficients and
~ contains the variance parameters. If Y is binary and is modeled by a

logistic regression, then 3 contains the regression coefficients and ~ is a



2.1 Notation and Setup

null vector. If Y is count and is modeled by a Poisson regression, then
B contains the regression coefficients and - is again a null vector. With
the independent and identically distributed data (Y;, X;, Z;), i =1,...,n,

collected by the internal study, the MLE 8., for B, is defined through

mle
maximizing [[;_, f(Y; | X, Z;; 3,7) over both B and ~.

The external study collected data on the same response Y and some
covariates X ™ and built a regression model for Y on X*, where X~ is a
coarsened version of X, such as a subset or a categorization of the continu-
ous components of X. This is based on the consideration that the internal
study usually builds a more detailed regression model, sometimes by taking
a finer measurement on some covariates. The external study produced an
estimate 0, for some parameter 6 introduced when building the regression
model for Y on X*. In this paper we do not assume the availability of the
standard error of 0,. In general, 8, is derived by solving a set of estimating
equations that are the sample version of E*{Q(Y, X™;60)} = 0 based on the
external study data that we do not have access to. Here the expectation £*
is taken under the external joint distribution for (Y, X ™), and the estimat-
ing function Q(Y, X™; ) is specified by the external regression model and is

known to us. In this paper we consider Q(Y, X™; 0) to be differentiable. For

example, for linear regression Q(Y, X*;:0) = X*(Y — X*18), for logistic re-



2.2 The Shrinkage Target

gression Q(Y, X*;:0) = X*{Y — expit(X*T0)}, and for Poisson regression
Q(Y,X*;0) = X*{Y — exp(X*10)}, all of which are the corresponding
score functions. In this paper we treat 0, as if it were derived based on an
infinite external sample size so that E*{Q(Y, X™;0.)} = 0. This will make
the exposition easier without changing the theoretical conclusions. We will

discuss this point in the Discussion Section.

2.2 The Shrinkage Target

To construct a James-stein estimator, we need a good target that incorpo-
rates the external study information and towards which the MLE will be
shrunk. The derivation of a good target requires a connection between the
internal model parameters B and the external model parameters 8. Note
that although our main focus is on estimation in the presence of study
population heterogeneity, the connection between 3 and 6 needs to be es-
tablished when the internal and external distributions are the same, because
otherwise it depends on the unknown heterogeneity and thus varies case by
case. With shrinkage targets constructed assuming no heterogeneity, the
resulting JS estimators still improve over the MLE even when heterogeneity
exists.

We first establish a connection between 3 and 6. Under the same



2.2 The Shrinkage Target

data distribution, the external information becomes E{Q(Y, X*;0,)} = 0,

where the expectation E is under the internal joint distribution. Define

U(X.Z:B,~.0) = / Q. X"0)[(Y | X, Z:8,)dY,

whose dependence on X™ is through X since X™ is a coarsened version
of X, then U(X, Z;8y,7,,0) = E{Q(Y,X";0) | X,Z}. For example,
with linear regression such that Q(Y, X*;0) = X*(Y — X*'8), we have
U(X,Z;8,7,0) = X*{(X"*, Z")3— X*T0} with ~ being the variance pa-
rameter that does not appear in this function. With logistic regression such
that Q(Y, X*;0) = X*{Y — expit(X*10)}, we have U(X, Z;3,v,0) =
X*[expit{(X™*, Z")B} — expit(X*19)], where ~ is the null vector. With
Poisson regression such that Q(Y, X*;0) = X*{Y —exp(X*'0)}, we have
U(X,Z;8,7,0) = X*[exp{(XT, Z")B} —exp(X*T8)], where ~ is the null

vector. It is then easy to see that
Ex z2{U(X, Z; By, 7,,0:)} =0, (2.1)

where the expectation F(x z) is taken under the internal covariate distri-
bution.

Equation (2.1)) represents the connection between B and 6. Based on
this connection, to fix a shrinkage target when constructing the James-

Stein estimator we consider two constrained maximum likelihood (CML)
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~

estimators. One is 3

defined through

cmle—sp

n 1 n
maXHf(Y; ’ szzzvﬁafy) SUbjeCt to _ZU<X17Z17/87’770*) :07
(2.2)
where “sp” stands for “simple” sample average in the above constraints.

Another one is B ; defined through

cmle—e

n

max H{f(yz | X, Z;;8,7v)q;} subject to

ﬁ77zq17"'7qn i=1
q; > 0, Z%’ =1, Z%’U(Xm Z;;3,v,0.) =0, (2.3)
=1 i=1

where ¢; = dF(X,, Z;) is a discrete distribution on the internal study
covariate data, and “el” stands for the “empirical likelihood” nature of
the above constraints.

It is clear that is a special case of by taking ¢; = n~!. The
formulation considers a likelihood based on the joint distribution for
(Y, X, Z) where f(Y | X, Z) is modeled parametrically and F (X, Z) is
modeled nonparametrically. Such a formulation has been considered in Qin
(2000), Chatterjee et al. (2016), and Han and Lawless (2019), among others.

We use both 3 and chle_el as shrinkage targets when constructing

cmle—sp

the JS estimators. When the internal and external study populations are

the same, both estimators are consistent for 8, with 3 ; being more

cmle—e

efficient since ([2.2)) is obtained by taking ¢; = 1/n in (2.3) instead of being
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maximized (Han and Lawless 2016). In the presence of study population

~

heterogeneity, 3 and B

; may no longer be consistent for 3, but

cmle—sp cmle—e

consistency of the shrinkage target is not necessary for the construction of

the JS estimators.

2.3 The Proposed Estimators

The JS estimators we propose shrink the MLE B towards the constrained

mle

~

MLE 3,,,. (i.e. Bemie—sp OF Boie_o;) and are defined as

~ ~

/8JS = w/émle + (1 - w)ﬁcmle

with the shrinkage weight

w = (1 - — - j-—1 - - ) ) (2.4)

1(Brmie = Bemie) "V gmie(Brmic = Bemie) n
Here (a); = al(a > 0) is the positive part of any quantity a, and 7 is
the computed value for a scalar shrinkage parameter 7 that controls the
degree of shrinkage. The detailed expression for 7 is given by af-
ter the derivation of the asymptotic risk of B 75- The Vg,mle is a consis-

tent estimator for the asymptotic variance V g, of the MLE B with

mle

A

VB — Bo) % N0,V 5 mc).

The shrinkage weight w is always between 0 and 1 and makes intuitive

sense. A large distance between Bmle and chle would lead to a heavy



weight on B which should be the case intuitively because a large dis-

mles

tance between ,B and B implies the constraints on B constructed by

mle cmle

integrating the external information may be incorrect and thus more trust

should be given to ﬁ However, regardless of how large the distance

mle*

between B and ,3 is, the weight w on B is always less than 1 so

mle cmle mle

that the reduced variation in ,B due to the parameter constraints can

cmle

help reduce the variance of B 75 compared to B even if a non-zero weight

mle»

on B,,,, may introduce some estimation bias. This bias-variance trade off
leads to a better overall numerical performance for 3 sg in terms of the
(weighted) mean squared error that is detailed in the next section. With

a small distance between 3, ,. and 3 the weight on 3, ,. is small and

mle cmle» mle

may become exactly zero, the benefit of which can again be seen from a

bias-variance trade off. The distance between B and B is scaled by

mle cmle

1
V .mie to prevent it from being dominated by any particular components.

3. Reduction of Asymptotic Risk

3.1 Asymptotic Risk and Framework

To make comparison of the proposed JS estimators to the MLE, by closely
following Hansen (2016), we calculate and compare their asymptotic risks.

The asymptotic risk for an estimator B for B, with a loss function Z(B, Bo)



3.1 Asymptotic Risk and Framework

is defined as

A

R(B,B,) = lim lim inf E[min{ni(3,B,),¢}].

(—o0 n—>00

Here the expectation is taken under the internal distribution and is for the
scaled loss function trimmed at ¢ that is negligible (( — o0). The loss

function we will consider is the weighted quadratic loss

A

1(B.8y) = (B—By)"V5hu(B — By), (3.5)

so that the coefficients in 3 are scaled to have roughly the same importance.

To deal with population heterogeneity when calculating the asymptotic
risk, we follow Hansen (2016) and adopt the framework of asymptotically
local alternatives (e.g. Newey and McFadden 1994). Specifically, for any
fixed internal data sample size n, we consider the population heterogeneity

that results in
E(X7Z){U(X7Z;/8077070n*)} = n_1/26 (36)

in contrast to the restrictions in ({2.1)) without heterogeneity, where 9§ is a
localizing parameter and may take any arbitrary value, and 0, is the value
of @ obtained from an infinitely large external data. The magnitude of the
population heterogeneity is reflected by  and n. For any fixed § the hetero-

geneity disappears as n increases. However, since there is no restrictions on



3.2 Asymptotic Risk Comparison

the magnitude of 4, can represent any realistic heterogeneity between
the internal and external study populations. The 0, in depends on
n because we consider to be the result of a sequence of external study
distributions indexed by n that are local to the internal study distribution
(e.g., Chapter 7 in van der Vaart 1998), and in this case for any fixed n the

external study model yields 0,,.. We have 8,,, — 0, as n — oo.

3.2 Asymptotic Risk Comparison

In calculating the asymptotic risk of B 75, we consider the shrinkage weight

W = (1 - . - . )
(B e — /chle)TVﬂ,mle(/Bmle — Bemie) I
that has a general shrinkage parameter 7 > 0 compared to . This
allows us to find the optimal shrinkage parameter value that minimizes
an upper bound for the asymptotic risk. To present the asymptotic risk of
B¢, some notation is needed. Let P = (I,0) be the matrix that selects the
B-block from (81, 4™)T, §(8,~) = dlog f(Y | X, Z;8,7)/9(B,7) is the

score function for the internal study model, Q = E{S(Bq,70)S (B¢ Yo)' },

S = E{U (8o, 70, 0.)U (B0, 70, 0.)"}. G = E{0U (8o, %0, 6.)/9(B.7)},
J, = V[—;l/2 PQ*lGT(GQflaT)—lgﬂfIPTV;IM

,mle ;mle’

T, = V52 POTIGI (S + GOTIGT) GO PV 2



3.2 Asymptotic Risk Comparison

For J = J; or Jy, let tr(J) denote the trace of J and || J || the largest
eigenvalue of J, and define d = tr(J)/ || J ||. Under certain regularity
conditions, we have the following result, the proof of which is provided in
the Supplementary Materials.

Theorem 1. (i). The asymptotic risk for 3,,,, is
R(Bmlw IBO> = E(Argﬂ_lpTV,g,lmlePQ_lAS>7

where Ag is a random variable such that Ag ~ N(0,9). (ii) If d > 2,
then for any 7 such that 0 < 7 < 2{tr(J) — 2 || J ||} and for any 6, the

asymptotic risk for 3 sg satisfies

2{tr(S) =2 J I} =7
E{(A.+8)"B(A, +46)}

R(BJS?/BO) < R(Bmle?BO) -7 (3.7)

where J = J, for 8,5 based on ﬁcmle—sp and J = J, for B, based
on B, o Here A, = (G I)A, A = (AL, AL)T where Ay is a
random variable such that A ~ N(0,Va) with VAo = diag(Q2, %), and
B=L'P'Vg, , PLwith L=Q'G'(X+GQ'G")™".

From Theorem 1, with d > 2 and for all shrinkage parameter values
between 0 and 2{tr(J) — 2 || J ||}, the asymptotic risk of 3,4 is strictly
smaller than that of the MLE, and this result holds for any fixed but arbi-
trarily large 6, which makes the dominance of B 75 over the MLE meaningful

in practice. The d plays the same role as the shrinkage dimension for the
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original JS estimator, and d > 2 is needed for 3 ss to achieve a uniform
reduction in asymptotic risk compared to the MLE regardless of the de-
gree of population heterogeneity. A necessary condition for d > 2 is that
both V g and G have ranks exceeding 2, which implies that both the
dimension of 3 and the dimension of 8 need to exceed 2.

Theorem 1 depends on the invertibility of €2, which is typically assumed
for general maximum likelihood theory (e.g. Newey and McFadden 1994,
Theorem 3.3). When Q is invertible, the invertibility of G2 'G” and
Y + GQ'GT, which is needed by Theorem 1, is anticipated in general,
because (i) G has fewer rows than columns since 8 has fewer dimension than
(B,7), (ii) G should have full row rank when components of Q(Y, X*;8)
are not linearly dependent, and (iii) X is positive semi-definite.

The upper bound on the asymptotic risk of B Jg in is a quadratic
function of 7 and is minimized at 7, = tr(J) — 2 || J ||, which gives the
optimal value for the shrinkage parameter. Therefore, 7 in (2.4) is taken to
be

F=tr(J) =2 J |, (3.8)

where J is a consistent estimator of J. Specifically, let E() denote the
sample average n=' > " (-), we have

A —1/2 -1/2

3=V, paT @@ ¢ e Py,



3.3  Other Loss Functions

—-1/2

T2 = VP G546 GG PV, L
where Q = E{Si(ﬁmlm ’?mle)si(/éml@ ’?mle)T}v 2 = E{Ui(Bmlm ’?mlev 0*>Ui(Bmle7 ﬁmle? 9*)T}7

G = E{OU;(B, 10, Yomie: 0:)/9(8,7)}, and V g e is the upper left block

A1
matrix of {2  corresponding to 3.

3.3 Other Loss Functions

The focus so far has been on the loss (3.5). One may consider a more
general weighted quadratic loss 1(3,8,) = (8 — B,)*W (B — B,) with any
constant weighting matrix W. One particular example is when the interest
is in the prediction accuracy. In this case one may take the loss to be the

following integrated squared error as the measure of prediction accuracy

1B.8,) = / (LXT, 2" — (1L.X", 2")8,)/(X, Z)dXdZ

( 3\

1
= (B - BO)TE X (17 XT7 ZT) (B - /60) (3'9>

Z

\ Vs

Another example is the unweighted quadratic loss Z(B, By) = (B — ,BO)T(B —
By) where W is the identity matrix. It turns out that results similar to
Theorem 1 on the dominance of JS estimators over the MLE can still be

established by following the same proof, with the weight w in ([2.4]) modified



as

~

W = (1 S — . ) ,
n(lamle - ﬁcmle) W(/Bmle - /chle) +
where W is a consistent estimator of W, and 7 is still given by {D but

with all V7. in J replaced by W/*.

4. Simulation Studies

4.1 Simulation Setup

We evaluate the performance of our proposed estimators by simulation
studies. The internal study has covariates X, X5, X3, Xy and Z, where
X7 ~ Ezp(1), (X3, X3, X4) follows a multivariate normal distribution with
mean (f, i, ft), unit variances and correlation 0.3, and Z ~ N(alog(X;),1).
The binary outcome Y is generated from the logistic regression model
logit(P(Y = 1|1X,2)) = B+ Bx (X1 + Xo + X3+ X4) + 827 + BxzX37.
We set p=0,a=0.2, 8. = 0.1, Bx = 0.5, Bz = 0.2 and Bxz = 0.2 for the
internal study.

The data in the external study is generated from the same logistic re-
gression model. To introduce heterogeneity between internal and external
studies, we vary the value of each of u, «, ., Bx, Bz and Sxz while holding
the rest at the internal study values when generating the external study

data. The external study collects Y, X1, X» and X5 and fits a logistic re-



4.1 Simulation Setup

gression model logit(P(Y = 1|X*)) = 6, + 6,X; + 6,X5 + 65X5, where
X, = I(X3 > 0.7X3) with X3 being the sample mean.

For each estimator B in our comparison, we evaluate the performance by
calculating the risk under the weighted quadratic loss (3 — 50)Tvﬁ,lmle(3 -
B,) based on 1000 replications. Because the theoretical framework adopted
in this paper treats the external information as coming from a fixed external
data set, we calculate the risk by replicating the internal data while using
the same fixed external data. We consider four combinations of sample
sizes of 300 and 1000 for the two studies. Because of the similar scale of
internal and external sample sizes, the calculated risk value depends on
the particular external data set used to generate the external information.
In other words, the value of the risk varies if a new external data set is
used. While this does not qualitatively affect the risk reduction of our
proposed estimators in comparison to the MLE, it does introduce variation
when demonstrating the quantitative impact of study heterogeneity on the
magnitude of risk reduction if at each level of heterogeneity a completely
new external data set is generated.

To mitigate this variation, we “recycle” the external study data set
when varying the level of study heterogeneity. We first generate a set of

external covariates using parameter values that are all the same as the



4.2 Observations from the Simulation Results

internal study, under the external sample size. Then, when varying each of
Be, Bx, Bz and Bxz for the external study, all covariates are held fixed at
the above generated values, while when varying each of y1 and « the correct
constant shift for the means of the corresponding covariates is added to
the above generated values. Conditional on the covariates at each level
of heterogeneity, the outcome Y is set to be 1 for subject i if P(Y =
11X, Z;) > U; and 0 otherwise, where U; ~ Uniform(0,1). The same set
of U;’s are used for all 1,000 replications and for all levels of heterogeneity.
Generating external data as described ensures that the difference in the
external study data across different levels of heterogeneity is to largely the
result of the magnitude of heterogeneity rather than the randomness from
regenerating the covariates and the outcome. As a result, all the curves in
the figures we will present are relatively smooth to facilitate an illustration
of the quantitative impact of study heterogeneity on the magnitude of risk

reduction.

4.2 Observations from the Simulation Results

Figures 1-4 contain our simulation results corresponding to the four sample
size combinations. In addition to the MLE, the two CML estimators, and

the two proposed JS estimators, we also include two empirical Bayes esti-
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mators constructed based on the two CML estimators (Estes et al. 2018).
To facilitate the comparison, we plot the ratio of the risk of each estimator
relative to the risk of the MLE, so that a risk ratio below one implies the
estimator reduces the risk after integrating external information. For each
plot, the magnitude of study heterogeneity starts from zero and increases
as each parameter value increases from left to right on the horizontal axis.
Overall, the two CML estimators perform very similarly, and the same is
true for the respective two JS estimators and two empirical Bayes estimators
constructed based on the CML estimators.

For combinations (300,300), (1000,300) and (1000,1000), where the two
numbers inside the parentheses represent the internal and external sample
sizes, respectively, the risk ratio plots for CML estimators have a jagged
nature, which to a much lesser degree is also presents for the JS and EB es-
timators. This jagged nature is due to the non-negligible randomness when
generating the external study data at varying values of external model pa-
rameters, despite that we have already designed the data generating pro-
cedure to reduce such randomness by “recycling” the external study data
set. Furthermore, although the risk ratios for the CML estimators tend to
be below one when study heterogeneity does not exist or is mild, this is not

guaranteed as can be seen from the combination (1000,1000) for which the
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risk ratios exceed one at the left end. This observation again is because
of the non-negligible randomness in the external data that could make the
parameter estimates produced by the external study inconsistent with the
internal data even when there is no heterogeneity at the population level.
When the external sample size is substantially larger than the internal size
such that its relative randomness becomes greatly reduced, the CML risk
ratio plots become smoother, and further when there is no heterogeneity
the CML risk ratios become below one, as can be seen from the combina-
tion (300,1000) and a new combination (1000,5000) in Figure 5 which we
included to confirm this point.

Another major drawback of the CML estimators is that their risk ratios
can be much larger than one as the level of heterogeneity increases. This
observation is not due to randomness in the external data and remains
true regardless of the external sample size. In other words, the CML esti-
mators can have a much worse performance after integrating the external
information, compared to the MLE, in the presence of severe heterogeneity.

In contrast, both the JS and EB estimators have a substantial improve-
ment over the CML estimators in all aforementioned aspects. In particular,
their risk ratios remain below one regardless of the degree of study hetero-

geneity, except for some occasional numerical values that exceed one by a
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tiny bit in the presence of severe heterogeneity. When comparing the JS
and EB estimators, the risk reduction for the JS estimators by integrating
external information is more substantial. In addition, unlike the theory es-
tablished in this paper for the JS estimators, there has been no theoretical
guarantee established for the EB estimators in the literature.

In summary, the proposed JS estimators have the best overall numerical

performance among all the estimators under our comparison.

4.3 Impact of Signal Strength

We also examine the dependence of risk ratios on the signal strength. To
avoid possible complications from interaction effects, the data for both the
internal and external studies are generated from logit{ P(Y = 1)} = 5. +
Bx (X1 + Xo + X35 + X4) + 577 under the same parameter values. We
vary fx from 0 to 1 as a change of signal strength, while fixing 87 = 0.2
and adjusting (. accordingly so that the marginal event rate Pr(Y = 1)
remains approximately 0.6. We then fit logistic regression with intercept
and main effects for X’s and Z for the internal study while the external
study excludes the main effect for Z. We take the sample size 300 for the
internal study and 1000 for the external study and create Figure 6. It is seen

that the risk ratios of both JS estimators are not dramatically affected by



the signal strength, indicating that the improvement over the MLE without

using external information is robust regardless of the signal strength.

5. Data Application

We apply the proposed James-Stein method to study the risk of developing
high-grade prostate cancer (Gleason grade > 7) based on certain risk fac-
tors. Conventional risk factors such as age, race, prostate-specific antigen
(PSA), digital rectal examination (DRE) result, and prior biopsy status
have been extensively analyzed in previous studies, most notably in the
Prostate Cancer Prevention Trial (PCPT). Thompson et al. (2006) re-
ported a logistic regression model based on 5519 men in the PCPT placebo
arm, and the published coefficient estimates are used as external summary
information in our data application.

In recent years, research has shown that some molecular biomarkers
can serve as additional tools for early risk stratification. Two such markers,
TMPRSS2:ERG (T2:ERG) and prostate cancer antigen 3 (PCA3), have
shown to be very helpful in improving disease detection performance be-
yond standard clinical variables (Tomlins et al. 2016). Motivated by this
biological evidence, our internal study aims to include both traditional risk

factors and these new biomarkers within a risk model based on logistic



regression.

The data we use is part of the sample from Tomlins et al. (2016), which
consists of 1218 men undergoing diagnostic prostate biopsy at seven U.S.
clinics. The covariates include PSA level (ng/ml), age, a binary indicator of
an abnormal DRE result, a binary indicator of negative previous biopsies,
a binary indicator of being African American, PCA3 score, and a binary
indicator dichotomized at the sample median of the T2:ERG score (Cheng
et al. 2019). The biomarker measurements on PCA3 score and T2:ERG
are not present in the PCPT cohort.

For the analysis, we randomly split the available data into an inter-
nal set (1/3) for estimation and an evaluation set (2/3) for performance
assessment. We compute the MLE based on logistic regression, two CML
estimators, and the James-Stein estimators based on the two CML esti-
mators. For the JS estimators, we consider two loss functions and
(3.9). Performance is compared on the evaluation set using Brier score.
The analysis results are summarized in Table 1. It is seen that the two
CML estimates are similar to each other, but they are different from the
MLE. Both have a worse Brier score compared to the MLE on the evalua-
tion data. This worse performance after using the external information is

because of the study population heterogeneity between the internal set and



the PCPT set (e.g. Zhai and Han 2022). In contrast, the JS estimates are
much more similar to the MLE, with a very slight improvement in the Brier
score. The weight w on the MLE when constructing all JS estimates indi-
cates that the external information was considerably downweighted. This
substantial downweighting represents a safeguard of the proposed method
on integrating external information in the presence of population hetero-

geneity in real-world applications.

6. Discussion

We treated 0, as if it were derived based on an infinite external sample
size. In practice, 0, is derived under a finite sample size with an associated
uncertainty. We did not assume the availability of quantities associated
with this uncertainty, such as standard errors. Instead, we treated 6, as
a fixed and deterministic value. This did not affect our derivations and
results because mathematically 6, could be imagined to coincide with the
fixed and deterministic value that was derived under an infinite external
sample size from another appropriate data distribution. Since our goal is
to ensure an improvement by integrating external information regardless of
the heterogeneity of the study population, our treatment of 8, still serves

the purpose. It would be interesting to develop ways to incorporate the



uncertainty associated with 6., when available, and to study if further
improvement could be achieved after incorporating this uncertainty:.

We considered information from one external study. When there are
multiple external studies, one could compute a JS estimator using infor-
mation from each external study and then construct the final estimator as
the weighted average. The weights could follow those developed in George
(1986), which have been used in the linear regression case (Ki 1992; Han et
al. 2024). However, it is not clear whether applying those weights in our
setting would still ensure improvement over the MLE in terms of asymptotic
risk. This would be an interesting future research topic.

We focused on conventional regression settings with a fixed number of
covariates. The CML method we made use of was also investigated under
the conventional settings instead of high-dimensional cases. It is anticipated
that, when the number of constraints becomes large, the CML method
becomes computationally intensive and can be numerically unstable, which
will affect our proposed estimator. There may be possible ways to mitigate
such impact, such as selecting the most informative constraints through
principal component analysis. But there have not been formal investigations
of this in existing literature. We think the high-dimensional settings deserve

future research efforts.
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In addition, we considered settings where estimating functions are dif-
ferentiable and loss functions are smooth (quadratic). Extensions of the
method to settings where functions are nondifferentiable or loss functions
are nonsmooth, such as quantile regression or absolute loss, may be possible

and deserve future investigations.
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Figure 2: Comparison of different estimators relative to the risk of

the MLE. The internal and external sample sizes are 300 and 1000,

respectively. MLE: maximum likelihood estimator; CML: constrained

maximum likelihood; JS: James-Stein; EB: empirical Bayes; -sp: based

on CML-sp as in 1} -el: based on CML-el as in 1)
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Figure 4: Comparison of different estimators relative to the risk of

the MLE. The internal and external sample sizes are 1000 and 1000,

respectively. MLE: maximum likelihood estimator; CML: constrained

maximum likelihood; JS: James-Stein; EB: empirical Bayes; -sp: based

on CML-sp as in 1} -el: based on CML-el as in 1)
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the MLE. The internal and external sample sizes are 1000 and 5000,

respectively. MLE: maximum likelihood estimator; CML: constrained

maximum likelihood; JS: James-Stein; EB: empirical Bayes; -sp: based

on CML-sp as in 1} -el: based on CML-el as in 1)
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The internal and

external sample sizes are 300 and 1000, respectively. MLE: maximum

likelihood estimator; JS: James-Stein; -sp: based on CML-sp as in ([2.2));

-el: based on CML-el as in ([2.3))
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Table 1: Analysis results for the prostate cancer data

> - - ~wq ~ DT WY ~ DT

lamle /chlfsp chlfel ﬂjsfsp lBj87Sp ﬂjsfel IBjsfel

Intercept -8.21 -6.85 -7.29 -8.12 -8.16 -8.17 -8.20
PSA 0.60 1.32 1.25 0.65 0.63 0.63 0.61
Age 0.04 0.01 0.00 0.04 0.04 0.04 0.04
DRE 0.07 1.05 0.89 0.13 0.11 0.11 0.08
Biopsy -0.63 -0.21 -0.21 -0.60 -0.62 -0.61 -0.62
Race -0.19 0.88 0.77 0.04 0.02 0.02 0.00
PCA3 0.47 0.37 0.49 0.46 0.47 0.47 0.47
T2:ERG 0.49 0.42 0.56 0.49 0.49 0.50 0.49

Brier score  0.1309 0.1475 0.1442  0.1305 0.1306 0.1307 0.1308

W on B,,, 093 095 096  0.98

js-sp: JS estimator based on ﬁcml_sp; js-el: JS estimator based on

Bemi—er; Wa: JS estimator based on weighted quadratic loss 1} pr: JS

estimator based on the prediction loss 1]
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