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Abstract: Proximal causal inference provides a framework for estimating the av-

erage treatment effect (ATE) in the presence of unmeasured confounding by

leveraging outcome and treatment proxies. Identification in this framework relies

on the existence of a so-called bridge function. Standard approaches typically

postulate a parametric specification for the bridge function, which is estimated

in a first step and then plugged into an ATE estimator. However, this sequential

procedure suffers from two potential sources of efficiency loss: (i) the difficulty

of efficiently estimating a bridge function defined by an integral equation, and

(ii) the failure to account for the correlation between the estimation steps. To

overcome these limitations, we propose a novel approach that approximates the

integral equation with increasing moment restrictions and jointly estimates the

bridge function and the ATE. We show that, under suitable conditions, our esti-

mator is efficient. Additionally, we provide a data-driven procedure for selecting

the tuning parameter (i.e., the number of moment restrictions). Simulation stud-

ies reveal that the proposed method performs well in finite samples, and an
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application to the right heart catheterization dataset from the SUPPORT study

demonstrates its practical value.

Key words and phrases: Data-driven method; generalized method of moments;

proximal causal inference; semiparametric efficiency.

1. Introduction

The unconfoundedness assumption is a key condition for identifying treat-

ment effect parameters and establishing the consistency of many popular

estimators. This condition may not hold if some confounders are unmea-

sured and omitted from the empirical analysis. One approach to address

the omitted variables problem is proximal causal inference, which assumes

the availability of outcome and treatment confounding proxies (Miao et al.,

2018; Tchetgen Tchetgen et al., 2024). Such an approach has seen a wide

range of applications (Shi et al., 2020; Kallus et al., 2022; Dukes et al.,

2023; Ying et al., 2023; Egami and Tchetgen Tchetgen, 2024; Ghassami

et al., 2024; Qi et al., 2024; Qiu et al., 2024; Ying, 2024).

With the outcome and treatment confounding proxies, Miao et al.

(2018) showed that an outcome bridge function, analogous to the outcome

regression function one would use if all confounders were observed, identi-

fies the average treatment effect. A common approach is to parameterize
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the bridge function, estimate it using standard methods, and then estimate

the average treatment effect (ATE) via a plug-in. For instance, Miao et al.

(2024) suggested a recursive generalized method of moments (RGMM) by

transforming the integral equation to fixed-dimensional, user-specified mo-

ment restrictions. Tchetgen Tchetgen et al. (2024) introduced a proximal

g-computation method, which results in a simple proximal two-stage least

squares procedure in the special case of linear working models. The prox-

imal g-computation method is typically more efficient than RGMM, bene-

fiting from an additional parametric restriction on the joint distribution of

covariates, but is also more prone to bias if the distribution model is mis-

specified. These methods suffer from efficiency losses because estimating

the bridge function may be inefficient, and the sequential procedure may

fail to utilize all information (Brown and Newey, 1998; Ai and Chen, 2012).

As a remedy, Cui et al. (2023) proposed a doubly robust (DR) locally effi-

cient approach that incorporates an additional treatment bridge function.

They proved that their proximal DR estimator achieves the semiparametric

local efficiency bound if both bridge functions are correctly specified and

consistently estimated, even if they are not efficiently estimated. If one

of the bridge functions is misspecified, the DR estimator fails to achieve

local efficiency, and it could benefit from more efficient estimation of the
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bridge functions. Moreover, the DR estimator may not be the most effi-

cient, even if both bridge functions are consistently estimated, as illustrated

in Figure 1.

This paper’s primary contribution is to develop a simple, data-driven

method for efficiently estimating the average treatment effect. The key step

is to transform the conditional moment restriction that defines the bridge

function into an expanding set of unconditional moment restrictions via

a sieve basis, and to estimate the bridge function and the ATE jointly.

As the number of moments increases, these unconditional moment restric-

tions provide a good approximation for the unknown conditional moment

restriction. We show that: (i) the proposed estimator for the bridge func-

tion achieves the semiparametric efficiency bound established in Cui et al.

(2023), without requiring any modeling of the data distribution beyond the

bridge function; (ii) the proposed estimator for ATE has an asymptotic

variance that is never larger than that of the DR locally efficient estima-

tor; and (iii) the proposed estimator outperforms the theoretically optimal

plug-in estimator. Moreover, the proposed method is readily implemented

using widely available software for GMM estimation (Hansen, 1982). We

also propose a data-driven procedure for selecting the number of moments.

The theoretical results of this paper are closely related to established
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theories in causal inference under the assumption of no unmeasured con-

founding and in the missing data literature under the missing at random

assumption, which demonstrate that regression-based estimators are more

efficient than doubly robust estimators when the outcome model is correctly

specified (Scharfstein et al., 1999; Bang and Robins, 2005). We extend this

principle to the proximal causal inference. Our work is also related to sev-

eral strands of the existing literature. First, it connects to research on in-

strumental variable estimation and partial identification strategies (Ai and

Chen, 2003; Newey and Powell, 2003; Abadie, 2003; Kline and Tamer, 2023).

Second, it is related to recent advances that incorporate high-dimensional

and machine learning methods into proximal estimation frameworks (Mas-

touri et al., 2021; Kompa et al., 2022). Third, it is linked to developments

in causal graphical models for identifying effects in the presence of unmea-

sured confounding, including work on the front-door criterion (Pearl, 1995;

Richardson et al., 2023; Guo et al., 2023; Bhattacharya et al., 2022; Guo

and Nabi, 2024), which also leverage proxy-like mediators to achieve non-

parametric identification under structural assumptions.

The rest of the paper is organized as follows. Section 2 reviews the iden-

tification results of proximal causal inference and challenges in constructing

an efficient estimator. Section 3 describes the proposed method for efficient
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estimation. Section 4 establishes large-sample properties of the proposed

estimators and compares them with the existing methods. Section 5 dis-

cusses the choice of tuning parameters for practical implementation. Sec-

tion 6 provides a simulation study and applies our method to reanalyze the

SUPPORT dataset. Section 7 offers a brief discussion. Technical proofs

and additional results are provided in the supplementary material.
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Figure 1: Comparison of two methods with a sample size of 400 over 500

replications. Data is generated following Scenario II in Section 6.1, with

a true causal effect of 0.5. The gray shading in the right panel indicates

replicates that fail to reject the null hypothesis of no causal effect.

2. Basic framework

Let A ∈ {0, 1} denote the treatment variable, and Y denote the observed

outcome. Let Y (a) denote the potential outcome if treatment A = a is
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assigned. The observed outcome is Y = Y (A). Our objective is to esti-

mate the average treatment effect, τ0 ≜ E{Y (1) − Y (0)}, in settings with

unmeasured confounders. Let U denote the unmeasured confounders that

may affect both the treatment A and outcome Y . Suppose there are three

types of observable covariates (X,W,Z): X affect both A and Y ; W are

outcome-inducing confounding proxies which are related to A only through

(X,U); and Z are treatment-inducing confounding proxies which are as-

sociated with Y only through (X,U). See Figure 2 for a causal directed

acyclic graph (DAG). We formalize the relationships among these variables

in the following assumption.

Assumption 1. We assume that:

(i) (Latent exchangeability) Y (a)⊥⊥A | (U,X) for a = 0, 1;

(ii) (Overlap) 0 < c1 < pr(A = a | U,X) < c2 < 1 for some constants c1

and c2;

(iii) (Proxy variables) Z⊥⊥Y | A,U,X, and W⊥⊥(A,Z) | U,X;

(iv) (Completeness) For any square-integrable function g and any a, x,

E{g(U) | Z,A = a,X = x} = 0 almost surely if and only if g(U) = 0

almost surely.
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Figure 2: A causal DAG of proximal causal inference with unmeasured

confounding and proxies.

Assumption 1(i)-(ii) are standard in the literature of causal inference.

Assumption 1(iii) describes the nature of the two types of proxies: treat-

ment proxies Z cannot affect the outcome Y , and the outcome proxies

W cannot be affected by either the treatment A or the treatment prox-

ies Z, upon conditioning on the confounders X and U . These conditions

are critical for identification but untestable as they involve conditional in-

dependence statements given the unmeasured variable U . Justifying these

conditions and selecting proxy variables requires subject-matter knowledge;

however, they can be satisfied in applications through careful study de-

sign. For instance, by incorporating post-outcome variables in Z and pre-

treatment measurements of the outcome in W , we can reasonably expect

Assumption 1(iii) to hold as the future cannot affect the past. Miao et al.

(2024) provided an example of evaluating the short-term effect of air pollu-
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tion on elderly hospitalization using time series data, in which air pollution

measurements taken after hospitalization are included in Z, and hospital-

ization measurements taken before air pollution are included in W . As-

sumption 1(iv) can be intuitively interpreted as a requirement for Z to

exhibit sufficient variability relative to that of the unmeasured confounder

U . In the case of categorical Z and U , it requires Z with at least as many

categories as U . In the continuous case, Chen et al. (2014) and Andrews

(2017) showed that if the dimension of Z exceeds that of U , then under mild

conditions, completeness holds generically, except for distributions in neg-

ligible sets. Tchetgen Tchetgen et al. (2024) also suggest measuring a rich

set of baseline characteristics to make the completeness assumption more

plausible; however, this benefit should be balanced against the efficiency

loss incurred by including irrelevant proxies and the increased sample size

required for estimating high-dimensional nuisance functions. Completeness

is also shown to hold in many parametric and semiparametric models, such

as exponential families (Newey and Powell, 2003) and location-scale fam-

ilies (Hu and Shiu, 2018). For a detailed discussion of completeness, see

D’Haultfoeuille (2011). We also refer readers to Tchetgen Tchetgen et al.

(2024) for a detailed discussion of these assumptions, additional examples

of proxies, and approaches for sensitivity analysis in practice.
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Under Assumption 1, Miao et al. (2018) established the identification

of ATE through an outcome-confounding bridge function h(w, a, x), which

solves

E(Y | Z,A,X) = E {h(W,A,X) | Z,A,X} . (2.1)

It is worth noting that the bridge function solves a Fredholm integral equa-

tion of the first kind, which is known to be an ill-posed inverse problem

(Kress, 1989). Then, ATE is identified by

τ0 = E {h(W, 1, X)− h(W, 0, X)} . (2.2)

Equation (2.2) is referred to as the proximal g-formula in Tchetgen Tchet-

gen et al. (2024).

We consider the estimation of τ0 using N independent and identi-

cally distributed observations drawn from the joint distribution of O =

(A, Y,W,X,Z). We follow Tchetgen Tchetgen et al. (2024) by parameter-

izing the bridge function h(W,A,X;γ) with the parameter value γ0 ∈ Γ ⊂

Rp. Then, one can estimate γ0 by solving

1

N

N∑
i=1

{Yi − h(Wi, Ai, Xi;γ)}m(Zi, Ai, Xi) = 0, (2.3)

wherem(·) is a user-specified vector-valued function, with dimension equal

to that of γ, and satisfies that E {∇γh(W,A,X;γ0)m(Z,A,X)T} is non-

singular. For instance, if h(W,A,X;γ) = (1,W,A,X)γ, one can choose
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m(Z,A,X) = (1, Z, A,X)T. Under mild regularity conditions (White,

1982), γ̂(m) that solves (2.3) is consistent and asymptotically normally

distributed for any m. However, the choice of m may affect the efficiency,

namely, the asymptotic variance of γ̂(m). Let ∇xℓ(x) = ∂ℓ(x)T/∂x de-

note the gradient of a (vector-valued) function ℓ. Cui et al. (2023) showed

that all score functions of γ, the efficient score is the one with

meff (Z,A,X) =
E{∇γh(W,A,X;γ0) | Z,A,X}
E[{Y − h(W,A,X)}2 | Z,A,X]

,

that accounts for the potential heteroskedasticity. Unfortunately, suchmeff

is impractical because it requires modeling complex features of the observed

data distribution, which are difficult to capture accurately. Miao et al.

(2024) suggested a recursive GMM approach, allowing the dimension of m

to exceed that of γ. While their approach may offer some efficiency gains

for γ̂(m), the specific low-dimensional m does not necessarily lead to an

efficient estimator for γ, in contrast to the increasing moment conditions

proposed in this paper, as elaborated later. An inefficient γ̂(m) may lead

to inefficiency of the plug-in estimator:

τ̂plug-in(m) =
1

N

N∑
i=1

{h(Wi, 1, Xi; γ̂(m))− h(Wi, 0, Xi; γ̂(m))} .

Furthermore, the plug-in estimators, including τ̂plug-in(meff ), fail to account

for the correlation between the score functions of γ0 and τ0, thereby intro-
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ducing an additional source of efficiency loss (Brown and Newey, 1998; Ai

and Chen, 2012).

3. Estimation

To improve existing approaches, we propose estimating γ0 and τ0 jointly

and using an increasing number of moment restrictions. Specifically, let

uK(z, a, x) =
(
uK1(z, a, x), . . . , uKK(z, a, x)

)T
denote a vector of known ba-

sis functions (such as power series, splines, Fourier series, etc.) with dimen-

sion K ∈ N, which provides approximation sieves that can approximate a

large class of smooth functions arbitrarily well as K → ∞. The selection

of uK(z, a, x) is discussed in Section 5. Model (2.1) implies the following

unconditional moment restrictions of γ0:

E [{Y − h(W,A,X;γ0)}uK(Z,A,X)] = 0. (3.4)

Denote the joint score function

gK(O;γ, τ) =

 {Y − h(W,A,X;γ)}uK(Z,A,X)

τ − h(W, 1, X;γ) + h(W, 0, X;γ)

 ,

and GK(γ, τ) = N−1
∑N

i=1 gK(Oi;γ, τ). Since K increases with the sample

size, the number of moment restrictions typically exceeds that of unknown

parameters. So, we apply the GMM method for estimation. For a user-
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specified (K +1)× (K +1) positive definite matrix Ω, the GMM estimator

of (γ, τ) is given by

(γ̌, τ̌) = argmin
(γ,τ)∈Γ×T

GK(γ, τ)
TΩGK(γ, τ). (3.5)

Hansen (1982) showed that, with a fixed K ≥ p, under some regularity

conditions, (γ̌, τ̌) are consistent and asymptotically normally distributed

but perform best only when Ω is selected as the inverse of Υ(K+1)×(K+1) =

E{gK(O;γ0, τ0)gK(O;γ0, τ0)
T}. We use the initial estimator (γ̌, τ̌) to ob-

tain an estimator of Υ(K+1)×(K+1):

Υ̂(K+1)×(K+1) =
1

N

N∑
i=1

gK(Oi; γ̌, τ̌)gK(Oi; γ̌, τ̌)
T.

We then obtain the optimal GMM estimator

(γ̂, τ̂) = argmin
(γ,τ)∈Γ×T

GK(γ, τ)
TΥ̂−1

(K+1)×(K+1)GK(γ, τ). (3.6)

With a fixed K, Hansen (1982) showed that under regularity conditions,

V
−1/2
K


√
N(γ̂ − γ0)

√
N(τ̂ − τ0)

 d−→ N
(
0, I(p+1)×(p+1)

)
, (3.7)

where VK = {BT

(K+1)×(p+1)Υ
−1
(K+1)×(K+1)B(K+1)×(p+1)}−1 and

B(K+1)×(p+1) ≜ E {∇γ,τGK(γ0, τ0)
T}

=

 −E{uK(Z,A,X)∇γh(W,A,X;γ0)
T} 0

−E
{

(−1)1−A

f(A|W,X)
∇γh(W,A,X;γ0)

T

}
1

 .
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Remark 1. When K is fixed, the optimal GMM estimator in (3.6) is gen-

erally not semiparametrically efficient. In our method, we allow K to in-

crease slowly with the sample size, such that {uK(z, a, x)} spans the space

of measurable functions and provides a good approximation ofmeff (z, a, x),

thereby achieving full efficiency.

Remark 2. Numerical instability may arise if the combined moment con-

ditions (3.4) exhibit near-linear dependence, causing the asymptotic co-

variance matrix to be singular. When this occurs, some linear combina-

tions of the estimating equations contain negligible independent informa-

tion about the data-generating process. Therefore, discarding these com-

binations incurs minimal information loss. Specifically, we recommend a

two-step regularization procedure. First, we orthonormalize the basis func-

tions uK so that their empirical second-moment matrix is the identity, i.e.,

N−1
∑N

i=1 uK(Zi, Ai, Xi)uK(Zi, Ai, Xi)
T = IK . Second, we apply GMM to

all estimating equations using the identity weighting (i.e., setting Ω = IK+1

in (3.5)) to obtain initial estimators (γ̌, τ̌). We apply spectral decomposi-

tion to the estimated moment covariance matrix Υ̂(K+1)×(K+1) = QΛQT.

With QK1 as eigenvectors corresponding to the K1 eigenvalues larger than

a small threshold c, we apply GMM to the linear combination of the esti-

mating equations QT
K1
gK , using the optimal weight matrix Λ−1

K1
. Here, ΛK1
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is the diagonal matrix composed of the first K1 eigenvalues. This procedure

effectively filters out highly irrelevant moment conditions and ensures that

the weighting matrix is invertible.

Remark 3. The plug-in estimator τ̂plug-in can be interpreted as a GMM

estimator that utilizes a block-diagonal weighting matrix. From this per-

spective, the efficiency loss arises from the suboptimality of this weight-

ing scheme, which fails to exploit the covariance among the estimation

equations. In a broader context, this phenomenon mirrors the distinc-

tion between simple two-stage estimators (e.g., 2SLS) and joint estimation

methods such as efficient GMM or limited-information maximum likelihood

(LIML), in which joint estimation achieves greater efficiency by accounting

for the correlation structure across stages.

4. Large-sample properties

In this section, we establish the large-sample properties of the proposed

estimator as the number of moment restrictions increases. We impose the

following assumptions.

Assumption 2. (i) The eigenvalues of E{uK(Z,A,X)uK(Z,A,X)T} are

bounded and bounded away from zero for all K; (ii) For any p-smooth func-

tion h(z, a, x) defined in Appendix A, there is βh ∈ RK such that
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sup(z,a,x)∈Z×{0,1}×X |h(z, a, x)− uK(z, a, x)
Tβh| = O(K−α) with α > 0;

(iii) ζ(K)2K/N = o(1), where ζ(K) ≜ sup(z,a,x)∈Z×{0,1}×X ∥uK(z, a, x)∥.

Assumption 2(i) rules out the degeneracy of moment restrictions. As

indicated in Remark 2, we recommend orthogonalizing the basis functions

such that the empirical second-moment matrix is the identity. Assump-

tion 2(ii) requires sieve approximation error rates for the p-smooth function

class, which have been well studied in the mathematical literature on ap-

proximation theory. For instance, suppose X and Z are compact subsets

in Rdx and Rdz , respectively, and uK is a tensor product of polynomials

or B-splines as introduced in Section 5, Chen (2007, p. 5537) showed that

Assumption 2(ii) holds with α = p/(dx+dz). Assumption 2(iii) restricts the

number of moments to ensure the convergence and asymptotic normality of

the proposed estimator. Newey (1997) showed that if uK is a power series,

then ζ(K) = O(K), and it requires K = o(N1/3). If uK is a B-spline, then

ζ(K) = O(
√
K) and K = o(

√
N). These conditions guide the choice of uK ,

which is discussed in Section 5. The asymptotic distribution of γ̂ and τ̂ is

formally established in the following theorem.

Theorem 1. Suppose Assumptions 1 and 2, and regularity conditions in

Appendix A hold. We have
√
N(γ̂ − γ0)

d−→ N(0,Vγ) and
√
N(τ̂ − τ0)

d−→
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N(0, Vτ ) with Vγ = E{ψ1(O)ψ1(O)T}, Vτ = E{ψ2(O)2}, and

ψ1(O) =

[
E
{
∂h(W,A,X;γ0)meff(Z,A,X)

∂γT

}]−1

{Y − h(W,A,X)}meff(Z,A,X),

ψ2(O) = h(W, 1, X)− h(W, 0, X)− τ0 + t(Z,A,X){Y − h(W,A,X)},

t(Z,A,X) = κTmeff(Z,A,X)−R(Z,A,X),

R(Z,A,X) =
E[{Y − h(W,A,X)}{h(W, 1, X)− h(W, 0, X)− τ0} | Z,A,X]

E[{Y − h(W,A,X)}2 | Z,A,X]
,

κ = VγE
[{

R(Z,A,X) +
(−1)1−A

f(A | W,X)

}
∇γh(W,A,X;γ0)

]
.

Theorem 1 demonstrates that (γ̂, τ̂) remains
√
N -consistent and asymp-

totically normally distributed when the number of moments increases slowly

with the sample size. It follows intermediate lemmas in Section S2 of the

supplementary material. Specifically, we show that the initial estimators

(γ̌, τ̌) obtained from (3.5) are
√
N -consistent. We then demonstrate that

(3.7) still holds as K → ∞ slowly. As a result, we obtain Theorem 1 by

calculating the limit of VK in (3.7). Notably, Vγ is the semiparametric effi-

ciency bound of γ0, derived in Theorem E.2 of Cui et al. (2023). Thus, the

proposed estimator of γ0 is efficient. To see the efficiency of τ̂ , we consider

the semiparametric local efficiency bound of τ0 derived in Cui et al. (2023,

Theorem 3.1), which requires the following assumption.

Assumption 3. We assume that:

(i) For any square-integrable function g and for any a, x, E{g(U) | W,A =
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a,X = x} = 0 almost surely if and only if g(U) = 0 almost surely.

(ii) There exists a treatment-confounding bridge function q(z, a, x) that

satisfies

E{q(Z,A,X) | W,A,X} =
1

f(A | W,X)
. (4.8)

(iii) The conditional expectation mappings T (g) ≡ E{g(W,A,X) | Z,A,X}

and T ′(g) ≡ E{g(Z,A,X) | W,A,X} are surjective.

Assumption 3(i)-(ii) permits an alternative identification formula of

ATE, given by τ = E{(−1)1−Aq(Z,A,X)Y }, using the treatment-confounding

bridge function q instead of h in the proximal g-formula (2.2) as established

in Cui et al. (2023). Assumption 3(iii) ensures that h and q are uniquely

identified by the integral equations (2.1) and (4.8), respectively. Combining

these two identification results, Cui et al. (2023) showed that the efficient

influence function of τ0, under the semiparametric model Msp, which does

not restrict the observed data distribution other than the existence of a

bridge function h that solves (2.1), evaluated at the submodel where As-

sumption 3 holds, is

ψeff (O) = h(W, 1, X)− h(W, 0, X)− τ0 + (−1)1−Aq(Z,A,X){Y − h(W,A,X)}.

(4.9)
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Therefore, the semiparametric local efficiency bound of τ0 under Msp is

Vτ,eff = E{ψeff (O)2}.

Theorem 2. (i) Vτ ≤ Vτ,eff, and the equality holds if and only if there

is a vector of constants α such that R(Z,A,X) + (−1)1−Aq(Z,A,X) =

αTmeff(Z,A,X); (ii) Vτ is the semiparametric local efficiency bound of

τ0 under the submodel Msub where h(w, a, x;γ) is correctly specified and

uniquely determined by (2.1).

Theorem 2 shows that the proposed estimator τ̂ has an asymptotic

variance that is always no larger than the semiparametric efficiency bound

Vτ,eff . The efficiency gain arises from parameterizing the bridge function h.

We note that the doubly robust estimator, constructed using the efficient

score (4.9), attains the semiparametric efficiency bound Vτ,eff only if both

bridge functions h and q are correctly specified and consistently estimated.

We also note that the condition that guarantees Vτ = Vτ,eff is unlikely to

hold, except under highly contrived data distributions. As demonstrated

in the simulation studies in Section 6, it does not hold even in the most

straightforward linear data-generating processes. Therefore, the proposed

estimator generally outperforms the doubly robust estimator equipped with

consistently estimated h and q.
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Remark 4. Theorems 1 and 2 are established under asymptotics with in-

creasing K. Intuitively, this involves a bias-variance trade-off as highlighted

by Donald et al. (2009). A larger K implies using a richer set of moment

conditions, which improves estimation efficiency (reduces variance) but can

also increase bias. Assumption 2 is crucial here as it restricts K from grow-

ing too rapidly, thereby balancing the need for efficiency against the risk

of excessive bias. Furthermore, we address the practical selection of K in

Section 5 using a data-driven approach based on MSE minimization.

To highlight the deficiency of the plug-in procedure, the following the-

orem compares the proposed estimator τ̂ with the theoretically optimal

plug-in estimator τ̂plug-in(meff ).

Theorem 3. Suppose that
√
N{τ̂plug-in(meff) − τ0}

d−→ N(0, V plug-in
τ,eff ), then

we have Vτ ≤ V plug-in
τ,eff , and the equality holds if and only if there is a vector

of constants α such that R(Z,A,X) = αTmeff(Z,A,X).

The condition that guarantees Vτ = V plug-in
τ,eff is satisfied if the observed

distribution concerning the correlation between the score functions of τ0 and

γ0, characterized by R(Z,A,X), meets a particular structure. A sufficient

condition is that there is no additive interaction between A and W in the

model of h(W,A,X). In this case, equality holds for α = 0. In case

of its violation, Theorem 3 indicates that the proposed estimator of τ0
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outperforms plug-in estimators, even though an efficient estimator of γ0 is

employed.

5. Implementation details

The GMM algorithm can be easily implemented using routine software,

such as gmm in R. Here, we briefly discuss the selection of tuning param-

eters. A large class of sieves uK(z, a, x) is feasible for implementing the

proposed approach. In this paper, we suggest a tensor-product linear sieve

basis. To simplify the presentation, we suppose both Z and X are scalar

variables. Let {φj(x) : j = 1, . . . , K1} denote a sieve basis for L2(X ),

the space of square Lebesgue integrable functions on X . For instance, if

X = [0, 1], one can choose the basis of polynomials φj(x) = xj−1 or B-

spline, and if X is unbounded, one can select the Hermite polynomial basis

φj(x) = exp(−x2)xj−1. Similarly, let {ϕk(z) : k = 1, . . . , K2} denote a

basis for L2(Z). Then, the tensor-product sieve basis for Z × {0, 1} ×X is

given by {I(a = l)φj(x)ϕk(z) : j = 1, . . . , K1; k = 1, . . . , K2; l = 0, 1} with

the number of terms K = 2K1K2. However, the number of tensor-product

basis terms grows exponentially with the dimension of the arguments. In

practice, additive separable bases can be employed to mitigate the issue

of a large K. We refer readers to Newey (1997) and Chen (2007) for fur-
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ther details on sieve selection. Another tuning parameter is the number

of moment restrictions K. While the large-sample properties of the pro-

posed estimator permit a wide range of values for K, practical guidance

on selecting smoothing parameters is necessary for applied researchers who

generally have only one finite sample at their disposal. Here, we propose an

asymptotic mean-square-error-based criterion, as in Donald et al. (2009),

for the data-driven selection K. Specifically, we choose K ∈ {1, . . . , K̄}

to minimize SGMM(K) :=
∑p

j=1{Π̂(K; ej)
2/N + Φ̂(K; ej)} defined in Ap-

pendix B, where Π̂(K; ej)
2/N is an estimate of the squared bias term of

γ̂j derived in Newey and Smith (2004), and Φ̂(K; ej) is an estimate of the

asymptotic variance term of γ̂j. We refer interested readers to Donald et al.

(2009) for further insights.

6. Numerical studies

6.1 Simulation

We construct Monte Carlo simulations to examine the finite-sample per-

formance of the proposed approach. We generate i.i.d samples from the
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following data-generating process:

X,U ∼ N(0, 1), εj | X = x ∼ N
(
0, σ2

j (x)
)
, j = 1, 2, 3,

logit{pr(A = 1 | X,U)} = (1, X, U)βa, Z = (1, A,X, U)βz + ε1,

W = (1, X, U)βw + ε2, Y = (1, A,W,X,U)βy + ε3.

with the parameters βa = (−0.1, 0.5, 0.5)T, βz = (0.5, 1, 0.5, 1)T, βw =

(1,−1, 1)T, and βy = (1, 0.5, 0.5, 1, 1)T. We consider two scenarios for σj(x).

Scenario I is a simple setting with no heteroskedasticity, σj(x) ≡ 1 for

j = 1, 2, 3. In Scenario II, heteroskedasticity is present, with σ1(x) ≡ 1,

σ2(x) = (0.3 + x2)−1/2, σ3(x) = (0.5 + 0.8x2)−1/2. The average treatment

effect τ0 = 0.5. We show in Section S4 of the supplementary material

that the above data-generating mechanism is compatible with the following

models of h and q:

h(w, a, x;γ) = γ0 + γ1w + γ2a+ γ3x,

q(z, a, x;θ) = 1 + exp {(−1)a(θ0 + θ1z + θ2a+ θ3x)} .

Our proposed method, denoted GMM-div, is computed using a power

series and a data-driven smoothing parameter K with K̄ = 12 in both

scenarios. For comparison, we include five additional methods: (i) Naive

estimation, which regards all three covariates (W,Z,X) as confounders,

and estimates ATE using classical g-formula (Greenland and Robins, 1986).
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(ii) RGMM, recursive GMM estimation with a fixed number of moments

introduced in Miao et al. (2024). Following their suggestion, we choose the

moment restrictions E[{Y−h(W,A,X;γ)}(1, Z, A,X)T] = 0. In this case, it

is equivalent to the proximal outcome regression estimator introduced in Cui

et al. (2023). (iii) P2SLS, the proximal two-stage least squares introduced

in Tchetgen Tchetgen et al. (2024), which can be implemented using the

command ivreg(Y ∼ A + X + W | A + X + Z) in . (iv) PIPW and

PDR, the proximal inverse probability weighting and the proximal doubly

robust estimator introduced by Cui et al. (2023), which require modeling the

treatment confounding bridge function q(z, a, x;θ). Specifically, τ̂PIPW =

N−1
∑N

i=1(−1)1−Aiq(Zi, Ai, Xi; θ̂)Yi, and τ̂DR solves the empirical analogue

of (4.9) by replacing h and q with their estimates. Here, θ̂ is obtained

by solving the estimating equation E{(−1)1−Aq(Z,A,X;θ)(1,W,A,X)T −

(0, 0, 1, 0)T} = 0. Across all methods, we replicate 500 simulations at sample

sizes of 400 and 800.

Table 1 reports the absolute bias, standard error, root mean squared

error, coverage probability, average length of 95% confidence intervals, and

the power of the hypothesis testing problem H0 : τ0 = 0 v.s. H1 : τ0 ̸= 0 in

both scenarios. The power is calculated as the proportion of rejected cases

across 500 replications. It reveals that: (i) The naive estimator is severely
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biased due to unmeasured confounding, while the other five methods exhibit

negligible bias as expected in both scenarios. (ii) In Scenario I without

heteroskedasticity, the five methods perform similarly, and the proposed

method mainly selects K = 4 across replications as shown in Figure 3(a).

(iii) In Scenario II, the proposed method demonstrates significantly lower

standard error, narrower confidence intervals, and, notably, higher power in

detecting non-zero causal effects. It benefits from the increased efficiency of

additional selected moments as shown in Figure 3(b). Figure 4 compares the

empirical distributions of different methods, illustrating that the proposed

method performs more concentrated around the true value. (iv) Due to the

tradeoff between type I and type II errors, the proposed estimator provides

a relatively anti-conservative confidence interval. Given the small sample

size in Scenario II, this yields a slightly smaller CP than other methods.

Nevertheless, it approaches the nominal level as the sample size increases.

6.2 Real data application

We apply the proposed method to re-analyze the Study to Understand Prog-

noses and Preferences for Outcomes and Risks of Treatments (SUPPORT),

as considered in Cui et al. (2023) and Tchetgen Tchetgen et al. (2024).

The study aims to evaluate the effectiveness of right heart catheterization
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6.2 Real data application

Table 1: Simulation results: absolute bias, standard error (SE), root mean

squared error (RMSE), coverage probability (CP), average length of the

95% confidence interval, and power.

n = 400 n = 800

Method Bias SE RMSE Length CP Power Bias SE RMSE Length CP Power

Scenario I: homoskedasticity

Naive 0.17 0.13 0.21 0.53 0.776 0.708 0.17 0.10 0.19 0.37 0.580 0.922

RGMM 0.01 0.16 0.16 0.60 0.942 0.888 0.01 0.11 0.11 0.43 0.950 0.988

P2SLS 0.00 0.16 0.16 0.61 0.944 0.898 0.01 0.11 0.11 0.43 0.956 0.986

PIPW 0.00 0.16 0.16 0.64 0.948 0.852 0.01 0.12 0.12 0.45 0.958 0.980

PDR 0.00 0.16 0.16 0.63 0.944 0.854 0.01 0.12 0.12 0.44 0.962 0.982

GMM-div 0.00 0.16 0.16 0.60 0.942 0.886 0.01 0.11 0.11 0.43 0.950 0.988

Scenario II: heteroskedasticity

Naive 0.23 0.18 0.29 0.71 0.764 0.312 0.22 0.13 0.26 0.50 0.598 0.602

RGMM 0.00 0.28 0.28 1.04 0.954 0.500 0.01 0.19 0.19 0.72 0.952 0.726

P2SLS 0.01 0.28 0.28 1.03 0.952 0.490 0.01 0.19 0.19 0.72 0.948 0.730

PIPW 0.01 0.29 0.29 1.08 0.956 0.534 0.03 0.22 0.22 0.78 0.954 0.734

PDR 0.02 0.31 0.31 1.08 0.950 0.518 0.03 0.23 0.23 0.75 0.942 0.728

GMM-div 0.01 0.13 0.13 0.48 0.936 0.966 0.00 0.09 0.09 0.34 0.956 1.000
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Figure 3: Histogram of selected K.
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Figure 4: (a) Empirical distributions of different methods under Scenario

II. (b) Standard error of the proposed estimator versus K under Scenario

II.
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(RHC) in the initial care of critically ill patients (Connors et al., 1996).

This dataset has also been widely analyzed in the causal inference liter-

ature, assuming no unmeasured confounding (Hirano and Imbens, 2001;

Tan, 2006; Vermeulen and Vansteelandt, 2015). The treatment A indicates

whether a patient received an RHC within 24 hours of admission. Among

5735 patients, 2184 received the treatment, while 3551 did not. The out-

come Y is the number of days between admission and death or censoring at

30 days. The data include 71 baseline covariates, comprising 21 continuous

variables and 50 dummy variables derived from categorical variables. These

covariates include demographics (age, sex, race, education, income, and in-

surance status), estimated probability of survival, comorbidity, vital signs,

physiological status, and functional status. Following Tchetgen Tchetgen

et al. (2024), we select Z = (pafi1, paco21), W = (ph1, hema1), and use the

remaining covariates as X.

To implement the proposed method, we select (1, A, Z,X), along with

quadratic and cubic polynomials of the continuous variables in X, as can-

didates for constructing moment equations. We then apply the proposed

data-driven approach to select K. Figure 5 plots the loss curve against K,

from which we choose K = 81 for estimation. Our method yields a point

estimate of −1.610 with a standard error of 0.272, and the corresponding
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Figure 5: Loss curve for the selection of K in the application of SUPPORT.

95% confidence interval is (-2.143,-1.077). As a comparison, OLS yields an

estimate of -1.249 (SE = 0.275) with a 95% CI of (-1.789,-0.709), while

the proximal 2SLS proposed by Tchetgen Tchetgen et al. (2024) produces

an estimate of -1.798 (SE = 0.431) with a 95% CI of (-2.643,-0.954). Our

estimate is closely aligned with the proximal 2SLS estimate, suggesting

that OLS, which assumes no unmeasured confounding, may underestimate

the harmful effect of RHC on 30-day survival among critically ill patients.

Moreover, our estimate has a smaller standard error than the proximal 2SLS

estimate, resulting in a narrower confidence interval.

Statistica Sinica: Newly accepted Paper 



7. Discussion

This paper proposes a simple, data-driven method for obtaining fully effi-

cient estimates of the bridge function and average treatment effect. A key

feature of this method is that it requires model assumptions only for the

bridge function without imposing any additional assumptions on the data

distribution. The proposed estimator typically outperforms the locally ef-

ficient DR estimator, demonstrating substantial advantages in detecting

significant causal effects. Its feasibility and ease of implementation make it

highly useful in practical applications.

Although our method is sufficiently efficient, we acknowledge that it

lacks the protective capacity against potential model misspecification that

the DR estimator provides. Both reviewers suggested jointly estimating h

and q efficiently, similar to our approach, using the DR estimating equa-

tion for the treatment effect. However, as noted by Cui et al. (2023), this

would not improve the efficiency of the treatment effect estimator. The DR

estimating equation is Neyman orthogonal and thus locally insensitive to

perturbations in h and q, so efficiency gains in estimating h and q do not

translate into efficiency gains for the ATE estimator. This reflects a trade-

off between efficiency and robustness. In practice, we therefore recommend

using both methods and comparing their results. For example, when the
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proposed method and the DR method yield similar estimates, it is reason-

able to assume the bridge function is correctly specified and to adopt the

proposed method’s narrower confidence intervals.

Supplementary Materials

The supplementary material includes intermediate lemmas, additional sim-

ulation studies, and all technical proofs.
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A. Regularity conditions

Smoothness classes of functions: Let p be the largest integer satisfying

p < p, and a = (a1, . . . , ad). A function ϕ(v) with domain V ⊂ Rd is called

a p-smooth function if it is p times continuously differentiable on V and

max∑d
i=1 ai=p

∣∣∣∣ ∂pϕ(v)

∂vα1
1 · · · ∂vαd

d

− ∂pϕ(v′)

∂vα1
1 · · · ∂vαd

d

∣∣∣∣ ≤ C ∥v − v′∥p−p
,

for all v,v′ ∈ V and some constant C > 0.

Regularity conditions: The following regularity conditions (A1)–(A4)

are common in the GMM literature (Newey and McFadden, 1994, p. 2132).
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Condition (A5) imposes mild smoothness restrictions to ensure a good sieve

approximation.

(A1) Γ is a compact subset in Rp; γ0 lies in the interior of Γ and is the

unique solution to (3.4); T is a compact subset in R, and τ0 lies in

the interior of T ;

(A2) h(W,A,X;γ) is twice continuously differentiable in γ ∈ Γ;

(A3) E[supγ∈Γ{Y−h(W,A,X;γ)}2] <∞ and E[supγ∈Γ ∥∇γh(W,A,X;γ)∥2] <

∞;

(A4) E[supγ∈Γ {h(W, 1, X;γ)− h(W, 0, X;γ)}2] <∞ and E[supγ∈Γ ∥∇γ{h(W, 1, X;γ)−

h(W, 0, X;γ)}∥2] <∞.

(A5) E[∇γh(W,A,X;γ0) | z, a, x], E [{Y − h(W,A,X)}2 | z, a, x] and

E[{Y − h(W,A,X)}{h(W, 1, X) − h(W, 0, X) − τ0} | z, a, x] are p-

smooth functions for some p > 0.
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B. Notation

The following notations, adapted slightly from Donald et al. (2009), are

used in Section 5 for selecting K:

Υ̂K×K =
1

N

N∑
i=1

{Yi − h(Wi, Ai, Xi; γ̌)}2uK(Zi, Ai, Xi)uK(Zi, Ai, Xi)
T,

B̂K×p = − 1

N

N∑
i=1

uK(Zi, Ai, Xi)∇γh(Wi, Ai, Xi; γ̌)
T, Ω̂p×p = (B̂K×p)

TΥ̂−1
K×KB̂K×p,

d̃i = (B̂K×p)
T

{
1

N

N∑
j=1

uK(Zj, Aj, Xj)uK(Zj, Aj, Xj)
T

}−1

uK(Zi, Ai, Xi),

η̃i = −∇γh(Wi, Ai, Xi; γ̌)− d̃i, D
∗
i = (B̂K×p)

TΥ̂−1
K×KuK(Zi, Ai, Xi),

ξ̂ij = uK(Zi, Ai, Xi)
TΥ̂−1

K×KuK(Zj, Aj, Xj)/N.

For a fixed t ∈ Rp,

Π̂(K; t) =
N∑
i=1

ξ̂ii{Yi − h(Wi, Ai, Xi; γ̌)}tTΩ̂−1
p×pη̃i,

Φ̂(K; t) =
N∑
i=1

ξ̂ii

{
tTΩ̂−1

p×p

[
D̂∗

i {Yi − h(Wi, Ai, Xi; γ̌)}2 +∇γh(Zi, Ai, Xi; γ̌)
]}2

− tTΩ̂−1
p×pt.

The loss function is

SGMM(K) =

p∑
j=1

Π̂(K; ej)
2/N + Φ̂(K; ej),

where ej is the unit vector with 1 in the j-th component and 0 in all others.

In addition, Tables A1–A3 summarize the random variables, notation,

and assumptions used in the paper for ease of reference.
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Table A1: List of random variables.

A Binary treatment assignment.
Y (a) Potential outcomes under treatment A = a.
Y Observed outcome.
X Observed confounders.
U Unobserved confounders.
(Z,W ) Treatment/outcome-inducing confounding proxies.
O Observed variables O = (A, Y,W,X,Z).

Table A2: List of notation.

h(w, a, x) Outcome-confounding bridge function; see Eq. (2.1).
q(z, a, x) Treatment-confounding bridge function; see Eq. (4.8).
uK(z, a, x) Vector of basis functions; see Eq. (3.4).
meff (z, a, x) Efficient score for estimating h; see Eq. (2.3).
gK(O; γ, τ) Joint score function for estimating h and τ0; see Section 3.
GK(γ, τ) Sample average of gK(O; γ, τ); see Section 3.
Υ(K+1)×(K+1) Optimal weight in GMM estimation; see Section 3.

B(K+1)×(p+1) Jacobian matrix; see Eq. (3.7).

{ψ1(O), ψ2(O)} Influence functions of (γ̂, τ̂); see Theorem 1.
ψeff (O) Efficient influence function of τ0; see Eq. (4.9).
{t(·), R(·),κ} Terms in the influence function; see Theorem 1.
VK Asymptotic variance of the GMM estimator; see Eq. (3.7).
(Vγ , Vτ ) Asymptotic variance of (γ̂, τ̂); see Theorem 1.
Vτ,eff Semiparametric efficiency bound for τ0; see Eq. (4.9).

V plug-in
τ,eff Variance of the optimal plug-in estimator; see Theorem 3.

Table A3: Summary of assumptions.

Assumption 1 Conditions for identifying treatment effects using proxies.
Assumption 2 Conditions for the use of sieve techniques.
Assumption 3 Conditions for developing semiparametric theory.
Conditions (A1)-(A5) Conditions for the asymptotic analysis of the GMM estimator.
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