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Abstract: Transfer learning leverages knowledge from a source do-
main to enhance estimation or prediction accuracy in a target
task. To strengthen data privacy protection when aggregating in-
formation across different sources and targets, differential privacy
offers a promising solution. In this work, we propose a trans-
fer learning framework for high-dimensional sparse partial linear
models with a novel differential privacy guarantee. Our main

algorithm consists of two steps. The first step constructs a surro-
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gate linear model by removing the non-linear component in the
target model. The second step applies noisy gradient aggrega-
tion to transfer information from source domains while preserv-
ing privacy guarantees. Theoretically, we establish a nearly opti-
mal error bound for the proposed transfer method in partial lin-
ear model estimation, while incurring an acceptable privacy cost.
Moreover, the debiased LASSO method is adopted to construct
confidence intervals. Finally, we use an e-value based multiple
testing approach to control the false discovery rate. The effective-
ness of our method is demonstrated through simulation studies
and further supported by its application to real-world data.

Key words and phrases: Transfer learning, partial linear model, RKHS,

differential privacy, high-dimensional inference, e-Benjamini-Hochberg.

1. Introduction

Semiparametric regression is a well-established statistical tool that balances the flexi-
bility of nonparametric models and the drawback of “curse of dimensionality” (Bickel
et al., 1993; Kosorok, 2008). The topic of semiparametric regression estimation can
be dated back to Engle et al. (1986). One of the most prominent examples among

semiparametric models is the partial linear model (PLM), which can be formulated as



follows:

Y=X"B8+g(W)+e. (1.1)

Here X = (X1,..,X,) e R, Y € R, W € R? g: R? - R, and ¢ represents the
Gaussian noise with zero mean and variance o?. Equation (1.1) provides the primary
model, in which 3 € RP? is often the main parameter of interest. If the predictor X
is exogenous conditional on the control variable W, then 3 can be interpreted as the
treatment effect in causal analysis or the “lift” parameter in business applications. A
canonical problem in partial linear regression is to estimate and make statistical infer-
ence for the parameter in the presence of the high-dimensional setting. Among recent
studies, Xie and Huang (2009), Zhu (2017) and Lian et al. (2019) focused on develop-
ing efficient methods to estimate both the parametric and nonparametric parts. From
another perspective, Zhu et al. (2019), Tan et al. (2021), Liu et al. (2020) and Zhao
et al. (2023) paid more attention to implement statistical inference on regression coef-
ficients in the high-dimensional settings. Recently, some advanced work has been done
to combine PLM with other regression models, including quantile regression model (Shi
et al., 2026), single index model (Cui et al., 2025) and factor-augmented model (Shi
et al., 2025). In addition, the PLM can also be generalized to different types of data
structure, such as longitudinal data (Kim et al., 2017; Li et al., 2024) and functional

data (Wong et al., 2019; Ling et al., 2025).



In recent years, transfer learning has emerged as a powerful technique for improving
the performance of learning algorithms (Torrey and Shavlik, 2010). To facilitate knowl-
edge transfer, researchers have been developing a range of theoretically grounded meth-
ods. For instance, Bastani (2021) proposed a two-step framework that first employs a
surrogate contrast vector to extract transferable components, followed by a debiasing
step. This approach has been proven to be effective in handling high-dimensional prob-
lems across multiple settings, see e.g., Li et al. (2022), Tian and Feng (2023), Zhang
and Zhu (2025) and Wang and Yu (2025). A comprehensive overview of recent ad-
vances in statistical transfer learning is provided in Zhu et al. (2025). Despite the
aforementioned progress in the transfer learning algorithm, its application to partial
linear models remains relatively underexplored. From a different perspective, Cai et al.
(2025), He et al. (2024) and Jiao et al. (2024) examined the scenarios where certain
structures are shared between the source and target domains, allowing well-trained
source models to be directly applied to the target task. Although these works provided
a promising framework for tackling semiparametric problems, the verification of the
underlying structural assumptions may pose challenges. As noted in Hu and Zhang
(2023), replacing conventional estimation methods with an appropriate surrogate av-
erage can be beneficial, and the similar strategy has also been explored in Li et al.
(2022) and Li et al. (2023). For all aforementioned approaches, it is crucial to carefully
select transferable sources that exhibit sufficient similarity to the target domain. Over-

looking potential incongruities among these sources can significantly impair learning



performance in the target dataset—a detrimental outcome known as negative transfer,
which has been well-documented in previous studies (Yao and Doretto, 2010; Hanneke
and Kpotufe, 2019).

Concurrently, safeguarding data privacy constitutes a pivotal concern in real-world
applications. Dwork et al. (2014) presented a rigorous method to analyze the effective-
ness of privacy protection in randomized algorithms according to the differential privacy
(DP) property. This property employs two parameters, (€,0), to assess the sensitivity
of the outcome with respect to a single alternative observation in the input data. Such
scheme has made significant developments and has found widespread application in
various large-scale systems, including deep learning (Abadi et al., 2016) and reinforce-
ment learning (Qiao and Wang, 2023). However, most previous research works focused
on designing the privacy protected distributed algorithms instead of transfer learning
algorithm, where we refer the readers to Duchi et al. (2018), Wang et al. (2023), Zhu
et al. (2024) and Wei et al. (2020) for more details.

In this paper, we aim to integrate PLM inference with DP procedures within a
transfer learning framework. Specifically, we focus on the following three key prob-
lems. First, we develop transfer learning methods for estimation and inference based
on high-dimensional sparse PLMs. Most existing transfer learning approaches primar-
ily focus on aggregated multi-source estimation, while downstream inference remains
underexplored (Li et al., 2024). For classical PLM inference (i.e., target-only), reliance

on a single data source can limit estimation efficiency, potentially leading to suboptimal



performance. Second, the problem of achieving nearly optimal estimation and inference
for PLMs under differential privacy constraints is of substantial relevance to this study.
Inspired by Cai et al. (2026) and Zhang et al. (2024), we propose several algorithms
with privacy protection for PLM, which extend beyond simple linear models with more
flexibility. Additionally, we are devoted to establishing a false discovery rate (FDR)
controlled multiple hypothesis testing procedure within this framework. Above all, our

main contributions of this work are as follows.

o We introduce a novel transfer learning framework for the partial linear model
that enhances the accuracy of the target parameter estimation. This framework
facilitates knowledge transfer from multiple source domains to the target domain,
thereby improving estimation precision. In addition, it incorporates an inference
procedure for high-dimensional parameter estimation using the debiased LASSO
method. Our proposed algorithms offer an effective approach for high-dimensional
partially linear model estimation via transfer learning, as well as the construction

of confidence intervals.

o In this study, we introduce a novel formulation of differential privacy, termed
source-target-wise differential privacy (STDP), which offers enhanced adaptabil-
ity and stronger privacy guarantees specifically tailored for transfer learning
frameworks. Building upon this new framework, we establish rigorous theoretical

foundations for the privacy guarantees of our proposed algorithms.



o We develop an e-value-based procedure for FDR control in multiple testing prob-
lems, which simultaneously ensures rigorous differential privacy guarantees through-
out the inference procedure. Our approach enables FDR control at any user-
specified level while achieving asymptotic power approaching 1 under appropriate
conditions. To the best of our knowledge, this work represents the first system-
atic integration of e-values with differential privacy principles, offering substantial

advantages in terms of both computational efficiency and theoretical tractability.

NOTATION: In this work, we denote R? as p-dimensional real vector space, and use I(+)
to represent the indicator function. For any 8 = (81,...,8,)" € R? | define ||B]jo =

b (85 £ 0), [8ll = S7_y 8] and 18]z = (X2, 82)/2. For any given matrix A,
we use Apin(A) and A\ax(A) to denote its minimum eigen value and maximum eigen
value, respectively. Across this paper, we use I to represent the identity matrix and e;
to denote the unit vector with j-th element being 1. For two sequences of non-negative
numbers {x,}n,>1 and {yn}n>1, Tn S Y, means that there exists some constant C' > 0
independent of n such that x, < Cy,; =, 2 v, is equivalent to y, < x,; T, <X Y,

Yo and vy, < x,. We use C,c, co,cq,... to denote universal

~Y

is equivalent to x, <
constants whose values may change from line to line. For any integer p, we denote
[p] :={1,2,...,p}. Given real number R, denote Iy the projection operator onto
the ¢y-ball of radius R, i.e., lIg(x) = zmin {1, R/||z|]2}, z € RP, with the convention
I1z(0) = 0.

The remainder of this paper is constructed as follows: Section 2 depicts the problem



and provides an estimation algorithm. Specifically, Section 2.1 formulates the model
and data structure, Section 2.2 introduces the function space where the nonparametric
part belongs to, and Section 2.3 provides the estimation procedure. Section 3 includes
our main theoretical results as well as an inference procedure. Concretely, Section
3.1 shows the consistency of estimation, Section 3.2 introduces the debiased LASSO
method and statistical inference, and Section 3.3 extends it to multiple hypothesis test
with FDR control. Section 4 and Section 5 report simulation studies for numerical data
and real data, respectively. We conclude in Section 6, and our proofs and additional

statements and simulation results are presented in the supplementary material.

2. Background and Method

In this section, we present a novel transfer learning framework incorporating differen-
tial privacy for partial linear model, along with an innovative algorithm for knowledge
transfer. The discussion begins with a formal problem setup, followed by a comprehen-

sive exposition of the proposed algorithmic framework.

2.1 Problem Setup

In this part, we provide a canonical formulation of transfer learning. We consider
the partial linear model as our target model, which shares structural similarities in
its linear component with multiple source models. The effective parameters from the

source models are determined by a linear relationship with observable covariates and



2.1 Problem Setup

responses. Formally, we define the source and target models as follows:

Target: YO = (X T80 4 g(w©) 4O

Source: Y® = (XTg® 4 k) —1 K

g ey 5

where we observe the datasets Dy = {(X'©, W'? vy " and Dy = {(X,Ek), VAR

i )T 7 =1

with X = (X, .. X7 e R?, vV € R and W” € R%. Moreover, let D =
Ukefoyur] Dk For the target domain, the model consists of a linear part with coefficient

B = (@f’), ;0), e ,51()0)) and the nonparametric part is g : RY — R. For the source

domain, we define the collection of transferable domain as

A={ke[K]:||B" — B, <h},

where 8% € R? for all k € [K]. Here, h > 0 quantifies the level of transferability, en-
suring that the similarity between the source and target domains is sufficiently high for
effective knowledge transfer. Moreover, using this quantity together with the sparsity
assumption, we can obtain equivalent characterizations under other norms. Under the
high-dimensional setting, we typically assume p > ny. It is also allowed that ng < d as
Zhu (2017) pointed out. The noise terms £ and e® are assumed to be independently
and identically distributed from a Gaussian distribution, i.e., £, ¢ ~ N(0,0?). The
covariates X Z(»k) are sub-Gaussian with parameter ¢, and denote & = maxyeoyux) {0k }-

Furthermore, the target parameter 8 is assumed to be sparse, satisfying ||3?]|o = so.



2.1 Problem Setup

The nonparametric function g and the conditional expectation f; := E(X i(]Q)|W1(-O) ) are
assumed to belong to some reproducing kernel Hilbert space (RKHS), which will be
specified later. We denote N = n4 + ng and ny = z;‘nk. Typically, we consider the
ke

case that n 4 significantly exceeds the sample size ng of the target domain. Our pri-
mary objective is to leverage data from the source domains to enhance the estimation
accuracy within the target domain.

Despite leveraging transfer learning to improve algorithmic performance, we remain
committed to developing statistical procedures that ensure strong privacy guarantees.

As introduced by Dwork et al. (2014), differential privacy offers a mathematically rigor-

ous framework for quantifying privacy. The standard definition is presented as follows.

Definition 1. (Dwork et al. (2014)) A randomized algorithm M satisfies (e, §)-differential
privacy if for all measurable sets S and all datasets D and all adjacent datasets (D, D’)

differing in one observation, the following holds:

P(M(D) € 8) < exp(e)P(M(D') € S) + 6.

In particular, recent advances in differential privacy have extended this paradigm
to the distributed computing environments (see, e.g., Liu et al. (2022); Wang and
Nedié (2023); Cai et al. (2024, 2026)), addressing critical requirements in practical
applications. However, research on differential privacy in transfer learning remains

scarce. Motivated by Auddy et al. (2025), here we introduce our notion of source-
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target-wise differential privacy (STDP).

Definition 2. Given dataset D,y = Uieqoyuir] Dk, a randomized algorithm M satisfies
(€, §)-source-target-wise differential privacy if for all measurable sets S and all adjacent

datasets (Dg, Dy,),Vk € {0} U [K] differing in one observation, the following holds:

P(M(Da”) € S”Dk,D,k) S exp(e)IP’(M(Da”) c S|D;€, D,k) + (5,

where D,k = Da”\Dk.

Our proposed notion, STDP, provides privacy guarantees individually for each data
source k, encompassing both the source and target domains in transfer learning. When
K = 0 (indicating the target-only scenario), the STDP framework degenerates into the

primary differential privacy setting established by Dwork et al. (2014).

2.2 RKHS-based Nonparametric Estimation

We begin the nonparametric estimation procedure by specifying the functional space
that the nonparametric part belongs to. For a function space F, let every function
f € F be a mapping f : W — R, where W is the domain of control variables. Assume
that F is equipped with a norm || - || # induced by an inner product (-, -)». The RKHS

is a Hilbert space of functions that is associated with a symmetric and positive definite
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kernel function K (-,-) that satisfies the reproducing property:
(K(\W), f())\r=f(W), YWeW, feF.

To characterize the function space, we first introduce the conditional local complexity.
Given a set of points {W;}" ,, we define the empirical ball with radius r, > 0 as
B(r,; F):={f € 0F : S0 [[f(W)?/n <72, ||fllz < 1}, where OF = {f = f'— f":

1, f" € F}. Then the conditional local complexity is defined as

1 n
Gn(rn; F) = E¢ ( SUPF) |ﬁ Z&f(Wi)H {Wi}?:1> ,
i=1

fe]B(""'rﬁ

where &, = 1,...,n are i.i.d sub-Gaussian variables with zero conditional mean E(¢; |
W) = 0 and parameter o' (see Wainwright (2019) for more details). For any star-
shaped class F, Lemma A8 in Zhu et al. (2019) guarantees that the function r, —
G (7 F) /7y is non-increasing on the interval (0, 00). Therefore, there exists some large
enough 7, > 0 that satisfies the critical inequality as G,(r,; F) < r2/(20T"). According
to Wainwright (2019), the critical radius is hence defined as

2
Tn

7 = inf {Qn(rn;}")gﬁ}.

rn€(0,00)

The nonparametric estimation error can therefore be upper bounded by the critical

radius, according to Lemma S.1 in Zhu (2017).



2.3 Trans-DPPLM Method

Based on the above pieces, the initial nonparametric estimation on the target do-
main can be taken as the solution of the following optimization problem:

X

23 22)

o 1 X
~ (indt) __ D Y(O) _ W(O) 2
m = arg min f m(W, +
i1 > - mwi)
A nonparametric regression problem like (2.2) is a standard setup in many modern
statistics books (Wainwright, 2019). The estimator " (w) is known to yield an
empirical estimation error with respect to E(Y;(O) | WEO) = w) bounded above by a

constant times the critical radius 7,.

2.3 Trans-DPPLM Method

We now introduce a privacy preserving transfer learning algorithm for the partial lin-
ear model, which estimates the high-dimensional target parameter B by leveraging
information from auxiliary source models. To solve the partial linear regression model,
a straightforward idea is to remove the effect caused by the W-dependent component,
in the target model, and then estimate the linear part. With the aim of improving the
estimation efficiency, the transfer step extracts knowledge from auxiliary data to im-
plement the linear estimation. The Gaussian mechanism (Dwork et al., 2014) is applied
to the transfer step to ensure STDP.

The following provides a summarized illustration of the proposed method. First, a

stabilized kernel ridge regression is solved on the target domain to estimate the main
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Algorithm 1 Transfer High-dimensional Partial Linear Regression with Privacy Guar-
antees

1:

INPUT: Data {(X( ) 0) Y(O))} {(X ) k € [K]}, number of iterations

7 Y
T, step size pp, privacy parameters (e, 6) 1n1t1ahzat10n B°, failure probability
n € (0,1/2), sparse level ', transferable set A, constant L, truncation radius

RY7 R07 Rk7 Rd-

2: Nonparametric estimation:

3: for k =0do

10:
11:

12:
13:

14:

15:
16:
17:
18:
19:

Compute (™) = arg H;ln [ L s~ 1y O w(9)12] + 20 |Im|%.

2ng
me

Residualization: denote m(m”)(W(O)) = (m@m't)(w(o) )yeuuym (imt)(W(%)))T,

VY = e, (YO — im0 (W) 4 Ay, Ay ~ N(O, 81"%‘;*1%)
end for
for k € Ado

Y( ) _ Y(k)
end for
Transferred parametric estimation with DP:
Randomly split each dataset into 1" parts of equal sizes. Denote the corresponding
index sets as ZWM t =0,... T —1.
fort=0,...,T—1do

for k € {0} UA do

Update the gradient with noise A§’“) ~ N (0, WI )

n2(/2)2
st N 1 ()T (k) (k) (k)
G ="kl - I (X Y )H X®) 4 Al
k N Lnk/TJ Z Ry, ( )/8 Rd( )+
1B
end for

Update 8"*%° = 8" — P1 Zke{o}uA G;
Update 8+ = HT (5t+0.57 5/>.

end for

OUTPUT: 8 =3".
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W -dependent component of the response. Based on this initial projection, we construct
a private surrogate response for the target by subtracting the fitted nonparametric
part, applying truncation, and then adding Gaussian noise. As a result, the subsequent
transfer step is carried out using the privatized surrogate target response, rather than
the raw target outcome, which ensures privacy protection already at the residualization
stage. Although the fitted vector m(mit)(W(O)) depends on all target observations, the
released residualization query is the projected vector Iy, (Y@ — ™ (W ®)). Hence
any two neighboring target datasets produce two vectors in the ¢y-ball of radius Ry,
so the global f>-sensitivity of this query is at most 2Ry. To implement the transfer
learning procedure, at each iteration, each dataset from different domains is split into
T parts. Let the sample index set of the t-th partition from the k-th domain be
denoted by Z®M where ZWM C [n,]. These index sets form a partition of [ng], i.e.,
U ZWE = [ng] and ZWE 0 ZEET = @) for any t # . Without loss of generality,
assume that these subsets are of equal size. Then the gradients are aggregated over
the target and informative source domains, with Gaussian perturbations added to each
gradient update to preserve privacy. The aggregated gradient steers the estimator
toward the target parameter, while the hard-thresholding algorithm (HT, see Algorithm
S1 in the supplementary material) is applied to enforce sparsity. After T iterations,
the estimator of the linear coefficient 3% is given by B =p8"in Algorithm 1. By
the Gaussian mechanism together with the composition principle of differential privacy

(Cai et al., 2021), the resulting estimator satisfies (e, d)-STDP.



3. Theoretical Results

In this section, we will establish the statistical properties of the proposed method.

3.1 Consistency of Trans-DPPLM
At the outset of this part, we begin by imposing some regularity assumptions.

Assumption 1. For all k € {0} U[K], j =1,...,p, {Xi(f)}?:’“l are independent sub-
(k)

Gaussian variables with parameter at most ¢. The noise terms ¢; are i.i.d. from

a Gaussian distribution, i.e., k) i N(0,0?). Assume BH e Re, E(Xl(k)) = 0,

)

E<X5k)(Xz(‘k))T) =3x® 0 < Lyt < Amin(z(k)) /\maX(E(k)) < Ly < oo with some

IN

absolute constant Ly > 1.

Assumption 2. For all k € A, ||8% — B8O, < /508" — BV||5, where sy denotes

the sparsity level of |8 o, i.e., |B? o < so.

Assumption 3. (i) The conditional expectations satisfy: E(Yi(o) | WZ(O)) eF, JE(XZ.(]Q) |
WEO)) € F, where F is the RKHS with critical radius 7,,;
(ii) F is star-shaped, that is, for any f € OF and x € [0,1],xf € OF;

(iii) The critical radius satisfies 72 = O((log p/ng)*/?).

Assumptions 1 and 2 are regular conditions that can be seen in the context of high-
dimensional statistics (Li et al., 2022, 2024). Assumption 3(i) requires the relevant
conditional mean functions to belong to the RKHS class F, and Assumption 3(ii) is

a mild geometric condition ensuring the well-posedness of the optimization problems
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in (2.2) and (3.4); similar conditions also appear in Zhu et al. (2019). Assumption
3(iii) is a compatibility condition on the complexity of the nonparametric component.
Since the critical radius 7, is defined through the localized complexity of the RKHS
class, we keep it in this abstract form in the main statement. The requirement 7% =
O((log p/no)*/?) ensures that the error from the nonparametric residualization step is
sufficiently small relative to the high-dimensional scale in the subsequent analysis. For
concrete function classes, this condition can be verified by standard localized-complexity
arguments. In particular, for low-dimensional smooth function classes (for example,
when W is low-dimensional and ¢ belongs to a Sobolev-type RKHS), the required
order of 7, follows from the localized-complexity arguments; see Zhu et al. (2019) for

representative technical arguments.

Theorem 1. Under Assumptions 1-3, for any n € (0, 1), if the tuning parameter \g =<
(log p/mg)*/?, iteration times T' < log N, step size p; = 0.9(1 — 0.296/L%)/ Lo, sparse
level 4.18L¢sy < s < s, initial estimate ||3° — 8|, < C, truncation radius Ry =
50(log(p/n))"/?, Ro = s'Ra + Ry (log(no/n)log(1/6))'*/e, Ry = 2(log(18ny/n)(o? +
h))Y/2 and Ry = (plog(18N/n))'/25, then we have:

(i) Algorithm 1 is (¢, ¢)-differential privacy guaranteed for both source and target, i.e.,

(¢,8)-STDP. (ii) The output B from Algorithm 1 satisfies

P(I1B - B2 S (B)) > 1 -,
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5
where (B) is \/SOdlog(p]/\;v) log(N) + VI 4lpso log(le/j) log®(Np/n) th

Corollary 1. Under the same conditions as in Theorem 1, if h < (sodlogp/ng)'/?,

log(N)/N < 1/ng, and € > (noplog(1/8)/(Nd))'/2, the initial estimator 3 satisfies that

18 — B9 |l2 = O,((sodlog p/no)’?) and ||B — B |l1 = O,(so(dlog p/ng)'/?).

The upper bound shown in (B) consists of three parts: The first term represents the
statistical error, the second term is the privacy cost and the third term is the transfer
cost. For the privacy cost, it is shown to be a nearly optimal rate (Cai et al., 2021),
differing only by a logarithmic factor. For the transfer cost, the result is comparable
to that of Theorem 1 in Li et al. (2022), in which the minimax optimality for linear
regression is established. As the corollary indicates, if the transferable source and
target are similar enough (i.e., h < (sodlogp/ng)'/?), the proposed estimator will enjoy

a similar convergence rate compared to LASSO.

Remark 1. The step size p; = 0.9(1 — 0.296/L3)/ Lo also appears in Proposition 19 of
Li et al. (2024), which is particularly chosen to ensure ((10¢/(9(1—£))+17/5) > 242L3/9
as shown in the proof. The truncation levels, which are relative to the sub-Gaussian
parameters for X, Y and ¢, are also tuneable as Cai et al. (2021), Cai et al. (2026)
and Zhang et al. (2024) suggested. The assumptions on sparsity level can also be seen
in Li et al. (2024) and Cai et al. (2021) with the same scale of sLj. Our sample size
requirement N 2 sq results from the specific combination of the Gaussian privatized

gradient scheme, the truncation levels, and the iterative hard-thresholding structure
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used here. A similar N 2 s scaling can also be observed in Li et al. (2024) under a

comparable privatized scheme.

Remark 2. The quantity h is a user-specified similarity threshold that characterizes
the required level of transferability, rather than an unknown population parameter that
needs to be estimated. In practice, for a given h, one may first apply a transferable
source detection procedure, such as the method in Tian and Feng (2023), to construct
an estimated transferable set /l, and then run Algorithm 1 using the selected sources
in A. In this sense, h serves as a thresholding parameter for source selection, while
the actual transfer step is carried out on the detected transferable set. The tuning
parameters involving h are calibrated according to the chosen value, and a larger h

generally leads to a less favorable theoretical bound.

3.2 Debiased Estimator and Statistical Inference

Building upon Algorithm 1, this part presents an algorithm to conduct statistical in-
ference on 3 via a debiasing procedure, accompanied by a theoretical result that es-
tablishes the asymptotic normality. In addition, we also show that the construction of
confidence intervals satisfies the STDP property.

First, we introduce several key variables essential for carrying out the inference
procedure. Given the estimated coefficient vector 3 with privacy parameters (€/4,d/4)

obtained from Algorithm 1, we proceed to refine the nonparametric component by
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solving the following optimization problem:

. , 1 & . by
g=argmin [=— Y (V7 — (W) — (X")T B} + Z||g|%| . (3.3)
ge}' 277/0 i—1 2

After obtaining §, we remove the nonparametric component of Y and define YZ-(O) =

Y;(O) - g(Wf.O)), which estimates the residualized response Y;(O) - g(WEO)). Similarly, the

projection of X is denoted as X EO) =X §°) - E(X 50) | WZ(»O)) with precision matrix

(0, 5-(0)

© =E(X, (X, )T)™'. We estimate the conditional expectation E(Xi(jo) | WZ(O)) by
~ . 1 0 (0) (0)\y2 .
S =ar IIllIl—E X — f(W, , 1=1,...,p. 3.4
f] %G}— [2710 il{ 1] f( i )} ] J p ( )

(0)

Then, based on the estimation, we define the adjusted covariates X io = X EO) —

jA:(WEO)). Here j"(WZ(D)) = (fl(Wg())),fQ(W,L(-O)),...,f;(WgO)))T. For convenience, we
concatenate each vector by column and denote f(W©®) = (f(WgO))T, ey ]A"(W;%))T)T €
Rm™0>PTo apply the debiased method for 3;, the j-th column of precision matrix ©;
should be estimated first. The computation procedure for @j will be specified in detail

later. Once @j is obtained, given B = (,@1, Bg, e ,Bp)T, then the debiased estimator is

computed as per

B = B, + ni S A(X)TO)MAY) ~TH(X)TB). (35
=1
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Furthermore, we add a noise to the debiased estimator to ensure privacy, i.e.,
+ A, (3.6)

where A; ~ N(0, 16{%}221?5/%)2/ 9. Theoretically, B](-dp ) is asymptotically normal, as

will be established in Theorem 2 in the following on the basis of Assumption 4.

Assumption 4. (i) The precision matrix © := (0, ;),x, has bounded eigenvalues:

0 < Lyt < Auin(©) < Ao (©) < Ly < 0.

(i) The j-th column of © is sparse: ||®;|lp < §; forall j =1,...,p.

(iii) The following technical conditions hold:

SR 55(s0 V1) (fg v 10“’) “o1), (37

no
1 1 1
Vsl B(so V1B v B(sov) (v B2 B8P _ 1), (3.8)
J Un A Un Un
\ logp - o, logp
2 3 2 —
{(sj V1) . V(57 V1) (rn v -~ = o(1). (3.9)

The first two items of this assumption are necessary for most debiased methods
that require solving the precision matrix, such as Tian and Feng (2023) and Li et al.
(2023). And the third part of this assumption is a technical condition as a complement

to Assumption 3 (iii), which can also be found in Zhu (2017) and Zhu et al. (2019).

Theorem 2. Under Assumptions 1-4 and conditions in Corollary 1, let § = max{so, 51,...,5,},
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p2 = Lo/6, T = pylogng, R =< 2Lo(dlog(18ny/n)a*+log(p/n))'/?, 5 = 5, 5log plogng =

o(n

0), 5log p(log(1/8))'/2(log ne) "2 /e = o(ny), (5log plog(1/6)/ng)"/*log** ny < € and

||3(0)||2 < (. Suppose d < p, then we have

Vi = 5")
Vi

N(0, 1), (3.10)

where V? = ©; ;0% is the asymptotic variance of B](,dp) with estimation computed by

Algorithm 2. Moreover, B](-dp ) satisfies (€,6)-STDP.

Algorithm 2 Differentially Private Asymptotic Variance Estimation of f;

1:

INPUT: Adjusted dataset {(XEO), XZ(»O), Yi(o), WZ(O))}Z-G[%], initial estimation B
with privacy parameters (e/4,5/4), step size pa, noise scale B, number of iterations

T, sparsity level §', truncation radius R, initial value @?, feasibility parameter C .

Randomly split each dataset into T" parts of equal sizes. Denote the corresponding
index sets as ZOW ¢t =0,..., T —1.
fortin0Oto7T —1do

Compute ©°7 = O — pa(e; = Xy X, Tp((X,”)76%)/ |no/T).

Update ©," = Il (NoisyHT(©:705, 5, 22LE ¢ o).

oOr no 4T 1T

end for

Let ©;; = OF,, calculate the variance as per Vj(dp) = (6,,6%)'/2, where 62 =
n (0 0 o R)? lo 5

Ly (Wa(%7) = Ha((X7)TB))2 + Ay, A, ~ N(0,16{22822210200)0))

OUTPUT: V%

Based on Theorem 2, we can now establish a differentially private confidence in-

terval for the regression coefficient ;. The whole procedure is summarized as fol-

lows. Given dataset {(X 50),5(

v Yi(O)awz(‘O)) "0 where Y-(O) = Yi(o) _ §<Wz(0)) and

i =1 i

XO — XZ.(](.)) — fj(WEO)), the effects of control variables are adjusted through (3.3)

)
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and (3.4). Similarly, the target dataset is divided into 7' disjoint subsets of equal

size. At t-th round, the variable @;

is iteratively updated based on each subset.
An intermediate update @;Jro"r’ is calculated as the result of one-step gradient de-
scent. Using a projection function Ilg, followed by a noisy hard-thresholding algo-
rithm (NoisyHT, see Algorithm S2 in the supplementary), the privacy and sparsity of
@;“ are ensured. The asymptotic variance of B;dp ), denoted as V}, is estimated by

A

d A A : : : oy : :
Vj( ") = (6,,62)!/2, where the noise-adjusted variance 62 incorporates a Gaussian noise

term A, ~ N(0, 16{2(35)2 }221?5/%)2/ 9. Finally, the differentially private confidence in-

terval is constructed as

Ciy) = (B — ===

where z;_,/5 is the 1 — /2 quantile of the standard Gaussian distribution. Algorithm
2 returns ‘A/j(dp ) as the final output, which is (€,0)-STDP. Then, by Theorem 2 and

the post-processing property of differential privacy, the proposed confidence interval

guarantees both statistical validity and differential privacy.

Corollary 2. Under the same conditions as in Theorem 2, DP-debiased estimation
BYP)  with privacy parameters (€,9), we have:

() limy,, o0 P(ﬂj(.o) € 6\1(])) = 1—«. (i) The process of deriving é\l(j) is (¢,0)-STDP.

Compared to the non-private counterpart of the debiased term in Zhang and Zhang

(2014) and Ning and Liu (2017), it could be found that our confidence interval has a
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similar form with additional noise injected to ensure privacy. When the noise level is
low, the confidence interval closely approximates the non-private counterpart, allowing
us to nearly achieve privacy without incurring additional costs. In contrast, when the
privacy level is high, the confidence interval has a larger length to reach the same
confidence level. Although the proposed confidence interval does not enjoy a first-order
reduction in width from transfer learning under the current inference construction, its
finite-sample centering and overall empirical performance may still be influenced by
the quantity and quality of the transferable source domains through their effect on the

preliminary estimator and the debiasing remainder.

Remark 3. Most of the parameters in Theorem 2 are selected to meet the require-
ment in Lemma 4.1 Cai et al. (2026). The truncation level is similarly chosen by the
same argument in Remark 1. The bounding condition, ||8” |, < C, also appears in

Condition 3.2 in Cai et al. (2026).

3.3 Multiple Testing with e-BH Procedure

In this part, we propose a novel differentially private framework for large-scale multiple
hypothesis testing in high-dimensional settings, which provides rigorous false discovery
rate control guarantees. We are interested in the testing problem

Hy: " =0 ws. Hj: " #0, j=1,...p. (3.11)
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Consider J; = {j € [p] : 55-0) # 0}, and denote Jy = J as its complement. We

|Ten |
TR nd

would like to discover a rejection index list jl, where we define FDP =
FDR = E(FDP).

In recent years, there has been a growing body of research on differentially private
FDR control. Dwork et al. (2021) and Xia and Cai (2023) achieved privacy-preserving
FDR control by adding noise to logarithmic transformed p-values, while Pournaderi
and Xiang (2021) and Cai et al. (2026) employed data splitting and knockoff tech-
niques to ensure differential privacy. However, directly incorporating p-values with
differentially private procedures remains challenging, and the data-splitting approach
requires partitioning of the data, which reduces estimation efficiency. Meanwhile, the
knockoff-based approach relies on a specific dimensionality condition (p < ng), which
limits its applicability to certain problems.

Unlike previous work, we propose an e-value-based procedure to realize differen-
tially private FDR control. The e-variable, introduced in Wang and Ramdas (2022), is
a random variable that maps data to [0, 00]. In contrast to a p-variable—which tradi-
tionally corresponds to the test ¢, and maps data to [0, 1] with small Probability under
the null hypothesis (i.e., the p-value)—an e-variable instead has a small Ezpectation
under the null (specifically, an expectation less than 1). For any given dataset, the
realization of e-variable is called the e-value. However, constructing exact e-values is
not always straightforward; in such cases, several types of generalized e-values are also

meaningful. For example, Ren and Barber (2024) pointed out that relaxed e-values
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are sufficient to guarantee FDR control under the e-Benjamini-Hochberg (e-BH) pro-
cedure. Here we introduce another generalized e-values developed by Yu et al. (2024),

which is known as the asymptotic e-value.

Definition 3. (Yu et al. (2024)) For multiple hypothesis Hy,..., H,, we have non-
negative test statistics ey, ..., e,. The sample size is denoted as ng and the index set of
null hypotheses is Jy. For j € Jy, if limsup,,, , .., E(e;) < 1, we then refer to e; as an

asymptotic e-value.

Building on the debiased estimator derived in the previous subsection, we now

construct the following statistic to test (3.11):

& = %<exp (VB — (V)2 )2} + exp {—y/moB\™ — (VP)2/2}).  (3.12)

Note that whenever ﬁj(-o) = 0, Theorem 2 gives T, ; := \/n_oﬁj(-dp) L, N(0,V}?), where
1/;-2 = (©), 02 With the supplementary verification of exponential integrability and the
consistency of the variance estimator, E(é;) — 1. Thus, for j € Jp, €; is an asymptotic
e-value. After applying é; with the e-BH procedure (Wang and Ramdas, 2022), we
obtain the privatized FDR control procedure summarized in Algorithm 3.

The e-BH algorithm computes the e-values only for variables in the candidate set
S , whose size is at most s, and sets é; = 0 for j ¢ S. Following the privacy-accounting

idea of Dwork et al. (2021), the private statistics are released only for the selected

candidates rather than for all p variables, so the privacy composition is taken over
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Algorithm 3 FDR Control Multiple Hypothesis Testing (e-BH)

1. INPUT: Candidate set & = supp(8) C [p] with |S| < &, private pairs
(ﬁ(dp) V @)y i € 8, each with privacy parameters (e/(s' + 1),5/(s' + 1)), FDR
level q 6 (0,1)

2: Setéj:()forjgég.
3: for 5 € S do ) )
4:  Release the private pair (BJ(-dp ), Vj(dp )) jointly as per Algorithm 2.
5:  Compute
1 R . . .
= 5 (exp {v/mf™ — (Vi) /2} + exp {—v/maf™ — (V") /2}).
6: end for

7. Decide the threshold

N . Jéyl o 1} ) o )l k=1
k* = max S —= > —->U+0 e
({j i p q {0y 400, k*=0.

8 OUTPUT: J, = {j € [p] : ¢; > ¢*}

s’ + 1 private releases. For each selected variable j, the released private statistic is the
joint pair (BA](-dp ), ‘A/j(dp )), and the corresponding e-value is obtained by post-processing
this pair. Therefore, the composition counts one release for constructing the candidate
set and at most s’ joint pair releases, rather than two separate releases per candidate.
The subsequent step closely follows the classical BH procedure proposed by Benjamini
and Hochberg (1995), with the only difference being the use of e-values in place of
p-values. The rejection rule first finds the largest rank £* = max({j € [p] : jé;/p >
1/q}U{0}), where éj;; is the j-th largest value in {é;,...,¢é,}. It then sets the threshold

e* = ép if k¥ > 1, and e* = 400 otherwise. Finally, the rejection index set is given

by Ji = {j € [p] : é; > e*}. According to the post-processing principle of differential



privacy, the Algorithm 3 is (¢,0)-STDP as well.

Theorem 3. Under the same conditions as in Theorem 2, applied to arbitrary non-
negative random e-variables é;,...,¢é, computed by (3.12) and ¢ € (0,1), the e-BH
procedure satisfies limsup,, , .., FDR < ¢. Moreover, the e-BH procedure is (¢, d)-

STDP.

This theorem establishes the validity of our method for FDR control. Compared to
Benjamini and Hochberg (1995), our approach does not rely on additional assumptions
about the dependence structure of Hi,..., H,, thus extending its applicability to a
wider range of settings. From another perspective, one may also conduct the differential
private BH procedure based on the p-value as proposed by Dwork et al. (2021) to control

the FDR. We compare our method with Dwork et al. (2021) in the simulation part.

4. Simulation

In this section, we conduct a series of simulations to evaluate the performance of the
proposed algorithms, as discussed in the previous sections. First, we validate the accu-
racy of point estimation and demonstrate the efficiency of the transfer step in Algorithm
1. Second, to assess the effectiveness of Algorithm 2 and verify Theorem 2, we employ
the same model used for point estimation and evaluate the empirical coverage of the
confidence intervals. Third, we compare the e-BH procedure in Algorithm 3 with the

conventional p-value-based method and compare their relative performance.
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4.1 Examples on Estimation Efficiency

In this part, we consider the estimation accuracy of the three statistics provided in the
literature, which are initial estimator B computed by Algorithm 1, debiased estimator
~ (de

~ (d
B : and its privacy form B( p). Our simulations are generally based on the following

models:

Target: Y0 = (X(O))T,B(O) + 4sin(27W?) + 4cos(27rW2(0)) +e j=1.,p,

Source: Y = (X®)Tg® Lo =1 K.

We generate X ~ N(0, @), X® ~ N(0,=®), x© | w© w© w < unif([o, 1]),
where EE? = (W)=l and EE? = (w®)l=Jl are Toepliz matrices shared by the tar-
get and source domains, respectively. e is generated from the standard Gaussian
distribution. We also assume that the sample size is the same across all source do-
mains, i.e., ny = ng = --- = ng = n. The default DP parameters are ¢ = 0.5 and

§ = 1/n*!, which will be modified in Configuration 2. The default correlation is set to
be w® = w®) = 0.6, which will be modified in Configuration 3. The linear coefficients
are 30 = (14,0, s,)" with sy = 10 and the source coefficients are generated as per

B _031(j € JW), ifke A,

J

B =
B — 0515 € W), ifk ¢ A,

where J*®) C [p] is a randomly selected subset from different sources, satisfying |7 *)| =
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4. Similar coefficient settings can be found in Li et al. (2022). For different setups,
we verify the robustness of Algorithm 1 across different parameters, with input sparse

level ' = 15.

« Configuration 1 : Fix the (e, ) privacy parameter, vary (n,ng,p) by selecting

n € {500,1000}, ny € {500, 1000} and p € {500, 1000}

« Configuration 2: Fix (n,ng,p) = (1000, 1000, 1000), vary the privacy parameter

e € {0.3,0.4,0.6,0.7}.

« Configuration 3: Fix (n,ng,p) = (1000, 1000, 1000), generate the target co-
variance matrix by w(® = 0.5, and vary the source correlation parameter w®* &

{0.2,0.3,0.4,0.6}.

The B-spline method is applied to solve the optimization problem (2.2), (3.3) and
(3.4) as Lian (2020) suggested. We conduct 500 independent experiments for each
setting, and evaluate the performance of the algorithm by the averaged mean square
error (MSE). In the first setting, we explore the effectiveness of transfer learning by
increasing the number of transferable sources, following a similar approach to Tian and
Feng (2023). We compare three estimators B, B(de) and B(dp), which are named as
Initial, Debiased, and DP-Debiased, respectively. The benchmark, initial estimation
without any noise (Zero Noise Estimation, ZNE) is also presented. Figure 1 shows that
when p = 500, the accuracy of the estimations increases gradually as the number of

transferable sources increases. Similar pattern is also observed in Figure 2 with higher
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Figure 1: MSE under Configuration 1 with changing (n, ng, p).
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dimension p = 1000, which implies the utility of transfer learning.

Overall, in Configuration 1, the MSE for initial estimation and ZNE are comparable
and lowest among the estimators at any level of transferrable sources number, which
implies a transfer efficient utility in parametric estimation of PLM. Specifically, in the
high-dimensional setting (ny < p), 3 also performs similarly to the other settings with
the same trend as |A| increases. Note that the DP-Debiased estimator is relatively close
to the Debiased estimator without noise, and has an acceptable difference with ZNE,
indicating that the added noise provides reasonable privacy protection with minimal
loss in statistical efficiency.

To further illustrate the relationship between privacy loss and estimation accuracy,
we consider the second setting with varying privacy parameters. Figures 3 show that as
€ decreases, more accuracy is sacrificed to achieve stronger privacy guarantees, which
aligns with our theoretical findings.

In Figure 4, we show the robustness of transfer learning via a heterogeneous setting.
We switch our target model a little bit with a new correlation w® = 0.5 while the
others remain the same as in model (4.1). In this setting, we shift the correlation of
sources from 0.2 to 0.6. Again, we illustrate the estimation accuracy under different
settings. The change in parameters has minimal impact on the performance of all three
estimators, indicating the robustness of the proposed algorithm.

We present additional simulations in the supplementary material to validate the

efficacy of transfer learning.
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4.2 Asymptotic Normality and Statistical Inference

To illustrate the asymptotic normality of our estimation and the validity of confidence
interval, we conduct a simulation setting the same as Configuration 1. We pick the
settings of (n,ng,p) = (500, 1000, 1000) and (n,ng,p) = (1000, 1000, 1000) to show the
histograms of Bidp) — B, Bf?”) — (15 and Béﬁ” ) _ B30. In addition to the histograms, we
also compute the empirical coverage probabilities for active index, inactive index and

overall rate, which are defined as:

1

P —50

SO CP(BY), and CP =<3 CP(EY),

JESH Jj€lp]

L S~ 75050
CPs, = - > CPBY), CPge =

J€So

where &y represents the support set, comprising the non-zero indices of 3. 515(5](0)) =
S Hi(ﬁj(.o) € 6\1( 7))/500 denotes the estimated inclusion rate, calculated empirically
over 500 repetitions. The results are summarized in Table 1. Similar to Zhang et al.
(2024), we also report the average length of the confidence intervals.

From the histograms in Figure 5, we observe that the distribution of B](-dp ) closely
approximates a standard Gaussian distribution (red line in the figure). According to
Table 1, the length of the confidence intervals remains relatively stable but shows a
slight decrease, indicating that the efficiency of the intervals improves as more transfer-
able sources are incorporated. This suggests that as the number of transferable sources

increases, the resulting confidence intervals become more efficient and stable. Another

important trend lies in the empirical coverage probabilities. Both C'Ps, and C'Ps; con-
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Figure 5: Left: (n,ng,p) = (500, 1000, 1000); Right: (n,ng,p) = (1000, 1000, 1000)

p =500 p = 1000
length  CPs, CPSS CcP length  CPs, CP58 CcP

3 0.3458 0.7218 0.9497 0.9452 0.3306 0.6054 0.9463 0.9429
5 0.3039 0.7692 0.9525 0.9488 0.2860 0.6792 0.9472  0.9446

500 500 10 0.2731 0.8170 0.9552 0.9525 0.2562 0.7508 0.9506  0.9486
15 0.2631 0.8656 0.9580 0.9561 0.2446 0.7824 0.9495 0.9479
3 0.3083 0.7876 0.9496 0.9464 0.2865 0.6972 0.9453 0.9428
1000 500 5 0.2761 0.8446 0.9526 0.9505 0.2570 0.7444 0.9471 0.9451
10 0.2556 0.8686 0.9545 0.9528 0.2384 0.7810 0.9482  0.9465
15 0.2499 0.8824 0.9552 0.9538 0.2329 0.8044 0.9485 0.9470
3 0.2486 0.9176 0.9674 0.9664 0.2473 0.9036 0.9693  0.9687
500 1000 5 0.2357  0.9248 0.9666 0.9657 0.2335 0.9044 0.9693  0.9687
10 0.2213 0.9400 0.9674 0.9668 0.2170 0.9352 0.9683  0.9679
15 0.2153 0.9538 0.9681 0.9679 0.2118 0.9418 0.9697 0.9694
3 0.2400 0.9376  0.9670 0.9665 0.2341 0.9284 0.9694 0.9690
1000 1000 5 0.2252  0.9460 0.9681 0.9677 0.2173 0.9394 0.9686  0.9683

10 0.2115 0.9544 0.9666 0.9664 0.2068 0.9530 0.9690 0.9688
15  0.2067 0.9580 0.9656 0.9655 0.2019 0.9554 0.9683  0.9682

Table 1: Table for the coverage probability
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sistently improve as | A| increases, suggesting that the transferring algorithm performs
better in the inference task for both active and inactive features. Overall, C'P exhibits
a steady increase, further reinforcing the notion that incorporating additional infor-
mation enables the model to generate more accurate and reliable confidence intervals.
These trends highlight a conclusion: incorporating knowledge from transferable sources

leads to better accuracy, stability, and coverage on target model.

4.3 Multiple Hypothesis Testing with FDR Control

In this part, we continue to investigate the performance of multiple hypothesis testing
procedure with STDP guarantee. Through the e-value introduced by (3.12), our sim-
ulation follows the Algorithm 3 step by step. In particular, the candidate set is taken
as S = supp(B), where B is the preliminary private sparse estimator obtained from
Algorithm 1. We compute the private pairs and the corresponding e-values only for
Jj € S ,and set é; =0 for j ¢ S, , as in Algorithm 3. Based on the previous two parts,
here we can easily obtain the e-values in Configuration 1 with known Bj(.dp ) and Vj(dp ),
In Figures 6 and 7, we illustrate the utility of FDR control for both proposed
method (blue lines) and p-value-based method (Dwork et al. (2021), orange lines). The
FDR here takes the average of 500 repetitions. According to Figures 6 and 7, both
methods achieve an FDR below the nominal level when the sample size is sufficiently
large. However, under Configuration 1, the p-value-based method exhibits slightly

higher inflation compared to the proposed e-value-based method. Moreover, the power
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Figure 7: FDR under Configuration 1 with (n,ng, p) changing as Figure 2.

of all these methods is close to 1.

5. Real Data

We apply our transfer learning framework to real-world air quality data collected from
20 monitoring stations in Shenzhen, China, spanning January 1,2021 through Octo-
ber 17,2024. Each station records daily concentrations of five air-pollutant components
(PMyg, PMs 5, SO2, CO, and O3) along with meteorological measurements: air temper-
ature, relative humidity, wind speed (mph) with its bearing in degrees clockwise from
true north, and precipitation intensity (inches/hour). Focusing on moderate to heavily
polluted days (PMys > 35 ug/m® and PMy > 50 ug/m?), we treat these weather vari-
ables as non-linear inputs and use the remaining air-pollutant concentrations as linear

predictors to model PMyy at a target site (station 1360A). Several auxiliary stations



(9 of 19) are treated as transferable source domains in this study as shown in Table 2.

Test MSE vs. Number of Source Stations

Station ID Sample size s

1360A (target) 31 350

1356A 74

1357A 113

1358A 88

1361A 97 B ors

1363A 18

1364A 32

1393A 97

1394A 109

1396A 55 ' : : N?lmber of Sosur(e Staﬂo?vs g ¢ °

Table 2: Stations selected. Figure 8: Test MSE at target 1360A using

Algorithm 1.

We split the dataset on target site 1360A into a training set (80%) and a test
set (20%). We combine the training data set from the target site and the full data
from each source site as input to train the partial linear model with Algorithm 1. We
evaluate the performance of Algorithm 1 by mean square error of predictions on the
test data set from the target site. The result presented in Figure 8 demonstrates the
utility of transfer learning in this real case, as the test error generally decreases with

increasing number of transfer sources.

6. Discussion

In this work, we propose a transfer learning algorithm for estimation and inference in
high-dimensional sparse PLM under differential privacy protection. Our method not
only enhances estimation efficiency in the target domain but also addresses inference

problem based on the asymptotic distribution of estimation. We tailor the standard DP



definition to fit our transfer learning framework and incorporate a multiple hypothesis
testing procedure that rigorously controls the FDR.

Looking ahead, several promising research directions remain. First, based on the
flexibility of PLM, transfer learning algorithms in PLM could be extended to accom-
modate other data structure scenarios involving longitudinal data and functional data.
Second, beyond the current linear-transfer setting, it would be interesting to study
more general semiparametric transfer models in which the source domains also contain
domain-specific nonparametric nuisance components, and to investigate how to char-
acterize their transferability while balancing the resulting additional statistical and
privacy costs. Finally, while our e-value-based FDR control procedure exhibits strong
empirical power in simulations, establishing its theoretical power guarantees remains

an important open challenge.

Supplementary Materials

The online Supplementary Material contains some theoretical statements, auxiliary
results, all technical proofs and additional simulation results. The code supporting this

paper is available at https://github.com/moondanced/Trans-DPPLM.
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