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Abstract: Contents of the Abstract.

Selection methods for high-dimensional models are well developed, but they do not take
into account the choice of the model, which leads to an underestimation of the variability of
the estimator. We propose a procedure for model averaging in high-dimensional regression
models that allows inference even when the number of predictors is larger than the sample
size. The proposed estimator is constructed from the debiased Lasso and the weights are
chosen to reduce the prediction risk. We derive the asymptotic distribution of the estimator
within a high-dimensional framework and offer guarantees for the minimal loss prediction
obtained using our choice of the weights. In contrast to existing approaches, our proposed
method combines the advantages of model averaging with the possibility of inference based
on asymptotic normality. The estimator shows a smaller prediction risk than its competi-
tors when applied to a real, high-dimensional dataset and along various simulation studies,

confirming our theoretical results.
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1. Introduction

With the rapid evolution of technology, the amount of data to analyze is growing
exponentially, leading to new challenges. In particular, samples with a size much
smaller than the number of features are increasingly common in many research fields.
For example, in biology, transcriptomic data have thousands or tens of thousands
of gene expressions per sample unit. This situation does not occur only in biology,
and in the last decades a great deal of work has already been done in the area of
high-dimensional statistics. For an introduction to the subject and a survey of the
existing literature, see Bithlmann and van de Geer (2011) and Giraud (2014).

In high-dimensional settings, model selection methods are very common and in-
tensely used in practice to reduce the number of parameters. The most famous
estimator for regression is the Lasso introduced by [Tibshirani (1996), which selects
the explanatory variables with the largest signal and shrinks to zero the coefficients
related to the remaining variables. In a Bayesian framework, Park and Casella
(2008) developed a similar shrinkage method. Other model selection methods are
based on information criteria, such as the AIC (Akaike, 1979), BIC (Schwarz, 1978),
or Mallow’s Cp (Mallows, [1973). In particular, Shao (1997) inspected the asymp-
totic validity of several model selection procedures, concluding that Mallow’s Cp is
asymptotically loss efficient for low dimensional regression models. See Burnham

and Anderson (2002) and Claeskens and Hjort| (2008) for an overview of model selec-



tion in statistics. A disadvantage of such methods is the loss of information for the
unselected variables. Especially when it comes to performing inference, estimation
of the residual error variance does not take into account the selection step, failing to
account for all the sources of variability (Burnham and Anderson, 2002).

An alternative to model section is model averaging (MA) as it consists in aggre-
gating several models instead of selecting just one. The aims are not only to propose
an alternative to selection but also to reduce the risk associated with the estimator
by incorporating information from different models. Such averaging strategies were
first developed for Bayesian techniques; for a literature review see Hoeting et al.
(1999) and Raftery and Zheng (2003). In frequentist theory, MA techniques have
been developed more recently, namely over the last two decades. What is missing
in the literature is an MA procedure which, in a high-dimensional setting, achieves
both a low prediction loss and is asymptotically normal. This is precisely the gap
that we will fill with our proposed procedure.

MA estimators for regression models are constructed by a weighted mean of dif-
ferent estimators obtained from different models, and most of the time, the method
is based on least squares with nested models. For example, the first model is a simple
regression with one explanatory variable, the second and further models add subse-
quently multiple variables until the full model is reached. However, in MA, the choice

of the weights remains an important point of research. On this topic, Buckland et al.



(I1997) first proposed weights based on the AIC, using a similar construction as used
in the Bayesian framework. Cade (2015) argued that weights based on an information
criterion, such as the AIC, are not an effective solution if there is multicollinearity
in the data. An alternative is to construct the weights based on an optimization
problem. This approach was adopted in Hansen (2007), where an estimator based
on Mallow’s Cp weights was proposed. This was shown further in Hansen (2014)
to provide minimal prediction risk for homoscedastic models. This approach is sup-
ported in Le and Clarke (2022), where further asymptotic properties of the estimator
are established. Leveraging the optimal performance of Mallows Cp, our proposal in
Section E also uses this criterion to achieve minimal prediction loss. Finally, Hansen
and Racing (2012) proposed a jackknife MA strategy for models with heteroscedastic
errors, Chen et al| (2022) studied the consistency of MA weights based on BIC and
Zhang et al| (2015) developed a Kullback-Leibler loss model averaging. A larger
discussion on the choice of weights can be found in Fletcher (2018).

Model averaging techniques have also been developed for frameworks wider than
linear regression models. Zhang et al| (2016) proposed an MA estimator for general-
ized linear models, and Zhang and Wang (2019) constructed an estimator for partial
linear regression. For a larger overview of MA techniques and their applications, we
refer to Moral-Benito (2015) and, more recently, Steel (2020), from both a frequentist

and a Bayesian perspective.



In high-dimensional settings, MA is not well developed and most methods still
rely on model selection first. For example, Ando and Li (2014) developed a two-
step procedure that separates covariates into different models and uses leave-one-out
cross-validation to construct the weights. Xie et al) (2021)) extended the method to
models with missing responses, and Lan et al) (2018) proposed a sequential model
averaging procedure that works even in ultra-high dimensions. On the other hand,
Schomaker (2012) proposed using the path of penalized methods such as the Ridge
to define nested models. More recently, this idea was explored further in Feng and
Liu (2020) without developing any theoretical results. Differently from what has
been proposed in the MA literature for high-dimensional models, our proposal in
Section E explores a sequence of debiased Lasso estimators, with tractable asymptotic
distributions, allowing as well for valid inferential strategies (see van de Geer et all,
2014).

One is also interested in the asymptotic properties of the MA estimators. For
low-dimensional models, Hjort and Claeskeng (2003) studied the asymptotic proper-
ties of model averaging estimators constructed from likelihood-based models. The
paper by Peng (2024) on asymptotic risk analysis explored the link between MA esti-
mators and Stein shrinkage estimators, showing that Stein shrinkage estimators can
be viewed as modified MA estimators. Regarding the distribution, only few results

are available. Pétscher (2006) showed that is impossible to estimate the distribution



of a considered least squares model averaging, and Charkhi et al, (2016) derived a
non-standard distribution for another averaged estimator. Indeed, when the weights
are selected from the data, they are random, and hence, even when each estimator
itself is Gaussian, there is no guarantee to obtain a standard distribution for the
average estimator (see Liu, 2015).

The novel contribution of this paper is a model averaging estimator for high-
dimensional regression based on the debiased Lasso estimator, exploiting its asymp-
totic normality in high-dimensional settings. Our proposed averaging is done on the
entire Lasso path, and the weights are chosen based on an optimization problem that
aims to reduce the prediction risk. We show that the proposed estimator is asymp-
totically Gaussian, and that the chosen weight vector leads to the best asymptotic
prediction loss among all weight vectors. Thus, the proposed estimator combines
asymptotic normality and loss optimality in a high-dimensional setting. Further-
more, to the best of our knowledge, it is the only MA estimator that has been shown
to be asymptotically Gaussian and prediction efficient.

The paper is organized as follows: Section E introduces the high-dimensional
model, the debiased Lasso estimator and it discusses the challenges associated with
the choice of the regularization parameter. In Section H, we present the proposed
estimator and the weight construction. Section @ shows the theoretical properties of

the new estimator. Section H uses a simulation study to show the practical perfor-



mance of the estimator, and in Section B we show an application to a real dataset.

Section H concludes with a discussion.

2. Framework

In this section, we briefly present the context in which we work. In particular, we
succinctly introduce the high-dimensional model and the debiased Lasso. We then
present the challenges associated with this estimator and illustrate the advantages
of the proposed method with a simple toy example.

The classical high-dimensional linear regression model we use here is
Y = Xﬂo + €, (21)

where X is an n X p random design matrix, Y is an n x 1 response vector, 3y is the
p x 1 vector of coefficients and e ~ N(0,0%1,,) is the vector of errors with I,, the n x n
identity matrix. Let Sy = {fo; : fo,; # 0} be the true active set with cardinality
denoted by sg. In this work, we allow for p > n but we assume that (logp)/n = o(1).

The Lasso is defined as
Bfasso ‘= arg min l||Y—X6H2—i-/\||ﬂ||1 (2.2)
BERP \ 1 2 ’

p

where ||v]|2 = v"v denotes the squared Euclidean norm and ||3||, = Z |5;] is the ¢4
j=1

norm of the coefficient vector g = (54, ..., Bp)T. The parameter A is a regularization

parameter yet to be determined.



Even if the Lasso estimator is consistent in a high-dimensional framework, it is
biased in finite sample setting. In particular, the signal for the active variables is
underestimated due to the penalization term (Fan and Li, 2001). To reduce this
bias and also to perform inference on all the coefficients, one possibility is to use the
debiased Lasso estimator, a desparsified estimator constructed from the Lasso.

The debiased Lasso was introduced by Zhang and Zhang (2014) and further de-
veloped in van de Geer et al! (2014) and Javanmard and Montanari (2014). The es-
timator was derived from the Karush-Kuhn-Tucker conditions associated with Equa-
tion (@) The authors observed that the bias of the Lasso estimator could be well
approximated, and proposed the following construction, in which the second term is

designed to remove this bias:

A A 1A A
B = Bl + —OXT (¥ = XBfee). (2.3)

A

Lasso j5 an initial Lasso estimator with some chosen A and Q is a p X p

where BA
matrix that plays the role of the inverse of the sample variance-covariance matrix,

> = (1/n)XTX. Indeed, in high-dimensional settings when p > n, rank(X7X) < p

and so the matrix 3 is not invertible. In low-dimensional settings, when O = f]_l,

the estimator corresponds to the least squares estimator. The main motivation for

the debiased Lasso estimator can be seen in the following decomposition obtained



from Equation (@) with direct algebraic decompositions,

B = o+ Laxrer (1, - 08) (e - ). 2.4
The intuition is that the debiased Lasso estimator converges to the true parameter
if O3 is close to the identity matrix and if the Lasso estimator converges to the
true vector in ¢; norm. The estimator is then motivated by the second term on the
right-hand side, as conditionally on the design, the term (1/ \/ﬁ)QXTe is Gaussian.
This allows showing the asymptotic normality of the estimator. Another important
motivation for using this estimator is the significant bias reduction it achieves in
high-dimensional settings compared to the Lasso, hence its name. The complete
construction of the debiased Lasso estimator, as well as further details and moti-
vations, can be found in van de Geer et al| (2014) and Javanmard and Montanari
(2014) among others.

The debiased Lasso estimator depends on the Lasso estimator which itself de-
pends on the regularization parameter A. This parameter is essential since it deter-
mines the weight of the penalization term in the Lasso equation and thus the sparsity
of the final Lasso estimator. A small value for A will result in a Lasso estimator with
a small bias but a high variability, which carries over to the debiased Lasso esti-
mator. On the other hand, a high value for A results in a smaller variability and a
larger degree of sparsity for the estimator but with a larger bias. Thus, the choice

of this parameter is a trade-off between bias and variability. From a theoretical



point of view, a parameter that is large enough and proportional to am is
recommended to ensure that the mean squared prediction error converges to zero
when n grows and p is a function of n (Lahiri, 2021). However, these theoretical
recommendations can not help in the practical choice of the parameter, as the noise
level o is unknown, as well as the proportionality constant.

Many methods for selecting the regularization parameter have been proposed
and a data-driven choice has prevailed in the literature. The most common methods
are based on the minimization of a certain criterion, such as the AIC and the BIC
with some modifications as in Chen and Chen (2008). These methods work well
for selecting a useful model (Wang et al), 2009), but the theoretical results hold
only when p/n — 0 and not for high-dimensional designs (see Homrighausen and
McDonald, 2018). Another range of methods is based on resampling techniques
such as cross-validation which are risk-consistent in high-dimensional settings (see
Homrighausen and McDonald, 2017). Nowadays, there is still no consensus on the
method to use even if some methods are particularly popular. The choice of a
regularization parameter can be seen as a model selection problem since it dictates
which variables are retained in the model. In this paper, we propose an averaging
procedure that avoids the choice of A by incorporating all the fitted models associated
with each possible regularization parameter into a single, global model. Moreover, the

proposed method aims to minimize the prediction risk associated with the proposal



model averaging estimator.

To provide a motivating example, Table m shows the performance of the proposed
Model Averaging debiased estimator (MA-d), presented thoroughly in Section , for
a toy example. We compare MA-d with several commonly used methods for choosing

A and we inspect the out-of-sample squared prediction error loss

La(B) = || %60 x| (2.5)

Table 1: Out-of-sample prediction error loss and its standard deviation for the pro-
posed method, MA-d, and the debiased Lasso estimator with different values of the
penalization parameter. CV-1se denotes the ’one standard error’ rule (Chen and
Yang, 2021), AIC and BIC are the A\ values that minimize the AIC and the BIC
criteria, respectively. CV is based on 5-fold cross-validation, and LOO stands for
leave-one-out cross-validation. The simulation settings are detailed in the Supple-

mentary Material.

MA-d Debiased Lasso with

Acv_ise AAIC ABIC Acv  ALoO

L, 1.88 451 326 3.77 3.03 282

std. 0.38 1.38 089 1.08 0.81 0.82

The table clearly shows that the different methods for A selection can provide very



different results, and that the proposed procedure, MA-d, that optimally averages

the estimates across the entire path of A values, performs better than any competitor.

3. Proposed procedure

3.1 Model averaging

For low-dimensional models, the regularization parameter for the Lasso can take
any value in R*. However, there is a point, Apax, such that YA > A, Af“”" is
estimated at zero for each entry. Note that A,.. depends on the design matrix, as
well as on the response vector and it can be determined numerically. In the high-
dimensional case, there is moreover a minimal positive value, A, such that the
number of active coefficients estimated by Bfr‘zsjo is min(n, p) and problem (@) has
no solution for any A < A, ([Tibshirani, 2013). In practical applications, a choice
for the regularization parameter is always taken inside the interval [Apin, Amax] and
these bounds are obtained empirically.

In this work, we use this idea by discretizing the interval [Apin, Amax] into M
values \q, ..., Ay, where M is a positive integer independent of p and n. Therefore,
for each A\, with m = 1..., M, one can obtain a solution for optimization problem

(@) This defines a finite sequence of estimated parameters BlL“sso, e Bﬁﬁsso. Using

further Equation (@), we construct a sequence of M debiased Lasso estimators



3.2 Choice of the weight vector

A1 A2 e Am e MM

\: I 1 1
jLasso  plasso jLasso fLasso
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Bf B4 e B o BY
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Figure 1: Illustration of the construction of the model averaging estimator: from a
grid of penalization parameter values, we estimate first the Lasso, then construct the

debiased Lasso and finally the model averaging estimator.

Bf, ey B}‘\Z Finally, the model averaging estimator is constructed as

M
AMA . Ad
6 = Zwmﬁrnj
m=1

where 8% = Bfm is the debiased Lasso estimator for model m and w = (wy, ..., wy)"

M
is a vector of weights satisfying that w € [0, 1]" and Z w, = 1. Figure m summa-

m=1

rizes these steps.

3.2 Choice of the weight vector

The choice of the weight vector w is crucial to ensure good properties of the estimator.
Hansen (2014) has shown that for low-dimensional model averaging based on the OLS

estimator, the weight that minimizes Mallow’s Cp leads to the best prediction risk



3.2 Choice of the weight vector

for the model averaging estimator in the case of homoscedastic errors. The Mallow’s
Cp criterion is not directly defined for high-dimensional regression, but following the
same idea of minimization of an empirical loss with a penalization term, we use the

following quantity to derive the weights:

M
a ; — . M. —
W.—argglel%Cn(w), H = {W.WE[O,l] ,Zwm—l},

m=1
1 Mo N e &
m=1 2 m=1

where 3, is the number of active coefficients estimated by the Lasso for model m,

ie. 8y =S =N A#L‘fjs" : B#L‘ljsso # 0}| and 6% is an estimator for o®. The set H is
the convex set of all weight vectors for which the components are between 0 and 1
and sum to 1; this set is fixed and does not depend on n, nor on p.

The penalization term in the function C,,(-) is included to avoid overfitting and to
favor models that are not too complex. Indeed, for two models with the same squared
prediction error, the one with the smaller number of estimated active variables by
the Lasso is privileged. The number of estimated active coefficients is an unbiased
estimator for the degrees of freedom of the Lasso regression (Zou et al), 2007)), so this
criterion can be seen as an extension of the Mallows’ Cp criterion for high-dimensional
models, and so optimization problem (@) is very similar in spirit to the one used

in Hansen (2014). Moreover, the C,(-) function has already shown good empirical

performance in Feng and Liu (2020) for model averaging based on the Lasso only,



3.2 Choice of the weight vector

but no statistical guarantees, nor distributional results were provided.

Optimization problem (@) can be re-written as

1 I o2
min —w’! ETEw + —K'w, (3.7)

weH 2n n
where w = (wy, ..., wy)” is the M x 1 vector of weights, K = (51,...,8y)" is an
M x 1 vector and E = (ey, ..., ey) is an n x M matrix containing the residual vectors

of each model, e,, =Y — Xﬁi, forallme {1,..., M}.

Remark 1. The optimization program in (@) is a quadratic program, so the solu-
tion is unique if and only if the matrix (1/n)E” E is positive definite. This implies
that the matrix £ needs to be full rank which is not to be expected in practice.
In fact, the residuals of model k£ may be highly correlated with the residuals of
model (k + 1). However, even if the weights are not necessarily unique, the fitted
values are unique as shown in Proposition m This result implies that a sufficient
condition for the uniqueness of the MA-d estimator is to have an invertible design

matrix, and this even if the weight vector is not unique.

Proposition 1. For any fived sequence Ay, Aa, ..., Ay, any Y, any matriz X and

for any estimator 6> of o2, the optimization problem (@) is such that
1. there exists either one solution W or an infinite number of solutions,

2. the fitted values XBMA<W) associated to the solutions are unique,



M M
3. if w1 and wo are two different solutions, then g Sm W1 = g Sm Wi 2-

m=1 m=1

The proof of this proposition can be found in the Supplementary Material.

4. Theoretical properties

We present here novel theoretical results on the MA-d estimator. The two main
results focus on the asymptotic normality of the estimator and the loss reduction.
All the rates presented in this paper are valid for an increasing n and for p being a
function of n. We also rely on the asymptotic normality of the debiased Lasso, hence
the first two assumptions below are from yvan de Geer et al| (2014). The regression
model is defined in Equation (El!) and the rows of the design matrix are assumed to

be drawn randomly from a A(0, ) distribution where 0 is the p x 1 zero vector.

Assumption 0. The sample size, n, and the number of parameters, p, are allowed

to grow simultaneously, satisfying (logp)/n = o(1).

Assumption 1. The rows of X are i.i.d. realizations of a Gaussian distribution

whose p-dimensional inner product matriz Y has a strictly positive smallest eigenvalue

Amin(2) satisfying 1/{Amin(2)} = O(1). Furthermore for all p, max X;; = O(1).

]_l’nwp

Assumption 2. The sparsity index for the coefficient vector from model (El]), 50,
satisfies so = o (v/n/log p) and max s; = o (n/logp), wheres; = [{Q;x : j # k and Q;; # 0}
J=L...p

denotes the sparsity in the rows of the precision matriz, Q = L1



Assumption 3. The design matriz X satisfies ||X||o = Op(v/n), where || - || de-

notes the entry-wise sup norm of the matrizx.

Assumption EI concerns the variance-covariance population matrix . In particu-
lar, it implies the compatibility condition required for Lasso convergence (Bithlmann
and van de Geer, 2011, Chap. 6). Assumption E concerns the sparsity of the co-
efficient vector [y and of the ) matrix. As studied in Javanmard and Monta-
nari (2018), the sparsity assumption for the debiased Lasso is stricter than the
usual one for Lasso, which is o (W) Assumption H controls the bound-
edness of the entries in the design matrix and it is needed to ensure the conver-
gence of the prediction error in Theorem B A sufficient condition for this assump-
tion is that p = O(n?®). Indeed, by Theorem 4.4.5 in Vershynin (2018), we have
X |loo < 1X||spect = VA max(XTX) = Op(p'/*), where ||X||spect is the spectral norm.

Our first result focuses on the asymptotic normality of the proposal estimator.
Due to the randomness of the weight vector, the result is not trivial, as usually model
averaging estimators have an unknown and non-standard distribution even if all the

estimators are Gaussian.

Theorem 1. Under Assumptions B - @, for the linear model with Gaussian error
term € ~ N(0,0°1,) where 0® = O(1) and whose W = (W, ...,wy)" denotes the

weights selected by (@) with 6% as estimator for the noise level, if for every model



the penalization parameter satisfies A\, = O { (logp)/n}, we have:

M
V(YA = Bo) =W + ) A,
m=1

WX ~ N(0,0%0507),
M

ZwA

m=1

= OP(l),

oo

where W = QXTe//n and A, = /n(I, — Q%) (8L — 3,) is a bias term.

Proof of Theorem B By construction of the debiased estimator, we have

ia ) M ) y M M )
\/ﬁ(@ @0) > i/ (@m ) ) j (W4 D) =W+ i,

where, as in the proof of Theorem 2.2 of van de Geer et al| (2014), W = OXTe¢/v/n
is Gaussian when we condition on the design matrix and does not depend on the

penalization parameter.

Under Assumption EI, for the bias term A,, == /n(I, — Qf])(@ffsso — o), we have

- =0 (+/22).

Amllo <

where ||Anlleo = 0 |A,,.;| denotes the sup norm of the vector and where ||, —
j

.....

Q% |s = Op{+/(logp)/n} is shown in Theorem 2.2 from yvan de Geer et al| (2014).

Since w € [0, 1] for all n and p, and as the number of considered models M is fixed,

M
lo
<Y lintalL, <ZHA I 0( j_p)

M
m=1

(e o]



Moreover, under Assumption E, which controls the sparsity index sy, we have

- log p
mZ:lwmAm = O]p <SO \/ﬁ ) = Op(l).

[e o]

]

Theorem E] shows that the MA-d estimator can be decomposed in two parts.
The first one does not depend on the weights and is asymptotically Gaussian and
the second part is a bias term whose sup norm converges in probability to zero.

Due to its construction, the decomposition of the MA-d estimator in Theorem m
shows that crucially, the weights play a role only in the second term. This gives us
the result of Proposition E below which determines the rate of convergence for the
estimated coefficients.

For the next results, one needs to control the noise level of the statistical problem
and more precisely, the term XTe /n. For this purpose, we work on the event &, =
{||X"¢/nl !Oo < Ao}, with A\g = O { (logp)/n} and by Bithlmann and van de Geer
(2011, Lemma 6.2), directly applicable to our setting, the probability of the event

tends to one for increasing samples sizes.

Proposition 2. Under Assumptions @ - @, for the linear model with Gaussian error
term € ~ N(0,0°L,) where o = O(1), if for every model m € {1,..., M}, the

penalization parameter satisfies \,, = O{ (logp)/n}, we have

A . lo lo
[34050 ] = 00 s, vy 22 ) < ity

j: yeensD



where BMA(W) denotes the model averaging estimator with weights selected by (@)

with 6% as estimator for the noise level.

The proof is provided in the Supplementary Material. The main idea is to
decompose the MA-d estimator as in Theorem (m) and derive a bound for each term.

These two results show that, unlike many model averaging estimators, the pro-
posed estimator is asymptotically Gaussian and maintains the same rate of conver-
gence in sup-norm even after the averaging step. In addition to these interesting
properties, the following theorem shows that the weights obtained by (@) lead to
the asymptotically best loss compared to any other choice of weights. In particular,

the MA-d is no worse than any individual debiased model.

Theorem 2. Under Assumptions @ - B, for the linear model with Gaussian error
term e ~ N(0,0%1,), let W = (w1, ..., dn)" denote the weights selected by (@) with
6% as estimator for the noise level. If for every model the penalization parameter

satisfies Ay, = O{ (logp)/n} and if 6% satisfies |(6%/0*) — 1| = op(1) we have:

Ly {3¥4(w)}
inf L, {BMA(W)}

weH

— 1 in probability,

where L,(+) denotes the quadratic loss function defined in Equation (@)

The proof of Theorem B can be found in the Supplementary Material, here we

just explain briefly the main idea. We begin by showing that if the weights minimize



Cy(w) by definition of optimization problem (@), they also minimize a function
Ch(w) defined as Cp(w) = L {fM4(w)} + R{M4(w)}, where R{fM4(w)} is a
remainder term to be defined in the proof. Afterward, we explore under which
conditions these two terms converge to zero, and we show that the convergence rate
of L,{#M4(w)} is slower than the one of R{#"*(w)}. The closing argument is then:
asymptotically choosing the weights by minimizing C,,(w) is equivalent to choosing
the weights by minimizing L,(+).

The next proposition extends the result of Theorem EI to the case where the
number of models, M, increases with n. For this, one needs to control all the
regularization parameters in the grid for each n and M. Interestingly, our proposition
shows that the growth rate of M does not affect the normality result. The proof can

be found in the Supplementary Material.

Proposition 3. Under Assumption B - @, for the linear model with Gaussian error
term € ~ N(0,0%L,) where 0® = O(1), let M,, = M(n) be the number of models and
W = (Wy,..., W, )" the weights selected by (@) with 6% as estimator for the noise

level. If for every model and every sample size n, we have \,, x +/(logp)/n and

sup A, < Ky/(logp)/n with K < oo for all M, then

m<Mp,
A~ Mn
V(YA = Bo) =W + ) A,
m=1

WX ~ N(0,0%0307),



My

Z W\,

m=1

= 0]}»(1),

(e 9]

where W = QXTe//n and A, = /n(I, — Q%) (BLe*° — 3,) is a bias term.

m

5. Simulation

We illustrate the performance of the proposed method with a numerical study. There
are two main results we expect to verify with this study: (i) the optimality of the
loss as shown in Theorem E and (ii) the asymptotic normality of the estimator as
shown in Theorem m

We work under model (Ell) where the rows of the design matrix X are i.i.d.
Gaussian, having a correlation matrix ¥ that follows a Toeplitz structure, Yo, = pl*
with p = 0.5. The vector of coefficients is set to Sy = (2,...,2,0,...,0)" with the
number of non-null entries, the sparsity index sy, set at 10 nt/ */logp rounded to
the nearest integer. The sample size is n € {100,200, 300, 500, 750, 1000} and the
number of covariates is p = 2n, so that each design corresponds to a high-dimensional
setting. For the noise level o5, we allow it to vary in the set {0.75,1.5,3}.

The MA-d estimator is constructed with an estimated value for the noise level

in the weights optimization problem (@) Here the estimator 62,4 from Sun and

Zhang (2012) is used. It is a consistent estimator in high-dimensional settings and



it is obtained as

Y — X85

(ﬁscaled, Jscaled) = arg min
2no
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where A\ ~ \/m is chosen using the quantile method defined and studied in
Sun and Zhang (2013). In practice, we use the scalreg R package with the default
parameters to obtain the estimates.

The number of models is set to M = 200. The competitors are the debiased
Lasso and the Lasso with A obtained by 10-fold cross-validation. We also included
MA-Lasso, a model averaging estimator on the Lasso path developed by Feng and
Liu (2020) for which there are no theoretical results. This estimator is a weighted
mean of the Lasso estimates, where the weight vector is obtained via an optimization

similar to the one we proposed in Equation (@)

M
AMA—Lasso .__ E ~  ALasso
/B T wm/Bm 9
m=1

2

1 - 207
w:=arg min — ||Y — X Wy glasso|| 4 =2 S Wiy,
gWGHM n ; 6m ) n ;
M
with Hyr = {w € [0, 1]"; Z w,, = 1}, the set of weight vectors in R and 3, is
m=1

the number of non zero estimated coefficients in the solution -2,
For all lasso-based methods, the regularization parameter is chosen from the
same path of M values. For the construction of the inference metrics, 62, is used

for all competitors that require an estimate of the noise level. Additional simulations



comparing different estimators for o2 are shown in the Supplementary Material, but
they all point roughly to similar conclusions so we skip presenting the results here.
Table B shows, averaged over R = 1000 repetitions, the following loss ratio

i g . (5.9)

1
R r=1 min Ln {BMA7(T) (W) }

weH

LR =

The denominator is the minimum loss function for model averaging with oracle
weights. These weights are the ones that directly minimize L,{3"(w)}, which is
known in this simulation setting. The numerator is the loss function for the estimator
at the rth iteration. This ratio allows us to evaluate if the weights obtained by
minimizing (@) give a loss similar to the one of the oracle.

From Table E, left-hand-side panel, we conclude that the Lasso and the M A-Lasso
are the only methods with a ratio below 1, which was expected since they are sparse
methods, the true model is sparse and the denominator in (@) is the minimum loss
function for model averaging with oracle weights. Among the non-sparse methods,
we observe that for each sample size and noise level, the MA-d has the smallest
ratio. As the noise level increases, the ratio increases as well, and as the sample size
increases, the ratio decreases to unity as expected. The ratio of the competitor also
converges to unity, but at a much slower rate. The fast decay for MA-d shows that
in practice the weights obtained by minimizing (@) are very close to the optimal

ones, pointing to substantial gains for finite sample analyzes.



Table 2: Prediction loss ratio (@) averaged over R = 1000 repetitions and average

coverage for active and non-active coefficients.

Prediction loss ratio Inference metrics (nominal level: .95)
Debiased
o n | MAd Lasso MA-Lasso MA-d Debiased Lasso
Lasso

Active Non-active | Active Non-active
100 1.08 2.81 0.11 0.10 .87 98 .85 .95
200 | 1.01 2.19 0.05 0.04 .89 .98 87 .95
w300 | 1.00 1.78 0.03 0.03 .90 .98 .88 .95
N 500 | 1.00 1.43 0.01 0.01 .92 97 .90 .95
750 | 1.00 1.24 0.01 0.01 .93 97 91 .95
1000 | 1.00 1.13 0.01 0.01 .93 .96 91 .95
100 | 1.23 3.18 0.14 0.13 .86 .98 .86 .96
200 | 1.08 2.78 0.06 0.06 .88 .98 .89 .96
~ 300 | 1.02 2.34 0.04 0.04 .89 .98 .89 .96
B 500 | 1.00 1.91 0.02 0.02 91 .98 91 .96
750 | 1.00 1.63 0.01 0.01 .92 .98 .92 .95
1000 | 1.00 1.45 0.01 0.01 .92 97 .92 .95
100 | 1.41 3.56 0.17 0.16 .85 .98 87 .96
200 | 1.27 3.43 0.08 0.08 .88 .98 .90 .96
300 | 1.13 3.03 0.05 0.05 .88 .98 .90 .96
K 500 | 1.02 2.57 0.03 0.03 .89 .98 91 .96
750 | 1.00 2.23 0.02 0.02 91 .98 .92 .96
1000 | 1.00 1.98 0.01 0.01 91 .98 .92 .95




The prediction loss ratio of the MA-Lasso is slightly smaller than that one of
the Lasso, confirming the results obtained in Feng and Liu (2020). However, the
improvement due to the model averaging procedure is modest, compared to the
difference between the MA-d estimator and the debiased Lasso, for which the model
averaging procedure reduces the prediction loss ratio by a factor two.

Another point of interest is the asymptotic distribution of the estimator. The
right-hand side panel in Table E shows the average coverage for active and non-active
variables. The target coverage is 95%. The only competitor is the debiased Lasso
estimator, since it is the only other considered competitor with a known distribution

in the high-dimensional setting. The empirical coverage is calculated as

R
Cvg(B)) = %Z 1 [ﬁo,j € Clia {BJ('T)H ;
r=1
s p
aveCve,(B) = £ Y Cve().  aveCve,,(B) = —— > Cve(f),
j=1 j=s+1

where 1[A] = 1if A takes place, is the indicator function and CI 1_Q{B§T)} is the
confidence interval at level 1 — « for the jth coefficient at iteration r. The confidence

interval is computed with the asymptotic variance presented in Theorem m, which is,

2

for Bj, 6%(Q3Q);;. For both estimators, the noise level is estimated by 62,,,.4-

Table a shows that the performance of the MA-d and that of the debiased Lasso
estimator, with respect to the empirical coverage, are comparable. The coverage for

both methods is close and gets closer to the target as the sample size increasess as



expected. The coverage is slightly lower for the active variables and slightly higher
for the non-active variables and this phenomenon occurs for both methods. When
the noise level is high, the coverage performance of MA-d is slightly worse. Since
the standard error of the model averaging estimator does not depend on the weights,
the lengths of the confidence intervals of the two methods are the same and as such,
their values are not presented here.

We show next in Figure E the distribution of the MA-d estimator, for a randomly
chosen active and non-active standardized coefficient for different values of n. The

standardization was obtained by

BYMA By, BMA By,

A fe2 (050,

scaled

Figure E complements well the results for coverage. It illustrates that the dis-
tribution for the non-active coefficients has slightly larger variance for small sample
size, but it approaches the Gaussian limit as n increases.

Additional accuracy metrics such as bias and MSE for active and non-active coef-
ficients can be found in the Supplementary Material, but the results show empirically

that the MA-d estimator retains the bias reduction property of the debiased Lasso.

Remark 2. In Equation (@), we use the node-wise method from yvan de Geer
et al| (2014) to obtain the matrix € as it is the most used method and as there is

a dedicated R package for it (Dezeure et alj, 2015). With this method, the matrix
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Figure 2: QQplot for an active (top row) and a non-active (bottom row) standardized

estimated coefficient by MA-d over 1000 replications.

() is constructed only from X and is independent of the choice of the penalization
parameter. Thus, it can be constructed once and be reused to estimate the debiased

Lasso for different values of the penalization parameter.

Remark 3. In practice, a log-scale is used for the construction of the grid of candi-
date values for A as the coefficients vary more for small values. On the other hand,

the coarseness of the grid empirically seems not to affect the results too much. We



explore this point with a simulation study in the Supplementary Material, where we

recommend a moderate value such as M = 10/n.

Remark 4. The list of competitors presented here is not exhaustive. Averaging
competitors based on the Lasso and the debiased Lasso are presented in the Sup-
plementary Material, where their performance is compared with that of the MA-d.
Among other things, we observe that the MA-d estimator outperforms all other MA
methods based on the debiased Lasso that we considered. Additionally, we present a
sparse scenario in which the MA-d estimator provides better prediction loss perfor-
mance relative to the Lasso and better coverage performance relative to the debiased

Lasso.

6. Real data analysis

The Bardet-Biedl Syndrome (BBS) is a genetic disease that affects several organs.
The main symptoms are obesity and retinal failure, but polydactia and learning
disabilities can also occur. The eyedata database available in the R package flare
(Li et al}, 2015) contains the expression of 200 genes for 120 rats affected by BBS, and
is derived from Scheetz et al) (2006). In that study, the TRIM32 gene was identified
as a disease-causing gene by looking at the correlation with other known BBS genes.

The aim of this section is to identify whether the predictor genes for the TRIM32

gene are BBS genes that could play a role in the disease. To identify genes linked



to TRIM32, we perform a regression analysis on the dataset with TRIM32 as re-
sponse and since there are more covariates than sampling units, the usage of high-
dimensional methods is mandatory. On the whole dataset, the Lasso selects 57
coefficients when the regularization parameter is chosen by 10-fold cross-validation
and 19 if it is chosen by the ‘1se‘ rule. The debiased estimator based on this cross-
validation Lasso estimates that 3 variables are significant for a confidence level of
95% and with a Bonferroni correction for multiplicity. The significant genes are
genes labelled 10540, 16984 and 17599 if we refer to the notation of the dataset.
The MA-d estimator identifies that only 2 coefficients are significant for the same
confidence level and multiplicity correction; these are genes 10540 and 17599.

To test the performance of the estimators, we compute the leave-one-out predic-
tion risk (LOO) and compare it with the debiased Lasso estimator, the Lasso and
the Ridge estimator where the penalization parameter was chosen by 10-fold cross-
validation. The noise level is estimated with G4caeq defined in Equation (@) when

needed. We define

n

LOO(f) = %Z(K - X760,

i=1

where B,i is the estimator computed from all observations except the ith one.



Table 3: Leave-one-out error and its standard deviation on the eyedata for the MA-d,
Lasso, the debiased Lasso and the Ridge. The penalization parameter was selected

by 10-fold cross-validation for the methods that require it.

MA-d Debiased Lasso Ridge Lasso

LOO 048 3.87 040 0.45

std. 0.73 21.52 095 1.38

To obtain a more stable calculation, both the predictors and the response vec-
tor have been standardized, and the prediction risk is expressed in terms of these
standardized data. Table a shows the results of this analysis, and clearly the MA-d
estimator performs similarly to the Lasso or the Ridge with a smaller standard de-
viation. However, the debiased estimator has a very high prediction risk for this

example.

7. Conclusion

In this paper, we proposed a new model averaging estimator for high-dimensional
regression. The estimator is based on the debiased Lasso estimator, with averaging
taken along the Lasso solution path, and the weights obtained through optimization

of a sample loss. We showed the asymptotic normality of this novel averaging es-



timator and the optimality of the weights in terms of prediction risk. In practice,
the proposed estimator outperformed competitors in terms of prediction loss and the
asymptotic normality continues to hold even for the high-dimensional design. More-
over, since the procedure is based on the debiased estimator, our empirical results
show that the MA-d estimator still maintains a bias advantage, even after averaging
on the A path.

While in this work we have focused on model averaging applied to the debiased
Lasso estimator, it would be interesting to explore whether for other high-dimensional
estimators, model averaging can lead to substantial gains in terms of prediction or
accuracy. Another open question is the control of the False Discovery Rate (FDR)
under model averaging. Linking to the previous idea, it would be interesting to
evaluate if, under high-dimensional settings, a model averaging procedure using the

SLOPE estimator (Bogdan et all, 2015) maintains FDR control.

Supplementary Material

The Supplementary Material contains the proofs of Theorem E, Propositions m, E
and a, bias and MSE metrics for the setting presented in Section H, and additional
simulations. Among these, we show that the MA-d estimator maintains good per-
formance using different estimators for the noise level, and that the influence of the

grid coarseness is negligible when the number of considered models is sufficiently
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large. Furthermore, we show that, in some sparse cases, the MA-d estimator can
provide better prediction loss performance relative to the Lasso and better coverage
performance relative to the debiased Lasso. We also constructed MA competitors
based on the Lasso and the debiased Lasso and compared their performance with
that of the proposed method. Additionally, we also explored the performance of the
MA-d estimator when the precision matrix is no longer sparse and when the signal

decreases as the sample size increases.
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