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Abstract: Pervasive data contamination—stemming from measurement errors, outliers, or

adversarial corruption—has motivated the development of robust statistical methods. In

this context, we propose a two-stage Adversarial Contamination-resistant Iterative Hard

Thresholding (AC-IHT) algorithm for high-dimensional regression with contamination. Our

nonconvex algorithm achieves minimax near-optimal (up to logarithmic terms) estimation

by iteratively updating the coefficient vector and the contamination vector with different

thresholding scales. We further demonstrate that our AC-IHT estimator is signal-adaptive:

under proper signal conditions, it adaptively attains a sharper estimation rate and more

accurate support recovery. Moreover, it enjoys the strong oracle property, laying a theoretical

foundation for asymptotic inference. Numerical experiments confirm its superior finite-

sample performance. Finally, we discuss theoretical extensions of the proposed procedure to

generalized linear models and to heavy-tailed noise settings.
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1. Introduction

Adversarial contamination has become a significant concern in both statistical

theory and its applications. Models that explicitly address contamination yield

enhanced robustness, improved generalization, and a more realistic representation

of real-world data. From a statistical perspective, this paper considers a basic

high-dimensional linear model with adversarial contamination, given by

Y = Xβ∗ +
√
nθ∗ + ξ, (1.1)

where Y ∈ Rn is the response vector, X ∈ Rn×p is the design matrix, and β∗ ∈ Rp is

the coefficient vector. The term
√
nθ∗ ∈ Rn represents an adversarial contamination

that models potentially malicious or outlying observations in the response vector.

The
√
n factor is introduced for technical convenience, ensuring that the columns of

the augmented design matrix (X |
√
nIn) ∈ Rn×(p+n) are of comparable magnitude.

The noise term ξ is an independent centered σ-subGaussian random vector, i.e.,

E(eλ
⊤ξ) ≤ exp(σ2∥λ∥22/2) for all λ ∈ Rn, and ξ is independent of X. We assume

that β∗ is s-sparse and θ∗ is õ-sparse, i.e., ∥β∗∥0 = s < p and ∥θ∗∥0 = õ < n.

Such a formulation provides a unified framework that can potentially benefit

various domains, including robust principal component analysis with missing data

(Chen et al., 2021), figure classification with covariate-shifted samples (Heng and Soh,

2025), and econometric models with heterogeneous treatment effects (Goldsmith-
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1.1 Literature review

Pinkham et al., 2024). To address model (1.1) in the high-dimensional regime p ≳ n,

this paper introduces a two-stage Adversarial Contamination-resistant Iterative

Hard Thresholding (AC-IHT) algorithm and analyzes how the signal strengths of β∗

and θ∗ affect the statistical inference of β∗.

1.1 Literature review

Adversarial contamination To achieve robust statistical inference, one often

treats the contamination as additional covariates, thereby reducing its influence

(Sardy et al., 2001; Gannaz, 2007). In high-dimensional settings, Nguyen and Tran

(2013) applied simultaneous ℓ1 penalties to both coefficient β and contamination

θ, deriving a joint error bound. Alternative penalty forms have also been explored:

She and Owen (2011) introduced nonconvex penalties for outlier detection, Lee et al.

(2012) studied ℓ2 regularization on contamination within regression and classification

frameworks, and Kong et al. (2018) proposed an adaptive ℓ1 penalty with weights

determined from an initial robust fit. From an algorithmic viewpoint, Bhatia et al.

(2015, 2017); Suggala et al. (2019) analyzed a series of iterative hard thresholding

methods under sparse contamination, establishing their convergence properties.

Recent work on adversarial contamination has shifted toward the non-asymptotic

minimax estimation rates. Following the general minimax theory for ϵ-Huber con-

tamination model proposed by Chen et al. (2016, 2018), Gao (2020) introduced

a multivariate-depth estimator that is minimax-optimal (but not efficiently com-

putable). To bridge this gap, efficient ℓ1-regularized methods achieving near-optimal
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1.1 Literature review

rates were developed (Dalalyan and Thompson, 2019; Chinot, 2020; Sasai and Fuji-

sawa, 2020). Subsequent contributions produced estimators that adapt to the noise

level σ, sparsity s, and contamination o (Finocchio et al., 2021; Minsker et al., 2024).

There are also advanced extensions considering non-sparse settings (Pensia et al.,

2025; Hammouda et al., 2024), low-rank matrix regression under contamination

(Thompson, 2020; Shen et al., 2025) and models where both covariates and responses

are contaminated (Sasai and Fujisawa, 2025). For a comprehensive overview, we

refer readers to Loh (2025).

Iterative hard thresholding and signal adaptivity Iterative optimization has

emerged as a central analysis paradigm in statistics (Jain et al., 2014; Huang et al.,

2018; She et al., 2021) that goes beyond the traditional Empirical Risk Minimization

(ERM) framework. This is because the iteration trajectory itself acts as a form of

regularization, such as early stopping (Fan et al., 2023) and iterative thresholding

(Blumensath and Davies, 2008, 2009; Liu and Foygel Barber, 2019), and provides a

finer balance between computational efficiency and statistical precision. Furthermore,

iterative schemes provide superior flexibility by allowing for the dynamic tuning

of hyperparameters, such as learning rates (She et al., 2023; Shen et al., 2025),

truncation thresholds (Ndaoud, 2020), compression coefficients (She et al., 2023),

and so on. As a widely adopted iterative scheme, Iterative Hard Thresholding (IHT,

Blumensath and Davies (2008)) is particularly noted for applying no additional

shrinkage to the selected signals. Notably, Ndaoud (2020) demonstrated that IHT

exhibits a remarkable signal adaptivity property: if the signal scale satisfies
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1.2 Motivation and inspiration

mini:β∗
i ̸=0 |βi| ≥ Cσ

√
n−1 log(p/s), the IHT estimator adaptively achieves an ℓ2-

estimation rate of order σ
√
s/n. This refined rate not only improves upon the

standard high-dimensional minimax rate σ
√
n−1s log(p/s) (Raskutti et al., 2011),

but also aligns with the minimax phase transition phenomenon (Ndaoud, 2019).

1.2 Motivation and inspiration

In the high-dimensional contamination setting, most existing works established

minimax (near) optimal estimations (Dalalyan and Thompson, 2019; Finocchio et al.,

2021; She et al., 2022; Minsker et al., 2024; Shen et al., 2025), without studying how

the signal strengths of β∗ and θ∗ affect the estimation accuracy. Moreover, support

recovery and asymptotic distributions remain unexplored: Minsker and Shen (2025)

proved support recovery for the Lasso estimator under the incoherence condition,

but did not address its asymptotic behavior. Therefore, we address the following

questions:

In the high-dimensional contamination model (1.1), do the signal strengths

of β∗ and θ∗ influence the recovery of β∗? Does the IHT estimator possess

signal-adaptivity to β∗ estimation, and retain the strong oracle property?

Are these results supported by minimax-optimal guarantees?

The following works inspire our study. From the upper-bound perspective, Dalalyan

and Thompson (2019); Minsker et al. (2024) showed that consistent estimation of β∗

is possible only if the columns of X ∈ Rn×p are “nearly uncorrelated” with those of
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1.3 Main contributions

the identity matrix In. This insight motivates our incoherence-type requirement in

Proposition 1. From the lower-bound perspective, Chen et al. (2018); Chinot (2020)

described how to construct least-favorable distributions specific to contamination

settings; in the uncontaminated sparse model, Butucea et al. (2018) derived a

minimax lower bound via a Bayesian-risk approach, which crucially guides our lower

bound construction.

1.3 Main contributions

We affirmatively address the questions posed in Section 1.2. The main contribu-

tions of this paper are threefold:

• Signal adaptivity and minimax near-optimality We propose a two-stage

AC-IHT algorithm for sparse linear regression under adversarial contamination.

We establish that our estimator β̃ exhibits signal adaptivity, and explicitly

characterize how the signal strengths of β∗ and θ∗ affect the statistical inference

of β∗, as summarized in Table 1. Our results are supported by minimax

near-optimal guarantees.

• Strong oracle property Under proper signal strength conditions, we prove

that the AC-IHT algorithm converges to the oracle estimator, enabling exact

support recovery of β∗. Furthermore, we establish asymptotic normality for

our estimator β̃, providing a foundation for valid inference.

• Additional theoretical extensions We extend the AC-IHT algorithm
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1.3 Main contributions

to generalized linear models, accommodating a diverse range of response

distributions. Furthermore, we establish a theoretical connection between

adversarial contamination and heavy-tailed noise, demonstrating that AC-IHT

achieves minimax near optimality in both settings.

Table 1: The signal adaptivity of the AC-IHT estimator β̃ in signal estimation and
support recovery.

Signal
Condition

Theoretical
Result

Convergence Rate

∥β̃ − β∗∥2
Support Recovery

None
σ

(√
s log p

n
+ o logn

n

)
Theorem 2

∣∣∣supp(β∗) △ supp(β̃)
∣∣∣ = O(s)

Theorem 2

With Signal Condition :

mini:β∗
i ̸=0 |β∗

i | ≥ β‡

σ

(√
s+log(1/ϱ)

n
+ s log p+o logn

n

)
Theorem 2

∣∣∣supp(β∗) △ supp(β̃)
∣∣∣ ≺ s

Corollary 1

With Signal Conditions:
mini:β∗

i ̸=0 |β∗
i | ≥ β‡,

mink:θ∗k ̸=0 |θ∗k| ≥ θ‡

σ
√

s+log(1/ϱ)
n−o

Theorem 3

supp(β̃) = supp(β∗)

Theorem 3

Note: Here β‡ := Cβσ
{

log p
n + o2 log2 n

n2s

}1/2

, θ‡ := Cθσ
{

logn
n + s2 log2 p

n2o

}1/2

, where o = ∥θ∗∥0 ∨ 1,
and Cβ , Cθ > 0 are some absolute constants. All results hold with a probability greater than
1− ϱ−O(p−2 + n−3).

However, solely estimating β∗ is far more challenging than jointly estimating

β∗ and θ∗. To overcome this, we innovatively employ separate thresholding levels

for β̃ and θ̃ in each iteration. This separation enables a refined analysis of how

the nuisance component θ∗ impacts the estimation of β∗, and yields both delicate

sparsity patterns and sharp ℓ2-error bounds for our estimator β̃.
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1.4 Organization of the paper

1.4 Organization of the paper

The present paper is organized as follows. Section 2 establishes the procedure of

the two-stage AC-IHT algorithm. Section 3 presents the theoretical guarantees of our

algorithm. Section 4 presents numerical experiments that illustrate our theoretical

findings. Section 5 discusses extensions of AC-IHT to generalized linear models, its

connection to heavy-tailed regression, and related future directions. Detailed proofs

and additional simulations are available in the supplementary material.

Notation For sequences an and bn, we write an = O(bn) (or an ≲ bn) if an ≤ Cbn

for some constant C > 0 and all large n, and an ≺ bn if an/bn → 0 as n→∞. We

write that an ≍ bn if an = O(bn) and bn = O(an). Let [m] = {1, 2, . . . ,m}, and 1(·)

be the indicator function. Define x∨ y = max{x, y}. Let S∗ = {i : β∗
i ̸= 0} ⊆ [p] and

O∗ = {k : θ∗k ̸= 0} ⊆ [n] denote the support sets of β∗ and θ∗, respectively. For sets

A and B with sizes |A| and |B|, let βA = (βj)j∈A ∈ R|A|, X·,A = (Xj)j∈A ∈ Rn×|A|,

and XA,B ∈ R|A|×|B| be the submatrix of X ∈ Rn×p with rows and columns in A and

B. The symmetric difference of A and B is defined as A△B = (A\B)∪ (B \A). For

a vector β, denote ∥β∥2 as its Euclidean norm, ∥β∥0 as the number of its nonzero

entries, and supp(β) as its support set. For matrix X, denote ∥X∥2 as its operator

norm.
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2. Two-stage AC-IHT Algorithm

This section presents the two-stage AC-IHT algorithm, with its first and second

stages detailed in Sections 2.1 and 2.2, respectively. The first-stage procedure

provides an initial estimator with a near-optimal estimation rate. The second-

stage algorithm refines this estimate to obtain a final estimator with the desirable

theoretical properties summarized in Table 1.

2.1 The first stage: dynamic thresholding iteration

We start by defining the squared ℓ2 loss for model (1.1) as

L(β, θ) =
1

2n

∥∥Y −Xβ −√n θ∥∥2
2
.

Based on L(β, θ), we propose the first-stage AC-IHT Algorithm 1. Each iteration

in Algorithm 1 can be summarized in three steps: gradient update, threshold

parameters update, and hard thresholding operation.

Gradient update: We derive the partial derivatives of L(β, θ) with respect to

β and θ as

∂L

∂β
(βt, θt) = − 1

n
X⊤(Y −Xβt −

√
n θt
)
,

∂L

∂θ
(βt, θt) = − 1√

n

(
Y −Xβt −

√
n θt
)
,
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2.1 The first stage: dynamic thresholding iteration

and employ the gradient descent approach to update the parameters:

Step 1.1:
H t+1

β ← βt − η∂L
∂β

(βt, θt),

H t+1
θ ← θt − η∂L

∂θ
(βt, θt),

(2.1)

where η > 0 denotes the learning rate, the explicit choice of which will be specified

in Theorem 1.

Threshold parameters update: For λ > 0, define the hard thresholding

operator T m
λ : Rm → Rm, such that

(
T m
λ (z)

)
j
= zj × 1 (|zj| ≥ λ) , for every z ∈ Rm and j ∈ [m]. (2.2)

In Algorithm 1, the thresholding parameters in operator T m
λ are dynamically updated

at each iteration. Specifically, the thresholds λβ,0 and λθ,0 are initialized to sufficiently

large values. These thresholds are then iteratively decreased and used at each

iteration for hard-thresholding operations, until they reach their respective universal

statistical levels λβ,∞ and λθ,∞ (see Theorem 1 for their specific forms). The following

scheme guarantees that the sequences {λβ,t}t≥0 and {λθ,t}t≥0 are monotonically non-

increasing:

Step 1.2:
λβ,t+1 ← (κ× λβ,t) ∨ λβ,∞,

λθ,t+1 ← (κ× λθ,t) ∨ λθ,∞.
(2.3)

Here, κ ∈ (0, 1) controls the decay rate, typically chosen as 0.9 in practice. This
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2.1 The first stage: dynamic thresholding iteration

Algorithm 1: The first stage of the AC-IHT algorithm
Input: β0 = 0p, θ

0 = 0n, Y, X, λβ,0, λθ,0, λβ,∞, λθ,∞, κ, t = 0

Output: β̂, θ̂

1 while t < max
{
log1/κ(λβ,0/λβ,∞), log1/κ(λθ,0/λθ,∞)

}
do

2 Step 1.1: Update H t+1
β and H t+1

θ using (2.1);

3 Step 1.2: Update λβ,t+1 and λθ,t+1 using (2.3);

4 Step 1.3: Update βt+1 and θt+1 using (2.4);

5 t← t+ 1;

6 end

7 β̂ ← βt, θ̂ ← θt

process not only provides an explicit stopping time for the procedure, but also enables

sparsity control in each iteration.

Hard thresholding operation: In this step, we apply the hard-thresholding

operator (2.2), together with the updated thresholds (2.3), to the raw updates in

(2.1), ensuring a dynamic regularization at each iteration:

Step 1.3:
βt+1 ← T p

λβ,t+1
(H t+1

β ),

θt+1 ← T n
λθ,t+1

(H t+1
θ ).

(2.4)

Steps 1.2 and 1.3 are inspired by the strategy of Ndaoud (2020), using gradually

decreasing hard-threshold levels to limit variable inclusion in each iteration. It

also aligns with the motivation of the LARS algorithm (Efron et al., 2004). This

approach ensures computational efficiency and sparsity in the outputs. A key novelty

of our Algorithm 1 is the separate handling of βt and θt updates, which allows
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2.2 The second stage: fixed thresholding iteration

us to derive a delicate sparse pattern and a minimax near-optimal ℓ2-error bound

for β̂, as shown in Theorem 1. In contrast, choosing common threshold levels

λβ,∞ ≍ λθ,∞ ≍ σ{log(p+ n)/n}1/2 may not deliver comparably precise estimates.

2.2 The second stage: fixed thresholding iteration

While the first-stage Algorithm 1 delivers a minimax near-optimal initial estimate

β̂ (shown in Theorem 1), it tends to omit some true support variables and falls short

in estimation accuracy in practice, even when the support signals of β∗ are relatively

strong. Therefore, a refinement step is required: Starting from β̂ and θ̂, we execute

successive iterations, as detailed in Algorithm 2. The second-stage Algorithm 2

differs from Algorithm 1 in two ways: First, it initializes at β̃0 = β̂ and θ̃0 = θ̂, the

estimators produced by the first-stage Algorithm 1. Second, instead of updating the

threshold parameters in each iteration, in the second stage, we use two fixed values

λβ and λθ (see Theorem 2 for their specific forms). Each iteration in the second

stage consists of two steps: a gradient update (identical to Step 1.1 (2.1)), and a

hard thresholding operation using the fixed thresholds:

Step 2.2:
β̃t+1 ← T p

λβ
(H t+1

β ),

θ̃t+1 ← T n
λθ
(H t+1

θ ).

(2.5)

The complete second-stage algorithm is presented in Algorithm 2, and our two-

stage AC-IHT algorithm combines Algorithm 1 (initial estimation) and Algorithm

2 (refinement): Algorithm 1 iteratively updates the estimator while decreasing the
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2.2 The second stage: fixed thresholding iteration

Algorithm 2: The second stage of the AC-IHT algorithm

Input: β̃0 = β̂, θ̃0 = θ̂, Y, X, λβ, λθ, t = 0

Output: β̃, θ̃

1 while t ≤ C log n do

2 Step 2.1: Update H t+1
β and H t+1

θ using (2.1);

3 Step 2.2: Update β̃t+1 and θ̃t+1 using (2.5);

4 t← t+ 1;

5 end

6 β̃ ← β̃t, θ̃ ← θ̃t

thresholding levels λβ,t and λθ,t until they reach their limiting values λβ,∞ and λθ,∞.

Algorithm 2 then continues the iteration with fixed thresholding levels, yielding a

refined final output. In this sense, the two algorithms together form a two-step

“debiased” procedure, which does not require data splitting.

Remark 1 (Practical Role of Algorithm 1). The second-stage Algorithm 2 performs

a refined bias correction on initial estimates β̂. Moreover, any initial estimator

satisfying the guarantees of Theorem 1, such as the Lasso estimator (Dalalyan and

Thompson, 2019) or the square-root Slope estimator (Minsker et al., 2024), can be

used as input to Algorithm 2. This demonstrates the generality of the proposed

IHT framework. However, Algorithm 1 still has its practical advantages: It provides

a computationally efficient initial estimation, while the refinement of estimation

accuracy is handled by Algorithm 2. Moreover, as shown in Theorem 2, the limiting

thresholds λβ,∞ and λθ,∞ used in Algorithm 1 can be directly used in Algorithm 2,

avoiding additional tuning and reducing computational cost.
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3. Theoretical Guarantees

In this section, we study the statistical properties of the two-stage AC-IHT

algorithm. Define o := ∥θ∗∥0 ∨ 1, and assume ∥β∗∥0 = s ≥ 1 without loss of

generality. Recall that the noise ξ in (1.1) is assumed to be σ-subGaussian. We

further impose two key assumptions.

Assumption 1 (Sub-Gaussian design). The design matrix X ∈ Rn×p is row-wise

independent and sub-Gaussian: each row Xi,·
d
= ZiΣ

1/2, where Zi = (Zi1, · · · , Zip) ∈

R1×p and each Zij is i.i.d. centered 1-sub-Gaussian random variable such that

E(Z⊤
i Zi) = Ip. The population covariance Σ ∈ Rp×p satisfies

M−1 ≤ Λmin(Σ) ≤ Λmax(Σ) ≤M,

where M > 1 is a universal constant.

Assumption 2 (Sample size). The sample size n satisfies max (s log p, o log n) ≲ n.

Assumption 1 controls the correlation among covariates and is commonly used in

the literature on iterative algorithms (Fan et al., 2023; Han et al., 2026). These as-

sumptions yield the following proposition, which underpins the theoretical guarantees

of our iterative procedure.

Proposition 1 (Restricted isometry and incoherence). For any fixed constant

C1 > 0, assume Assumption 1 holds and Assumption 2 holds in the specific form n ≥
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30M2C1CΣmax(s log p, o log n), where CΣ > 0 is a constant depending only on ∥Σ∥2.

Then the following properties hold with probability greater than 1−4 exp(−2C1s log p):

1. (Restricted isometry) For every index set S ⊂ [p] with |S| ≤ C1s, the sample

covariance matrix satisfies:

1

2M
∥u∥22 ≤ u⊤

(
X⊤X

n

)
S,S

u ≤ 2M∥u∥22, for every u ∈ R|S|. (3.1)

2. (Restricted incoherence) There exists a constant CM > 0 depending only on

M such that:

sup
S⊂[p]: |S|≤C1s

sup
O⊂[n]: |O|≤C1o

∥XO,S∥2 ≤
√
C1CM

√
s log p+ o log n. (3.2)

This proposition characterizes both the restricted isometry property of the design

matrix X and the restricted correlation between columns of X and the identity

matrix In (since X⊤
O,S = X⊤

·,S I·,O). The latter controls how adversarial contamination

can distort the estimation of β∗, and such an incoherence-type condition is standard

in outlier analyses (Dalalyan and Thompson, 2019; Minsker et al., 2024). If (3.2)

fails, for example, in the case n = p and X =
√
n In, then model (1.1) reduces to

Y =
√
n(β∗+ θ∗)+ ξ, making it impossible to estimate β∗ alone consistently. Further

analysis of this property is provided in Section S2 of the Supplementary Material.
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3.1 Property of the first stage estimation

Remark 2 (Sub-Gaussian limitation). Proposition 1 relies on a sub-Gaussian design

and a spectrally bounded covariance matrix Σ, and thus cannot be directly generalized

to heavy-tailed designs addressed in some robust statistics literature (Sun et al., 2020;

Pensia et al., 2025). We speculate that such extensions may require some technical

tools like truncation (Section 4 in Sun et al. (2020)), and leave this for future work.

3.1 Property of the first stage estimation

We begin with the statistical guarantee of the first-stage Algorithm 1.

Theorem 1 (Initial Estimation). Assume that Assumptions 1 and 2 hold. For tuning

parameters in Algorithm 1, suppose that the learning rate η ∈
[

2M
4M2+1

, 4M
4M2+1

]
, the

decay rate κ ∈
(

4M2

4M2+1
, 1
)
, and the initial thresholds satisfy

√
sλβ,0 > ∥β∗∥2 and

√
oλθ,0 > ∥θ∗∥2. Let

λβ,∞ = Cβ,1σ

√
M log p

n
+ Cβ,2σ

√
s log p+ o log n

ns

√
o log n

n
,

λθ,∞ =
3Cβ,1σ

4

√
log n

n
+

4Cβ,2σ
√
M

3

√
s log p+ o log n

no

√
s log p

n
,

where Cβ,1, Cβ,2 are two constants depending on M,κ, and η. Let (β̂, θ̂) denote

the output of Algorithm 1. Then with probability at least 1 − O(p−2 + n−3), both

estimators are ℓ0-sparse, i.e., ∥β̂∥0 ≲ s, ∥θ̂∥0 ≲ o, and satisfy

∥β̂ − β∗∥22 ≲σ2

(
s log p

n
+
o2 log2 n

n2

)
,

∥θ̂ − θ∗∥22 ≲σ2

(
o log n

n
+
s2 log2 p

n2

)
.

(3.3)
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3.1 Property of the first stage estimation

The ℓ2 error of β̂ consists of two terms: (i) the estimation rate of an s-sparse vector

(σ2s log p)/n, and (ii) the contamination proportion (σ2o2 log2 n)/n2. Furthermore,

by interpolating the ℓ0 sparsity and ℓ2 rate, we conclude that

∥β̂ − β∗∥qq ≲ σq

{
s

(
log p

n

)q/2

+ s1−q/2

(
o log n

n

)q
}
, for every q ∈ [1, 2],

demonstrating that β̂ is minimax near-optimal in terms of the ℓq error for all q ∈ [1, 2]

(see Theorem 4 for the lower bound). Additionally, please refer to Section S3.1 of the

Supplementary Material for the specific sample size requirements of this theorem.

Remark 3 (Two phases of estimation accuracy). The bound for β̂ in (3.3) can be

rewritten as

∥β̂ − β∗∥22 ≲ σ2max

(
s log p

n
,
o2 log2 n

n2

)
=


σ2 s log p

n
, if o ≤

√
ns log p
logn

,

σ2 o2 log
2 n

n2 , if
√
ns log p
logn

< o ≲ n
logn

.

Thus, there are two distinct regimes: When the number of contaminated samples

o is relatively small, the estimation error attains the uncontaminated near-optimal

rate (σ2s log p)/n (Raskutti et al., 2011). As o increases, the error of β̂ becomes

dominated by the squared contamination proportion (up to a logarithmic term).

Remark 4 (Symmetric rate and joint bound). Within the bounds of (3.3), the terms

o log n and s log p play symmetric roles: swapping them in the bound of β̂ yields

the corresponding bound of θ̂. This symmetry reflects a duality between β∗ and
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3.2 Property of the two-stage estimation

θ∗: If one views the model (1.1) as a sparse linear regression, then
√
nθ∗ constitutes

an ℓ0-sparse contamination of the observations; conversely, if one views (1.1) as a

(sub-Gaussian) location model, the term Xβ∗ acts as contamination, representing

the image of an ℓ0-sparse vector β∗ into the observation space via X. Summing the

individual bounds in (3.3) gives the joint error control:

∥β̂ − β∗∥22 + ∥θ̂ − θ∗∥22 ≲ σ2

(
s log p+ o log n

n

)
, (3.4)

which is minimax near-optimal (see Theorem 6 in She et al. (2022) for the joint lower

bound ). A comparison of (3.3) and (3.4) shows that focusing solely on β∗ delivers a

more refined guarantee.

3.2 Property of the two-stage estimation

This subsection establishes signal adaptivity and the strong oracle property of

the final estimator β̃, which is obtained from the second-stage Algorithm 2. We first

specify the signal condition imposed on β∗.

Assumption 3 (Signal condition for β∗). There exists a constant Cβ > 0 such that

min
i∈S∗
|β∗

i | ≥ Cβσ

(√
log p

n
+
o log n

n
√
s

)
, (3.5)

This signal condition guarantees that all nonzero components of β∗ are well

separated from zero, thereby facilitating sharper estimation rates.
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3.2 Property of the two-stage estimation

Theorem 2 (Signal-adaptive estimation). Assume that Assumptions 1 and 2 hold.

We set the tuning parameters in Algorithm 2 as η ∈
[

2M
4M2+1

, 4M
4M2+1

]
, λβ = λβ,∞,

and λθ = λθ,∞, where λβ,∞, λθ,∞ are specified in Theorem 1. Let (β̃, θ̃) denote the

output of Algorithm 2. Then, for any given ϱ ∈ (0, 1), with probability at least

1 − ϱ − O(p−2 + n−3), we have ∥β̃∥0 ≲ s, ∥θ̃∥0 ≲ o, and the estimation error is

signal-adaptive:

∥β̃ − β∗∥22 ≲


σ2

(
s+ log(1/ϱ)

n
+

(s log p+ o log n)2

n2

)
, if Assumption 3 holds,

σ2

(
s log p

n
+
o2 log2 n

n2

)
, otherwise.

(3.6)

Theorem 2 establishes the signal adaptivity of the second-stage AC-IHT algorithm:

If the signal condition in Assumption 3 fails, β̃ achieves a near-optimal rate; if it

holds, β̃ adaptively achieves a sharper estimation rate than the minimax near-optimal

rate. This signal adaptivity is a key advantage of hard-thresholding-based methods

and is generally difficult to achieve by convex procedures such as the Lasso (Bellec,

2018). Furthermore, if Assumption 3 holds and n ≳ s log2 p, from (3.6) we can get a

sharper bound:

∥β̃ − β∗∥22 ≲ σ2

(
s+ log(1/ϱ)

n
+
o2 log2 n

n2

)
,

which matches the estimation rate (up to a log n factor) as if the support of β∗ were

known (Hammouda et al., 2024).
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3.2 Property of the two-stage estimation

Signal-adaptive estimation has been well-studied in uncontaminated models (Fan

et al., 2018; Ndaoud, 2019, 2020; Fan et al., 2023). However, to our knowledge, no

existing work addresses this property under adversarial contamination, and Theorem

2 fills this gap. Moreover, by utilizing this property, we can derive a more refined

variable selection guarantee than that in Theorem 2.

Corollary 1 (Selection error). Under the conditions of Theorem 2 and Assumption

3, if o2 log2 n
n
≺ s log p ≺ n, then, as s ≻ 1, with probability at least 1−O(p−2 + n−3)

we have
∣∣∣supp(β∗) △ supp(β̃)

∣∣∣ ≺ s.

Utilizing the interplay between estimation and selection, Corollary 1 effectively

controls the variable selection error of the estimator β̃ (obtained from two-stage AC-

IHT). Moreover, Theorem 5 establishes that the required signal strength Assumption

3 is nearly necessary, demonstrating that our procedure is minimax near-optimal (up

to logarithmic terms) in the variable selection task.

We further analyze the oracle property of β̃. An additional signal strength

condition on θ∗ is presented as follows.

Assumption 4 (Signal condition for θ∗). There exists a sufficiently large (absolute)

constant Cθ > 0 such that

min
k∈O∗
|θ∗k| ≥ Cθσ

(√
log n

n
+
s log p

n
√
o

)
. (3.7)
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3.2 Property of the two-stage estimation

This assumption is instrumental and sufficient for identifying contaminated

samples, which allows our procedure to further remove the bias induced by corruption.

Similar requirements appear in the recent literature (see Theorem 3 in Hammouda

et al. (2024)). Moreover, it implies that a larger number of contaminated samples

o relaxes the required signal strength for outlier identification. This phenomenon

is empirically validated through numerical experiments in Supplementary Material

S1.5. Define the oracle estimator β† as

β† := Projβ

argmin
β(S∗)c=0
θ(O∗)c=0

1

2n

∥∥Y −Xβ −√nθ∥∥2
2

 , (3.8)

where Projβ denotes the projection onto the β component of the joint vector

(β⊤, θ⊤)⊤.

Theorem 3 (Oracle estimation and selection consistency). Assume that all conditions

in Theorem 2 hold, and Assumptions 3 and 4 hold. Let {β̃t}t≥0 be the sequence of

iterates from Algorithm 2. Then with probability at least 1 − O(p−2 + n−3), there

exist two absolute constants r ∈ (0, 1) and C > 0 such that

∥β̃t − β†∥2 ≤ C × rt, for every t ≥ 0. (3.9)

Additionally, by terminating Algorithm 2 after t ≥ C ′ log n iterations, for any given

ϱ ∈ (0, 1), with probability at least 1 − ϱ − O(p−2 + n−3) the output β̃ reaches the
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3.2 Property of the two-stage estimation

oracle rate and achieves selection consistency:

∥β̃ − β∗∥22 ≲ σ2

(
s+ log(1/ϱ)

n− o

)
, supp(β̃) = supp(β∗), supp(θ̃) = supp(θ∗).

Under suitable signal conditions, β̃ (obtained from two-stage AC-IHT) converges

geometrically to the oracle estimator β†, therefore reaching the ℓ2 estimation rate

σ{s/(n − o)}1/2 as if the true support of β∗ were known and the contaminated

data were excluded. Leveraging this fact, one can further establish the asymptotic

property of each linear functional of β̃.

Corollary 2 (Asymptotic normality). Assume that all conditions in Theorem 3

hold, and assume n ≻ max
(
s2 log2 p, s3

)
. Define cξ := Var(ξ1)/σ2. Then for every

γ ∈ Rs with 0 < ∥γ∥2 <∞, as n, p→∞, we have

√
nγ⊤(β̃S∗ − β∗

S∗)
D→ N

(
0, cξσ

2γ⊤Σ−1
S∗,S∗γ

)
.

Corollary 2 demonstrates that β̃ possesses asymptotic normality, thereby enabling

statistical inference. This property distinguishes our method from existing methods

tailored for adversarial contamination (Dalalyan and Thompson, 2019; Minsker et al.,

2024).

Remark 5 (Revisit signal adaptivity). Assumptions 3 and 4 provide the technical

prerequisites for the AC-IHT procedure to converge to the oracle estimator, ensuring
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3.2 Property of the two-stage estimation

both selection consistency and asymptotic normality. When these signal conditions

are not satisfied, our estimator may no longer enjoy these strong guarantees; never-

theless, it at least maintains minimax near-optimality and ℓ0 sparsity, as established

in Theorem 2. This underscores that our procedure does not require prior knowledge

of the true signals for practical execution, and thus is inherently signal-adaptive:

it delivers the (nearly) best possible estimation accuracy for the given data, with

stronger signals adaptively yielding sharper results.

For clarity, we summarize the conditions on sample size, signal strength, and

corruption required by the above theoretical results in Table 2.

Table 2: Summary of sample size, signal strength, and corruption assumptions for
main theoretical results.

Theoretical Result

Assumption
Sample Size Strength of β∗ and θ∗

Corruption
Number

Theorem 1
(Initial Estimation)

max(s log p, o log n) ≲ n

(Assumption 2)

None

o ≲ n
log n

Theorem 2
(Signal-adaptive estimation)

mini:β∗
i ̸=0 |β∗

i | ≥ β‡

(Assumption 3)Corollary 1
(Selection error)

o ≺
√
ns log p
log n

Theorem 3
(Oracle estimation and selection

consistency)

mini:β∗
i ̸=0 |β∗

i | ≥ β‡

mink:θ∗k ̸=0 |θ∗k| ≥ θ‡

(Assumption 3 and 4)

o ≲ n
log n

Corollary 2
(Asymptotic normality)

max
(
s2 log2 p, s3, o log n

)
≺ n

Note: Here β‡ := Cβσ
{

log p
n + o2 log2 n

n2s

}1/2

, θ‡ := Cθσ
{

logn
n + s2 log2 p

n2o

}1/2

, where o = ∥θ∗∥0 ∨ 1,
and Cβ , Cθ > 0 are some absolute constants.
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3.3 Minimax lower bounds

3.3 Minimax lower bounds

This subsection provides minimax lower bound guarantees for estimation and

support recovery. For ease of display, we consider the model with Gaussian noise:

assume that each Yi|Xi· is drawn from N (Xi·β
∗, σ2), where Xi· ∈ R1×p follows from

the random design as introduced in Assumption 1. Here, we only require a sparse

eigenvalue assumption as

sup
S⊂[p],|S|≤2s

∥ΣS,S∥2 ≤ C2s, (3.10)

where C2s > 0 is an absolute constant. Denote the uncontaminated distribution of

(Xi·, Yi) as PX,Y and write our model space as

M(β, o) := {(n− k) observations are drawn from PX,Y ,

k observations are drawn from arbitrary Q, where 0 ≤ k ≤ o } .
(3.11)

Much of the robust estimation literature considers the ϵ-Huber contamination

model (Xi·, Yi) ∼ (1 − ϵ)P + ϵQ (Chen et al., 2018; Gao, 2020; Chinot, 2020). In

contrast, our model setting (3.11) explicitly constrains the number of outliers (o)

rather than the contamination probability (ϵ). This difference yields that our lower

bound results hold independent significance.

Theorem 4 (Estimation lower bound). Assume that Assumption 2 and equation

(3.10) hold and o ≥ 9. Then for any q ∈ [1, 2] with an absolute constant cq ∈
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3.3 Minimax lower bounds(
0, (8C2s)−q/2

160

)
, we have

inf
β̂

sup
β∗:∥β∗∥0≤s

sup
R∈M(β∗,o)

E(X,Y )∼R

(∥∥∥β̂ − β∗
∥∥∥q
q

)
≥ cqσ

q

{
s

(
log(ep/s)

n

)q/2

+ s1−q/2 o
q

nq

}
,

where R ∈M(β∗, o) is a joint distribution of (Xi·, Yi)i∈[n].

Combined with Theorem 2, it implies that our two-stage AC-IHT algorithm is

minimax near-optimal (up to logarithmic factors), and can even surpass this minimax

rate under a proper signal strength condition.

We next establish the minimax lower bound for variable selection. Define

B(s, a) :=
{
β ∈ Rp : ∥β∥0 ≤ s, min

i:βi ̸=0
|βi| ≥ a

}

as the s-sparse vector space with a minimal signal strength a > 0.

Theorem 5 (Selection lower bound). Assume that Assumption 2 and equation (3.10)

hold and o ≥ 8, then with an absolute constant c2 ∈ (0, 1/5), we have

inf
Ŝ

sup
β∗∈B(s,a)

sup
R∈M(β∗,o)

E(X,Y )∼R

(∣∣∣Ŝ △ supp(β∗)
∣∣∣) ≥ c2s (3.12)

holds for a ≤ σ
4
√
2C2s

(√
log(ep/s)

n
+ 1√

s
o
n

)
.

This result shows that no procedure can recover supp(β∗) with o(s) selection

error if the signals of β∗ are relatively weak. It further demonstrates that the signal

strength Assumption 3 is minimax near-optimal (up to logarithm terms) for the
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variable selection task in a contamination setting.

4. Simulation Studies

This section presents numerical experiments that complement our theoretical

findings. We set p = 1000, n = 300, s = o = 10, and assume X is generated from

the multivariate normal distribution N (0,Σ), where Σij = ρ|i−j| for i, j ∈ [p] and

ρ = 0.25. The true parameter vectors β∗ and θ∗ have their first 10 entries set to 0.5

and all remaining entries set to 0. All simulations in this section are executed with

300 replications. Our two-stage AC-IHT algorithm involves two tuning parameters,

λβ,∞ and λθ,∞, as suggested by Theorems 1 and 2 (see Supplementary S3.4 for the

initial tuning of (λβ,0, λθ,0)). Here, we determine their values using a Massart-type

information criterion by minimizing the following objective

∥∥∥Y −Xβ̃ −√nθ̃∥∥∥2
2
+ A(s̃ log p+ õ log n),

where β̃ = β̃(λβ,∞, λθ,∞) and θ̃ = θ̃(λβ,∞, λθ,∞) are the estimators obtained with

the candidate parameters (λβ,∞, λθ,∞), and s̃ = |supp(β̃)| and õ = |supp(θ̃)|. In

this section, we set A = 2 and search for the best pair (λβ,∞, λθ,∞) over the region

(10−2, 1)× (10−2, 1). We set the decay rate κ = 0.9 and the learning rate η = 0.75.

For benchmarking, we compare our AC-IHT method with several existing robust

estimation methods: IHT-ℓ1 (Shen et al., 2025), the Progressive Iterative Quantile-

Thresholding (PIQ) estimator (She et al., 2022), the Adaptive Huber (Ada-Huber)
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4.1 Estimation accuracy and selection consistency

estimator (Sun et al., 2020), AC-LASSO (Thompson, 2020), and AC-SCAD (which

replaces the ℓ1 penalty in AC-LASSO with the SCAD penalty). In addition, the

Oracle estimator (defined in (3.8)) is included as an ideal reference for comparison.

Five metrics are used to evaluate the estimation performance: (i) the ℓ2-error

∥β − β∗∥2; (ii) the ℓ∞-error ∥β − β∗∥∞; (iii) the Σ-norm-error ∥β − β∗∥Σ =
{
(β −

β∗)⊤Σ(β − β∗)
}1/2; (iv) Matthews correlation coefficient (MCC) and (v) Symmetric

difference (Sym_diff). Here, MCC and Sym_diff are defined as

MCC =
TP× TN− FP× FN

{(TP + FP)(TP + FN)(TN + FP)(TN + FN)}1/2
,

Sym_diff = FP + FN,

where TP = |Ŝ ∩ S∗|, TN = |Ŝc ∩ (S∗)c|, FP = |Ŝ ∩ (S∗)c|, FN = |Ŝc ∩ S∗| and Ŝ is

the support index of the estimator. Among these metrics, a smaller value indicates

better estimation or variable selection performance for all except MCC. For MCC,

values closer to 1 indicate better selection accuracy.

4.1 Estimation accuracy and selection consistency

In this subsection, we consider the contamination model with noise term ξ

independently generated from the following three distributions, each with unit

variance: the standard Gaussian distribution N (0, 1), the Rademacher distribution,

and the uniform distribution U(−
√
3,
√
3). Table 3 shows that AC-IHT achieves

competitive performance: It yields the lowest estimation errors and the best support
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4.2 Oracle property

recovery, with results close to the Oracle benchmark β†. Compared with other

methods such as IHT-ℓ1, PIQ, and Adaptive Huber, AC-IHT is more stable across

different noise settings. Additionally, the AC-SCAD estimator shows intermediate

performance between AC-IHT and AC-LASSO, consistent with the SCAD penalty

being sandwiched between hard-thresholding and soft-thresholding penalties.

4.2 Oracle property

This subsection demonstrates that our AC-IHT method exhibits the oracle

property. Under the standard Gaussian distribution, we first consider the convergence

to the oracle estimator with increasing sample size n. Figure 1 shows that, as n

increases from 200 to 800, AC-IHT performs well and gradually approaches the

oracle estimator, illustrating high accuracy and precise support recovery. This

empirical result aligns with the convergence guarantees established in Theorem

3. The simulation results illustrating the asymptotic normality and iteration-wise

convergence behavior of AC-IHT are provided in Section S1.2 and S1.4 of the

Supplementary Material.
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4.2 Oracle property

Table 3: Comparison of estimation accuracy across different methods under contami-
nated data.

Method ∥β − β∗∥2 ∥β − β∗∥∞ ∥β − β∗∥Σ MCC Sym_diff

Gaussian

AC-IHT 0.222 (0.004) 0.140 (0.003) 0.213 (0.004) 0.989 (0.001) 0.243 (0.031)

IHT-ℓ1 0.489 (0.014) 0.347 (0.010) 0.458 (0.013) 0.953 (0.003) 0.890 (0.050)

PIQ 0.535 (0.010) 0.341 (0.007) 0.522 (0.010) 0.912 (0.004) 2.007 (0.091)

Ada-Huber 0.531 (0.005) 0.276 (0.003) 0.616 (0.006) 0.697 (0.003) 10.760 (0.185)

AC-LASSO 0.484 (0.004) 0.229 (0.003) 0.540 (0.005) 0.556 (0.011) 38.993 (2.412)

AC-SCAD 0.350 (0.005) 0.182 (0.004) 0.333 (0.004) 0.561 (0.011) 32.257 (1.383)

Oracle 0.196 (0.003) 0.118 (0.002) 0.186 (0.002) 1.000 (0.000) 0.000 (0.000)

Rademacher

AC-IHT 0.214 (0.004) 0.136 (0.003) 0.202 (0.004) 0.992 (0.001) 0.170 (0.025)

IHT-ℓ1 0.799 (0.004) 0.499 (0.001) 0.752 (0.004) 0.899 (0.002) 1.900 (0.031)

PIQ 0.543 (0.010) 0.346 (0.007) 0.530 (0.010) 0.913 (0.004) 1.987 (0.097)

Ada-Huber 0.528 (0.005) 0.279 (0.003) 0.607 (0.005) 0.659 (0.003) 13.083 (0.181)

AC-LASSO 0.489 (0.004) 0.238 (0.003) 0.548 (0.004) 0.588 (0.010) 32.317 (2.222)

AC-SCAD 0.368 (0.004) 0.198 (0.004) 0.345 (0.004) 0.591 (0.011) 30.363 (1.650)

Oracle 0.197 (0.003) 0.121 (0.002) 0.185 (0.002) 1.000 (0.000) 0.000 (0.000)

Uniform

AC-IHT 0.211 (0.004) 0.135 (0.003) 0.202 (0.004) 0.992 (0.001) 0.173 (0.025)

IHT-ℓ1 0.680 (0.010) 0.463 (0.006) 0.638 (0.009) 0.919 (0.002) 1.533 (0.044)

PIQ 0.534 (0.010) 0.341 (0.007) 0.523 (0.010) 0.913 (0.004) 2.003 (0.091)

Ada-Huber 0.532 (0.005) 0.276 (0.003) 0.615 (0.006) 0.669 (0.003) 12.463 (0.206)

AC-LASSO 0.487 (0.004) 0.234 (0.003) 0.547 (0.004) 0.586 (0.010) 32.340 (2.141)

AC-SCAD 0.367 (0.004) 0.196 (0.004) 0.348 (0.004) 0.580 (0.011) 30.857 (1.556)

Oracle 0.193 (0.003) 0.117 (0.002) 0.183 (0.002) 1.000 (0.000) 0.000 (0.000)
Note. The numbers in parentheses denote the standard errors.
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Figure 1: Estimation accuracy and support recovery performance with increasing
sample size.

5. Discussion

We conclude by discussing the generalizability of our procedure and several

directions for future research.

5.1 Extension to GLM

Here we extend our two-stage AC-IHT algorithm to the Generalized Linear

Models (GLMs) setting, thereby allowing for a broader class of response distributions.

Consider a GLM setup with n independent observations {(Xi,·, Yi)}ni=1, where Xi,· ∈

R1×p is the i-th row of X. The distribution of each Yi is assumed to follow an

exponential family characterized by the natural parameter ζ∗i and a scale parameter

a, with the density function:

f(Yi; ζ
∗
i ) = exp

(
Yiζ

∗
i − b(ζ∗i )
a

+ c(Yi, a)

)
, (5.1)
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5.1 Extension to GLM

where b(·) denotes a cumulant function. We adopt the canonical link function

b′−1(·) and define the linear predictor as ζ∗i = Xi,·β
∗ +
√
nθ∗i under our adversarial

contamination setting. We consider minimizing the negative log-likelihood

− log
∏
i∈[n]

f(Yi; ζ
∗
i ) ∝

1

n

∑
i∈[n]

{
b(ζ∗i )− Yiζ∗i − a× c(Yi, a)

}
.

Therefore, only the gradient update step in our two-stage AC-IHT algorithm

requires modification, while all other steps remain unchanged. The updated gradient

step is as follows:

Step G.1:

H t+1
β ← βt − η

n

n∑
i=1

X⊤
i,·

(
b
′
(Xi,·β

t +
√
nθti)− Yi

)
,

H t+1
θ ← θt − η√

n

n∑
i=1

ei

(
b
′
(Xi,·β

t +
√
nθti)− Yi

)
,

(5.2)

where η > 0 denotes the learning rate, ei ∈ Rn×1 is a vector with its i-th component

equals 1 and all other components are 0. To implement this variant, we replace

Step 1.1 in Algorithm 1 and Step 2.1 in Algorithm 2 with Step G.1 (5.2). We

introduce the following regularity assumption to establish the theoretical guarantees

for the GLM extension.

Assumption 5. The function b(·) is twice-differentiable, and assume that each

ζ∗i ∈ Θ, where the parameter space Θ ⊆ R is a closed (finite or infinite) interval.

There exist two constants 0 < L ≤ U < ∞ such that the function b′′(·) satisfies

L ≤ inft∈Θ b
′′(t) ≤ supt∈R b

′′(t) ≤ U .
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5.2 Relationship with heavy-tailed regression

This assumption controls the variance Var(Yi) = ab′′(ζ∗i ) and provides uniform

strong convexity (on Θ). It is a standard condition in high-dimensional GLM analyses

(Abramovich and Grinshtein, 2016).

Theorem 6 (GLM). Suppose that Assumptions 1, 2, and 5 hold. Let β̃GLM be the

estimator obtained from the two-stage AC-IHT algorithm in the GLM setting. For

appropriately chosen algorithmic parameters (refer to Supplementary Material S10),

it holds with probability at least 1−ϱ−O(p−2+n−3) that ∥β̃GLM∥0 ≲ s. Furthermore,

the squared error ∥β̃GLM − β∗∥22 achieves the same signal-adaptive rate as established

in (3.6).

Therefore, in the GLM setting, β̃GLM maintains both sparsity and signal adap-

tivity as in (3.6), establishing the generality of our two-stage AC-IHT algorithm.

5.2 Relationship with heavy-tailed regression

Here, we establish a formal connection between the contaminated model (1.1)

and heavy-tailed regression. Consider the high-dimensional heavy-tailed model

Y = Xβ∗ + ϵ ∈ Rn, (5.3)

where we assume the white noise ϵ is independent of X, and each ϵi is zero-mean

and has a bounded (1 + δ)-th moment, i.e., E(|ϵi|1+δ) ≤ vδ for every i ∈ [n], where

δ > 0. For such a heavy-tailed regression, Sun et al. (2020) established the minimax
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5.2 Relationship with heavy-tailed regression

ℓ2 estimation rate as 
v

1
1+δ

δ

√
s
(
log p
n

) δ
1+δ , if δ ≤ 1,

v
1
2
1

√
s
(
log p
n

) 1
2 , if δ > 1,

and achieved this rate via a regularized Huber estimator.

Now we reformulate model (5.3) as an adversarial contamination model through

the following decomposition:

Y = Xβ∗ +
(
ϵ− ψτ (ϵ)

)
+ ψτ (ϵ) = Xβ∗ +

√
nθ∗ + ξ. (5.4)

Here, each ξi := ψτ (ϵi), i ∈ [n] represents the τ -truncated noise, and ψτ (·) :=

max(min(·, τ),−τ) is the truncation operator. The remaining term,
√
nθ∗i := ϵi −

ψτ (ϵi), is treated as an outlier component. Leveraging this decomposition, we apply

the AC-IHT algorithm to the heavy-tailed regression and establish the following

guarantees.

Theorem 7 (Heavy tailedness). Consider model (5.3) and suppose Assumption 1

holds with sample size n ≳ (s+ log n) log p. Run Algorithm 1 and 2 with the learning

rate η ∈
[

2M
4M2+1

, 4M
4M2+1

]
, the decay rate κ ∈

(
4M2

4M2+1
, 1
)
, and the initial threshold

λβ,0 > ∥β∗∥2/
√
s. Denote by (β̃, θ̃) the output of Algorithm 2. Then:

1. Case δ ∈ (0, 1). With λθ,0 ≳ n−1/2(nvδ/ϱ)
1

1+δ , λβ,∞ = λβ ≍ v
1

1+δ

δ

(
log p
n

) δ
1+δ

(
1 +

√
logn
s

)
,

and λθ,∞ = λθ ≍ n
1−δ

2(1+δ)

(
vδ

log p

) 1
1+δ , under a probability at least 1− ϱ−O(p−2)
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we have:

∥β̃∥0 ≲ s, ∥β̃ − β∗∥2 ≲ v
1

1+δ

δ

(
log p

n

) δ
1+δ √

s+ log n.

2. Case δ ≥ 1. Take v1 = E(ϵ2i ). With λθ,0 ≳
√
v1/ϱ, λβ,∞ = λβ ≍

√
v1 log p

n

(
1 +

√
logn
s

)
,

and λθ,∞ = λθ ≍
√

v1
log p

, under a probability at least 1− ϱ−O(p−2) we have:

∥β̃∥0 ≲ s, ∥β̃ − β∗∥2 ≲
√
v1(s+ log n) log p

n
.

The above result confirms that our two-stage AC-IHT algorithm remains minimax

near-optimal (up to a log n term) under heavy-tailed settings, demonstrating the

generality of the proposed procedure. Numerical simulations of our algorithm

under heavy-tailed noise are presented in Supplementary Material S1.3, and are

consistent with the theoretical result. Moreover, this theorem shows that heavy-tailed

regression could be connected to the adversarial contamination framework through

a truncation-based decomposition, thereby revealing the broader theoretical and

practical significance of the contamination framework (1.1).

5.3 Limitations and future directions

This paper proposes an algorithmic regularization procedure that preserves signal

adaptivity and achieves the strong oracle property. In our theoretical analysis, we

explicitly balance optimization and statistical errors, yielding a computationally
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efficient procedure with near-optimal guarantees up to logarithmic factors. However,

several limitations remain, including the lack of theoretical guarantees for the adaptive

tuning (used in Section 4), the remaining logarithmic gap between the upper and

lower bounds, and the restriction to sub-Gaussian designs for X (discussed in Remark

2). These theoretical improvements are left for future investigation.

Supplementary Materials

The online supplementary materials contain the additional numerical experiments

and all detailed proofs of our results.
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