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Abstract:

This paper introduces a Conditionally Studentized Test (COST) for model
checking in general parametric regression models, addressing this challenge with-
out relying on dimension reduction or sparsity assumptions. COST is constructed
from two disjoint sample partitions linked by a weight matrix and incorporates a
conditional studentization with respect to one of the subsamples. It can achieve
asymptotic normality under the null hypothesis, regardless of the form of the
initial test statistic (global or local smoothing-based) and irrespective of the re-
lationship between predictor dimension, sample size, and number of parameters
(fixed or diverging under certain rate constraints). Under certain conditions
on the regression functions, asymptotic normality can even hold when the pre-
dictor dimension exceeds the sample size, potentially enabling the analysis of
high-dimensional problems. Furthermore, COST demonstrates a fast rate of

detection for local alternatives. The paper explores sample partitioning and pro-
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vides numerical studies showcasing COST’s finite-sample performance, including

scenarios where the predictor dimension equals the sample size.

Key words and phrases: Asymptotic model-free test, conditional studentization,

high dimensions, model checking, sample-splitting

1. Introduction

Regression modeling is fundamental for analyzing complex relationships,
with model diagnostics crucial for ensuring estimation accuracy and infer-
ence reliability, particularly in high-dimensional settings. This is exempli-
fied by our case study of movie box office revenue data in Section [4 Tra-
ditional diagnostics, developed for fixed dimensions, require adaptation for

diverging predictor dimensions. Consider the parametric regression model:

Y =¢(X;0) +¢, (1.1)

where g : R? x ©® — R denotes a known functional form with parameter
vector 8 € © C RP, random predictors X € R?, and error term ¢ satisfying
E(e]X) = 0. We allow ¢ to diverge with sample size n. The core model

validation task is testing: for a subset ® C RP,

Hy : P{E(Y|X) = g(8p,X)} =1 for some 8, € © (1.2)
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versus
H, :P{E(Y|X)=y4(0,X)} <1forall 8 c®. (1.3)

Existing approaches, categorized into local smoothing methods ( e.g.,
Hardle and Mammen| (1993)); |Zheng (1996); Zhu and Li (1998)) and global
smoothing methods (e.g., Stute and Zhu| (2002); Zhu (2003)); Escanciano
(2006)), face limitations in high dimensions. Local smoothing methods
suffer from the curse of dimensionality, while global methods have limiting
distributions dependent on unknown quantities and complex stochastic pro-
cess embeddings. Recent work by Shah and Bithlmann| (2018) and |Jankova
et al.[(2020) addresses high-dimensional linear and generalized linear models
under fixed design matrices and sparsity structures. Dimension-reduction
paradigms (e.g., Tan and Zhu| (2019} 2022); Guo et al.| (2016))) rely on latent
low-dimensional structures, failing when these assumptions are violated, as
demonstrated by [Tan and Zhu| (2022).

In this paper, we propose the COnditionally Studentized Test (COST),
a novel test for general parametric models without dimension reduction
assumptions. COST uses an incomplete two-order U-statistic of residu-
als £ Wi nu€n,/(nins) as an unstudentized test statistic, where N =
{(X3,Y) e and Ny = {(X;,Y))})—,, 41 are two subsmaples of sizes n;

and ng, Wh, n, 1S an ng X ng weight matrix linking two residual vectors Ex,
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and Ey,. We then derive the conditional standard deviation to construct
the final test when N is given. COST offers several advantages: it is al-
ways asymptotically distribution-free under the null hypothesis regardless
of whether the initial test statistic is local smoothing or global smoothing-
based, eliminating the need for resampling and simplifying inference. It
also synthesizes local and global smoothing strengths, achieving a standard
normal limiting null distribution and near-optimal O(nfl/ %) detection rates
where ny/n — C > 0, ensuring high sensitivity to deviations from the null
hypothesis, even in complex, high-dimensional settings. Under some reg-
ularity conditions, it handles both high-dimensional parameters (p ~ n'/?
and predictors (¢ > p and even ¢ > n), providing flexibility for modern
datasets where predictor dimensions could exceed sample size. This shows
the potential to tickle very high-dimensional problems. Furthermore, COST
does not rely on sparsity or dimension reduction assumptions, making it
robust to unstructured high-dimensional data. It connects to dimension-
agnostic inference (e.g., Kim and Ramdas| (2024);|Gao et al.| (2023); Shekhar
et al.| (2022, 2023)) but features a more complex U-statistic, correlated ob-
servations, dual dimensionality, and refined theoretical tools as it operates

uniformly across fixed and high-dimensional regimes.

The paper is organized as follows: Section 2 details test statistic con-
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struction; Section |3 examines asymptotic properties and optimal splitting;
Section [4] presents simulations and real data analysis; Section [5] discusses
advantages and limitations; Section [0] outlines regularity conditions. All

technical proofs are provided in the Supplementary Material.

2. Test statistic construction

As the test construction requires estimating the parameter in the model,

we first briefly provide some relevant details.

2.1 Notation and parameter estimation

Write the underlying regression function as m(x) = E(Y|X = ), and
define the error termase =Y —m(X) andeg; = Y;—m(X;) fori =1,... ,n.
Let ¢(0,X) = 0g(8,X)/00 and §(0, X) = 03(0, X)/00" denote the first-
and second-order derivatives of ¢g(@, X ) with respect to 6, respectively.
The Ly norm is denoted by || - ||. For notational simplicity, we write the
conditional expectation E(A | B =b) as Eg(A) for any random variable or

vector A and B. Set

6" = argminE {Y — g(0, X)}* = argminE {m(X) — ¢(8, X)}>.
9cO 9cO

Under the null hypothesis and the Condition [1] specified in Section [6, 8* =

6y. Under the alternatives, 8" typically depends on the distribution of X.
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Define ¥, = E{§(6*, X)g(6",X)"}. Under the null hypothesis, X, is
reduced to ¥ = E { (0, X) (09, X) " }.

To estimate 6y, we define the least squares estimator

0 = argmin » {V; — g(0,X,)}*. (2.4)
6c®

Under regularity conditions in Section BL 6 admits a convergence rate
and an asymptotically linear representation. These properties are funda-
mental for establishing the asymptotic behavior of the proposed test under
both the null and alternative hypotheses. The corresponding results are
provided in three lemmas in the Supplementary Material: the first two
parallel Theorems 1 and 2 in [Tan and Zhu (2022)), and the third extends

Theorem 4 therein.

2.2 Motivation for the test statistic

Let e =Y — g(0y,X) and ¢; = Y; — g(0y, X;). Under the null hypoth-
esis, m(X) = ¢(0y, X), so that e = . Taking advantage of the idea of
nonparametric estimation—based tests (see, e.g., Zheng| (1996))), note that
E(e|X) = 0 under the null hypothesis. Consequently, E{eFE(e|X)f(X)} =
E{E*(e|X)f(X)} =0, and this expectation becomes positive under alter-
natives, where f(-) denotes the density of X.

To approximate F(e|X)f(X), one may consider Ex{e;W,(X, X )}
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with a weight function W,,(-,-). For instance, we can take W, (X,X;) as
Kp(X —X), where K, (-) = K(-/h)/h? denotes the kernel density function
with bandwidth h. This leads to the approximation F{eF(e|X)f(X)} ~
E{e1eW, (X, X1)}, which, for notational convenience, can be written as

E{e1eaW,, (X1, X5)}. Several other forms of W,,(-,-) have been proposed,

such as exp(—|| X1 — X2|?/2) in Bierens| (1982), or 1/1/[| X1 — X||>+ 1 in
Li et al.| (2019). More generally, Escanciano (2009) discussed a wide class
of weight functions. Let w;; = W, (X, X;), which may depend on X,
X, and n. A common practice is to construct U-statistics based on the
empirical version of such expectations. However, these statistics often lack
tractable limiting null distributions (see, e.g., Li et al.| (2019))) and suffer
severely from the curse of dimensionality (see, e.g., [Tan and Zhu| (2022))).
To overcome these issues, we motivate our test construction by the
following idea. Split the sample into two disjoint parts: Ny = {(X;,Y;)} 2,
and Ny = {(X;,Y;)}_, 11 with n = n; +ny. Define the incomplete U-type

average:

\/mz Z €;eW;j, (2.5)

i=1 j=n1+1
It is easy to verify that E(U,)/\/nins = E{e1eaW,(X1,X3)}. In this

formulation, the e;’s from the two parts are used without duplication, while

the weight w;; connects them. Importantly, conditional on N, the terms
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Z?:mH e;e;W;;/\/mng,t = 1,--- ,ny are independent, forming the basis of
our test construction.

To estimate the residuals e;’s by using plug-in estimator of 8y such that
the two estimated sums keep “independence”, we define the least squares

estimators of 0 as

0, = arg min Y, —9(0,X;
g s

0, = arg min Z {v; —g(0,X,)}",
oco =,

where 6, and 0, have the same asymptotic results as 6 defined in |D
when n is replaced by ny and ny respectively. Write é; = Y; — g(@l, X)), i=

1,...,nq, and ¢; :Y}—g(ég,Xj), j=mny+1,...,n. U, is estimated by

mz Z i€ W;;. (2.6)

=1 j=n1+1

After plugging in the residuals, due to the correlation between é;,i =
1,--- ,nq, U, is no longer a sum of independent variables given N,. This
correlation makes it challenging to derive its limiting null distribution. To
address this, we next investigate the asymptotic decomposition of U, under

the null hypothesis to motivate the construction.

By decomposing the residuals é;’s in the first part of the samples N7,
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the Corollary 1 in Supplementary Material yields that:

g g E; €W,
’_nmz J Wij

i=1 j=n1+1

\/_Z \/_ Z € ww o* )TE*_IEXJ' {9(0*>X1)wlj}}

Jj=n1+1
+0p(1)
1 s
i (NQ) + Op(l). (27)
Given N, the random variables e (N2), . . ., €, Wy, (N3) are conditionally

independent and identically distributed. Intuitively, under the null hypoth-
esis, V,,, which is a conditionally studentized version of Y ", e;w;(N2)/\/11,
converges weakly to a normal distribution by the conditional Central Limit

Theorem.

rzz | eii(N)

V, = ‘
ni1 Z:L:ll {61w1(N2> - n_1 Zz 1 ezwz(NQ)}

(2.8)

Based on this result, we can construct a feasible version by replac-
ing the unknown quantities in V,,. Specifically, we replace the numera-
tor of V,, with > ™", Z;.;“H €;€;w;;//ning, and substitute é;, 0, 3 and
Yo 9(8, X )w;;/ny for e;, 8%, %, and Ex {9(0", X1)w;} in the denom-

inator. Therefore, the COnditionally Studentized Test (COST) statistic is
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defined as:

COST, = Vine Z2) Fegmml T Y . (2.9)

Ly L) — & S, (M)}

= o 3 a0 (0.6) 513 (0. w) .

and ¥ =31 4(0,X,)3(8, X,)T /n. We can prove 8, 321 9(0, X ;)w,;/m
and 3 are consistent estimators of 6, Ex {9(0", X1)w;} and X, respec-
tively, which ensures consistency of the estimated conditional standard de-
viation. Note that in w;(N3) we use the full-data estimator 6 rather than
0. Asymptotically, both choices yield the same limit, but using 0 provides
a faster convergence rate to 6*.

We can see that although the original U-statistic, and even U,, do not
have a tractable limiting null distribution, COST has normal weak limit

under the null hypothesis. This constitutes a key theoretical advantage.

Remark 1. Regarding the weight function w;;, we note that in local smooth-
ing tests, it is typically linked to nonparametric estimation, such as kernel
smoothing. When a kernel function Kj(X; — X ;) is used as the weight
W, (X, X;), its magnitude may diverge as the sample size increases. How-

ever, this does not affect our construction because the proposed studentized
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statistic is scale-invariant—the factor A? in w;; cancels out between the nu-
merator and denominator. Therefore, we can safely consider the weight

function without this scaling factor.

3. Asymptotic properties

3.1 The limiting null distribution

To derive the limiting null distribution of COST,,, we first establish that
V,, converges weakly to a normal distribution under certain regularity con-
ditions. We then demonstrate the asymptotic equivalence between the nu-
merator (and denominator) of COST,, and those of V,,. Therefore, COST,

has normal limiting null distribution. The result is summarized as follows.

Theorem 1. Suppose that Conditions in Section [0 hold. Under the

null hypothesis in (1.2)), if p*logni/ny — 0 and p3lognsy/ny — 0,

COST, % N(0, 1), (3.10)

7

d o
where “ — 7 stands for convergence in distribution.

Remark 2. In Theorem [1| we do not impose any specific constraint on the
relationship between n; and ns. Nevertheless, the power of the proposed
test depends on the relative sizes of n; and ny. The following Theorem

establishes the corresponding theoretical results.
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Remark 3. In Theorem [l we require the conditions p*logn;/n; — 0 and
p?log ny/ny — 0. These ensure the validity of the asymptotically linear rep-
resentation of the parameter estimator and the Lo-consistency of the sample
covariance matrices. Note that we impose some restrictions on the diver-
gence rate of the parameter dimension p but not on the predictor dimension
q. In fact, ¢ is allowed to diverge to infinity at a rate much faster than that
of p, or even faster than the sample size n. Consider a regression model in
which each underlying parameter appears only once within a nested struc-
ture of nonlinear transformations. Specifically, for each parameter 6;, there
are p associated predictor variables Xj;, Xjo, ..., Xj,, which are successively

combined through quadratic operations and additions. That is,

Y =(- (00 + X11)® + X12)® + - 4+ X))  + -+

+ ("'(9p+Xp1)2+Xp2)2+"'+pr)2+5-

As a result, although only p parameters are present, the total number of
predictors is ¢ = p x p = p2. More generally, the model can be extended to
settings with ¢ = p* or ¢ = pn, depending on the complexity of transfor-
mations. This illustrates a regime where ¢ > p and ¢ can grow arbitrarily

faster than n.
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3.2 Power study

To investigate the power performance, we consider a sequence of alternative
hypotheses:

When 4, is a fixed nonzero constant, it corresponds to the global alternative
model Y = m(X)+¢, where m(X) # ¢(6, X) for all @ € ©. When 6,, — 0
as n — oo, it represents a sequence of local alternatives. Define ¥, =
B{e2(0", X)3(0", X)T}, 5 = B {I:(X)3(0", X)3(6", X) T} and 5, —
E {g(@*,Xl)g(H*,Xg)Twlg}. Moreover, we recall that e; = Y} — m(X;)
and ¢; = Y; — m(X;) for j = ny +1,--- ,n. Theorem [2] establishes the

asymptotic behavior of COST,, under both local and global alternatives.

Theorem 2. Suppose that Conditions 1| — in Section [ hold, and that
p? log ni/ny — 0 and p? log ny/ny — 0. Under the alternative hypothesis in
3.11]), we have:

(a) When 6, =1, let B, = E{§(0*, X)g(0", X)"}, [(X) = m(X) —
90", X) and ¥ =3, — F[{m(X) —¢g(0", X)} §(0", X)]. Then

COST, ﬁ)E{l(Xl)l(Xz)wm}
Vv Vv Vo) ’

stands for convergence in probability and

(3.12)

7

D,
where “ —

Vioy =F [{e] + P(X1)} Bx, {l(X2)wi}] — E* {I(X 1) (X 2)wi2}
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+ LK {Z(X2)Q(9*7 X1>w12}T 2*_1 (Ee + 21) 2;1E {Z(XZ)Q(H*a Xl)wlz}

— 2E [{6% —|— ZQ(Xl)} l(Xz)g(O*, Xl)’wlg}T E:lE {l(Xz)g(e*, Xl)’wlg} .

In cases (b)-(d), let & = E {§(60, X)g(00, X)"} and I(X) =m(X) —
9(6o, X).
(b) When é,, = 1//n, we have

LS S H (X ) + 2y

COST, — vian 4 N(0,1),
B 1§y w4+ Y2 H(X) ?
N2 NS Z]:nlJrl E1&,;Wy; + vn €1 1
(3.13)

where

wh; =wi; — 407, X,) =7 Ex, {9007, X Juny}
90", X)) TS Ex, {5(07 X 1))
(07, X)) RS, B g(07, X)),
u=E {I(X)I(X2)wia)
202 {§(60. X )Xo} S7E {500, X)U(X )}
B {900, X 1)I(X1)) B8, 5 E (560, X,)I(X,)
H(X 1) =Ex, {I(X2)wna} — Bx, {300, Xa)wiz) S E {560, X1)I(X1))
— (80, X1) = E {9(60, X )I(Xo)wro}

+ 9(6o, Xl)TE_IE* ST'E {9(60, X1)I(X 1)},

cov
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and Y37, & H(X )/ /o 4 N (0, E{2H*(X1)}). Particularly, if ny /n =
o(1), then COST, < N(0,1).

(¢) When 6, =n~*, 0 < a < 1/2, n72p*logn — 0 and n=*/n; —
00, the asymptotic behavior of COST,, depends on the limiting behavior of
Vnen~® asn — 0o. We consider the following three cases.

(c.1) If \/ngn~® — 00 as n — oo, then

n*COST, EX 1
Vi VE [{aH(X )Y

)

where H(X 1) has been defined in case (b).

(c.2) If \/rnon~®* — K as n — oo, where K is a positive constant, then
n°COST, Kp+ o= 370 g H(X)) )
— — 0,
Valsl . " 2
EN2 |:{\/—n—2 Zj=n1+1 €1€jw/1j+K€1H(X1)} :|

n d
where Kp + \/%zj:mﬂ e;H(X;) = N (Kw, E [{&H(Xl)}Z]) and all
quantities are as defined in case (b).

(c.3) If \/nan~® — 0 as n — oo, then

n*COST, = 2y S (X ) ,
— — 0,
VALl L " , 2
£ |{g St} |

where \/% > 1 S H(X) 4N (0, E [{e: H(X1)}]).

(d) When 6, =n~%, a >1/2, then COST, A N(0,1).
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Remark 4. Theorem [ highlights three key aspects regarding the test’s
power. First, it demonstrates that the test can detect local alternatives
at the fastest rate of 1/y/n. Second, in case (b) where 6, = 1/4/n, it is
evident that the optimal sample splitting strategy is n; = ny = n/2, which
balances estimation accuracy and test efficiency. Third, for global alterna-
tives or slower local alternatives (cases (a) and (c)), increasing n; clearly
improves the power, which grows at the rate of |/n;; however, if n, is too
small, the estimation of ’lf)(Ng) may become unreliable, potentially degrad-
ing test performance. This trade-off is confirmed by numerical studies with
ny = 0.5n, 0.25n, and 0.1n. Consequently, we adopt ny, = 0.25n in the

simulations reported below.

4. Numerical Studies

4.1 Simulations

In this section, we conduct numerical studies to evaluate the performance of

COST. We first design an appropriate weight function. The weight function

1/4/]1X; — X|I> + 1 employed by |Li et al. (2019) integrates the advantages
of both local and global smoothing tests. However, it exhibits a theoretical
limitation in high-dimensional settings, as it converges to zero when ¢ — oco.

To address this issue, we adopt a modified weight function that incorporates
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not only the above form but also an additional component, Y 7_, Kp(X;, —
Xr). Here, the indices ¢ and j denote the i-th and j-th observations,
respectively. In our setting, X; belongs to N; and X; belongs to N, with
1=1,2,--- ,nyand j = n;+1,--- ,n. The summation form ensures that the
weight function remains effective as ¢ grows. Consequently, the proposed

weight function is defined as

1 q
X + (1 —w) x Kn( Xk — Xir),
N> S n R PR

k=1

Wn(XZ,X]) = w

representing a hybrid combination of two weighting schemes.

After defining the weight function, we investigate the sensitivity of
the test to the choice of tuning parameters: the bandwidth h and the
weight parameter w. For the bandwidth, we set h = ¢ - n=%2 with ¢ €
{0.5,0.75,1,1.25,1.5}, and find that the empirical sizes and powers of the
test are nearly identical across these choices, indicating that the procedure
is robust to the specification of h. Similarly, we consider five representative
values of w, namely w € {0.1,0.3,0.5,0.7,0.9}. To illustrate the robustness
of the test with respect to both h and w, we present results for model Hs, in
Figure 1. The left panel displays the empirical size and power for different
values of ¢, while the right panel shows the behavior of the empirical size
and power under varying w. The results indicate that both the empirical

size and power remain fairly stable for different values of h and w. Without
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loss of generality, we fix ¢ = 1 and w = 0.5 in the subsequent analyses.

100 m s s = «@ =« = s s« s s sl === =B 1.00 ® s o v oo s s s@ = oW === sB
0.75 0.75
— Ll -— - e
L - B N A — L A
- =
(7] [
g 0.50 % 0.50
a o
0.25 0.25
0.00 0.00
0.50 0.75 1.00 1.25 1.50 0.1 0.3 0.5 0.7 0.9
C w

a - 0= 025 = 05

Figure 1: Empirical sizes and powers of COST,, for model Hs, in Study
3 (n =400, p =16, ¢ = 17, ¥ = X;). Left panel: results for different
bandwidths h with fixed weight w = 0.5. Right panel: results for different

weight values w with fixed bandwidth h = 1 - n =02

To assess the performance of our proposed test COST,, relative to ex-
isting methods, we include a comparison with the AIC'M,, in|Tan and Zhu
(2022)), which has been shown to perform effectively in high-dimensional
settings. While Jankova et al.| (2020) also addresses non-sparse models
with random designs under our constraints, AIC'M, demonstrated supe-

rior performance in Tan and Zhu| (2022)’s comparisons across various model
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settings. Consistent with these findings, our simulations confirm the effec-
tiveness of the method in high-dimensional settings.

Furthermore, we evaluate DrC'OST,,, a modified version of COST,, that
incorporates dimension reduction. If prior knowledge indicates that the
model admits a dimension-reduction structure such that ¥ 1l E(Y|X) |
BT X, we can exploit all relevant information by replacing X with BT X
in w;;, say wy; = W, (BT X;, B"X;). In this paper, we adopt a cumulative
slicing estimation, as followed by |Tan and Zhu/ (2022), to estimate the target
matrix B.

For a comprehensive comparison, we conduct four numerical studies:
models with dimension reduction, models with dimension reduction and
diverging parameter dimensions, models without dimension reduction, and
models without dimension reduction and diverging predictor dimensions.
Studies 1 and 2 focus on multi-index model structures, representing scenar-
ios where AIC' M, is expected to perform well. Study 3 investigates models
without any underlying dimension-reduction structure. Finally, to demon-
strate that our method can handle high-dimensional predictors ¢ relative
to the number of parameters p, Study 4 explores settings with ¢ = p? and
q = n. These four studies are designed to cover a wide range of scenarios,

including those with and without dimension reduction, as well as varying
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predictor dimensionality. To assess the test’s sensitivity to local deviations
from the null, we vary both the drift coefficient a and the sample size n
across simulations. Specifically, for a fixed n, increasing a strengthens the
drift term, making the alternative easier to detect; for a fixed a, increas-
ing n makes the effective drift larger, changing the problem from a local
to a global alternative. This design allows us to examine how test power
increases from local to global alternatives, as reflected in the results for
different a and n values in subsequent tables.

Study 1. Generate data from the following double-index and triple-

index models:

Hy:Y =8/ X+a(B]X) +e,

His Y = Xj + cos(2X3) + aexp(3X3) + ¢,

where ¢ ~ N(0,1) and X ~ N(0,X), with covariance matrices 3; = I,

or 3y = (0.57),,,. Weset 8, = (1,---,1,0,---,0)"/ /@ and B, =

q1

(0,---,0,1,---,1)"//gr with ¢ = [g/2]. Here X; denotes the i-th com-
q1

ponent of X. In the simulations, a = 0 corresponds to the null hypothesis,

while a # 0 represents the alternative. All results are based on 1,000 repli-

cations and the significance level is set to 0.05. The empirical sizes and

powers are reported in Tables [TH2]
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Table [1| shows that AICM,, performs best under model Hy;. The rel-
atively lower power of COST,, in moderate samples can be attributed to
the efficiency loss from sample splitting. In addition, since COST,, de-
termines critical values using its asymptotic null distribution rather than
bootstrap resampling as in AIC'M,,, this difference may further contribute
to its performance gap in smaller samples.

However, for model Hyy, COST, outperforms both DrCOST, and
AICM,,, even though the model structure is designed to favor the latter.
A closer examination suggests that the structural dimension of the central
subspace tends to be underestimated as one, which weakens the effective-
ness of the dimension-reduction step and consequently lowers the power of
DrCOST, and AICM,, compared to COST,.

Study 2. Generate data from the following multi-index models with
p = 0.1n and p = 2,/n respectively:

Hy - Y:,BJXqLanp (,BOTX) + €,

Hy:Y =B]{ X +exp (B X) +aexp (-8 X) +e¢,
where 8, = (1,1,---,1)"/,/q and other notations are the same as stated
above. Study 2 focuses on scenarios where the parameter dimension p

exceeds the rate of n!'/3, allowing us to examine how the tests perform

when regularity conditions are violated. Specifically, models Hs; and Hao
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Table 1: Empirical sizes and powers for Hy; in Study 1.

n=100 n=100 n=100 n=100 n=200 n =400 n =600
a p=2 p=4 p==6 p=2_8 p=12 p=17 p=20
q=2 qg=4 q=2©6 q=2_8 q=12 ¢=17 ¢=20

COST,, 2, 0.00 0.040 0.052 0.044 0.051 0.061 0.050 0.051
0.10  0.109 0.091 0.112 0.125 0.188 0.353 0.489
0.25  0.408 0.385 0.385 0.406 0.726 0.956 0.993

DrCOST,,%; 0.00 0.040 0.052 0.052 0.059 0.071 0.045 0.042
0.10  0.101 0.101 0.106 0.091 0.167 0.290 0.436
0.25 0.383 0.411 0.394 0.390 0.671 0.924 0.984

AICM,,3¥; 0.00 0.059 0.053 0.050 0.065 0.056 0.052 0.046
0.10  0.137 0.146 0.137 0.127 0.246 0.444 0.600
0.25  0.552 0.563 0.572 0.556 0.870 0.993 0.999

CcOST,, ¥, 0.00 0.046 0.046 0.039 0.052 0.052 0.058 0.046
0.10  0.089 0.175 0.236 0.269 0.668 0.960 0.994
0.25  0.427 0.678 0.811 0.840 0.988 1.000 1.000

DrCOST,, %, 0.00 0.041 0.051 0.052 0.053 0.045 0.053 0.047
0.10  0.096 0.162 0.229 0.237 0.576 0.924 0.984
0.25  0.400 0.610 0.771 0.801 0.990 1.000 1.000

AICM,,¥, 0.00 0.046 0.065 0.059 0.050 0.056 0.059 0.056
0.10 0.113 0.218 0.338 0.372 0.750 0.986 0.999
0.25  0.528 0.800 0.917 0.947 1.000 1.000 1.000

Table 2: Empirical sizes and powers for His in Study 1.

n=100 n=100 n=100 n=100 n =200 n=400 n =600
a p=2 p=2 p=2 p=2 p=2 p=2 p=2
q=2 q=4 q==6 q=3_8 q=12 q¢=17 ¢=20

CcOST,, ¥, 0.00 0.052 0.041 0.044 0.038 0.057 0.047 0.054
0.05 0.611 0.576 0.567 0.557 0.800 0.913 0.913
0.10 0.674 0.713 0.667 0.654 0.849 0.946 0.954

DrCOST,,%; 0.00 0.046 0.043 0.051 0.045 0.057 0.057 0.051
0.05  0.557 0.566 0.567 0.550 0.794 0.893 0.910
0.10  0.569 0.639 0.621 0.647 0.811 0.921 0.943

AICM,,¥; 0.00 0.032 0.045 0.042 0.057 0.062 0.055 0.057
0.05  0.152 0.146 0.164 0.156 0.187 0.274 0.402
0.10  0.107 0.096 0.090 0.092 0.143 0.199 0.273

CcOST,,¥, 0.00 0.048 0.04 0.049 0.045 0.042 0.062 0.037
0.05  0.600 0.581 0.582 0.580 0.806 0.885 0.935
0.10 0.679 0.639 0.673 0.673 0.853 0.938 0.950

DrCOST,, %, 0.00 0.041 0.047 0.048 0.044 0.052 0.071 0.052
0.05  0.459 0.466 0.430 0.429 0.665 0.772 0.858
0.10 0.494 0.451 0.442 0.453 0.655 0.816 0.830

AICM,,¥, 0.00 0.037 0.045 0.043 0.049 0.049 0.067 0.049
0.05 0.122 0.122 0.137 0.113 0.135 0.110 0.112
0.10 0.038 0.035 0.050 0.055 0.056 0.054 0.041
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explore cases with p = 0.1n and p = 24/n, respectively. The empirical sizes
and powers are summarized in Tables

The simulation results show that both COST,, and DrCOST,, remain
valid even when the dimensionality assumptions are mildly violated. For
model Hy, AIC' M, fails to maintain the nominal significance level, whereas
our test effectively controls the size. For model Hss, our method exhibits
slight size inflation in small samples, but achieves validity as the sample size
increases. Overall, these findings demonstrate that our approach maintains

reliable performance under dimensionality violations.

Table 3: Empirical sizes and powers for Hs; in Study 2 with p = 0.1n.

50 n =100 n =500 n = 1000
5 p=10 p=50 p=100
=5 ¢g=10 ¢g=50 ¢=100
COST,,%; 0.00 0.058 0.062 0.059 0.061
0.05  0.054 0.120 0.311 0.562
0.10 0.121 0.245 0.822 0.956
DrC0OST,,>; 0.00 0.055 0.053 0.065 0.075
0.05 0.043 0.097 0.205 0.360
0.10 0.110 0.191 0.633 0.884
AICM,,>; 0.00 0.053 0.048 0.081 0.080
0.05 0.077 0.122 0.311 0.586
0.10  0.162 0.271 0.865 0.996
COST,,%, 0.00 0.059 0.052 0.054 0.074
0.05 0.093 0.214 0.875 0.988
0.10 0.219 0.524 0.997 0.999
DrCOST,,X> 0.00 0.060 0.067 0.063 0.075
0.05 0.068 0.173 0.790 0.964
0.10  0.198 0.380 0.979 0.999
AICM,,>, 0.00 0.074 0.072 0.068 0.107
0.05 0.128 0.242 0.924 0.962
0.10  0.260 0.561 0.925 0.956

Study 3. Generate data from the following models without dimension
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Table 4: Empirical sizes and powers for Ha, in Study 2 with p = 24/n.

n=100 n =400 n =900

o P=20 p=40 p=60

q=10 ¢=20 ¢=30

COST,, ¥, 0.00 0.123 0.096 0.083
0.25  0.063 0.644 0.985

0.50 0.218 0.955 1.000

DrC0OST,, %, 000 0.133 0.085 0.096
0.25  0.052 0.573 0.976

0.50 0.168 0.944 1.000

AICM,,¥; 0.00 0.079 0.074 0.074
0.25  0.519 0.998 1.000

0.50  0.967 1.000 1.000

CcOST,, ¥, 0.00 0.079 0.057 0.061
0.25  0.099 0.683 0.882

0.50 0.163 0.624 0.836

DrCOST,, %, 0.00 0.085 0.071 0.055
0.25 0.110 0.837 0.962

0.50 0.195 0.805 0.932

AICM,,%, 0.00 0.080 0.068 0.056
0.25  0.763 0.866 0.937

0.50  0.782 0.847 0.938

reduction structures:

q q
H31 T = Z Sln(ﬁolXZ) +a Z explt(—BOzXZ) + g,
i=1 =1

qg—1

Hyp Y = ZXZ»XiH + a cos (,BJX) + €,

i=1

where fy; denotes the i-th component of 3, and the rest of the notations

are the same as stated above. This study investigates two models with-

out dimension reduction. Tables report that in high-dimensional set-

tings—particularly for model Hss involving interaction terms—AIC' M, per-

forms poorly, failing to exhibit nontrivial power as dimension grows, which

highlights its reliance on dimension reduction. In contrast, COST,, per-
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forms substantially better, effectively controlling the size while delivering

satisfactory power.

Table 5: Empirical sizes and powers for Hsz; in Study 3.

n=100 n=100 n=100 n=100 n=200 n=400 n =600

a p=2 p=4 p==6 p=2_8 p=12 p=17 p=20

q=2 q=14 q==6 q=2_8 q=12 q=17 ¢=20

COST,,¥; 0.00 0.048 0.050 0.058 0.055 0.048 0.048 0.050
0.05  0.058 0.123 0.205 0.369 0.906 0.999 1.000

0.10 0.121 0.347 0.628 0.868 1.000 1.000 1.000

AICM,,%; 0.00 0.046 0.043 0.009 0.001 0.000 0.000 0.000
0.05  0.071 0.104 0.081 0.016 0.000 0.000 0.000
0.10  0.123 0.298 0.361 0.152 0.003 0.000 0.000
COST,,¥, 0.00 0.039 0.040 0.056 0.073 0.060 0.054 0.046
0.05  0.063 0.119 0.222 0.348 0.911 1.000 1.000
0.10 0.117 0.355 0.630 0.843 1.000 1.000 1.000
AICM,,¥s 0.00 0.042 0.041 0.024 0.005 0.000 0.000 0.000
0.05  0.056 0.107 0.103 0.042 0.001 0.000 0.000
0.10  0.140 0.342 0.418 0.337 0.163 0.000 0.000

Table 6: Empirical sizes and powers for Hss in Study 3.

n=100 n=100 n=100 n =100 n =200 n=400 n =600

a p=1 p=3 p=>5 p=7 p=11 p=16 p=19

q=2 q=14 q==6 q=2_8 q=12 q=17 ¢=20
COST,,%; 0.00 0.047 0.048 0.041 0.049 0.066 0.057 0.045
0.25  0.260 0.276 0.232 0.236 0.426 0.719 0.862
0.50  0.753 0.711 0.696 0.677 0.917 0.996 1.000
AICM,,%; 0.00 0.052 0.045 0.017 0.001 0.000 0.000 0.000
0.25  0.357 0.258 0.098 0.012 0.000 0.000 0.000
0.50  0.888 0.772 0.519 0.087 0.000 0.000 0.000

COST,,3, 0.00 0.050 0.044 0.057 0.055 0.048 0.060 0.061
0.25  0.259 0.200 0.178 0.168 0.206 0.327 0.363
0.50  0.745 0.637 0.541 0.460 0.657 0.825 0.916
AICM,,3; 0.00 0.054 0.050 0.021 0.003 0.000 0.000 0.000
0.25  0.352 0.208 0.112 0.027 0.000 0.000 0.000
0.50 0.882 0.701 0.490 0.166 0.003 0.000 0.000

Study 4. Generate data from the following models with ¢ = p? and
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q = n, respectively:

» min(ir,q) 1/3
Hy Y = Z Boi H X; + a(ﬂgTXlzp)Q +¢,
i=1 j=(i—1)r+1
(i—1)r+r1 min(ir,q)
Y = Z sin | Ba; Z X+ Z X5 |+ a(ﬁ;Xlzp)z +&,
j=(i—1)r+1 j=(i—1)r+r1+1

where X1, = (X1,...,X,)", B; = (1,...,1,0,...,0)T/\/p_1 with p; =
|p/2], and Bs; denotes the ith component of 3. Define r = [¢/p]| and
r1 = |r/2]. Other notations are consistent with previous studies.

Both models feature predictor dimension ¢ much larger than the param-
eter dimension p. Tables report the empirical sizes and powers. The re-
sults show that COST,, maintains accurate size and high power even as the
predictor dimension ¢ increases substantially, indicating that our method re-
mains valid without explicit restrictions on ¢g. In contrast, AIC'M,, performs

poorly in these scenarios, confirming the superior robustness of COST,,.

4.2 A real data example

To illustrate our method, we use the CSM dataset (Ahmed et al.| (2015)),
https://archive.ics.uci.edu/dataset/424/csm+conventional+and+Social+
media+movies+dataset+2014+and+2015). After preprocessing, the dataset
contains 187 observations with 11 predictors X (Rating, Genre, Budget,

etc.) and Gross Income as the response. We initially examine whether the


https://archive.ics.uci.edu/dataset/424/csm+conventional+and+Social+media+movies+dataset+2014+and+2015
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Table 7: Empirical sizes and powers for Hy; in Study 4.

n=100 n=100 n=100 n=100 n=200 n =400 n =600
a p=2 p=4 p==6 p=2_8 p=12 p=17 p=20
q=p
COST,, ¥, 0.00 0.048 0.046 0.046 0.067 0.053 0.054 0.059
0.10  0.097 0.121 0.141 0.131 0.213 0.390 0.562
0.25  0.461 0.471 0.466 0.489 0.765 0.973 0.991
AICM,,%; 0.00 0.040 0.000 0.000 0.000 0.000 0.000 0.000
0.10  0.076 0.000 0.000 0.000 0.000 0.000 0.000
0.25  0.236 0.000 0.000 0.000 0.000 0.000 0.000
COST,, ¥, 0.00 0.048 0.056 0.050 0.067 0.054 0.082 0.043
0.10  0.058 0.171 0.252 0.352 0.719 0.963 0.995
0.25 0.178 0.583 0.840 0.887 0.996 1.000 1.000
AICM,,%, 0.00 0.042 0.000 0.000 0.000 0.000 0.000 0.000
0.10  0.050 0.000 0.000 0.000 0.000 0.000 0.000
0.25  0.105 0.000 0.000 0.000 0.000 0.000 0.000
g=n
CcOST,,¥; 0.00 0.043 0.036 0.057 0.053 0.069 0.047 0.046
0.10  0.135 0.140 0.126 0.123 0.228 0.393 0.569
0.25  0.500 0.501 0.515 0.478 0.819 0.976 0.992
AICM,,%; 0.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.10  0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.25  0.000 0.000 0.000 0.000 0.000 0.000 0.000
COST,, 3, 0.00 0.054 0.051 0.055 0.049 0.053 0.057 0.061
0.10  0.127 0.218 0.317 0.361 0.740 0.966 0.996
0.25 0.516 0.780 0.876 0.906 0.998 1.000 1.000
AICM,,¥, 0.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.10  0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.25  0.000 0.000 0.000 0.000 0.000 0.000 0.000

dataset follows a linear regression model commonly used in practice. How-
ever, COST rejects the linear model (p-value = 0.0412), and the residual
pattern in the Figure 2f(a) further supports the conclusion that the linear
specification is inadequate.

Applying cumulative slicing estimation, we identify the projection di-

rection

A

B =(0.3186,0.0748,0.5351, 0.5384, 0.0733, —0.0548,
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Table 8: Empirical sizes and powers for Hys in Study 4.

n=100 n=100 n=100 n=100 n=200 n =400 n =600
a p=2 p=4 p==6 p=2_8 p=12 p=17 p=20
q=p
COST,, ¥, 0.00 0.061 0.093 0.076 0.049 0.055 0.065 0.049
0.10  0.110 0.142 0.097 0.072 0.071 0.069 0.073
0.25  0.437 0.348 0.199 0.119 0.156 0.198 0.225
AICM,,%; 0.00 0.037 0.000 0.000 0.000 0.000 0.000 0.000
0.10  0.058 0.000 0.000 0.000 0.000 0.000 0.000
0.25  0.265 0.000 0.000 0.000 0.000 0.000 0.000
COST,, ¥, 0.00 0.044 0.108 0.077 0.039 0.060 0.045 0.046
0.10  0.103 0.217 0.144 0.101 0.137 0.187 0.245
0.25  0.429 0.612 0.425 0.343 0.535 0.747 0.852
AICM,,%, 0.00 0.041 0.000 0.000 0.000 0.000 0.000 0.000
0.10  0.048 0.000 0.000 0.000 0.000 0.000 0.000
0.25  0.285 0.000 0.000 0.000 0.000 0.000 0.000
g=n
CcOST,,¥; 0.00 0.063 0.045 0.058 0.055 0.057 0.058 0.056
0.10  0.079 0.063 0.066 0.076 0.073 0.080 0.073
0.25 0.201 0.175 0.143 0.113 0.148 0.203 0.227
AICM,,%; 0.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.10  0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.25  0.000 0.000 0.000 0.000 0.000 0.000 0.000
CcOST,,3¥, 0.00 0.066 0.035 0.054 0.054 0.041 0.047 0.048
0.10  0.076 0.075 0.086 0.110 0.138 0.204 0.260
0.25 0.195 0.281 0.306 0.325 0.507 0.722 0.871
AICM,,¥, 0.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.10  0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.25  0.000 0.000 0.000 0.000 0.000 0.000 0.000

—0.2498,0.2082,0.3812, —0.0534,0.2332) .
Based on this, we then consider a polynomial regression model,
Y =0,+0,(8'X)+065(8"X)" +e¢, (4.14)

which provides a substantially improved fit (p-value = 0.4746), indicating
no evidence of model misspecification. Figure [J(b) shows that the residual

patterns are markedly reduced, consistent with the findings of [Tan and Zhu

(2022).
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Figure 2: (a) Scatter plot of residuals generated from the linear regression

model versus the fitted values, (b) Scatter plot of residuals generated from

the model (4.14]) versus the fitted values.

5. Discussions

This paper proposes a new test statistic for assessing general parametric
regression models in high-dimensional settings. The test combines sam-
ple splitting with conditional studentization, leading to a tractable normal
limiting null distribution. It is easy to implement and performs well in
maintaining the nominal level and achieving good power in simulations.

A limitation of the sample-splitting approach is the inevitable loss of
power since only N is used to construct statistic. Although cross-fitting

is often adopted to improve power, it is not applicable here. Swapping the
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role of AV} and N; would yield identical numerators but highly correlated
denominators, making the joint asymptotic distribution intractable and de-
stroying the key advantage of our method—its explicit null distribution.
Regarding dimensionality, without sparsity assumptions, the proposed
test can handle a diverging parameter dimension up to order n'/3, which is
near optimal (Tan and Zhu, 2022). For higher-dimensional cases, sparsity
and penalized estimation techniques are required, as in|[Shah and Biihlmann
(2018) and Jankova et al| (2020). Our simulations also show that the test
remains stable when the predictor dimension g exceeds p, demonstrating its

potential in ultra—high-dimensional settings.

6. Regularity Conditions

Condition 1. There exists a unique minimizer 8* € R? of the squared loss

function, lying in the interior of the compact parameter set ©.

Condition 2. Let @ = (0;,---,6,). The regression function ¢(6,x) is
three times continuously differentiable with respect to 8 € ©. For any

J,k=1,2,--- p, define

. _ 09(0,x) . %96, x)
g;(0,x) = o0, and §;;(0,x) = 20,00,

Let U(0") be a subset consisting of all 8 satisfying ||@ — 0*| < rg in the
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interior of ®, where r( is a positive constant. Furthermore, for all j, k =
1,2,--+ ,p and for all @ € U(0"), there exists a function F'(-) such that
for any @, |9(0.2)| < F(@).|,(0.2)] < F(a).[ju(0,2)] < F() and

E{F*(X)} = O(1). Moreover, E(g?) is bounded for the regression model.

Condition 3. Define ;(8,x) = {m(x) — ¢(0,x)}g;(8, ) and let Pi);o =
E{%}. Let )\Z-(Plﬁjg) denote the i-th eigenvalue of P’leg for j =

1,2,---,p. Then maxi<; j<p )\Z»(Plﬁjg) < ¢, for any 8 € U(€"), where c is a

positive constant independent of n and p.

For any matrix A, let Apnin(A) and Ayax(A) denote its smallest and

largest eigenvalues, respectively.

Condition 4. (1) There exist two constants a and b, independent of n and
p, such that 0 < a < Apin(X) < Anax(X) < b < 0.

(2) Assume that a*, b*, a., and b. are four constants independent of n
and p such that 0 < a* < Apin(Bs) < Apax(Xs) <0 < o0 and 0 < a. <
Amin(Ze) < Amax(Ee) < be < o0.

(3) Assume || X || < beov, Where be, is a constant independent of n

and p.

Condition 5. There exist two measurable functions Fj(-) and Fy(-) satis-

fying E{F}(X)} = O(1) and E{F$(X)} = O(1), such that wjkl(el,w) —
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Dia(02,@)| < /P61 —0a]| Fi () and |¢'3)(81, @) — ¢3)(02, )| < /5|61 —

3 X
0;|| F5(x) for any 64,0, € U(0"), where gﬁ}(@,m) = %.

Condition 6. There exists a measurable function L(-) with E{L*(X)} =
O(1), such that ||§(61, ) — §(62,@)|| < \/p||61 — 02| L(z) for all 8:,6; €

U(9").

Remark 5. Conditions [1] [2 3] and [5] are standard assumptions in high-
dimensional model checking, as discussed inTan and Zhu| (2022). Condition
resembles regularity condition (A2) in [Tan and Zhu (2022), while we
additionally require boundedness of the extreme eigenvalues for the other
three matrices. Condition [6] is a general Lipschitz condition. Notably,
Conditions [IH6]do not explicitly constrain the predictor dimension ¢; rather,
the dimensionality is implicitly controlled by the boundedness of related
functions and their derivatives. Consequently, although these conditions
may become more stringent as g rapidly diverges to infinity, they remain
applicable to certain function classes, allowing the test to perform effectively

with high-dimensional predictor vectors.

Condition 7. infy, o, W, (x;, ;) > 0and E{W, (X, X,)} = E(w},) < Cy

for some positive constant Cf.

Remark 6. For Condition [7 the weight function wis of X; and X5 can
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satisfy F(w},) < Cy in many forms, such as wis = 1//[| X1 — Xo|[?/q+ 1
or wis = exp{—|| X1 — X3||*/(2¢)}. In both cases, wi» < 1 always holds.
For forms such as wiy = Y j_, exp{—(X1x — Xo)?/2}, although E(wi,)
may diverge to infinity as ¢ — oo in some situations, we can normalize it
by ¢ and use w¥, = w,/q instead, ensuring that F(w?,*) < 1.

In fact, under Conditions[d]and [7} we can infer that [|[E{¢(6", X )} and
|Ex,{g(0", X5)wiz}|| are both bounded. Further details demonstrating

that this condition is satisfied are provided in the Supplementary Material.
Condition 8. maxi<g,i<p E{e‘{gi(@o, Xl)g?(eo, Xl)} < 0.

Condition 9. Define wj; = w;; — 9(6*, X;)"S " Ex {g(0%, X )wi;} —

cov

9(6°, X)) TS Ex {9(6", X)wi;} + (07, X)) TS 2! S71g(0%, X ;). As-
sume that F(gieiw),?) > C3 and E(eleqw,?) < C4, where Cs and Cy are

positive constants. Furthermore, F [{9(90, X)'styr 271g(0,, XQ)}4] =

O(1).
Remark 7. Condition [g] is a sufficient condition for the Berry—Esseen

bound, which is essential to ensure the asymptotic normality of our test

statistic under the null hypothesis. To analyze ng, note that the linear pro-
jection of w;; on g(0*, X;) is (6%, X;) TS Ex,{g(0*, X;)w;;}. The linear
projection of the remainder term w;; — (0", Xi)TE_lEXj {9(0", X;)w;;} on

9(0", X1)is §(0", X;) '3 Ex {9(07, X j)wi; }—E{§(60", X1)9(6", X5) "wi»}
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Eilg(e*,Xj)}. Hence, w;; represents the residual component after wy; is
projected onto ¢(0", X;) and ¢(0", X ;). Intuitively, w;; can be viewed as
the estimation error when wj; is linearly approximated by ¢(6*, X;) and
g(0*,X ;). Since the structures of w;; and ¢(6*, X;) differ, it is reason-
able to assume that E(efeiw),?) has a positive lower bound as p — oo.
4.4 4

Given that w;; is bounded, assuming the boundedness of E(sjejw},*) is

also reasonable.

Condition 10. Under the global alternative hypothesis, assume E{I*(X)} =
O(1). Furthermore, there exist two constants a; and b;, independent of n

and p, such that 0 < a; < Apin (X)) < Amax (1) < by < 0.

Condition 11. Under the local alternative hypothesis, suppose H(X 1) # 0
almost surely, F{|e;H(X)]*} > C5 > 0 and E{|e; H(X )|} < Cs < o0,

where C5 and Cy are constants independent of n and p.

Remark 8. The asymptotic distribution of our test statistic under alter-
native hypotheses is established using Conditions [I0] and [L1 These condi-
tions represent a trade-off: they facilitate the derivation of limiting prop-
erties, particularly under local alternatives, but are not strictly necessary
for achieving high power. In fact, relaxing the moment or eigenvalue con-

straints on [(X), H(X), or 3; may allow the test statistic to diverge more
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rapidly, thereby increasing power. However, for a more tractable analy-
sis of limiting behavior under local alternatives, Conditions [I0] and [I] are

particularly useful.

Supplementary Materials

The technical proofs are provided in the Supplementary Materials.
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