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CONDITIONAL DENSITY ESTIMATION
WITH DEEP NEURAL NETWORKS

Chenxuan He!, Yuan Gao?, Liping Zhu' and Jian Huang?

L Renmin University of China, >Nankai University

and 3 The Hong Kong Polytechnic University

Abstract: Estimating conditional density functions is a fundamental problem in statistics. This task
is crucial for understanding the underlying relationships between variables and for making informed
predictions in various applications. In this paper, we introduce a novel deep nonparametric approach
for estimating conditional density functions from data. Our method leverages the flexibility and ex-
pressiveness of deep neural networks to model the conditional density without imposing restrictive
parametric assumptions. We formulate the problem of conditional density estimation as a nonpara-
metric least squares problem, which allows us to harness the strengths of deep learning in a principled
manner. By framing the problem this way, we can effectively utilize deep neural networks to ap-
proximate the conditional density function. We demonstrate that our proposed approach achieves
the minimax optimal convergence rate for conditional density estimation. Additionally, we show that
the convergence rate can be further improved for high-dimensional data satisfying a low-dimensional
manifold assumption. To validate the performance of our approach, we conduct extensive numerical
evaluations on both simulated and real-world datasets. These experiments reveal that our method con-
sistently outperforms several established techniques, highlighting its superior accuracy and robustness

in diverse scenarios.

Key words and phrases: Conditional density estimation, Deep neural networks, Optimal convergence

rate, Nonparametric regression.



1. Introduction

Conditional density estimation is a fundamental task in statistical analysis. Let (X,Y) €
R? x R be a pair of random variables. The conditional probability density function of Y =y

given X = x is

fuly %) = 1L

where f(x) and f(x,y) are the probability density functions of X and (X,Y), respectively,
with f(x) being positive. Estimating the conditional density is crucial for understanding and
modeling the conditional distribution, particularly in scenarios involving multi-modal and
skewed distributions. By capturing the data distribution, we can extract various quantities
of interest, such as expectations, quantiles, modes, and more. We can then enhance our
understanding of the underlying data and conduct more detailed statistical analyses. The
applications of conditional density estimation are diverse, encompassing a wide range of
fields, including galaxy spectra and photometric redshift estimation in astronomy (Izbicki
and Lee 2016Izbicki and Lee| 2017, [Izbicki et al.[2017) and typhoon intensity estimation in
meteorology (Cloud et al.[2019, Huberman et al.|[2022).

Numerous approaches have been proposed for conditional density estimation. Classical
kernel approaches use kernel functions to approximate the conditional density (Rosenblatt
1956, Parzen| 1962). [Fan et al| (1996) introduced a local linear estimator to estimate the
density at a query point using kernel functions. [Hyndman and Yao| (2002) improved upon
it and provided a convergence analysis. In mixture models, we typically assume the den-

sity to be a mixture of parametric densities and estimate it by learning the parameters of



the mixture density model. These models include Gaussian mixtures, log-normal mixtures,
Cauchy mixtures, and others (Bishop| 1994, Ruzgas et al.|2021} [Samani et al.[2021}, |Yan et al.
2023)). Eigenfunction-based approaches decompose the density function into a series of basis
functions (Lindgren 2012, [Efromovich| 2007, [Izbicki and Lee 2016). However, most existing
work fails to address the high-dimensional settings or derive convergence rates. Specifically,
classical kernel-based methods face significant computational challenges and achieve unsat-
isfactory performance as data dimensionality increases (Scott], 2015)). In contrast, popular
deep learning-based approaches perform well on high-dimensional data, but they fall short
in the convergence analysis for the conditional density estimation, particularly with regard
to the optimal convergence rate (Zhou et al., 2023)).

Recently, deep learning has emerged as a powerful tool for (conditional) density esti-
mation, with various network architectures proposed to capture complex data distributions.
There are several methods that integrate neural networks with kernel mixture models (Am-
brogioni et al., 2017; Rothfuss et al., |2019) and a wide range of generative models, such as
generative adversarial networks, normalizing flows, and diffusion models (Goodfellow et al.
2014; Rezende and Mohamed, 2015; |Ho et al., |2020)). While these approaches have shown
remarkable empirical success, establishing their theoretical foundations remains an active
research topic. A more detailed review of these methods and their theoretical properties is
provided in Section [7]

In this work, we propose a nonparametric approach to estimating the conditional density
f«(y | x) using deep neural networks and establish its convergence rate under some regularity
conditions. To implement this approach, we first recast the conditional density estimation as

a nonparametric regression problem via kernel approximations. The practicable kernel func-



tions range from bounded to unbounded, and can be selected based on the smoothness of the
functions. Subsequently, we solve the nonparametric regression problem using deep neural
networks. We prove that our proposed approach achieves the minimax optimal convergence
rate (Stone, 1982). We apply our approach to analyze four simulated datasets and two real
datasets and demonstrate its effectiveness with numerical comparisons. Our contributions

are summarized as follows:

1. We propose a deep nonparametric regression approach to conditional density estima-
tion. The approach is model-free since it does not depend on explicit parametric

assumptions and adapts well to complex data structures.

2. We prove that the proposed estimator achieves the minimax optimal convergence rate,
up to a polynomial factor in log n. We propose a new oracle inequality for error
decomposition that properly addresses the kernel-induced bias. To the best of our

knowledge, this technique is novel and essential to our analysis.

3. Our method reduces computational complexity by estimating conditional density glob-
ally over x, which circumvents point-wise weight computations. In high-dimensional
scenarios, this global approach gains in more importance since the local methods may

incur substantial computational costs.

4. Our theoretical results shed light on the efficacy of the proposed approach in address-
ing the curse of dimensionality. We prove that the convergence rate can be further
improved for high-dimensional data satisfying a low-dimensional manifold assumption.
The capacity of tackling high-dimensional data with low-dimensional structures sup-

ports the practical scalability and versatility of our approach in conditional density



estimation tasks.

The rest of this paper is organized as follows. We first provide some preliminaries in
Section [2] In Section [3, we introduce our methodology for conditional density estimation.
We give the convergence rate of our estimator in Section [d We further extend this approach
to the case with varying response y in Section [5] Simulations and real data analyses are
presented in Section [6] We discuss related work in Section [7} and the conclusion is given in

Section

2. Preliminaries

In the preliminaries, we present essential notations and definitions for our subsequent anal-
yses. Additionally, we introduce deep neural networks that serve as a crucial component of

our approach.

2.1 Notations and Definitions

Let Sx and Sy denote the supports of X and Y. Let d denote the dimension of the exposures
X. Let Z := (X,Y) € Sxy) € R*™ be a random vector, where Sx,y) is the support of
(X,Y), Y €Sy C R is univariate, and X = (Xy,...,Xy)" € Sx C R Let D, := {Z;}™,
with Z; = (X;, Y;) be a sample drawn from the distribution of Z. Let Ez denote expectation
with respect to the distribution of a single observation Z, and let Ep_ denote expectation
with respect to the joint distribution of the sample D,, = {Z;}! ,. We also write E,(f) =
>y f(Z;)/n for the empirical mean. For two sequences a, and b, let a, = O(b,) denote
that there exists a constant Cy such that a,, < Cyb,. We use a,, < b, to show a,, = O(b,).

Similarly, let a,, =< b, denote that a, = O(b,) and b, = O(a,). We use [a]| to denote



2.1 Notations and Definitions

the smallest integer no less than a, and |a] to denote the largest integer no more than a.
Let a A b denote min(a,b) and a V b denote max(a,b). We use U(a,b) to denote a uniform
distribution on the interval (a,b), and Ny to denote the truncated normal distribution
within the interval [a,b], where a < b. We use Nt to denote the set of positive natural
numbers.

We provide the formal definition of the L,-norm and the covering number, which is

essential for deriving convergence rates.

Definition 1 (L,-norm). Let v be a probability measure on R? and let f : R — R be
an arbitrary function. We define the L,(v)-norm and the empirical L,(1,)-norm with the

sample D,, as

1/p

111, = ( [ 1r60rra ) = (gmxnw/n) ,

if p € [1,00) and

77777

171l = sup [FG 1l = masx 1£(X)]

if p = o0.

Definition 2. (Covering number, |Gyorfi et al., 2002, Definitions 9.1, 9.2, 9.3) Let ¢ > 0
and let F := {f : R — R} be a class of functions. A finite collection {fi,..., fx € F}

is called an e-cover of F with respect to the norm || - ||, if for every f € F, there exists a



2.2 ReLU Feedforward Neural Networks

j€{1,..., N} such that

1f = filly < e

The cardinality of the smallest e-cover of F with respect to |||, is denoted by N (g, F, |- ||,)-
This quantity is known as the e-covering number of F with respect to ||-|,, and is abbreviated
as N,(e, F).

When ||f — f;llp is replaced by its empirical counterpart || f — f;|,n, the empirical -

covering number is denoted by N, (e, F, D,,), where D,, represents the sample.

2.2 ReLU Feedforward Neural Networks

We provide a brief review of regression function estimators based on feedforward neural net-
works with the rectified linear unit (ReLU) activation function, defined as o(z) := max(0, x).
The function class F,, is specified as Frvu.s 8, representing a class of feedforward neural
networks fy : R? — R with parameters ¢, depth T, width W, size S, and number of neu-
rons U. Moreover, each network satisfies || f|l < B for some 0 < B < oo. Note that the
parameters may be indexed by n, and we omit n for simplicity.

To be specific, let 7 denote the depth of the hidden layers, and the total number of
layers is T + 2. The width of each layer is represented by the (7 + 2)-vector (pg, . ..,p741) ',
where W is defined as W := max(py,...,pr). The total number of neurons U is defined
as U = iT:1 p;. Additionally, S represents the total number of computational units or

parameters, satisfying S = Z;O{piﬂ(}% + 1)} = OW?T).



3. Method

In this section, we first discuss conditional density estimation from a regression perspective
and provide a review of some classical kernel estimators in Section Then, we present

our approach in Section [3.2]

3.1 A Regression View of Conditional Density Estimation

We recast the conditional density estimation as a regression problem and formulate the
response using kernel functions. We list some basic properties of the kernel functions in

Assumption [1]

Assumption 1. We require the kernel function K : R — R to be a symmetric probability

density function around zero satisfying
(1) Jp K(u)du =1,
(ii) [ K*(u)du < oo,
(i) K(u) decays exponentially as u — oo, i.e., K(u)/exp(—|ul|) is bounded for all u € R.

In addition, the order of a kernel is defined as the first non-zero moment of the kernel (Li
and Racinel 2006). A kernel is said to be an l-order kernel if for all m = 0,...,[l] — 1 and

for [,
(iv) [pu™K(u)du =0,
(v) Jpu'K(u)du = Kk < c0.

Remark 1. Assumption [1}(i), (ii) are standard requirements for kernel functions. Assump-

tion [1}(iii) is relatively mild, as it is satisfied by many commonly used kernels, including

8



3.1 A Regression View of Conditional Density Estimation

bounded kernels, the Gaussian kernel, the logistic kernel, and the sigmoid kernel (Li and
Racine| 2006). Assumption [I}(iv), (v) are related to the order of kernels. Some well-known
kernels such as the Gaussian kernel are second-order kernels. According to |Li and Racine

(2006)), the literature also includes kernels of various other orders.

Assumption [If lists some properties of kernel functions that facilitate the approximation
of the conditional density using the kernel functions. In addition, we require an assumption
regarding the smoothness of the conditional density function f,(y | x). We consider the
following Hoélder class, which is widely used in nonparametric statistics (Gyorfi et al.[ 2002,

Schmidt-Hieber| 2020, \Jiao et al.|[2023]).

Assumption 2. Let z = (x,y) € R We assume that the true conditional density
function f,(y | x) belongs to the Hélder class H”([0, 1]2t1, B), where 8 = s+r > 0, r € (0, 1],
s=1[F]—1€N, and

HO((0,1)%,B) = {f : [0,1]" 5 R, max 0°f] < B,

elli<s

(3.1)
xS (0% | x0) = 0z | %2)| < Bl =zl
alli=s z, £z,
where B is a positive constant, 9% = 9 --- 9%+ a = (aq,...,aq:1)" € N and ||af), =

i o

We utilize the same constant B to uniformly bound both the Holder class and the neural
network class. Under Assumption [2| all partial derivatives of f, up to the s-th order exist.
Specifically, f, is a Lipschitz function when g = 1. The Holder class is a commonly used
function class in nonparametric regression and density estimation (Stone |1982, (Gyorfi et al.

2002). Given Assumptions [I] and [2| we can derive Lemma [I] which shows that the condi-



3.1 A Regression View of Conditional Density Estimation

tional density estimation can be approximated by solving a regression problem using kernel

functions.

Lemma 1. Let K : R — R be a kernel function of order [ that satisfies Assumption [1].

Assume that Assumption[d is satisfied. Given y € Sy,

Ey {Ky(Y —y) | X =x} = fuly | x) + O(0F),

where b denotes the bandwidth and Ky(Y —y) = K{(Y —y)/b}/b.

The detailed proof of Lemma[l]is given in Supplementary Material S2. In the literature,
Fan et al.| (1996) and [Hyndman and Yao| (2002)) assumed that the conditional density function
belongs to Holder class with 5 = 2. Lemma [1|illustrates that the estimation of f.(y | x) can
be viewed as a nonparametric regression of K,(Y —y) on X. Given y € Sy, we consider the

least squares problem

foly [ x) = arg r‘n)ln 1 (Y —y) = fly [ %) (3:2)

At the population level and by the property of the minimization of L, risk, we have

Ev{Ky(Y —y) | X =x} = foly | x) = fuly | x) + O(),

where f,(y | x) is the true underlying conditional density. Thus, it suffices to establish the
regression procedure to learn the conditional density function f,.
Let us consider equation (3.2)) at the empirical level. To be specific, for a sample D,, and a

given value y, we can regress K,(Y; —y) on X; to get f,(y | x). Classical estimation methods

10



3.1 A Regression View of Conditional Density Estimation

aim to estimate fo(y | x) at a pre-specified point (x,y). For example, the Nadaraya—Watson

estimator (NW estimator, Hyndman et al. [1996; |De Gooijer and Zerom|2003) is defined as

fNW(y | x) = argaminz {Kln(yz‘ —y) — a}szQ(Xi - X), (3.3)

i=1

where K, (X; — x) represents the weights to the sample near x. As an extension, Fan et al.

(1996)) proposed the local linear estimator

froly | %) = argaminz {Ky, (Yi—y)—a—b"(X; — X)}QKIm(Xi —Xx). (3.4)

=1

Compared with fyw(y | x), foo(y | x) exhibits improved bias performance under some
conditions according to De Gooijer and Zerom| (2003). However, the estimator fi(y | x)

has certain aspects that might benefit from further consideration:

A

1. frr(y | x) is a local estimator for a given pair (x,y), rather than providing a global

estimate for an arbitrary x.

2. When x is multi-dimensional, particularly in high-dimensional settings, the estimator
fLL(y | x) is computationally expensive. This complexity arises due to a substantial
increase in the computation required for the kernel K3, (X; — x) and the number of

pre-set points for x as its dimensionality grows.

11



3.2 Problem Formulation

3.2 Problem Formulation

Following the regression view of conditional density estimation, we focus on the least squares

problem (§3.2)) and its empirical counterpart. We first define the Ls loss at y € R as

L(f.y) = {K(Y —y) — fly | %)},

At the population level, the L, risk can be written as

Ez{L(f.y)} = Ez{K:(Y —y) = fy | %)},

and its minimizer is given in (3.2)). For a sample D,,, we define the empirical L, risk and its

minimizer by

E.{L(f,y)} Z{Kb (Y —y) — fly | Xi)}?,

fuly | x) = argmin E, {L(f,y)}, (3.5)
fEFn

where F,, denotes the neural network function class and fn is referred to as the empirical
risk minimizer. We further define the excess risk as the L,-distance between the estimated

conditional density and the true underlying density

The excess risk is an important and widely employed criterion for evaluating the performance

of fn (Schmidt-Hieber| 2020, |Jiao et al.[[2023). In this context, we explore how to properly

12



specify the bandwidth and the neural network structure to achieve the minimax optimal

convergence of the excess risk.

Remark 2. Unlike the standard nonparametric regression formulation, a conditional density
f(y | x) must satisfy two constraints: non-negativity and the normalization condition | f(y |
x)dy = 1. In our framework, non-negativity can be enforced by using a ReLU activation in
the output layer. However, because our estimator is trained pointwise in y, the normalization
constraint across y is not imposed directly. To alleviate this issue, we develop an extension

in Section [5| that treats (x,y) jointly as inputs and apply a post-normalization procedure to

ensure [ f(y|x)dy = 1.

4. Convergence Analysis

In this section, we conduct a convergence analysis of our estimator. We start by proving
an oracle inequality, which decomposes the overall error into the stochastic error and the
approximation error. The stochastic error is analyzed in Section We then balance these
error components and derive the total error bounds in Section Finally, in Section [4.4]
we explore the adaptation of the estimator to high-dimensional settings under the low-

dimensional manifold assumption.

4.1 Oracle Inequality for Error Decomposition

Recall the excess risk R( o, f«) defined in (3.6)). To derive the error bounds, we decompose
the risk into several parts and tackle each part individually. To be specific, we consider two
types of errors, the stochastic error arising from the estimation based on a random sample,

and the approximation error arising from the neural network function class (Farrell et al.

13



4.1 Oracle Inequality for Error Decomposition

2021, Jiao et al.|2023). We present the following oracle inequality.

Lemma 2. For a random sample D,, and a specified y € R, let

gi = IG(Yi —y) — fuly | X4), (4.1)

fn € argmin || f — f.||% (4.2)
fe€Fn

The excess risk Ep || fu — f.l|2 satisfies

EDann - f*”% <T}+4T5 + 2T3,

where Ty == EDn(an_f*H%_?an_f*H%,n)) IPRES EDn[En{gz<fn_fn)}]> and T3 := ||fn_f*||%

In Lemma[2] the terms 7; and 75 are stochastic errors, while T3 denotes the approxima-
tion error. f, in (4.2) is defined as a minimizer of the population L, risk over the function
class F,.

The proof of Lemma [2| can be found in Supplementary Material S3. In contrast to a
standard regression problem (Jiao et al., 2023), an additional term 75 arises in Lemma
due to the approximation of E{K,(Y —y) | X = x} = fi(y | x). Consequently, the
term 75 requires additional consideration. Furthermore, the ¢; in does not behave
“regularly”. The bandwidth tends to 0 as the sample size n increases resulting in the
unbounded K, (Y;—y) = K(Y;—y)/b. Thus, the challenges in bounding Ep, || f,— /. |2 arise in
two aspects. Firstly, €; is not centered, i.e., E(g; | X;) # 0, due to the kernel approximation as
shown in Lemmall] Secondly, the infinity norm of the response K,(Y; —y) = K{(Y;—y)/b}/b

increases at the same order of 1/b, where b is expected to converge to 0 as the sample size n

14



4.2  Stochastic Error

increases. Additionally, if 1/b increases at the polynomial order of n, the empirical process
bounds for a bounded response (Gyorfi et al., 2002) or a sub-exponential response (Jiao
et al., |2023)) are no longer effective. We try to tackle these difficulties in Section . In
addition, we discuss the approximation error in Lemma |5 and we recommend |Jiao et al.
(2023)) for comprehensive studies for the analysis of approximation error with deep neural

networks.

4.2 Stochastic Error

To bound the stochastic error terms 77 and T5, we need to use techniques from the empirical

process theory. The following Lemma [3| gives an error bound of the term 77.

Lemma 3. Assume that Assumptions @ are satisfied. Given anHoo < B, ||filleo < B,

B> 1, and supp Noo(1/n, F, Dy) > 3, the term Ty in Lemma can be bounded as

) \ 1
Ep, (Ifu = 1.8 =21 fu = £30) S - logsup N(1/n. o, Dy).

Lemma (3] is a standard result in the empirical process theory. We omit some constants
related with B for simplicity. The detailed proof of Lemma [3|is deferred to Supplementary
Material S4. By Lemma |3| we can infer that the term 77 is bounded by a term determined
by the covering numbers. Subsequently, we deal with the stochastic error T,. We truncate ¢;

defined in (4.1)) and derive a small probability of extreme values, which leads us to Lemma .

Lemma 4. Assume that Assumptions are satisfied. The term Ty in Lemma[3 can be

15



4.2  Stochastic Error

bounded by

Ep, [Enfei(fo = f)}] S 0% +108(1/6)b + | fu — £.II/4

+Eo, (B, - £} /5 4 8o A/ P Do)

logsup nNoo(l/nvfnapn) V2 £ 1/2
- (B (Eo = 1.18) "

n

The proof of Lemma [] is deferred to Supplementary Material S5. In Lemma 4 there
are additional terms ** and blog(1/b) induced by the approximation of kernel functions.
Combining the error bounds of these two stochastic errors, we can conclude the following

Theorem [11

Theorem 1. Assume that Assumptions [IH9 are satisfied. Given y € Sy, and the kernel

bandwidth b, the excess risk Ep, || fo — fill2 can be bounded by

A 1
Ep,|lfu = 3 S —log Sgme(l/n,Fn,Dn) + 0%+ blog(1/b) + |Lfu = fill3,

where the last term is the approximation error of the neural network function class.

According to Bartlett et al. (2019), the covering number supy Noo(1/n, F,, D,) in The-
orem (1] can be further bounded by the size and the depth of the neural network function

class with
log { sup Ny (1/n, F,, D,) } < 8T log(S)logn,

which implies Corollary [1}

16



4.3 Overall Error Bounds

Corollary 1. Assume that Assumptions [IH] are satisfied. Choose the bandwidth as b =

n~ Y/ @B+d) A n=28/2B+d) - The excess risk can be bounded by

. 1 B
Ep, | fo = [l S ~STlog(8)log(n) +n~ > Dlogn + || f, — £l (43)

where the last term denotes the approximation error by the neural network function class.

Corollary [1] is derived from Theorem [1] by substituting the covering number bound with
the structure parameters of neural network function class. Please refer to Supplementary

Material S7 for a detailed discussion.

4.3 Overall Error Bounds

In this section, we first bound the approximation error term || f,, — f.]|3 and make a balance
between the approximation error and the stochastic error. Our approximation error bound

is built on Theorem 3.3 in |Jiao et al|(2023).

Lemma 5. (Jiao et all, 2023, Theorem 3.3) Suppose that Assumption |2 is satisfied. For
any M, N € N, there exists a function ¢y implemented by a deep ReL U network with width

W = 38[B12d"PI N [log,(8N)] and depth T = 21[3]>M [log,(8M)] such that
1) — dn(x)| < 18BTB12aT =M (L)
for all x € [0,1]\Q([0,1]4, K, ), and
d
Q0,14 K,6) = J{z=l1,..., 2" s 2 € US (B/K = 6, k/K)},
i=1

17



4.3 Overall Error Bounds

where K = [(MN)¥%] and § is an arbitrary number in (0,1/(3K)].

Based on Lemma , for a deep ReLU network with the width W = 38[3]2d!?I N [log,(8N)]
and the depth T = 21[8]*M [log,(8M)], the approximation error ||f, — f.||3 converges to

zero at the order (NM)~*/? Consequently, the excess risk satisfies
A 1
Ep,[lfn = full3 S —ST log(8)log(n) + n~*"" D logn + (NM) /1.

We can derive the following Corollary [2| regarding the consistency and convergence rate of

the conditional density estimator.

Corollary 2. (Consistency and convergence rates)

1. For a deep ReLU network class F,, if
1
S — o0, and ESTlog(S) log(n) — 0 as n — oo,

the estimator fn in (3.5) is consistent with its excess risk converging to zero. Here S

and T represent the size and the depth of the neural network function class F,.

2. The estimator achieves the minimax optimal rate up to some logn factors if M and N
are properly specified. For example, we set N = O(1) and M =< nd/(4B+2d) “phich can

be viewed as a depth-increasing regime (Vardi et all |2022). Then we obtain
Ep,[Ifa(y | %) = £y | 05 S n 2D log! (n). (4.4)

The proof of Corollary [2|is given in Supplementary Material S8.

18



4.4 Adaptation into Low-dimensional Manifold Assumptions

Remark 3. The minimax optimal convergence rate for nonparametric regression and density
estimation within the Holder class is known to be n=2%/(26+d) (Stone| 1982). For conditional
density estimation involving a scalar response Y and d-dimensional covariate X, the minimax
optimal rate is n=2%/(25+d+1) (Li et al., [2022). In our approach, we fix a point y and estimate
the conditional density over the covariates X. Consequently, the minimax optimal rate under
our setting reverts to n=2%/(2+d) We establish that our estimator attains this rate, up to

logarithmic factors.

4.4 Adaptation into Low-dimensional Manifold Assumptions

In our approach, the key distinction from standard regression lies in the treatment of stochas-
tic error. Consequently, our approach can also utilize the remarkable approximation ability
of deep neural networks in the low-dimensional manifold assumption. To illustrate this point,

we adopt the low-dimensional manifold assumption as discussed in Jiao et al.| (2023).

Assumption 3. The predictor X for f.(y | x) is supported on M C [0, 1]¢, where the M is
a compact dps-dimensional Riemannian manifold isometrically embedded in Sx. Typically,

dp, is significantly smaller than d.

Corollary 3. (Error bounds in low-dimensional manifold settings) Assume that Assump-
tions [1}|9 are satisfied. Let the bandwidth be chosen as b = n~'/Z0+Hdm) A p=26/(26+drm)
There exists a neural network function class F,, such that the excess risk of the empirical

risk minimizer satisfies

Ep,[lfa = fully S 02/ log? (n).

19



Remark 4. In Corollary , we show that the convergence rate is of the order n=28/(26+d4)
up to some logarithmic factors. By imposing Assumption [3| we further demonstrate that
the rate can be improved to n=2#/(f+dm) where the dimensionality is reduced from d to the
intrinsic dimension of the manifold d,. This result provides insights into the effectiveness

of our approach in mitigating the curse of dimensionality.

5. Tackling the Varying Response Case

In the previous sections, we focused on estimating the conditional density function by fixing
y and varying x. While this approach is theoretically rigorous, it can be computationally
burdensome in practice, as it necessitates a separate training process for each query value of
y. In addition, the property that the conditional density integrates to one is not guaranteed.
To address this limitation, we introduce an extension that enables simultaneous estimation
for all values of y. Specifically, we expand the input space of the neural network to include
the response variable y, thereby learning a mapping from (x,y) € R4 to the conditional
density values f(y | x). To train this global model, we employ a data augmentation strategy.
For each observation Z; = (X;, Y;) in the sample, we pair it with every observed response Y;
with j = 1,...,n from the dataset, yielding a total of n* augmented data points D, aug =

{(Z;,Y;):i=1,...,n,j=1,...,n}. The loss function is defined as

D) = =3 7 S IV = ¥y) = £ | X012

i=1 j=1

20



Consequently, the estimated conditional density function is obtained by

fn,aug = arg min Ln,aug(f)- (51)
fE€EFn

By minimizing the aggregated squared error loss over the n? augmented data points,
fmaug provides a global approximation of the conditional density function. However, a po-
tential drawback is that fn,aug(y | x) does not necessarily integrate to one for a given x. To
address this issue, we employ a normalization procedure that is utilized by Han et al. (2025]).

Specifically, we construct a normalized estimator

3 fnaug<ylx>
n,aug X) = — . 5.2
w0 13) =5 w10 d 2

In practice, the integral in the denominator can be approximated using numerical integration,
and f, aug(y | X) can then be evaluated as a function of y for a fixed value of x. The theoretical
results developed earlier for the fixed-y estimator do not directly extend to fmaug in . The
sample augmentation contains dependence because the same observations are reused across
the n? pairs, and the normalization step introduces a random denominator that depends on
the estimated function over the response domain. For these reasons, extending the theory
to the normalized varying-response estimator is nontrivial and is left for future work.

We provide simulations for the fixed x and varying y case in Section (see Equa-
tion and Table , as well as comparative simulation results between the unnormalized

and normalized estimators in Supplementary Material S1 (see Table S1).
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6. Numerical Studies

In this section, we first present some simulated data in Section [6.1] We then apply our

method to analyze a photometric redshift dataset and a typhoon center pressure dataset in

Section [6.2]

6.1 Simulated Data

We evaluate the performance of our proposed method using simulated data. We compare
our method with three competitors: the Nadaraya—Watson (NW) estimator (Rosenblatt],
1956), the local linear (LL) estimator (Fan et al.l [1996), and the kernel mixture network
(KMN) (Ambrogioni et al., 2017). The KMN is a modern neural network-based method
for conditional density estimation that represents the conditional density as a mixture of
kernel functions with parameters learned through deep neural networks. We compare these
four methods in terms of estimated excess risk under two evaluation protocols: the fixed-y
protocol using estimator and the fixed-x protocol using the global estimator .
The fixed-y protocol evaluates performance at a fixed response value y across varying
covariate values, using estimator fn from . We train fn on the sample D,, and evaluate
it on an independent test set {X;-, j =1,...,m} drawn from the marginal distribution of

X. The estimated excess risk is
1 o=, &
> A 1 X)) — L | XYL | X)), (6.1)
j=1

The fixed-x protocol evaluates performance at a fixed covariate value x across varying

response values, using the global estimator in (5.2)). For a fixed x, we draw i.i.d. test
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6.1 Simulated Data

responses {Y} : j = 1,...,m} according to f.(- | x) and compute
I~ s 2
— D AT 10 = LT 10} L0 %), (6.2)
j=1

where f is the normalized estimator fmaug from . We also compare the excess risk of
with that of its unnormalized counterpart fn,aug in . See Supplementary Material S1.

We report estimated excess risk and standard deviation for both metrics with sample sizes
n = 500, 1000, 2000. For the fixed-y protocol , we evaluate at y = a for a = —1,0, 1, 2.
For the fixed-x protocol , we evaluate at x = (a,a,...,a)’ for a = —0.3,0,0.3. The
test set size is m = 200 for both protocols.

For bandwidth selection, we follow the recommendations in the original papers for the
NW and LL estimators (Rosenblatt], [1956; [Fan et al., {1996). For our NN method, we set the

2/(2+d) following the guidance in Corollary . For the neural

bandwidth proportional to n~
network-based methods (our NN method and KMN), we use feedforward neural networks
with hidden-layer widths (128, 64,32, 16) and train them in PyTorch using the Adam opti-
mizer. For KMN, we build on the implementation provided by [Rothfuss et al. (2019).

We consider two types of errors when generating the data: additive error (see Model

and multiplicative error (see Model . Within each error model, we evaluate performance

in both low-dimensional and high-dimensional settings.

Model 1 (Additive error). We generate X = (Xi,...,Xq)" € R? where each X; ~

U(—1,1), and error € ~ Nj_55/(0, 1).

Setting 1.1 (Low-dimensional X). We set d = 3 and generate the response as Y = X7 +

sin(Xy) + €.
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6.1 Simulated Data

Setting 1.2 (High-dimensional X). We set d = 300 and generate the response as Y = X7 +

sin(Xs) + exp(X3) + €.

Model 2 (Multiplicative error). We generate X = (Xy,...,X,)" € R where each X; ~

U(—1,1), and error € ~ Nj_55/(0,1).

Setting 2.1 (Low-dimensional X). We set d = 3 and generate the response as Y = exp(X;/2)-

(X2 +2) - cos(X3) - e.

Setting 2.2 (High-dimensional X). We set d = 300 and generate the response as Y =

exp(X1/2) - (| Xa| +2) - {|sin(X3)| + 1} - €.

The estimated excess risk and standard deviation for Model [T and Model 2] are reported
in Table [T} which contains four sub-tables corresponding to each combination of error type
and dimensionality level. Computation times for all methods are reported in Table 2l An
interesting pattern in Table [2|is that KMN is relatively insensitive to n over the sample sizes
considered, whereas our NN method exhibits a clearer increase. This is because KMN fits
a single network with a fixed mixture structure, making the marginal effect of increasing n
relatively small in this range. By contrast, the varying-response NN estimator in is
trained on the augmented sample and subsequently normalized over y, so its computational
burden grows with the sample size.

We first examine how the performance of all methods varies with the dimensionality of
the covariate space. In the low-dimensional settings (Table [laj and Table , all four meth-
ods perform comparably well in terms of estimated excess risk. For the fixed-y evaluation
protocol, the methods alternate in achieving the best performance depending on the specific

y value and sample size. KMN exhibits larger excess risk when the sample size is small (e.g.,
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6.1 Simulated Data

Table 1: Simulation results for Model and Model . “NN” refers to our approach, “NW?” de-
notes the Nadaraya—Watson estimator, “LL” denotes the local linear estimator, and “KMN”
denotes the kernel mixture network. Standard deviations are shown as subscripts. All val-
ues are multiplied by 1000 for Setting and Setting and by 100 for Setting and
Setting , except for a and n. All results are based on 200 replications.

(a) Setting (b) Setting

Fixed y Fixed y
a n NN NW LL KMN NN NW LL KMN
500 | 0.65(0.33) 0.67(0.20) 0.64(0.18) 2.79(1.92) 0.08(0.02) 0.14(0.02) 0.11(0.02) 0.26(0.16)
11000 | 0.42(0.23) 0520015 0-590.14)  0-97(0.60) 0.070.01) 0.1400.02) 0.11(0.02) 0.26(0 17
2000 | 0.29(0.15) 0.39(0.12)  0.58(0.14)  0.33(0.22) 0.06(0.01) 0.14(0.02) 0.11¢0.02) 0.24(0.17)
500 | 1.75(0.63) 1.66(0.37) 2.40(0.28) 7.32(5.68) 0.42(9.06) 0.74(0.07) 1.20(0.10) 1.99(0.86)
0 1000 | 1.22(0.43) 123027y 2-300028) 2:28(1.61) 0.37(0.05) 0.770.08) 1.18(0.08) 1.92(0.88)
2000 0.87(0'31) 0.91(022) 2.24(0'34) 0.73(0.40) 0.31(0.04) 0.68(0‘07) 1.04(0'09) 1'74(0.82)
500 | 1.51(0.74) 1.52(0.40) 1.64(0.21) 6.30(4.04) 0.55(0.07) 1.22(0.11) 2.71(0.11) 5.14(2.13)
1 1000 1.03(0_40) 1'12(0.28) 1'52(0.26) 1.86(1_01> 0'54(0.06) 1.16(0‘09) 2.65(0'11) 5.12(2_45>
2000 | 0.72(0.32) 08lig20) 1.51(0.35 0-61(0.30) 0.51(0.06) 1-07(0.00) 2:60(0.07) 4.97(3.47)
500 0.48(029) 0'47(0‘18) 0.68(0_24) 2.03(1_52> 0.55(0‘07) 1.19(0‘10) 2.47(0'11) 4'92(1.84)
21000 [ 0.29(0.15) 0.36(0.14) 0-53(0.20) 0-66(0.42) 0.540.0my 1.14010) 2:43(010) 482(2.03)
2000 | 0.21(0.12) 0.30(011) 042(014) 0.26(0.17) 0-50(0.05) 1.08(0.00) 241007 4.91(2.43)
Fixed x Fixed z
a n NN NW LL KMN NN NW LL KMN
500 | 053(0.05 117000) 2280050 3.08(3.59) 0.76(0.72) 0970.50) 2:80(027) 275058
-0.3 1000 | 0.40(0.57) 0.860057) 229050  1-28(1.40) 0.73(0.68y 085077y 27900300 2:33(1.01)
2000 | 0.35(0.36) 0-560.30)  2-22(0.49)  0-36(0.34) 0.71(0.61) 080058y 2-78(0.26) 1-66(1.05)
500 | 0.470.56) 1.12(0.35) 2.40(0.45) 4.61(7.26) 0.79(0.73) 0.90(0.71) 2.80(0.29) 2.68(0.99)
0 1000 | 0.38(0.40) 0.850081) 234041 1190117 0.79(0.60) 0-820.60) 2:82(0.24) 2:43(1.07)
2000 0.30(0.34) 0.57(0'27) 2.27(0'4@ 0.38(0'36) 0'72(0.61) 0.78(0'57) 2.71(0'22) 1.58(0'85)
500 | 0.45(0.58) 1.08(0.37y 2.25(0.60) 3-95(4.38) 0.78(0.71) 0.97(0.84) 2.80(0.28) 2.70(1.05)
0.3 1000 | 0.86(0.a7) 0.790.35 219055 1.08(142) 0.78(0.68) 0.95(103) 272025 247(103)
2000 | 0.82(0.42) 0.61(0.32) 213(0.55  0-35(0.40) 0.67(0.60) 0-86(0.56) 2:70(0.20) 1.61(0.50)
(c) Setting (d) Setting
Fixed y Fixed y
a n NN NwW LL KMN NN NW LL KMN
500 | 0.38(0.24) 0.28(0.09) 0.90(0.22) 1.01(0.57) 0.110.01) 0-29(0.04) 0.13(0.01) 0.23(0.08)
11000 | 0.27(012) 0.26(0.07) 0.790.17) 0.38(0.21) 0.10(0.02) 0-27(0.04) 0-12(0.01) 0.23(0.00)
2000 | 0.2000.05)  022(0.05) 0-67(015) 0-17(0.0m) 0.10(0.01) 0-27(0.04) 0-12(0.01) 0-21(.00)
500 3.60(1_73) 4.73(2'00) 4.09(2_05) 4.26(2‘19) 0.13(0‘02) 0.33(0‘02) 0.17(0'01) 0.26(0‘09>
0 1000 [ 2.90(1.31) 392166 464201 373252 0.13(0.02) 031003 0-17(0.02) 0-25(0.00)
2000 | 2.13(1.07) 2.83(1.15) 442(1.73) 3.64(2.39) 0.12(0.02) 0.28(0.04) 0.17(0.01) 0.25(0.10)
500 | 0.41(0.23) 0.29¢0.08) 0.90(0.23) 1.14(0.78) 0.110.01) 0-29(0.03) 0.12(0.01) 0.24(0.08)
1 1000 | 0.29(g.14) 0.26(0.07) 0.79(0.20) 0.37(0.22) 0.110.01) 0.27(0.03) 0.13(0.01) 0.23(0.08)
2000 | 0.190.07  0-22(0.06) 0-66(0.15 0-18(0.09) 0.10(0.01) 0-240.08) 0-12(0.01) 0-23(0.10)
500 | 0-11(0.07) 0-09(0.03) 0-17(0.06) 0-35(p.21, 0.070.01) 0220.01) 0-08(0.01) 0-17(0.07)
2 1000 0.07(0_04) 0.08(0_02) 0.14(0‘05) 0'13(0406) 0.06(0.01) 021(003) 0.08(0'01) 0.17(0‘07)
2000 | 0.05(0.03) 0.06(0.02) 0.13(0.05) 0.06(0.03) 0.06(0.01) 0-1900.02) 0.07(0.01) 0.16(.0s)
Fixed = Fixed x
a n NN NwW LL KMN NN NW LL KMN
500 |0-83(0.72) 323(2.19) 32325 329219 0.12(0.11) 033014y 027(012) 031(0.19)
-0.3 1000 0.48(0_40) 2.82(1'79) 2.72(2'70) 1-48(1428) 0'09(0.08) 0.32(0_17) 0.23(0'09) 0.22(0'15>
2000 | 0.33(0.26) 2:51(1.30) 2.29(1.76) 0.54(0.52) 0.06(0.08) 0-33(0.18) 0.23(0.09) 0.11(g.08)
500 | 0.56(0.64) 2.26(1.36) 2.20(1.89) 2.86(1.91) 0.13(0.09) 0-23(0.00) 0-18(g.09) 0.25(0.12)
0 1000 0.27(0.25) 2.01(104) 1.81(121) 1.04(092) 0.10(0.07) 0.22(010) 0.14(005) 0.19(012)
2000 | 0.20(0.17) 1.77(0.83) 1-57(0.00) 0-39(0.35) 0.070.0my 0-2Lg11) 0-14(0.05) 0-11(0.09)
500 | 0.37(0.36) 1.90(1.24)y 1.87(1.77) 1.88(1.27) 0.13(0.08) 0.17(0.07) 0.26(0.08) 0.20(0.08)
0.3 1000 | 0.16(0.13) 1.52(0.66) 140(0.65) 0.91(0.84) 0.110.07) 0.17(0.08) 0.22(0.03) 0.19(0.08)
2000 0.12(0_10) 1.38(0'59) 1.23(0_53> 0.26(0‘24) 0'08(0.06) 0.14(0‘10) 0.22(0'03) 0.14(0_07)
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6.1 Simulated Data

Table 2: Computation times (in seconds) averaged over different settings and sample sizes.
All results are based on 200 replications.

Setting n NN NW LL KMN
500 0.27 14.21 15.93 0.54

Setting 1000 0.68 25.36  26.85  0.54
2000 0.89 49.18 50.71  0.54

500 1.30 36.16 53.59  1.07

Setting 2.1 1000 1.38 51.86 63.28 1.03
2000 1.78 80.02 82.21 1.08

500 2.62 71.76 102.38  1.53

Setting 1000 2.91 104.04 124.13 1.52
2000 3.98 158.58 162.53  1.59

500 3.90 153.06 225.38  2.52

Setting 1000 5.68 231.09 275.10 2.48
2000 9.91 332.82 340.49 2.39

Computations were performed on an Intel(R)
Xeon(R) Gold 5218 CPU @ 2.30GHz with an
NVIDIA GeForce RTX 2080 Ti GPU.

n = 500), but its performance improves as the sample size increases to n = 2000. In contrast,
when the dimension increases to d = 300 (Table |1bland Table , our proposed NN method
demonstrates a clear advantage over competing approaches, as deep neural networks can
more effectively capture complex patterns and interactions among high-dimensional covari-
ates.

Regarding the comparison between additive and multiplicative error structures, we ob-
serve that the relative performance of the methods remains consistent across both error
types. All four methods achieve similar estimated excess risk under both additive (Model
and multiplicative (Model [2)) error structures, suggesting that the methods are robust to
different noise mechanisms. However, the multiplicative error structure leads to longer com-
putation times for all methods, as shown in Table 2] This is because multiplicative errors
induce more complex and heterogeneous conditional distributions, requiring additional com-

putational effort to estimate accurately.
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6.2 Real Data Analysis

An important trade-off emerges when comparing the neural network-based methods (NN
and KMN) with classical kernel methods (NW and LL), particularly evident in the fixed-x
evaluation protocol. While the NN method achieves lower estimated excess risk (better bias)
compared to NW and LL, it exhibits higher standard deviations. This reflects a characteristic
bias—variance trade-off in neural network-based estimators: their flexibility enables better
fit to complex conditional densities but may introduce greater variability across random
samples. The NN method is particularly advantageous when reducing bias is critical in
complex, high-dimensional settings, while classical methods may be preferred when stability
across samples is paramount.

Finally, our proposed method offers computational advantages, particularly as the sample
size and dimensionality increase. As reported in Table [2) the NN method achieves compu-
tation times similar to the KMN method and is faster than the classical kernel methods
NW and LL across all settings. Moreover, Table [2[ shows that, for all methods, computa-
tion time increases when moving from low to high dimension and is typically larger under
multiplicative errors than under additive errors. This advantage arises because NW and LL
require repeated local estimation at each evaluation point, while our NN method (and KMN)

produces a global estimator that can be evaluated efficiently.

6.2 Real Data Analysis

We illustrate the performance of our method using two real datasets: the Photometric
Redshift Dataset in astronomy (Izbicki and Lee, [2016)) and the Typhoon Center Best Track
Dataset in meteorology (Cloud et al.,[2019). To compare the performance with the other two

methods, we use the empirical likelihood metric inspired by Hinder et al.| (2021). Specifically,
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6.2 Real Data Analysis

given a real dataset D,,, we leave out one data point (X;,Y;) and estimate the conditional
density f(Y; | X;) based on the dataset D_; = {(X;,Y;),i # j}. If we draw a set of indices

J with |J| = J, the empirical likelihood is calculated by

~ 1 ~
=237 1%, (6.3)

jeJ

Photometric Redshift Dataset The interest in conditional density estimation for pho-
tometric redshift is well-documented in previous studies (Sheldon et al.|2012, [Izbicki et al.
2017, Izbicki and Lee|2017). Conditional density estimation enables researchers to estimate
the distance to galaxies based on their observed magnitudes, which are measured across five
different wavelength bands: ultraviolet (u), green (g), red (r), infrared (i), and near-infrared
(z), along with their associated errors, and the response is the redshift. In addition to pro-
viding the conditional mean, density estimation offers a more comprehensive quantification
of the redshift, which is the primary focus of our research. We report the means and stan-
dard deviations of the metric (6.3) under different methods in Table . Our approach has
demonstrated significant improvements compared to other methods.

To further illustrate our findings, we estimate the conditional density by fixing other
variables at their means and varying the type of light. The results in Figure reveal
that the ultraviolet light (solid line) is multi-modal distributed, while the other types of
light are uni-modal distributed corresponding to the conditional density of redshift. This
highlights the potential for more nuanced and accurate estimations of redshift based on the

characteristics of the observed light.
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6.2 Real Data Analysis

Table 3: Results of real data analyses. The means and standard deviations of the empirical
likelihood are reported. NN denotes our method, NW denotes the Nadaraya—Watson esti-
mator, LL denotes the local linear estimator, and KMN denotes the kernel mixture network.

(a) Photometric redshift dataset. (b) Typhoon center pressure dataset.
NN NW LL KMN NN NW LL KMN

Mean 1.019 0.746 0.764 0.828 Mean 0.581 0.522 0.538 0.564

S.D. 0.204 0.235 0.265 0.360 S.D. 0.092 0.098 0.112 0.308

Typhoon Center Pressure Dataset Tropical typhoons are powerful and destructive
weather phenomena that can cause significant damage to coastal areas and communities.
Understanding the behavior and characteristics of typhoons is crucial for predicting their
intensities given location and other conditions, which can help in mitigating their impact
on human lives and infrastructure (Cloud et al.[[2019, [Huberman et al. 2022)). The dataset
includes the location (i.e., latitude and longitude), the typhoon grade, the wind speed, and
the central pressure. The particular interest is the estimation of the density of central pres-
sure given other characteristics. The corresponding results are presented in Table [3b] where
our approach also demonstrates a significant improvement compared with other methods.
Furthermore, we plot the conditional density under different central pressure y. In
Figure the solid, dashed, dash-dotted, and dotted lines indicate increasing levels of
central pressure. From the figure, it is evident that as the central pressure increases, the
density reaches its mode at a lower grade, which is consistent with findings from (Rosendal
and Shaw, |1982). Their research found that the intensity of a hurricane is closely related to

its central pressure, with lower pressure values indicating a more intense storm.
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6.2 Real Data Analysis

1.0

0.8 A

0.6

0.4

0.2 A

0.0 A

(a) Visualization of the conditional density of the photometric redshift dataset with y fixed at
its mean. The z-axis represents the intensity of light, while the y-axis represents the density of
redshift. In this representation, the blue solid, orange dashed, green dash-dotted and red dotted
lines correspond to the estimated density distributions of ultraviolet light, green light, red light,
and infrared light, respectively.
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(b) Visualization of the conditional density of the typhoon center pressure dataset. The z-axis
represents the grade of the typhoon, while the y-axis represents the density of a fixed central
pressure under different grades. In this representation, the blue solid, orange dashed, green dash-
dotted, and red dotted lines indicate increasing levels of central pressure.

Figure 1: Real datasets visualizations.
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7. Related Work

In this section, we discuss the related literature by focusing on three key aspects: non-
parametric regression using neural networks, conditional density estimation using kernel

functions, and (conditional) density estimation using deep learning.

7.1 Nonparametric Regression with Neural Networks

Nonparametric regression based on ReL.U-activated deep neural networks has been exten-
sively studied in the literature (Schmidt-Hieber| [2020; [Farrell et al., 2021} [Jiao et al., [2023]).
By formulating conditional density estimation as a nonparametric regression problem, our
approach leverages a few well-established results, such as the approximation error bounds of
deep neural networks given by |Jiao et al. (2023).

However, our primary focus is on conditional density estimation, and our work differs
from previous studies in two main respects, the transformation of the response using a kernel
function and the irregular behavior of the error term. To address the approximation error
introduced by the kernel function, we derive a modified oracle inequality and control this
error by selecting the appropriate kernel bandwidth. For the irregular behavior of the error
term, we employ a truncation technique and similarly manage the error through bandwidth

selection.

7.2 Kernel Methods for Conditional Density Estimation

In the literature on conditional density estimation using kernel functions, classical approaches
rely on kernel functions to approximate the conditional density locally (Rosenblatt| 1956],

Parzen||1962, Hyndman et al.|[1996). Fan et al. (1996) and [Hyndman and Yao, (2002) intro-
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7.2 Kernel Methods for Conditional Density Estimation

duced a local linear estimator for estimating the conditional density at a given point based
on linear approximation.

We briefly summarize the convergence rates of the classical NW-type kernel conditional
density estimator and the local linear estimator, and compare them with our approach.

For the NW estimator, [Hyndman et al| (1996]) established the convergence rate for
conditional density estimation. When the density function is twice differentiable, the NW
estimator achieves the optimal rate n~%/3 for the univariate (X,Y) case. In Supplementary
Material S10, we show that by employing higher-order kernels for both x and y, the NW
estimator can attain the minimax optimal rate n~=2%/(28+d+1) for the integrated mean squared
error over (X,Y).

For the local linear conditional density estimator, based on the theoretical analysis in
Equations (3.1)—(3.5) of [Hyndman and Yao| (2002), the convergence rate of the IMSE is
of order n=*/68+2) which is minimax optimal when 3 = 2, while it becomes suboptimal
when 8 > 2. This scenario arises because their approximation Ey{K,(Y —y) | X = x} =
f+(y | x) + O(b?) introduces a bias term of order b?, which prevents the method from fully
exploiting smoothness beyond second order.

Our work differs in both the estimator and the risk formulation. We recast conditional
density estimation as a regression problem by fixing y and regressing the transformed re-
sponse K(Y —y) on X, and we analyze the excess risk for this fixed y integrated over x.
Consequently, the effective dimension is d instead of d 4 1, leading to the minimax rate
n~28/(28+d) (up to logarithmic factors). Our approach advances the field in two aspects.
First, we estimate the conditional density globally with respect to x, eliminating the need

to compute local weights for each query point as required by kernel-based estimators, which
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7.3 Deep Learning for (Conditional) Density Estimation

reduces computational complexity. Second, our estimator adapts to the intrinsic geometry
of the data. When the data lies on a manifold of dimension dxs < d, our estimator achieves

a faster rate depending on d .

7.3 Deep Learning for (Conditional) Density Estimation

Beyond classical kernel-based estimators, deep learning has also been widely used for (con-
ditional) density estimation.

One line of work combines neural networks with kernel mixture models. For example,

'Ambrogioni et al.| (2017) and Rothfuss et al| (2019)) employ neural networks to predict the

parameters of a mixture distribution, enabling flexible conditional density estimation.
Another prominent line of work focuses on generative models, which learn a transfor-
mation that maps a reference distribution to the target distribution and thereby represent

the (conditional) density. This category includes generative adversarial networks (GANSs)

(Goodfellow et al., 2014; Mirza and Osindero, 2014), normalizing flows (Rezende and Mo-|

hamed, 2015; Dinh et all [2017; |Chen et al.| 2018)), and conditional variational autoencoders

(Kingma and Welling, 2014; |Sohn et al., 2015). More recently, diffusion models (Song and

Ermon, 2019; Ho et all [2020; Song et al) 2021) and flow models (Liu et al. 2023;

bergo and Vanden-Eijnden, 2022 Lipman et al., 2023) have gained popularity. Theoretical

analysis of these generative models has also been conducted for GANs (Huang et al., 2022;

Stéphanovitch et al., 2024; Zhou et al. 2023), diffusion models (Dai et al., [2025]), and con-

tinuous normalizing flows (Gao et al., 2024; |Cai and Li, [2025; Fukumizu et al [2025). These

theoretical analyses typically investigate the convergence of the Wasserstein distance or the

total variation distance between the estimated distribution and the true distribution, where
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the distribution is approximated by sampling the synthetic data. In contrast, our approach
provides direct access to the conditional density after training and allows for the analysis of
the Lo-risk for any given y and over x.

Beyond generative models, there is growing interest in establishing theoretical founda-
tions for deep learning-based density estimators from a statistical perspective. Han et al.
(2025)) developed a deep mutual density ratio estimation method with applications to condi-
tional density estimation. Most closely related to our work isBos and Schmidt-Hieber| (2024]),
who proposed a supervised deep learning method for density estimation that reformulates
the problem as a regression using kernel transformation to construct the response from addi-
tional data points. They established that their estimator achieves the minimax optimal rate
under compositional structure assumptions. While our approach also employs kernel trans-
formation to transform the response, our primary focus lies in conditional density estimation,
which inherently adopts an auto-supervised framework and does not require additional data
points. Our work contributes to this growing literature by establishing the minimax optimal

convergence rate for conditional density estimation using deep neural networks.

8. Conclusion and Discussion

In this paper, we have introduced a novel conditional density estimator based on deep ReLU
networks. We have proved that the estimator achieves the minimax optimal rate under the
Holder class and is adaptable to low-dimensional manifold settings. Our nonparametric ap-
proach does not assume any underlying parametric structure and offers global estimation
over x for fixed y, outperforming classical kernel estimators in simulations and real data

applications. These findings suggest the robustness and practical potential of our method
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in conditional density estimation. Future work may focus on establishing theoretical con-
vergence guarantees for the extended estimator and on exploring more efficient training

strategies for deep neural networks.

Supplementary Material

The Supplementary Material contains additional simulation results and provides proofs for

each result stated in the paper.
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