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Abstract: In precision medicine, an important task is identifying subgroups of 

patients who may benefit m ore f rom a  t reatment b ased o n a  c linical variable 

or biomarker. In this paper, we propose a non-parametric treatment-biomarker 

interaction measure using a probabilistic index to assess differences in treatment 

effects b etween s ubgroups f ormed by d ichotomizing a  b iomarker a t a  cutpoint. 

When the cutpoint is prespecified, null hypothesis of no interaction is tested using 

Wilcoxon-type statistics. When the cutpoint is not prespecified, t he s ame null 

hypothesis is tested across a range of cutpoint values by taking the supremum 

of Wilcoxon-type statistics with p-value calculated by a bootstrap procedure. It 

is shown that the sizes of the proposed tests converge to the nominal level in 

both cases. If the null hypothesis is rejected in the case of unspecified cutpoint, 

a profile e stimator f or t he c utpoint t hat maximizes t he d ifference in  treatment 

effects i s p roposed. We show that the e stimator has cubic-rate convergence and 

asymptotically follows a scaled Chernoff’s d istribution. Furthermore, we intro-

duce an m-out-of-n bootstrap procedure to estimate the unknown scaling factor 

in the asymptotic distribution. Extensive simulation studies support our theory,

______________________
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and the proposed procedures are applied to a dataset from a clinical trial on

advanced colorectal cancer.

Key words and phrases: Probability index, Predictive classification, Wilcoxon-

type statistics, Bootstrap, U-processes, Chernoff’s distribution

1. Introduction

In clinical medicine, after assessing treatment effects among all enrolled pa-

tients, subgroup analyses based on clinical variables or biomarkers (such as

age and blood pressure) are frequently used to identify subsets of patients

who may benefit more from a new treatment than others. Known as predic-

tive classification in the clinical literature (Ballman, 2015), this type of anal-

yses evaluates how biomarkers interact with treatments in terms of some

clinical outcome, or in other words, the heterogeneity of treatment effects

across subgroups. It plays a crucial role in customizing treatment strategies

to optimize clinical benefits of patients. For example, in the CCTG CO.17

trial (Karapetis et al., 2008), cetuximab significantly improved survival for

patients with wild-type Kras compared to best supportive care, while there

was no significant difference between the two treatments for patients with

mutated K-ras. This highly significant interaction led to the recommenda-

tion that cetuximab be reserved for those with wild-type K-ras.
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Traditional analyses often rely on regression models or mean treatment

effects as a measure of comparison (Gavanji et al., 2017; Li et al., 2023a,b).

While straightforward, mean-based measures may fail to capture the com-

plexities of ordered outcomes, where numerical differences do not imply

proportional changes—for example, a response of 2 on an ordinal scale is

not necessarily twice the severity or benefit of a response of 1. Moreover,

mean-based metrics are sensitive to outliers and may fail to account for

certain aspects of distributional characteristics like variance or skewness,

potentially distorting treatment effect interpretation. In this context, the

probabilistic index (PI) emerges as a more robust and informative alter-

native (Birnbaum, 1956; Sen, 1967; Kotz et al., 2003). As pointed out by

Patel and Hoel (1973), this measure is easily interpreted and does not re-

quire a linear model assumption. Unlike mean treatment effects, the PI can

be effectively applied to ordered responses and provides insights into the

likelihood of deviations between treatments. In addition, it is resistant to

the influence of outliers, making it a valuable tool in clinical studies.

In this paper, we focus on subgroups formed by dichotomizing a biomarker

using a cutpoint. Specifically, let (Xi, Yi, Zi), i ∈ [n] := {1, ..., n} be inde-

pendent and identically distributed, where for subject i, Zi is the biomarker

with a distribution function F , and Xi and Yi are, respectively, the clinical
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outcomes under the control and experimental treatments. Given a cutpoint

c, it divides the population into biomarker-positive (Z > c) and biomarker-

negative (Z ≤ c) subgroups. To assess treatment-biomarker interaction, we

propose a nonparametric measure based on the probabilistic index:

θc := Pr (X1 ≤ Y2|Z1 > c, Z2 > c)− Pr (X1 ≤ Y2|Z1 ≤ c, Z2 ≤ c) . (1.1)

The term |θc| captures the difference in relative treatment effects within

each subgroup as defined by c. If θc = 0, then there is no difference in

treatment effects, whereas a larger |θc| implies stronger predictive effects of

the biomarker; see Section 2 for more discussions.

We consider two scenarios: one with a prespecified cutpoint and one

without. In the first scenario, the cutpoint, say c0, is prespecified based on

existing subject knowledge or prior medical research; then, our focus is on

evaluating the difference in treatment effects between the two subgroups

defined by this prespecified cutpoint c0 by testing the hypothesis:

H0 : θc0 = 0 v.s. H1 : θc0 ̸= 0, (1.2)

to which we refer as the problem with prespecified cutpoint.

In practice, however, the cutpoint is often unknown, and in such situ-

ations, the initial step would be testing whether there is any difference in

the relative treatment effects between biomarker-positive and biomarker-
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negative groups across all potential cutpoint values in a range. Specifically,

we consider the following hypotheses:

H0 : θc = 0 for all c ∈ [ℓ, u] v.s. H1 : θc ̸= 0 for some c ∈ [ℓ, u], (1.3)

where ℓ < u are user-specified constants and we assume 0 < F (ℓ) < F (u) <

1. Under this assumption, the conditional probabilities in (1.1) are well

defined and estimable. If the null hypothesis is rejected, we also want to

estimate the cutpoint value that maximizes the predictive effects, that is,

the quantity cb defined as follows:

cb := arg max
c∈[ℓ,u]

|θc|. (1.4)

We refer to the second scenario as the problem with unknown cutpoint.

Our contributions in this paper are as follows. First, we propose using

the probabilistic index in predictive classification to compare treatment ben-

efits between two groups defined by a biomarker cutpoint, whether prespec-

ified or not. This nonparametric measure (1.1) captures gradual changes in

predictive effects, remains robust to outliers, and offers an intuitive inter-

pretation. While most existing methods focus on mean shifts or regression

models for detecting optimal cutoffs, to the best of our knowledge, our

work is the first to use a probabilistic-level index for change-point testing.

This approach is suitable for both ordinal and continuous outcomes, avoids

Statistica Sinica: Newly accepted Paper 



restrictive distributional assumptions, and provides a novel perspective in

predictive classification.

Second, for both the prespecified and unknown cutpoint scenarios, we

develop test statistics based on Wilcoxon-type statistics (Wilcoxon, 1945;

Mann and Whitney, 1947) and derive their asymptotic null distributions.

For situations with unknown cutpoint, we introduce a bootstrap procedure

to calculate the p-value of the test because of the complicated structure

in the covariance of the asymptotic null distribution. We establish the

consistency of proposed procedures using techniques from the literature on

U -processes. Our simulation studies highlight the robustness of our method,

in handling extreme values and non-linearly generated data.

Third, we provide an estimate for the optimal cutpoint cb in (1.4) us-

ing the profile method (Faraggi and Simon, 1996; Jonker et al., 2013; Li

et al., 2023b) when the null hypothesis of no interaction is rejected by

the data in the case of unknown cutpoint. We show that the estimator

has cubic-rate convergence and asymptotically follows a scaled Chernoff’s

distribution (Groeneboom and Wellner, 2001). It is well-known that for

Chernoff-type asymptotic distributional approximation, the standard non-

parametric bootstrap is invalid, and that one theoretically sound remedy

is using subsampling, such as the m-out-of-n bootstrap (Koziol and Jia,
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1.1 Review of Related Work

2009; Seijo and Sen, 2011; Cattaneo et al., 2020). Typically, these meth-

ods estimate the quantiles of the limiting distribution through subsampling

to construct confidence intervals. However, our simulation results indicate

that them-out-of-n bootstrap has a poor size control even for large samples.

To address this issue, we introduce an m-out-of-n bootstrap to estimate the

scaling factor via the first absolute moment, with a data-driven algorithm

to select the optimal size m. The resulting confidence intervals for cb are

demonstrated to achieve coverage probabilities close to nominal levels.

The rest of the paper is structured as follows. We first review related

work. In Section 2, we introduce an estimator for the nonparametric mea-

sure of treatment-biomarker interaction in (1.1). Sections 3 and 4 address

prespecified and unknown cutpoints, respectively. Section 5 presents a pro-

file method for optimal cutpoint estimation and a bootstrap procedure for

confidence intervals. Section 6 reports simulation results, and Section 7

applies the method to a colorectal cancer clinical trial dataset. Proofs are

in the Appendix.

1.1 Review of Related Work

We next review the literature on predictive classification with a single

biomarker cutpoint. Typical approaches use regression models with treat-
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1.1 Review of Related Work

ment, biomarker group, and their interaction as covariates. For prespecified

cutpoints, tests like the Wald and score tests (Mccullagh and Nelder, 1989)

can assess interaction effects. For unknown cutpoints, methods like the

minimum p-value (Faraggi and Simon, 1996; Jonker et al., 2013; Li et al.,

2023b) and profile methods (Luo and Boyett, 1997; Pons, 2003; Jiang et al.,

2007; Gavanji et al., 2017) are used, but treating the estimated cutpoint

as exogenous can inflate type I errors due to multiple testing (Hilsenbeck

et al., 1992; Faraggi and Simon, 1996; Hilsenbeck and Clark, 1996; Mazum-

dar and Glassman, 2000). To address these issues, resampling methods like

paired bootstrap and multiplier residual bootstrap for linear models (Li

et al., 2023b), m-out-of-n bootstrap for generalized linear models (Li et al.,

2023a), and permutation and residual bootstrap for Cox models (Jiang

et al., 2007; Gavanji et al., 2017) have been proposed. These approaches,

while useful, are designed for specific models and abrupt changes. They

are prone to model mis-specification and less effective at capturing gradual

changes or handling outliers.

We then discuss subsampling methods, specifically them-out-of-n boot-

strap (Bickel et al., 1997), which generates bootstrap samples of size m =

o(n) as a modification to the standard nonparametric bootstrap that uses

m = n. This approach is particularly useful for estimators with a cube-root
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1.1 Review of Related Work

convergence rate (Cattaneo et al., 2020). Examples include the isotonic

density estimator (Grenander, 1956), the least median of squares estima-

tor (Kim and Pollard, 1990), and the maximum score estimator (Manski,

1975). The asymptotic validity of the m-out-of-n bootstrap has also been

established for non-smooth estimation problems, including linear, survival,

and generalized linear models with cutpoints (Seijo and Sen, 2011; Xu et al.,

2014; Li et al., 2023a).

We should also mention the rich literature on the probabilistic index,

which is becoming increasingly common in clinical medicine for its easy

interpretation (Moser and McCann, 2008; Jiang et al., 2016; Péron et al.,

2016). Various inference methods for this index have been developed, in-

cluding the Wilcoxon-Mann-Whitney statistic (Wilcoxon, 1945; Mann and

Whitney, 1947), kernel smoothing (Baklizi and Eidous, 2006), and den-

sity ratio methods (Fokianos and Troendle, 2007). Additionally, Patel and

Hoel (1973) introduced a nonparametric measure on the interaction be-

tween treatment and a binary covariate B based on Pr(X1 ≤ Y2|B1 =

1, B2 = 1)− Pr(X1 ≤ Y2|B1 = 0, B2 = 0), where 0 and 1 represent the two

levels of B. In the current paper, we extend this framework to scenarios

where the binary covariate is defined by a single cutpoint for a biomarker.
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2. Nonparametric Measure of Treatment-Biomarker Interaction

Recall that for subject i ∈ [n], Zi is the biomarker with a distribution

function F , and Xi and Yi are, respectively, the clinical outcomes under

the control and experimental treatments. Further, different subjects are

assumed to be independent and identically distributed (i.i.d.).

In clinical trials, each subject is randomly assigned to one of the treat-

ment groups, and the corresponding outcome is observed. Specifically, for

i ∈ [n], denote by Ui ∈ {0, 1} the group assignment for subject i, and Ti the

realized outcome. Thus, Ui = 0 (resp. Ui = 1) indicates that the subject be-

longs to the control (resp. experimental) group, and Ti = (1−Ui)Xi+UiYi.

The observed data is the i.i.d. triplets, (Ui, Ti, Zi), i ∈ [n]. We denote by

(U, T, Z) a generic random vector with the same distribution, and assume

that the following holds throughout the paper.

(C.0 ) Assume that 0 < F (ℓ) < F (u) < 1, λ := E[U ] ∈ (0, 1), and that U

and Z1 are independent.

Remark 1. Here, λ = E(U) ∈ (0, 1) is constant. We restrict the cutpoint

to [ℓ, u] to exclude extreme values that would create severe imbalance. In

practice, they may be taken as non-extreme empirical quantiles of Z.
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Remark 2. For c ∈ [ℓ, u], the probabilistic measure θc in (1.1) have the

following representation. For k ∈ {0, 1}, and t ∈ R, define

G(+)(t|c, k) := Pr(T ≤ t|Z > c, U = k),

G(−)(t|c, k) := Pr(T ≤ t|Z ≤ c, U = k).

(2.5)

ThusG(+)(t|c, 0) andG(+)(t|c, 1) are, respectively, the distribution functions

of Xi and Yi given that Zi > c, and similarly, G(−)(t|c, 0) and G(−)(t|c, 1)

are the distribution functions of Xi and Yi given that Zi ≤ c. Then

θc =

∫
G(+)(t|c, 0)dG(+)(t|c, 1)−

∫
G(−)(t|c, 0)dG(−)(t|c, 1).

Based on the treatment group and whether the biomarker is larger than

c or not, the population is divided into four sub-populations, and θc is a

function of their distributions as shown above.

For each c ∈ [ℓ, u], θc in (1.1) is identifiable. Specifically, due to as-

sumption (C.0 ) (in particular, U1 and Z1 are independent), we have

Pr (X1 ≤ Y2|Z1 > c, Z2 > c) = Pr (T1 ≤ T2|Z1 > c, Z2 > c, U1 = 0, U2 = 1) ,

and the same is true if we replace Z1 > c, Z2 > c by Z1 ≤ c, Z2 ≤ c. This

observation also motivates the following modified Wilcoxon-Mann-Whitney

statistic (Mann and Whitney, 1947):

θ̂n,c =

∑n
i=1

∑n
j=1 Ti,j(1− Ui)UjZ

c+
i Zc+

j∑n
i=1(1− Ui)Z

c+
i

∑n
i=1 UiZ

c+
i

−
∑n

i=1

∑n
j=1 Ti,j(1− Ui)UjZ

c−
i Zc−

j∑n
i=1(1− Ui)Z

c−
i

∑n
i=1 UiZ

c−
i

,

(2.6)
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where Ti,j = I(Ti ≤ Tj) is the comparison indicator, Zc+
i = I(Zi > c) and

Zc−
i = I(Zi ≤ c) are the subgroup indicators determined by c, and I(·) is the

indicator function. In the numerator of the first (resp. second) term on the

right-hand-side above, we focus on those patients with a biomarker value

> c (resp. ≤ c), and compare the outcomes from treatment and control

within this subgroup. On the other, the terms in the denominators count

the number of treatment and control cases within each subgroup.

Next, we develop statistical inference methods for both cases of pre-

specified and unknown cutpoint based on the above statistics.

3. Testing Interaction with a Prespecified Cutpoint

In this section, we focus on the case in which the cutpoint is prespecified

as c0 ∈ [ℓ, u], and we consider the hypothesis testing problem in (1.2) us-

ing θ̂n,c0 in (2.6) as the test statistic. To quantify the uncertainty of the

estimator, we derive the limiting distribution in Theorem 1.

Recall G(+)(t|c, k) and G(−)(t|c, k) in (2.5). Denote by G(τ)(t–|c, k) :=

lims↑t G
(τ)(s|c, k) the left limit for t ∈ R and τ ∈ {+,−} and by N (0, σ2)

the normal distribution with zero mean and variance σ2.
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Theorem 1. Suppose that condition (C.0) holds, and that for τ ∈ {+,−},

Var
(
G(τ)(X–|c0, 1)

)
+ Var

(
G(τ)(Y |c0, 0)

)
> 0. (3.7)

For some finite and positive quantity σ2
c0

defined in (S6.3) in Appendix S6,

√
n(θ̂n,c0 − θc0)⇝ N (0, σ2

c0
),

where the symbol “⇝” represents convergence in distribution.

Remark 3. Condition (3.7) guarantees that the limiting distribution has

a positive variance.

The proofs in this section are in Appendix S6. Since σ2
c0

has a compli-

cated dependence on the distribution of (T, U, Z), we propose to estimate

σ2
c0

by the jackknife method (Shao and Tu, 1995). Specifically, define

σ̂2
n,c0

=
n∑

k=1


(
θ̂−k
n,c0

−
n∑

j=1

θ̂−j
n,c0

/n

)2
 (n− 1) , (3.8)

where θ̂−k
n,c0

is the estimate of θc0 based on the sample with the k-th observa-

tion left out. The following theorem shows the consistency of the jackknife

estimator.

Theorem 2. Let σ2
c0

be the finite positive constant in Theorem 1. Assume

the conditions in Theorem 1 hold. Then, the jackknife estimator (3.8) is
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consistent, that is, σ̂2
n,c0

P→ σ2
c0
, where the symbol “

P→” indicates convergence

in probability. Immediately, it follows that

√
n(θ̂n,c0 − θc0)√

σ̂2
n,c0

⇝ N (0, 1).

We can then test whether the treatment effects differ in the two sub-

groups defined by c0, i.e., the problem in (1.2). Specifically, the p-value of

this test is defined as 2
[
1− Φ

(∣∣∣√nθ̂n,c0/
√

σ̂2
n,c0

∣∣∣)] , where Φ is the distri-

bution function of the standard normal distribution. H0 is rejected if the

p-value is smaller than some pre-specified significant level α ∈ (0, 1). By

Theorem 2, this procedure has an asymptotic size α.

4. Testing Interaction with an Unknown Cutpoint

Testing based on a prespecified cutpoint value can only determine whether

there is a difference in treatment effects between the subgroups defined by

this particular value. However, as previously mentioned, in many practical

scenarios when the cutpoint is unknown, it is common to inquire about the

existence of predictive effects across all potential cutpoint values. In this

section, we focus on the hypothesis testing problem in (1.3).

Recall the definition of cb in (1.4). Clearly, the null H0 in (1.3) is

equivalent to the statement that supc∈[ℓ,u] |θc| = 0 = |θcb|. Thus we propose
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to reject the null when the following test statistic is large:

Ŝn :=
√
n sup

c∈[ℓ,u]
|θ̂n,c| =

√
n|θ̂n,ĉn|. (4.9)

where

ĉn := arg max
c∈[ℓ,u]

|θ̂n,c|, (4.10)

and if there are multiple c ∈ [ℓ, u] achieving the same maximum value, we

select the minimum one.

Remark 4. In computing Ŝn in (4.9) and ĉn in (4.10), it suffices to take the

sup and argmax over the distinct realized values of Z1, . . . , Zn in [ℓ, u], that

is, those c ∈ Cn := {Z1, . . . , Zn} ∩ [ℓ, u], because |θ̂n,c| is stepwise constant

and changes only when c crosses an observed biomarker value.

On one hand, Ŝn may be viewed as the supremum of the test statistics

for each single c ∈ [ℓ, u]. On the other, it may be viewed as the test statistic

corresponding to a single cutpoint value, ĉn, which is an estimator for cb.

One may be tempted to treat ĉn as deterministic, and calculate a p-value

by Theorem 2. However, this approach suffers from serious type I error

inflation due to multiple comparisons.

Next, we derive the limiting null distribution of the stochastic process

{
√
nθ̂n,c : c ∈ [ℓ, u]} and the test statistic Ŝn. Denote by ℓ∞([ℓ, u]) the space

of bounded functions on [ℓ, u] equipped with the ℓ∞-norm.

Statistica Sinica: Newly accepted Paper 



4.1 Bootstrap Procedure

Theorem 3. Suppose that condition (C.0) holds and that the null H0 in

(1.3) holds. Then there exists a tight centered Gaussian process G = {Gc :

c ∈ [ℓ, u]} such that {
√
nθ̂n,c : c ∈ [ℓ, u]} converges weakly in ℓ∞([ℓ, u]) to

G. As a result,

Ŝn ⇝ sup
c∈[ℓ,u]

|Gc|.

The proof of Theorem 3 can be found in Appendix S7, where we decom-

pose {
√
nθ̂n,c : c ∈ [ℓ, u]} into ratios of U -processes, and apply U -process

techniques (Peña and Giné, 1999) and the functional Delta method (Van der

Vaart and Wellner, 1996). For more discussions, see Appendix S8.4.

4.1 Bootstrap Procedure

As the Gaussian process G has an intricate covariance structure, in this

subsection, our goal is to develop a valid test by calibrating the distribution

of Ŝn. To achieve this, we propose the following bootstrap method.

(i) Calculate the maximally selected test statistic Ŝn (defined in (4.9)).

(ii) Let {(T ∗
i , U

∗
i , Z

∗
i ), i ∈ [n]} be a bootstrap sample created by sampling

with replacement from the data {(Ti, Ui, Zi), i ∈ [n]}. Across c ∈

[ℓ, u], obtain the bootstrap version of the maximal test statistics Ŝ∗
n:

Ŝ∗
n =

√
n max

c∈[ℓ,u]
|θ̂∗n,c − θ̂n,c|,
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4.1 Bootstrap Procedure

where θ̂∗n,c is calculated based on the bootstrap sample.

(iii) Finally, compute the adjusted p-value, that is,

p∗adjust = 1− F ∗
n(Ŝn),

where F ∗
n denotes the distribution function of the bootstrap test statis-

tic Ŝ∗
n, conditional on the data (Ti, Ui, Zi), i ∈ [n].

In practice, we approximate the adjusted p-value by Monte Carlo sim-

ulations. Specifically, we generate bootstrap samples {(T ∗
i,b, U

∗
i,b, Z

∗
i,b), i ∈

[n], b ∈ [B]} by sampling with replacement from the data {(Ti, Ui, Zi), i ∈

[n]} for B times. For the b-th bootstrap sample, we compute the max-

imal test statistics Ŝ∗
n,b as above. Finally, we approximate the adjusted

p-value as the proportion of {Ŝ∗
n,b : b ∈ [B]} greater than Ŝn, that is,

B−1
∑B

b=1 I(Ŝ
∗
n,b > Ŝn).

The following theorem establishes the consistency of the bootstrap pro-

cedure outlined above, whose proof can be found in Appendix S7.1.

Theorem 4. Suppose that condition (C.0) holds and that the null H0 in

(1.3) holds. Conditional on (Ti, Ui, Zi), i ≥ 1, for almost every sequence

(Ti, Ui, Zi), i ≥ 1, the random process {
√
n(θ̂∗n,c− θ̂n,c) : c ∈ [ℓ, u]} converges

weakly in ℓ∞([ℓ, u]) to the same Gaussian process G in Theorem 3. There-
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fore, for any significance level α ∈ (0, 1), we have under the null hypothesis,

lim
n→∞

Pr(p∗adjust ≤ α) = α.

Remark 5. The above test procedure is applicable to other test statistics.

For instance, we may replace |θ̂n,c| in (4.9) by
∣∣∣√nθ̂n,c/

√
σ̂2
n,c

∣∣∣, where σ̂2
n,c

is defined in (3.8), with c0 replaced by c. We refer to this approach as

the minimum p-value method. Upon rejecting the null hypothesis, the

“optimal” cutpoint is estimated by c̃n, which is the value that yields the

lowest among all calculated p-values according to Theorem 2, i.e.,

c̃n = arg min
c∈[ℓ,u]

2

[
1− Φ

(∣∣∣∣∣
√
nθ̂n,c√
σ̂2
n,c

∣∣∣∣∣
)]

.

Because the two approaches are similar, we omit detailed discussion and

provide simulation results in Appendix S3. Both methods are asymptoti-

cally valid, though simulations (Section 6.2) show that the minimum p-value

method is less stable and typically has lower power in finite samples.

5. Profile Estimation of the Optimal Cutpoint

If the null hypothesis in (1.3) is rejected, we often need to estimate the

optimal cutpoint which maximizes the predictive effects, that is, cb defined

in (1.4). In this section, we assume that the null hypothesis in (1.3) does
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not hold, or equivalently θcb ̸= 0, and aim to estimate and construct a

confidence for cb.

Recall that |θ̂n,c| represents the absolute difference in relative treatment

effects between the biomarker-positive and biomarker-negative groups de-

fined by the value c. A larger value of |θ̂n,c| indicates a greater potential for

benefits in one of these subgroups. Therefore, we propose to estimate c by

the profile estimator ĉn defined in (4.10).

First, we establish the consistency and derive the convergence rate for

the profile estimator ĉn under the following assumptions.

(C.1 ) Assume that cb in (1.4) is a well-separated maximizer of the function

c 7→ |θc| on [ℓ, u], that is, for any ϵ > 0,

inf{|θcb| − |θc| : |c− cb| ≥ ϵ, c ∈ [ℓ, u]} > 0.

(C.2 ) Assume that the function c 7→ θc is continuous on [ℓ, u]. Further,

there exist ζ > 0 and κ > 0 such that if |c − cb| ≤ ζ and c ∈

[ℓ, u], |θc| − |θcb| ≤ −κ(c − cb)
2, and that the function c 7→ F (c) is

continuously differentiable on [cb − ζ, cb + ζ].

Remark 6. Assumption (C.1 ) ensures that the optimal cutpoint cb is

well separated, so ties do not occur asymptotically. In finite samples, tie-

breaking (e.g., as in (4.10)) may be used, and when several cutpoints are
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nearly optimal, secondary criteria such as interior preference, lower vari-

ability, or biological guidance may be incorporated.

Remark 7. If c 7→ θc is continuous on [ℓ, u], the unique maximizer over the

compact set is well-separated. Assumption (C.2 ) does not require F to be

continuous on R, but only near cb, permitting discreteness elsewhere. The

finitely discrete case will be treated in Appendix S8.6. Further, see Remark

8 when the function c 7→ θc is not continuous at cb.

Theorem 5. Suppose that conditions (C.0) and (C.1) hold. Then ĉn
P→ cb

as n → ∞. If, in addition, condition (C.2) holds, then n1/3|ĉn − cb| is

bounded in probability as n → ∞.

The proof of the above theorem can be found in Appendix S8, where we

also explain why this rate differs from the usual parametric rate n−1/2. For

the cubic convergence rate (i.e., n−1/3), we use a modified “peeling device”;

see, for example, (Van der Vaart and Wellner, 1996, Theorem 3.2.5).

Remark 8. If c 7→ θc is twice differentiable, then cb being a maximizer

implies θ′cb = 0 and θ′′cb ≤ 0. If θ′′cb < 0, then for c close to cb we have

|θc| − |θcb| ≤ −κ(c− cb)
2 for some κ > 0, which corresponds to the second

part of Assumption (C.2 ).

If θc is not smooth at cb, then ĉn converges to cb at rate n−1, using
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arguments parallel to Seijo and Sen (2011), Xu et al. (2014), and Li et al.

(2023a). A formal statement and proof are provided in Appendix S8.

Next, we derive the limiting distribution of the profile estimator ĉn.

Recall the definition of G(+)(·) and G(−)(·) in (2.5). Denote by L(1)
z and

L(2)
z the conditional distribution of X and Y , respectively, given Z = z;

they are well defined due to the existence of regular conditional distribution

(Durrett, 2019, Section 4.1.3). That is, for any Borel A ⊂ R, L(1)
z (A) =

Pr(X ∈ A|Z = z) and L(2)
z (A) = Pr(Y ∈ A|Z = z). We impose the

following assumption.

(C.3 ) Assume that cb ∈ (ℓ, u), and that the function c 7→ θc is twice differ-

entiable at cb with the second derivative θ′′cb ̸= 0. For any sequence of

real numbers zn → cb as n → ∞, L(i)
zn ⇝ L(i)

cb for i = 1, 2. Further, for

τ ∈ {+,−}, k ∈ {0, 1}, the function t 7→ G(τ)(t|cb, k) is continuous.

Theorem 6. Suppose that conditions (C.0), (C.1), (C.2) and (C.3) hold.

Then we have

n1/3 (ĉn − cb)⇝
(
2ν/

∣∣θ′′cb∣∣)2/3C,
where ν is the scalar defined in (S8.15) of Appendix S8.3, θ′′cb is the second

derivatives of c 7→ θc at cb, and the random variable C follows the Chernoff’s

distribution.
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5.1 Confidence intervals for the optimal cutpoint

The proof of Theorem 6 can be found in Appendix S8.3. Chernoff’s dis-

tribution (Chernoff, 1964) is defined as the distribution of the maximizer of

the two-sided Brownian motion minus a parabola. Specifically, if we denote

by {Z(t) : |t| < ∞} a standard two-sided Brownian motion with Z(0) = 0,

then argmaxt {Z(t)− t2} has the Chernoff’s distribution. For statistical ap-

plications and properties of Chernoff’s distribution, including its quantiles

and the first few absolute moments, see Groeneboom and Wellner (2001).

In the next subsection, we discuss the construction of confidence inter-

vals for cb based on the above theorem.

5.1 Confidence intervals for the optimal cutpoint

By Theorem 6, the limiting distribution of n1/3(ĉn−cb) is a scaled Chernoff’s

distribution. The scaling factor has a complicated dependence on the dis-

tribution of (T, U, Z). In particular, it is challenging to estimate the second

derivative θ′′cb of the function c 7→ θc at cb. Our experience from simulation

studies indicates that even with a large sample size (e.g., when n is in the

thousands), the confidence intervals constructed by directly estimating ν

and θ′′cb exhibit poor coverage probabilities.

One alternative approach involves using resampling methods. It is well

known that the standard empirical bootstrap method would fail in this case
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5.1 Confidence intervals for the optimal cutpoint

due to nonstandard asymptotics with the cube-root convergence rate (Cat-

taneo et al., 2020). However, as highlighted by Koziol and Jia (2009) and

Seijo and Sen (2011), some subsampling methods, such as the m-out-of-n

bootstrap method (Bickel et al., 1997) and subsampling without replace-

ment (Politis and Romano, 1994), remain valid. In general, these methods

construct confidence intervals by estimating the α/2 and 1− α/2 quantiles

of the limiting distribution through subsampling, where α ∈ (0, 1) is the

nominal test level. Although theoretically sound, the m-out-of-n bootstrap

suffers from serious under-coverage in our simulation studies, even for a

large sample size (see Table 3).

5.1.1 First absolute moment m-out-of-n bootstrap

Our proposal is to estimate the unknown scaling factor by subsampling

methods. Specifically, we use the m-out-of-n bootstrap to estimate the first

absolute moment of the limiting distribution in Theorem 6, and we denote

by M̂∗ the estimator. Let M̄ be the first absolute moment of Chernoff’s

distribution. Then we can match the two moments and estimate the un-

known scaling factor
(∣∣2ν/θ′′cb∣∣)2/3 by M̂∗/M̄ . Finally, given the estimated

scaling factor, we construct confidence intervals for cb using the quantiles of

Chernoff’s distribution. The procedure is described below, where mn and
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5.1 Confidence intervals for the optimal cutpoint

B are user specified integers and α ∈ (0, 1) is the nominal level of the test.

1. Generate bootstrap data {(T ∗
i,b, U

∗
i,b, Z

∗
i,b), i ∈ [mn], b ∈ [B]} by sam-

pling with replacement from the data {(Ti, Ui, Zi), i ∈ [n]} for B times.

Across all c values, obtain the bootstrap version of the estimated op-

timal cutpoint:

ĉ∗mn,b = arg max
c∈[ℓ,u]

|θ̂∗mn,c,b|, b = 1, 2, ..., B,

where θ̂∗mn,c,b
is calculated based on the b-th bootstrap sample.

2. Compute the bootstrap estimate of the first absolute moment:

M̂∗ = B−1

B∑
b=1

m1/3
n

∣∣ĉ∗mn,b − ĉn
∣∣ ,

where ĉn is the original estimator for cb defined in (4.10).

3. Let M̄ , Cα/2 and C1−α/2 be the first absolute moment, α/2-th quan-

title, and (1− α/2)-th quantile of Chernoff’s distribution, which can

be found in Groeneboom and Wellner (2001). We construct the

100(1− α)% confidence interval for cb as follows:[
ĉn − C1−α/2

M̂∗

M̄

(
1

n

)1/3

, ĉn − Cα/2
M̂∗

M̄

(
1

n

)1/3
]
.

5.1.2 Choice of size m

In the literature, mn is commonly chosen by a data-driven rule. We adapt

the approach of Bickel and Sakov (2008), selecting m from candidate values
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5.1 Confidence intervals for the optimal cutpoint

as the largest sample size at which the estimated first absolute moment

stabilizes. The algorithm is as follows:

Consider a sequence of m’s of the form mj = ⌊qjn⌋ for j = 1, 2, ...,

and q ∈ (0, 1). For each mj-out-of-n bootstrap, compute ĉ∗mj ,b
for b-th

replication, where b = 1, 2, ..., B and B is the total number of bootstrap

replications. Compute the bootstrap estimate of the first absolute moment

M̂∗
mj

=
1

B

B∑
b=1

m
1/3
j |ĉ∗mj ,b

− ĉn|,

where ĉn is the profile estimate based on the original dataset. The m will

be selected as the value that minimizes the difference between two adjacent

first absolute moment estimates:

m = argminmj
|M̂∗

mj
− M̂∗

mj+1
|,

where in the case of ties, we select the largest one. We refer to this algorithm

as Method S1 and introduce another one (Method S2), which selects m

to achieve a stable empirical distribution, as described in Appendix S1.

In Section 6.3, our proposed procedure performs favourably in simulation

studies against the standard m-out-of-n method. One possible explanation

is that it is easier to estimate the first absolute moment of the limiting

distribution in Theorem 6 than its quantiles.
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6. Simulation Study in the Case of Unknown Cutpoint

In this simulation study, we focus on the unknown cutpoint problem. In

Subsection 6.2, we assess the empirical size and power of the test proposed

in Section 4.1 under various scenarios. Further, in Subsection 6.3, we report

the coverage probability of the procedure proposed in Subsection 5.1. Ad-

ditional simulation results on the bias and standard error of the proposed

estimator in (4.10), as well as findings related to the problem with prespec-

ified cutpoint, are given in Appendix S1 and Appendix S2, respectively.

6.1 Simulation Setups

We generate the biomarker Z from the uniform distribution on the interval

(0, 1), and the group indicator U from a Bernoulli distribution with a success

probability 0.5. Further, given the biomarker Z, we generate the outcomes

X and Y from the conditional distributions listed in Table 1. Finally, the

observed outcome T = (1− U)X + UY .

Cases 1–5 in Table 1 belong to the null hypothesis in (1.3), i.e., there

is no predictive effects. Case 1 considers a scenario with no treatment (U)

or biomarker (Z) effect. There is only treatment effect in Case 2 and only

biomarker effect in Case 3, while there are both treatment and biomarker

effects in Case 4 and 5. In Case 5, the biomarker effect has a jump at
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6.2 Simulation Results: Size and Power of Tests

0.5, while in Case 4, the biomarker effect is smooth. Further, in Case 5,

the potential outcomes have heavy tail distributions. Cases 6–9 in Table 1

consider scenarios under alternative hypothesis. For each case, the optimal

cutpoint cb and the corresponding predictive effect |θcb| are listed defined

in (1.4). For each configuration, the results are based on 1000 repetitions.

6.2 Simulation Results: Size and Power of Tests

For the hypothesis testing problem in (1.3), we compare the performance

of the following three procedures.

• (PB): Our proposed bootstrap test introduced in Section 4.1;

• (WB): This method treats the estimated optimal cutpoint ĉn as given

and obtains the p-value from the test by Theorem 2 without bootstrap

adjustment;

• (LR): The linear regression method proposed by Li et al. (2023b).

Specifically, with an unknown cutpoint c0, they assume

E(T ) = α0 + β0U + γ0I(Z ≤ c0) + λ0I(Z ≤ c0)U, (6.11)

where recall that I(·) is the indicator function, and α0, β0, γ0, λ0

and c0 are unknown parameters. Under this model, the significance

of the differential treatment effect can be assessed by testing the null
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6.2 Simulation Results: Size and Power of Tests

Table 1: Simulation setups under the null and alternative hypothesis. LN

denotes the log-normal distribution with the mean and scale parameters, E

denotes the exponential distribution with by the rate parameter, and ϵ has

Cauchy distribution with location being 2 and scale 1.

X Y cb |θcb|

Case 1 LN (1.1,1) LN (1.1,1)

Case 2 LN (1.1,1) LN (1.7,1)

Case 3 E(exp(10×(Z-0.5))) E(exp(10×(Z-0.5)))

Case 4 E(Z2+0.1) E(2×(Z2+0.1))

Case 5 2 + I(Z ≤ 0.5) + ϵ 3.5 + I(Z ≤ 0.5) + ϵ

Case 6a E(0.6-0.1×I(Z> 0.5)) E(0.4+0.1×I(Z> 0.5)) 0.5 0.1

Case 6b E(0.6-0.1×I(Z> 0.7)) E(0.4+0.1×I(Z> 0.7)) 0.7 0.1

Case 7a E(0.6+0.3×I(Z> 0.5)) E(0.4-0.3×I(Z> 0.5)) 0.5 0.3

Case 7b E(0.6+0.3×I(Z> 0.7)) E(0.4-0.3×I(Z> 0.7)) 0.7 0.3

Case 8 E(1) E(exp(10×(Z-0.5))) 0.5 0.7

Case 9 E(exp(Z)) E(exp(8×(Z-0.45))) 0.52 0.6

hypothesis H0 : λ0 = 0. With c0 unknown, Li et al. (2023b) first uses

the minimum p-value method for the estimation of cutpoint, and then

proposes a paired bootstrap method to adjust the p-value.
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6.2 Simulation Results: Size and Power of Tests

For methods (PB) and (LR), the number of bootstrap replications is

1000. Two different sample sizes (n = 300, 500) are considered. We set

ℓ = 0.2, u = 0.8.

Table 2 summarizes the empirical size and power of the three methods

under the null and alternative hypothesis for tests at significance level α =

0.05. We observe that for all cases under the null hypothesis (i.e. Case 1–

5), the empirical sizes of the proposed method (PB) is close to the nominal

5% level, while there is an almost sevenfold inflation when using method

(WB), which treats the estimated ĉn as deterministic. Moreover, method

(LR) exhibits a type I error inflation for Cases 3-4 and is overly conservative

for Case 5. Specifically, in Case 3 and 4, the responses are non-linearly

generated, and (LR) suffers from model mis-specification. In case 5, the

outcomes have heavy tail distributions, which affects the performance of

(LR). In comparison, the proposed method (PB) is robust to both model

specification and heavy tail distributions.

For empirical power analysis, as summarized in Table 2, all methods

demonstrate similar performance, with an overall increasing trend observed

as the sample size n and the predictive effect |θcb| increase. In particular,

for a sample of size n = 300 with |θcb| ≥ 0.3, the power of the tests exceeds

90% for all methods in Cases 7–9. However, for Case 6a, where |θcb| = 0.1 is
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6.3 Simulation Results: Estimation of cb

Table 2: The empirical size (in percentage) and power under null hypothesis

and alternative hypothesis when the cutpoint is not given for significance

level α = 0.05. Configurations 1-5 focus on size, while configurations 6-9

are for empirical power.

n 1 2 3 4 5 6a 7a 8 9

300 PB 5.1 4.9 5.2 5.7 5.8 20.5 99.7 100 100

WB 33.3 35.1 30.1 24.4 29.2 43.4 99.9 100 100

LR 5.8 4.8 7.8 60.7 2.4 29.8 99.9 96.4 97.8

500 PB 5.3 5.1 4.9 6.5 4.4 28.9 100 100 100

WB 33.3 33.1 29 24.1 24 59.8 100 100 100

LR 6.3 4.6 7.6 85.5 2.6 48.9 100 99.6 99.5

small, the power does not exceed 60% even for a sample of size n = 500. As

expected, our procedure is not as powerful as method (LR) when the model

in (6.11) is correctly specified, illustrating the tradeoff between robustness

and power.

6.3 Simulation Results: Estimation of cb

For simplicity, we refer to the proposed method in Section 5.1 for construct-

ing confidence intervals for cb as FAM, which estimates the first absolute

Statistica Sinica: Newly accepted Paper 



6.3 Simulation Results: Estimation of cb

moment of the limiting distribution in Theorem 6 by the m-out-of-n boot-

strap method. We compare FAM with the standard empirical bootstrap and

m-out-of-n bootstrap, which estimate directly the quantiles of the limiting

distribution.

We consider Case 8 and 9 with 95% nominal coverage probability and

with different sample sizes: n = 500, 1000, 2000, and 4000. Further, for m-

out-of-n bootstrap methods, we select mn to be one of the following: n0.95,

n0.85 and our proposed data-driven procedures (S1 in Subsection 5.1 and S2

in Appendix S1). Each resampling method uses 1000 bootstrap repetitions.

Table 3 provides the estimated coverage probabilities of confidence in-

tervals obtained using different procedures. We observe that our proposed

FAM procedure based on m-out-of-n bootstrap have coverage probabilities

close to the nominal 95% level, particularly when m is determined by our

proposed data-driven algorithms. On the other, the standard empirical

bootstrap, with or without FAM, suffers from under-coverage; this is con-

sistent with previous findings (Koziol and Jia, 2009; Seijo and Sen, 2011;

Cattaneo et al., 2020). It is interesting that the standard m-out-of-n boot-

strap, which is theoretically consistent, have drastic under-coverage (vary-

ing between 0.60 and 0.80) even for n = 4000. Based on these results, we

recommend adopting the FAM procedure, along with the proposed choice
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Table 3: Empirical coverage probabilities (in percentage) of the 95% con-

fidence interval constructed by different bootstrap methods under the al-

ternative hypothesis. Moon: m-out-of-n method, FAM: our proposed first

absolute moment method.

Case 8 Case 9

Sample Size 500 1000 2000 4000 500 1000 2000 4000

Empirical Bootstrap 63.2 65.1 65.1 65.9 60.1 63.4 66.0 67.2

Moon (mn = n0.95) 67.6 71.5 70.6 70.8 62.0 63.9 70.3 70.4

Moon (mn = n0.85) 75.3 76.5 75.3 76.8 63.0 69.3 76.1 77.2

FAM Bootstrap(mn = n) 89.3 89.7 89.6 91.0 90.0 90.7 88.9 90.9

FAM Moon (mn = n0.95) 92.0 94.4 92.7 94.2 91.8 93.1 92.6 94.3

FAM Moon (mn = n0.85) 96.2 96.0 96.7 96.6 94.1 95.4 97.0 96.9

FAM Moon (S1) 95.0 95.0 95.8 95.6 93.8 93.9 95.8 94.8

FAM Moon (S2) 95.1 95.0 95.3 95.3 93.5 94.0 95.3 95.1

of m procedure, for constructing confidence intervals for cb.

7. Real Data Application

The proposed procedures are applied to a dataset from CO.17 trial car-

ried out by the Canadian Cancer Trials Group In this trial, 572 patients

diagnosed with advanced colorectal cancers were randomly assigned to two
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groups: one receiving Cetuximab in addition to best supportive care (BSC),

and the other receiving BSC alone.

In clinical trials of cancer patients, an important outcome of interest is

Quality of Life (QoL), which provides information on the impact of treat-

ments in alleviating symptoms and reducing treatment-related side effects

from the perspective of patients. In CO.17, QoL was measured using the

European Organization for Research and Treatment of Cancer (EORTC)

Quality of Life Questionnaire (QLQ)-C30, and the primary aim of the QoL

analysis was comparing changes in subscales of the questionnaire from base-

line to specific time points following randomization between two groups.

In our analysis, we focus on the Physical Function Scale (PFS) with

an interest in identifying specific subgroups of patients, based on certain

biomarkers, who may experience more favorable changes from baseline at

4, 8, 16 and 24 weeks from randomization, in this subscale. Four biomark-

ers are considered: mRNA expression of the gene epiregulin (EREG), lev-

els of lactate dehydrogenase (LDH), alkaline phosphatase (ALKPH), and

hemoglobin (HGB). For each biomarker, we select ℓ and u as the 20% and

80% empirical quantiles.

We apply both the proposed bootstrap method introduced in Section

4.1 and minimum p-value methods as discussed in Remark 5 to test, sep-
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Table 4: Estimated ĉn and c̃n for HGB by profile method and minimum

p-value method respectively, and the corresponding p-values based on the

bootstrap method. The bootstrap repetition number is B=2000.

HGB

Week ĉn pprofile c̃n pmini Week ĉn pprofile c̃n pmini

4 112 0.192 110 0.230 8 110 0.007 110 0.005

16 119 0.662 119 0.646 24 118 0.087 118 0.083

arately for each biomarker, whether there is predictive effect, i.e., the hy-

potheses in (1.3). Each method uses 2000 bootstrap repetitions. Although

estimation of optimal cutpoint is only meaningful when these tests are sta-

tistically significant, we report, in Table 4, the optimal cutpoint value esti-

mated by the profile method, i.e., ĉn in (4.10), and by the minimum p-value

method, i.e., c̃n in Remark 5, along with the p-values of the tests, for all

biomarkers.

For EREG, LDH, and ALKPH, as shown in Table S5 of Appendix

S4, none of the p-values are smaller than 0.05, indicating that there was no

cutpoint which would define subgroups with statistically significant different

relative treatment effects. However, for HGB from baseline at 8 weeks, p-

values from both profile and minimum p methods are smaller than 0.05
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and the estimated optimal cutpoint value for change in PHS is 110 from

both methods. As summarized in Figure 1 and Table S6 of Appendix

S4, individuals with HGB lower than 110, when treated with cetuximab

plus BSC, had a more positive change in PHS at 8 weeks compared to

those treated with BSC alone. Conversely, the change in PHS was similar

between the two treatment groups for patients with HGB equal to or higher

than 110, suggesting that patients with lower HGB values would have more

favorable QoL when treated by cetuximab in comparison with BSC than

those with higher values of HGB.

8. Conclusion and Discussions

In this paper, nonparametric procedures for testing treatment-biomarker

interaction are proposed based on the probability index in both cases when

the cutpoint is prespecified or unknown. Inference procedures for the op-

timal cutpoint are also developed. Theoretical properties of the proposed

procedures are derived and extensive simulation studies validate the robust-

ness and accuracy of our proposed procedures.

The Mann-Whitney-based statistic proposed in this paper offers com-

putational simplicity and robustness to distributional assumptions, though

it may be less efficient than certain semiparametric alternatives. A promis-
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REFERENCES

ing direction is to develop hybrid approaches that balance robustness and

efficiency (see Appendix S4.4). Another important extension involves ad-

justing for confounding variables, which frequently arise in practice. This

could be achieved through a regression-based framework for modeling the

conditional probability index (Thas et al., 2012; De Schryver and De Neve,

2019), or via machine-learning methods such as double/debiased learning

(Chernozhukov et al., 2018; Mi et al., 2021) (see Appendix S4.3). Beyond

confounding adjustment, extending our procedures to survival outcomes

(Koziol and Jia, 2009; Jiang et al., 2016) and developing strategies for com-

bining multiple biomarkers for subgroup identification (He et al., 2018)

represent further promising research directions (see Appendix S4.2).

Supplementary Materials

The proofs and more simulation results are presented in the SMs.
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