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HAR-It6 models and high-dimensional vector HAR modeling

for high-frequency data
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Y Donghua University, and * University of Hong Kong,

Abstract: It is an important task to model realized volatilities for high-frequency data in finance and
economics, while the heterogeneous autoregressive (HAR) model has dominated the applications in this
area. However, this model suffers from three drawbacks: (i.) its heterogeneous volatility components
are linear combinations of daily realized volatilities with fixed weights, which limits its flexibility for
different types of assets, (ii.) it is still unknown what is the high-frequency probabilistic structure
for this model, as well as many other HAR-type models in the literature, and (iii.) there are no high-
dimensional theoretical results for vector HAR modeling although it is common to encounter many assets
in real applications. To overcome these drawbacks, this paper proposes a multilinear low-rank HAR
model by using tensor techniques, where a data-driven method is adopted to automatically select the
heterogeneous components. In addition, HAR-It6 models are introduced to interpret the corresponding
high-frequency dynamics. Moreover, non-asymptotic properties of the high-dimensional vector HAR
modeling are established, and a projected gradient descent algorithm with theoretical justifications is
suggested to search for estimates. Theoretical and computational properties of the proposed method
are verified by simulation experiments and real data analysis.

Key words and phrases: Diffusion process, Heterogeneous autoregressive model, High-dimensional anal-

ysis, High-frequency data, Non-asymptotic property, Tensor technique.
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1. Introduction

Volatility analysis is one of the most important tasks in finance and economics (Engle} 1982;
Bollerslev, [1986) and, with the widespread availability of high-frequency data, more and
more recent discussions have concentrated on modeling realized volatilities, which can be
constructed from high-frequency intraday observations. Examples include the realized gen-
eralized autoregressive conditional heteroscadestic (GARCH) model (Hansen et al., 2012),
high-frequency based volatility model (Shephard and Sheppard, 2010)), heterogeneous autore-
gressive (HAR) model (Corsi, [2009), multiplicative error model (Engle and Gallo, 2006), and
mixed data sampling model (Ghysels et al.| [2006). As arguably the most popular one among
these approaches, the HAR model has a simple cascade structure (Corsi, 2009)). Specifically,
the short-term, medium-term and long-term volatility components are first identified, and
they are usually the linear combinations of daily realized volatilities. We then regress the
future realized volatility on the three heterogeneous components, and this leads to an autore-
gressive form. Surprisingly the simple HAR model can even outperform a few powerful deep
neural networks for some real applications in the area of machine learning (Bucci, 2020)).
Since its appearance, the HAR model has attracted considerable attention from the lit-
erature. First, due to the importance of jump effects for high-frequency data (Andersen
et al., 2012)), /Andersen et al. (2007) included the estimated jumps as the fourth heteroge-
neous component to improve the forecasting performance; see also (Corsi et al. (2010) for
threshold bipower variation and [Patton and Sheppard (2015) for signed jumps. Corsi and

Reno (2012)) further added one more component of leverage effects. Secondly, some efforts



have been spent on generalizing HAR models. Bollerslev et al.| (2016) suggested a HAR model

with time-varying coefficients in terms of parametric forms; see also |Bekierman and Manner|

(2018)). Moreover, |Chen et al| (2018) considered a similar model with coefficients having a

nonparametric form, McAleer and Medeiros (2008) proposed a multiple-regime smooth tran-

sition HAR model, and |Corsi et al.| (2008) considered a more sophisticated HAR model with

GARCH errors. The jump effect has also been discussed for these generalized HAR models

(Buccheri and Corsi, 2021)). Thirdly, besides the ordinary least squares, more efficient esti-

mation methods have been discussed in the literature, including the weighted least squares

(Patton and Sheppard, [2015) and robust regression (Clements and Preve, 2021) methods.

Fourthly, to achieve higher forecasting accuracy, a transformation is usually employed to re-
alized volatilities before estimation, and one usually chooses the logarithmic 2009)) or

Box-Cox transformation (Taylor, 2017). Finally, besides the stock market, the HAR model

has also been applied to Bitcoin (Trucios, 2019), energy (Jawadi et all 2024), agricultural

commodities (Luo et al. 2022)), and many others.

Most of the above studies on HAR models are limited to the univariate case, while it

is common in practice to forecast the realized volatilities of many assets. One popular way

is to extend the HAR model to a vector version for the modeling (Hong et al., 2020)). For

example, Bubak et al| (2011) considered a vector HAR (VHAR) model with multivariate

GARCH error terms to improve the forecasting accuracy, and similar model settings can be

found in |Soucek and Todoroval (2013). Bauer and Vorkink (2011) conducted the prediction

for realized covariances, while the VHAR model plays a key role in the modeling; see also



Bollerslev et al.[(2018). This paper develops a VHAR model for predicting realized volatilities
across assets, focusing on realized variances rather than the full realized covariance matrix.
When the number of assets N is large, the model involves O(N?) parameters, leading to a
high-dimensional estimation problem. As a result, dimension-reduction methods are required
to render forecasting feasible. Reinsel (1983) proposed a vector autoregressive model that
imposes a low-rank structure on the row space of the coefficient matrices. This approach
was extended to the VHAR framework by Cubadda et al. (2017), who introduced the vector
HAR-index (VHARI) model. This reduces the number of parameters to O(NN), while one may
want to know whether the low-rank assumption can be assumed to the column space, or even
both row and column spaces, of coeflicient matrices.

On the other hand, for most HAR-type models in the above, the three heterogeneous
volatility components are set to the daily, weekly and monthly realized volatilities, where
the latter two are the simple averages of 5- and 22-day realized volatilities, respectively
(Corsi, 2009). However, this setting has been shown to be limited by increasing empirical
evidence. |Chen et al. (2010) questioned the role of long-term volatility components (measured
by monthly realized volatility), arguing that a structural break combined with a low-order
autoregressive model can outperform HAR models. |Audrino and Knaus| (2016) further as-
sessed the three-component structure using LASSO (Tibshirani, 1996) for variable selection
in high-order autoregressions, and can be found no supporting evidence from nine US stocks.
Note that the three components correspond to the average of j-day realized volatilities with

j = 1, 5 and 22, respectively. [Hong et al. (2020) considered many other combinations of



j’s and empirically showed that the combination of (1,5,22) performed worse. In fact, the
three components in the classical HAR model can be interpreted as lag-dependent factors,
which motivates us to develop a data-driven procedure for selecting these components; see
model and Remark [3| for details. The first contribution of this paper is to propose a
multilinear low-rank HAR model in Section |3 for forecasting realized volatilities using tensor
techniques. The low-rank structure is imposed on both the row and column spaces of the co-
efficient matrices, allowing heterogeneous volatility components to be selected automatically.
Our framework is related to |Shin et al.| (2025) in spirit, but differs fundamentally in that we
adopt a low-rank structural assumption rather than sparsity.

Recently some efforts have been spent on constructing high-frequency models for intraday
asset prices such that the corresponding low-frequency integrated volatilities have a GARCH-
type representation. Examples include the GARCH-It6 model (Kim and Wang, [2016), the
factor GARCH-It6 model (Kim and Fan| [2019), the realized GARCH-It6 model (Song et al.,
2021), and many others. These GARCH-Ito-type models provide a theoretical bridge to recon-
cile low-frequency GARCH volatility representations and high-frequency volatility processes,
and hence a better interpretation and more reliable inference can be achieved by harness-
ing GARCH models and realized volatilities. As a natural, yet non-trivial follow-up of the
GARCH-It6 literature, the second contribution of this paper is to propose the vector HAR-It6
model in Section [2, and their low-frequency integrated volatility admits a VHAR representa-
tion. To the best of our knowledge, this is the first attempt in the literature to explore the

high-frequency dynamics for HAR-type models.



In the meanwhile, all currently used HAR modeling tools are for the low-dimensional
setting with a fixed number of assets. However, it is common to encounter many financial
assets in real applications, and it is urgent to design high-dimensional inference tools for HAR
models, where the number of assets N may diverge. The third contribution of this paper is
to address this gap by developing a high-dimensional VHAR framework for high-frequency
data in Section 4l Specifically, the proposed model resembles a vector autoregressive model
with measurement errors, and Section establishes non-asymptotic properties of the high-
dimensional estimator. Moreover, Section [4.2] proposes a projected gradient descent algorithm
with theoretical guarantees.

In addition, Section [5| conducts simulation experiments to evaluate finite-sample perfor-
mance of the proposed methodology, and its usefulness is further demonstrated by empirical
examples in Section [0l Section [7] concludes the paper and discusses future research direc-
tions, including extensions to heavy-tailed data. All technical proofs are provided in the
Supplementary Material.

Throughout the paper, tensors are denoted by calligraphic capital letters, e.g., A, B, etc.;
see the supplementary file for a brief introduction to tensor notations and Tucker decomposi-
tion. Vectors are denoted by small boldface letters, such as a and b. Let (a,b) = > ; a;b; and
|all2 = v/(a, a) be the inner product and £5-norm, respectively. Matrices are represented us-
ing capital letters, for example, A and B. For a matrix A € RP**?2 let AT rank(A), o;(A),

min(p1,p2)

[Allop = o1(A), [[Allr = /30 A% 1Al = >0 03(A), [[Alle = maxi<icp, 2372, |4yl

i=1

be its transpose, rank, j-th singular value, operator norm, Frobenius, nuclear norm, [, norm,



respectively. For any square matrix A, we let Apax(A) and Apin(A) denote its maximum and
minimum eigenvalues. Moreover, for any p; > po, the set of orthonormal matrices is denoted
by Op1>P2 = {O e Rz |OTO = Im}, where L,, is a py X py identity matrix. Finally, for
any two sequences a,, and b,, we denote a, < b, if there exists an absolute constant C' > 0

such that a, < Cb,, a, 2 b, if a,, > Cb,, and write a,, < b, if a,, < b, and a,, = b,.

Y

2. Vector HAR-It6 model for high-frequency data

This section proposes the vector HAR-It6 model for high-frequency asset prices such that its
low-frequency integrated volatility has a VHAR representation, as shown in Propositions [1}
Consider N financial assets, and denote by X;,; and o, the log price of the ¢-th asset and
its instantaneous volatility at ¢ € Ry = [0, 00) for each 1 < i < N, respectively. Let X; =
(X14y-.., Xne)" and oy = (014,...,0n54)". Define two N-dimensional Brownian motions,
B, = (Bit...,Bny) and Wy = (Wi, ..., Wy,)', where dB;,-dBj, = pFdt, dW;,-dW;, =
pridt, dBiy - dW;y = p;jdt, pP = 1, and p}; = 1 for all 1 <4,j < N. Let p¥ = (pf;) €
RVN pW = (p¥) € RN and p = (p;;) € RV*N, where p” and p" are symmetric.
Moreover, let Z;, = f[i] dW;, for 1 <i < N, and denote Z; = (Zy4,...,Zy,)" . For the jump
component, let Ay = (Ayy,...,Axs)" be an N-dimensional Poisson process with constant
intensity (Ai,...,An)", and Ly = (L14,...,Lys)" be N-dimensional jump sizes. We assume
that the jump components for different assets are independent, {L;,t € R, } are independent
and identically distributed (i.i.d.) with finite fourth moment, L, is independent of A;, B;, W,

and oy, and all the above diffusion processes are adapted to the filtration {F;,t € R, }. As a



result, the jump diffusion model can be introduced below,
dXi,t = ui,tdt -+ Ji,tdBi,t + Li,tdAi,t7 1 S 7 S N. (21)

Definition 1. The log prices of N assets {X;,t € R, } at (2.1 are said to follow a vector
HAR-Ito model if, for each 1 <7 < N, the instantaneous volatility of the i-th asset satisfies

N
U?,t:‘%'?,[t} —|—(t—[ﬂ)<wi— z[t> Z_: J ajsds—l—ZZoz / aisds

=2 j=1 Nk (2.2)
¢
—I—/BZ/ LisdAi,s + ’UZ([t] + 1-— t)ZZt7
[t]
where [t] denotes the integer part of ¢, i.e., [t =n—1forn—1 <t < n, P is a positive

integer, the parameters of w;, 5;, v;, af )’s are all positive, and a > O0forall2<I<P.

Let w = (wy,- - ,wy) € RY, a,gl) = (az(l%, (l) V)T ERY all) = (agl),~~ ,OMS\I,))T €
RY*N "and B = diag{8, ..., B8y} € RV*N. The instantaneous volatility o; defined at (2.2)
is an N-dimensional process with continuous time and, when being restricted to integer time

points, it has the form of

P
UZ =w+ Z a(l)Ynfl+1 + /BJm

=1

with probability one, where the integrated volatility and jump variation for the i-th asset are

defined as

y’i,n:/ aztdt and Jm:/ LisdAi,s,
n—1 n—1

respectively. Let y, = (Y1, ,ynn) ', and J,, = (Jipn, -+, Jvn) . Moreover, from (2.2),
the values of aflj) with 2 <1 < P measure the contribution of the j-th stock’s daily volatility

to the i-th stock’s spot volatility.



For 1 < i < N, let w;, = E(L},) and M;; = L}, — w; (Song et al) 2021), and

denote wy = diag{wiz, -+ ,wyr} € RVN 'V = diag{vy,--- oy} € RV and A =
(A,--,An) " € RY. Moreover, let g, = a(l)_l(ea(l) —Iy) e RVN gy = a(l)_2(e°‘(l) —Iy—
a®) e RVV and gy = a® (e — Iy — a® — aM?y C RNXN p) A _ oo Ak

; 03 = e N—Q 5—) € , where e = 377 & €

RY*N for a matrix A € R¥*Y. Denote w? = giw + @28wr + (02 — 203) Vly € RY,
B9 = (01—02)B € RN and A; = (g1 — 02) @ € RV with 1 < j < P, where
1y = (1,...,1)" € RY. For simplicity, we further define dA; = (dAy4,...,dAx;) and

2idZ; = (Z4d 21y, ZngdZn )T

Proposition 1. Suppose that n > P + 1, and oY) has spectral radius less than one. Then

the integrated volatility for VHAR-It6 model at Definition [1] satisfies

P
yYrn = w? + Z Aan—j + /Bg']n—l + e, (23)

Jj=1

with probability one, where €, = €° + ) € RY,

e =2VaM ™’ /

n—1

n

{((n — t)a(l) — IN) em—ta® | IN} 7.dZ, € RY,

e/ =BaW ™ { / (em—t)a(” — IN) [MLdA; + wr(dA; — )\dt)]} e RY,

-1
and € and €’ are innovation terms from the continuous diffusion process and the jump

component, respectively. Moreover, {€¢} and {€!} are i.i.d. sequence with mean zero and

finite variance matrices.

From Proposition , the integrated volatility {y,} has a representation of vector autore-

gression with exogenous variable of J,,_;. In the absence of jump components, the represen-
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tation at will reduce to the following VHAR model,
P
Y=+ Ajya+en, (2.4)
j=1
and the integrated volatility {y,} can be consistently estimated by the realized volatility. Let
y,(lj) =4t Z{Zl Yni1-1 be the average of j-day integrated volatilities, and model can be
rewritten into y, = w? + iﬁjygll + &,, which is used by [Hong et al. (2020) to predict the
j=
realized volatility. As a result, the proposed VHAR-It6 model at Definition [T and Proposition
provides a probabilistic support for this VHAR model.

Moreover, the term of Z,; = f[i] dW;; plays a key role in designing the instantaneous
volatility o;; at . We may consider a more general form of Z;; = f[i] 2 1dW;y with
z;¢ being a nonrandom continuous function, and a result similar to Proposition [I| can be
established. However, when z;; is a random function, say z; = 0;,; in Kim and Wang| (2016]),
the derived innovations {c¢ } will be a martingale difference sequence only although we can still

have an autoregressive form similar to (2.3)). In fact, by choosing suitable random functions

for z; 4, the derived innovation & can even be heavy-tailed (Shin et al., 2025).

Remark 1. When the number of assets N is large, there may exist a low-dimensional structure
in coefficient matrices A;’s or a/)’s since a market of many assets is usually driven by a few
summarized forces (Bai and Ng, 2008; Lam and Yaol 2012). To this end, by using the idea
of autoregressive index models (Reinsel, [1983)), (Cubadda et al.| (2017) imposed a low-rank

assumption to the following matrix

(Al AL = (a7, ... aPIT) (o] — 0] ) e RVNF,
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corresponding to the row space of A;’s or a)’s; and a significant improvement of forecasting
accuracy can be observed for the realized volatility. Consider another matrix (Ay,--- ,Ap) =
(01 — 02) (@M, - aP)) € RV*NP " corresponding to the column space of Aj’s or a)’s,
and the ranks of these two matrices are not equal in general. This motivates us to consider
the low-rankness of the column space of A;’s or a?’s or even both row and column spaces

simultaneously.

3. Multilinear low-rank HAR model

Consider N financial assets, and their log prices X; = (Xi4,...,Xn;) with t € R, are
generated by the vector HAR-It6 model at and with no jump component. Let y, =
(Y1.m, - »yYnn) | € RY be the centered N-dimensional integrated volatility with E(y,) = 0,
and we next construct a realized measure for it.

For asset i, let ¢, € [n—1,n] with 0 < k& < m be time points with intraday observations,
where m is the number of observations within day n, and n—1 =1, <t,1 < -+ <ty = n.

The realized volatility can be defined as RV;,, = > ;" (X; — an’k_l)?, and we focus on

7tn,k

the centered version, v;, = RV;, — T-1! 21T=1 RV;;, where T is the total number of days.

Denote ¥, = (Y10, »Unn) € RY, and we then have
where 17, = (N1, ,nvn) " € RY is the estimation error, and the dependence of notations

y» and m,, on m is suppressed for simplicity. Suppose that the number of observed prices m

is the same for all 1 <n <T and 1 <i < N, and {t,;} are synchronized and equally spaced,
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1

ie. tpr —thg—1 = m . By a method similar to those in Kim and Wang| (2016) and [Song

et al.| (2021), we can show that

max max E(|n;,[*) < O(m~?). (3.2)

1<n<T 1<i<N

Remark 2. The assumption of synchronization and equal space is for simplicity only, and
it can be relaxed to the generalized sampling time (Ait-Sahalia et al., 2010), refresh time
(Barndorff-Nielsen et al., 2011)) or previous tick (Zhang, 2011). Moreover, besides the realized
volatility, we may consider other realized measures, such as the multi-scale realized volatility
(Zhang, [2006), kernel realized volatility (Barndorff-Nielsen et al., 2008), and pre-averaging

realized volatility (Jacod et al., [2009)).

From Proposition [1, the low-frequency integrated volatility satisfies

P
Yo=Y Ajyuj+e, P+1<n<T, (3.3)

j=1

where the intercept w? is centered out since E(y,,) = 0, A;’s are all N x N coefficient matrices,

and innovations {e,} are i.i.d with €, = (€1, -+ ,enn)' € RY, E(g,) = 0 and var(e,) < oo.
The matrix polynomial for model (3.3) is defined as A(z) = Iy — Ajz — .-+ — ApzP, where

z € C with C being the complex space.
Assumption 1. The determinant of A(z) is not equal to zero for all |z] < 1.

The above assumption is a necessary and sufficient condition for the strict stationarity of a
vector autoregression, and it hence ensures that {y,} is strictly stationary. In the meanwhile,
the integrated volatility {y,} are generated by the Ito process at (2.1]) and (2.2)) rather than

the equation at 1’ i.e., the sequence {y, } is not a vector autoregressive process. As a result,
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Assumption is not necessary, while the stationarity of {y,} can simplify the presentation, as
well as technical details, dramatically. When Assumption [I| does not hold, we cannot center
the integrated volatility since it is no longer stationary, and this problem can be solved by
using the original integrated volatility at and then including an intercept at . The

corresponding theoretical discussions can be referred to Zheng and Cheng| (2021).

tensorization

A1 AQ e AP Hé A1

matricization

Figure 1: Rearranging A;’s into a third-order tensor A.

For model , the number of parameters is N2P, which can be very large since both
N and P may diverge to infinity. This paper uses tensor techniques to conduct dimension
reduction for the parameter space. Specifically, the coefficient matrices are first rearranged
into a third-order tensor A € RYV*V*F guch that Ay = (Aq,...,Ap); see Figure |1| for an
illustration. We then assume multilinear low ranks (ry, r9,73) to the coefficient tensor A, and

accordingly there exists a Tucker decomposition (De Lathauwer et al., 2000),
A:9><1 U1X2U2 X3U3, (34)

where G € R™*"2X"3 ig the core tensor, and U; € R¥*" U, € R¥*™ and Us € RP*™ are
factor matrices. We call formulas (3.1)) and (3.3)), together with the low-rank structure at

(3.4), the multilinear low-rank HAR (MLR-HAR) model for simplicity.
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Note that Ay = (A], -+, A}) and Az = (vec(Ay),...,vec(Ap))", and the spaces
spanned by A(q), A and Ay are the column, row and temporal spaces of coefficient
matrices, respectively. As a result, the low-rank assumption at restricts the param-
eter space from three directions simultaneously, and the number of parameters is reduced to
rirars + Nry + Nry + Prs.

The proposed MLR-HAR model has a form similar to that of vector autoregressive models

with measurement errors (Staudenmayer and Buonaccorsi, [2005) and, by plugging (3.3) into

(3.1), we have

P P
yn = Z Aﬁn—j + €, with €p = Mn — Z Ajnn—j + En , ) (35)

Jj=1 J=1

N

model  error

-
estimation  error

where P41 < n <T'. Suppose that the coefficient tensor admits the the higher-order singular
value decomposition (HOSVD) in |[Kolda and Bader| (2009), A =G x; U; x Uy x3 U3, ie. G
is all-orthogonal, and U,’s are orthonormal. Let H = G x3 Us, and H; € R™*" be its j-th
frontal slice for 1 < j < P, ie. Hy = (Hy,Hy,--- ,Hp). Thus, A = H x; Uy x ,U,, and
we can rewrite model into
P P
Vo=U1Y HUY, ;+e o Uly,=> HUY,;+Ule,
j=1 Jj=1
where U]y, and U] y,,_; are the summarized factors of responses and predictors, respectively.
The HAR model in |(Cubadda et al.| (2017)) corresponds to the case with 71 = N and U; being
an identity matrix, and it hence has more parameters than the proposed MLR-HAR model;

see Remark [1l for more discussions.
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Remark 3. Let 8 = G x; Uy x5 Uy € RV*V*7s and S; € RV*Y be its j-th frontal slice
for 1 < j < r3, ie. 81y = (S1,S2,--,S,,). Denote Us = (u®, ... ,ul) € RP*™ and
ulh) = (ugk), . ,ugf))T € R?, where 1 < k <r3. As a result, A = 8 x3 Uz, and model (3.5

can be reformulated into

n r3“*n

P
Vo=Six0 4+ 8,80 e, with P = uly, ;. (3.6)
j=1

Just like the daily, weekly and monthly realized volatilities, x5 are the summarized factors

along the temporal direction, and they can be treated as r3 heterogeneous volatility com-
ponents, which are automatically selected by the estimation method. Moreover, Uj is the
corresponding loading matrix, and model (3.6]) will reduce to the VHAR model (Soucek and

Todoroval, 2013) when U = Ug at (77).

Remark 4 (Shared dynamic parameters). The proposed MLR-HAR model can be further sim-
plified by assuming that all assets share the same dynamic parameters. Let a = (ay,...,ap)"
and u = 1y/ VN , where 1y is the N-dimensional vector of ones. We consider the following

restriction,

T a~1N1;
N ?

j=1,...,P

For a # 0, the corresponding coefficient tensor admits a Tucker decomposition of the form
(3-4),

a
2

where G € R'!*1 is the core tensor with G1; = ||al|s. Thus, A has multilinear ranks (1, 1, 1),

with the two spatial factor matrices fixed as U; = Uy = u.
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Let 77, = N~'1}¥, denote the cross-sectional mean at time n. Under this restriction,

model (3.5) can be written as
P
Jon =Y T+ €in,  i=1,...,N.
j=1

The multivariate least-squares objective equals N times that for the cross-sectional mean
series {7,,} plus a term independent of a. Hence, the restricted least-squares estimator is
given by
T P 2
a = arg min Z Up — Z T
acRP T =1
As a result, fixing the response and predictor factor matrices U; and Uy at u reduces the

number of dynamic parameters to P, independently of V.

4. High-dimensional vector HAR modeling

4.1 High-dimensional vector HAR modeling

It is common to encounter many assets in real applications, and the number of assets N
can be very large, say growing with sample size T at a arbitrary rate. In our context, this
corresponds to high-dimensional VHAR modeling, and this section focuses on establishing
the non-asymptotic properties of the estimator for MLR-HAR models.

Suppose that we have prior knowledge of multilinear ranks (ry,ry,73) of the coefficient
tensor A. Consider a latent vector time series {y_pi1,...,¥0,¥1,---,¥Y7}, generated by model
(3-5), with the low-rank constraint (3.4). We denote the true coefficient matrices by Ajs and

the folded true coefficient tensor by A*. The corresponding parameter space can be defined
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as
O(r1,r2,73) = {A € RVN*F i pank(A ) <r; for 1< <3}

This paper considers the ordinary least squares (OLS) estimator for the parameters of

MLR-HAR models as follows:

T
- 1
A = ar min = — Vo — AXall3,
MLR gﬂg@(rhmm T ; |y (1) I=

~ =T =T T
where x,, = (yn,l, e 7yn—P> :

The estimated coefficient tensor .ﬁMLR can be decomposed
into .ZIMLR = § X1 IAJl X9 62 X3 ﬁg with multilinear ranks (r1, 79, r3) by Tucker decomposition.
It should be noted that although the components of the Tucker decomposition, G, Uy,

U,, and Uj, are not individually identifiable up to orthogonal transformations, the coefficient

tensor A can be uniquely identified.

Assumption 2. Model error €, = E;/zén, where {£,} are i.i.d. random vectors with E(&,) =
0, var(&,) = Iy, and ¥, = var(e,) is a positive definite matrix. In addition, the entries
(& n)1<i<n of &, are mutually independent and A%-sub-Gaussian, and model errors {€,} are

independent of estimation errors {n, }.

Remark 5. The sub-Gaussianity condition in Assumption [2] is commonly imposed in high-
dimensional analysis (Wainwright| 2019). The theoretical results in this section are estab-
lished under this condition. An extension to heavy-tailed innovations that retains the Tucker
structure is discussed in Section [7| as a direction for future research. The assumption of in-
dependence between model errors and estimation errors is mainly used to simplify the proofs

and can be relaxed at the cost of more involved technical arguments.



4.1 High-dimensional vector HAR modeling 18

We next derive the non-asymptotic error bounds that account for the temporal and cross-

sectional dependence of {y, } (Basu and Michailidis, [2015). We define the following quantities,

fanin (A) = min Apin (A(2)A(2))  and  pigax(A) := max Apax (A(2)A(2)),

|2|=1 |2|=1
where the matrix polynomial A(z) = Iy — Az —---— Apzl A(2) is the conjugate transpose
of A(z). Moreover, the AR(P) in (3.5) can be alternatively represented as a N P-dimensional
AR(1) model with its transition matrix B defined in the Supplementary Material. We denote

the corresponding matrix polynomial by B(z) = Iyp — Bz. We then define

finin (B) 1= min Apin (B(2)B(2))  and  fimax(B) := max A (B(2)B(2)),

|z|=1 |z]=1
which quantify the smallest and largest eigenvalues that the Hermitian matrix B(z)B(z) can

take on the unit circle. Note that fimin(B), fimax(B) are not necessarily the same as fipin (A)

and fimax(A) (Basu and Michailidis, [2015]), and we can show pimin(B*) < frmax(AY).

Theorem 1. Suppose that (3.2)) and Assumptions [1] and [3 hold. If the sample size T Z

max(A2, \Y) (kyp/kr.a)2dy, mYAT? > N2Pexp(dy) and mY* 2 T2 for some § > 0,

then
A - C 9 dy T
| Amrr — A*||p < i (N 1/ Amax(E2)kv.a + A\/Eup)A /T R and
LS~ A % s 2. © 2 [do TV 2
? ; ||(‘AMLR)(1)X77, - (1)Xn||2 = KA (A Amax<26)/€U,A + A‘/I{U,B) T + W ,

with probability at least 1 — exp(—Cda) — 2exp(—CT(kp a/ky.p)? min{\"2, \"*}), where

KU,A = )\max(EE)/lj’min(‘A*)7 /fL,A = )\min(zs)/ﬂmax(ﬂ*); HU,B = /\max(ze)//j’min(g*>; dM =
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rirors + Nr1 + Nry 4+ Prs is the number of parameters for the MLR-HAR model, X is sub-

Gaussian parameter given in Assumption[d, and C' is a positive constant given in the proof.

The above theorem provides the upper bounds of both estimation and prediction er-
rors, and they consist of two terms: the first one is due to the OLS estimation error for
model , and the second is caused by using realized volatilities to estimate integrated
volatilities at . The quantities Ky 4, K4 and Ky p in the error bounds characterize the
spectral density of {y,}, which describes how the covariance of {y,} is distributed across
frequencies. Specifically, the spectral density of the proposed MLR-HAR model is given
by f(8) = (27) LA (e )8 A (e7?) for § € [—m, 7], and its maximum and minimum
cigenvalues satisfy Amas(£(0)) < (27) A (532)tmin(A) = igra/(27) and Ain(£(0)) >
(27) " Amin (Be) / pmax (A*) = k1,a/(27), respectively. When kp a, Ky a, kyp are bounded
away from zero and infinity, the estimation error || Anwr —A*|[p = Op(\/dat/T+T+2 /mt/4),
where dj, measures the complexity of MLR-HAR models, and the term of 7"+%° /m'/* con-
verges to zero when m diverges with a rate faster than 7%, Similarly, the prediction error
T (Ayer) )X — (Xnll3 = Op(dp/T +T%+4 /m'/?), and their consistency can be
achieved if m — oo, T — o0, dp/T — 0 and T*m~! — 0. In addition, when the order P
diverges to infinite, the effective dimension dy, = ri7r9r3+ N1y + Nry+ Prg grows accordingly,

while the estimation and prediction error bounds remain of the same order.
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4.2 Projected gradient descent algorithm

From Subsection , it is a nonconvex problem to search for the OLS estimator .ZIMLR, and this
makes the parameter estimation challenging numerically and theoretically. This subsection
introduces a projected gradient descent (PGD) algorithm by adopting the method in |Chen
et al.| (2019), and its theoretical guarantee is also provided.

We first introduce a projection of any tensor M € R¥*N*F onto the parameter space
O(ry,79,73). For 1 < i < 3, let M; be the matricization operator, which maps a tensor
to its mode-i matricization, and M; " be the inverse operator, i.e. M;(M) = M and
M 1(M(i)) = M. Moreover, denote by P, a projection operator, which maps a matrix to
its best rank r approximation. Specifically, for a matrix, P, first conducts the SVD to it,
and then the r largest singular values are kept while the others are suppressed to zero. As a

RNXNXP

result, for a tensor M € , we can define its projection onto ©(ry, 7, 73) below,

Porrars) (M) := (M51 0 P, 0 Ms) o (M5 0 Py, 0 My) o (M 0 Py, 0 My)(M).

Specifically, we first calculate mode-1 matricization of M, then find out the best rank r;
approximation by the SVD, and finally fold it back to a third-order tensor. The same action
is further applied to the second and third modes sequentially; see Algorithm (1] for details. The
order of which matricization is performed is nonessential, and it will not affect the forthcoming
convergence analysis. Moreover, ﬁ@(mm,m)(-) is an approximate projection onto ©(ry,rg,r3)
only, while the exact projection is well known to be an NP-hard problem (Hillar and Lim)|
2013).

It is ready to introduce the PGD method to search for the OLS estimator ﬁMLR; see
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Algorithm [I] Specifically, we first update the estimate by the commonly used gradient descent
method, and the updated tensor is then projected onto (r}, r5, %) since it may not have low
Tucker ranks. Let (r],r5,74) be the running Tucker ranks used in Algorithm [I} and denote

d/M =(ri+r)(ro+ry)(rs+rs) + N(ry+ 7)) + N(ro+15) + P(rs +r5).

Algorithm 1 Projected gradient descent algorithm for HAR modeling

Input : data {y,}, parameter space @ = O(r],r5,r}), iterations K, step size n
Initialize : k = 0 and A, € ©.
for k=1,2,..., K do
ﬁk = .ﬁk_l — nVL(flk_l) (gradient descent)
Ay, — Ay
for j =1,2,3 do
M) =M; (Ay) (mode-j matricization)

M) = P (M) (best rank rj approximation by the SVD)

Ay = /\/lj_l(i\/\[(j)) (fold into tensor by reversing the mode-j matricization)

end for
end for
Output : ﬁK

Theorem 2. Suppose that (3.2) and Assumptions |1 and @ hold, step size n = 2/(3ky,a),

)
and the running Tucker ranks r; > <{’/1 + kpa/(24Kp4) — 1) riwith 1 <4 <3. IfT 2

max(A2, M) (kyp/kp.a)?dy, mYAT? > N2Pexp(d,,) and m*/* 2 T2 for some 6§ > 0,
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then

T1+26

C 57
(N Amax (Be) kv + Ao By TM + 1

)
RL A

~ . Kr, = *
[ A=A [|p < (1= 22K || Ag— A || o+
24"{U,A

with probability at least 1 — exp(—Cdy) — 2exp(—CT(kp.a/ky.p)? min{\"2, \"*}), where
RuaA = )\max(zs)/ﬂmin(‘[[*)y RpA = )\min(z}e)/umax(ﬂ*); RuB = )\max<25)/,umin(3*); A is
sub-Gaussian parameter given in Assumption @ and C' is a positive constant given in the

proof.

The two terms of the upper bound in the above theorem correspond to the optimization
and statistical errors, respectively, and the statistical error has a form similar to that in
Theorem . Note that x4 < Kpa, and hence the linear convergence rate is implied for
the optimization error. Specifically, for any € > 0, we can choose the number of iterations
K = [log(e) — log H-ﬁo — A"||¢]/log[l — kL .a/(24Ky.4)] such that the optimization error is
smaller than e. For the initial value .210, we may simply set it to zero in practice. Finally, the
Tucker ranks of A are typically unknown in practice and can be selected empirically or via a

high-dimensional Bayesian information criterion (BIC),

L I
BIC(r) = log {f Z ’
n=1

where .ﬁ(r) = ﬁMLR with Tucker ranks r = (rq,79,73), dp(r) = rirars + Nry + Nrg + Prg

Yo — (A(r) )X

2} . XdM(r)Tlog(T)’ (4.1)

2

denotes the number of free parameters, and \ is a tuning parameter.
Note that the integrated volatility is positive, however, the vector HAR model at ({3.5))
does not guarantee its positiveness in forecasting the future values. This paper suggests to

model log(y,) (after centering) and then exponentiate the forecasts. Alternatively, in the
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empirical analysis, we may add back the mean and truncating on the original scale at a very

small value ¢ > 0, i.e. Z;,, = max{¥y;, + Ui, ¢}

5. Simulations studies

Two simulation experiments are conducted in this section. The first evaluates the finite-
sample performance of OLS estimation for the proposed MLR-HAR model under high-dimensional
settings in Sections [4.1] and the second examines the convergence of the proposed algorithm
in Section 4.2

The first experiment verifies the non-asymptotic error bound in Theorem 1| which consists
of two components: O,(1/dp/T) from the low-frequency model error and O, (T /m!/4)
from high-frequency estimation error. Since these two parts are difficult to separate, we
design two data-generating processes to evaluate them individually.

For the first process, low-frequency data {y;,} are generated directly from model
without high-frequency noise, i.e. m = oo, so the error bound reduces to O,(\/dm/T).
The coefficient tensor has the form of A = G x; U; x4 Uy x3 Uy € RVXNX22 where the
core tensor G € R™*™2*"3 has i.i.d. standard normal entries rescaled to ||G||[r = 0.5, and
the factor matrices U;’s are formed by the first r; left singular vectors of Gaussian random
matrices, ensuring stationarity (Assumption [I)). The error terms {e,} follow a multivariate
standard normal distribution, with Tucker rank (ry,7r2,73) = (2,2,2) or (3,3,3). We consider
N =10,20,25 and T' = 50(4+ 35 +j2) for 1 < j < 5, and apply Algorithmto obtain ﬁMLR-

Figure [2| reports the average Frobenius error over 500 replications, showing clear linearity in
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\/m. The error decreases to zero as T' increases, confirming the first part of the bound.
Differences in slopes arise from dimension-dependent constants in Theorem , such as A, Kz, 4,
Ku,a and Ky g.

For the second data-generating process, we introduce an i.i.d. high-frequency error se-
quence {n,} in (3.I), where 1, ~ N(0,m '/*Iy), while {y,} are generated in the first
process. We set T = 50(1 + j) for 1 < 7 < 5, keep other settings unchanged. The realized
volatility is computed using m = T* intraday observations. Note that, from Theorem ,
VT dp | Anir — A*|[p = Op(1) + O, (T*2+2 /m/4) and hence we plot the adjusted estima-
tion error /T /d [ Ayrr — A*||p against T3/2/m!/* in Figure . The clear linear relationship
confirms the second part of Theorem |1} while the different intercepts are due to the O,(1)
term.

The second experiment is to evaluate the convergence performance of Algorithm [T} The
high-frequency data are generated from the VHAR-It6 model at and with the
absence of jump components and drift terms, i.e. L;; =0 and p;;, = 0 with 1 <7 < N. The
dimension is fixed at N = 30, and the sample size is T" = 1000. We set the time interval
to A = 1/78,1/390,1/780, respectively. For the two Brownian motions B, and W, the
increments B, Ao — B; and W, o — W, follow multivariate normal distributions with mean
zero, variance matrix A - Iy, and their correlation coefficient matrix being —0.6 - Iy. We fix
the initial log prices to X;o = log(50) and the initial instantaneous volatility to ;o = 0.1
for all 1 < i < N. The model parameters are set to (w;,v;) = (0.2,0.4) with 1 <7 < N,

and (aW,... aP)) = a*(Ul @ Iy) € RVN*22 where Ug € R?**3 is defined in (?7),
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and a* € RV3N is a randomly generated matrix with rank two and Assumption [I| being
satisfied. From Remark |1, we can calculate the coefficient tensor, A € RV*N*22 of its low-
frequency representation, it can be verified to have the Tucker rank of (r1,79,73) = (2,2, 3),
and the algorithm considers three different running ranks: (r,r5,r3) = (2,2,3), (5,5,5) and
(10,10, 10). The realized volatility is calculated with m = 78, 390 or 780. Figure |3| gives the
standardized root mean square errors ||flK — A" ||g/||A"||¢ for the first 20 iterations over 500
replications. The plot reveals that all cases exhibit a similar decay pattern. Lower estimation
errors can be implied by more accurate pre-specified ranks and/or larger numbers of intraday

observations.

(7’1,7”2,7‘3) = <272~2) (Tl,TQ,Tg) = (373*3) (T17T277‘3) = (27272) B (7)177’1277’3) = <37373>
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Figure 2: Estimation errors ||.ZlMLR — A”||r for the first data generating process with respect
to \/dm /T (two left panels), and adjusted estimation errors \/T'/d ||.7[MLR — A”*||r from the

second data generating process with respect to 7%2/m!/* (two right panels).
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(rf,m,75) = (2,2,3) (r1, 79, 7%) = (5,5,5) (r1, 9, 13) = (10,10, 10)
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Figure 3: Standardized root mean square errors HflMLR — A||g/||A*|| for the first 20 itera-

tions with running ranks (ry,r5,r4) = (2,2, 3), (5,5,5) and (10, 10, 10).

6. Real data analysis

This section evaluates the empirical performance of the proposed MLR-HAR model using
high-frequency data on constituent stocks of the S&P 500 index. The analysis focuses on
the N = 150 or 229 stocks with the largest trading volumes during 2017-2024. We consider
three rolling-window forecasting settings. The first uses 2017-2018 as the initial estimation
period and evaluates forecasts over 2019, with a window length of T" = 502 trading days.
The other two settings evaluate forecasts over 2024, using 2020-2023 and 2017-2023 as the
initial estimation periods, with window lengths of 7" = 1006 and 7" = 1760, respectively. At
each forecast origin, the estimation window advances by one trading day while retaining its
fixed length. Therefore, the two 2024 settings compare forecasts based on different estimation
histories over the same evaluation period.

The daily trading data, obtained from Wharton Research Data Services, span 9:30 am to
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4:00 pm. Following Liu et al.| (2015]), we use five-minute returns, yielding m = 78 intraday
observations, and overnight returns are excluded due to their susceptibility to jumps driven
by external factors. Integrated volatility is estimated by realized variance (RV) and the
jump-robust median realized volatility (medRV) of |[Andersen et al.| (2012)). Both measures
are log-transformed and centered before estimation. In this section, y;,, denotes the centered
log-realized variance, and ¥; ,, denotes its one-step-ahead forecast.

The proposed MLR-HAR model with order P = 22 is compared with two benchmarks: the
VHAR and VHARI models. While the competitors fix volatility components to daily, weekly,
and monthly measures, our model selects them automatically. We also consider P = 66 to
examine potential longer-term components. The VHAR model uses fixed lag aggregation
but leaves response and predictor ranks unrestricted, whereas VHARI assumes a low rank
r < N in the row space of the coefficient matrices. Accordingly, the numbers of parameters
are 3N2, 4Nr — r% and rirors + Nry + Nry + Prg for the VHAR, VHARI and MLR-HAR
models, respectively, indicating that our model requires substantially fewer parameters than
VHAR. To determine the Tucker ranks of MLR-HAR model, we use BIC at with a
tuning parameter A = 0.5 x 10™*. The ranks are selected within the ranges 1 < 7,79 < 10
and 1 < r3 < 3. The modified BIC is also employed to select the ranks of the VHARI models,
with the results reported in the Supplementary Material.

Out-of-sample performance is evaluated using a rolling-window forecasting procedure.
The estimation window moves sequentially over the evaluation period with fixed window sizes

T = 502 for the 2019 evaluation period, and 7" = 1006 or 1760 for the 2024 evaluation
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period. At each step, a one-step-ahead forecast is generated using the rolling estimation
window described above. The selected ranks in the MLR-HAR and VHARI models are fixed
throughout the forecasting exercise. Forecast accuracy is assessed using the quasi-likelihood

(QLIKE) loss on the variance scale,

M
1 ~ - N ~ ) :
M Z [eXp (yi,n - yi,n) - (yz,n - yz,n) - 1] 9 Wlth 1 S [/ S N7

n=1

QLIKE, =

where ¥, , and ¥;,, denote the observed and predicted centered log-realized variances, respec-
tively, and M = 252 is the number of evaluation days. The centering constant for each asset
cancels in the ratio of variance levels.

Figures 4| and |5| present the QLIKE losses for VHAR, VHARI, MLR-HAR(22), and MLR-
HAR(66). The main findings are as follows. (i.) The MLR-HAR generally yields lower median
QLIKE losses than VHAR and VHARI across the three forecasting settings, although the
improvements over VHARI are smaller than those over VHAR. (ii.) The two MLR-HAR
variants perform similarly. The specification with P = 66 does not exhibit systematic gains
relative to P = 22, suggesting that volatility components beyond the one-month horizon
provide limited additional predictive information. (iii.) The relative model ranking remains
largely unchanged between the samples with N = 150 and N = 229. MLR-HAR continues to
perform favorably relative to VHAR and VHARI in the larger stock sample. (iv.) The results
based on medRV (Panel B), a jump-robust measure of integrated volatility, are qualitatively
similar to those based on RV (Panel A). The model ranking is broadly consistent across the

two realized measures.
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Figure 4: Boxplots of out-of-sample QLIKE losses for N = 150 stocks, comparing VHAR,
VHARI, MLR-HAR(22), and MLR-HAR(66). From left to right, the groups use data from
2017-2019, 2020-2024, and 2017-2024, with the final year of each period used for evaluation.

Panel A uses RV and Panel B uses medRV.
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Figure 5: Boxplots of out-of-sample QLIKE losses for N = 229 stocks, comparing VHAR,
VHARI, MLR-HAR(22), and MLR-HAR(66). From left to right, the groups use data from
2017-2019, 2020-2024, and 2017-2024, with the final year of each period used for evaluation.

Panel A uses RV and Panel B uses medRV.

The four competing models provide forecasts of individual asset variances. To assess their
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implications for portfolio allocation, we use diagonal minimum-variance portfolio weights and
an out-of-sample diagonal-risk criterion. This common diagonal covariance approximation
avoids introducing an additional model for cross-asset return covariances. Since the models
generate forecasts of centered log realized variances, we first reconstruct the corresponding
variance levels before forming portfolios. Specifically, the forecasted variance is obtained

as Zin, = exp (Yin + ¥i), and the conditional covariance matrix is approximated by f]n =

diag (Z1,n, - .., 2n,). The diagonal minimum-variance portfolio (DMVP) weights are defined
as
~—1 5=1 T
G, =arg min w' S,w = “1n Non
wn—agw.ﬂwﬂw W = ZN Ml,...,ZN 1 .
A i=1“in j=1%imn

Annualized risk is evaluated under the diagonal covariance approximation as follows,

252 UL
AVol = ﬁZagznan, ¥, = diag (Zim, .- 2nm)

n=1

where Z;, = exp (Yin + ¥i), and M denotes the number of out-of-sample trading days in the
evaluation period. Lower values of AVol indicate better performance under the diagonal-
risk criterion. Because cross-asset return covariances are excluded from the evaluation, AVol
should not be interpreted as the annualized volatility of realized portfolio returns.

Table |1 shows that MLR-HAR achieves larger reductions in the diagonal-risk criterion
relative to VHAR, while its gains over VHARI are generally modest. For RV with N = 229,
the 2019 evaluation gives values of 1.79%, 1.00%, and 0.99% for VHAR, VHARI, and MLR-
HAR(22), respectively. Based on the rounded entries, the reduction from VHARI to MLR-
HAR(22) is approximately 1.0%. For the 2024 evaluation with 7" = 1760, MLR-HAR(66)

attains 1.16%, compared with 1.21% for VHARI, corresponding to a relative reduction of



31

approximately 4.1%. Several comparisons are tied at the reported precision, and increasing

the lag order does not consistently improve performance.

Table 1: Out-of-sample annualized diagonal-risk criterion (%) for VHAR, VHARI, and MLR-
HAR. Settings I, II, and III use data from 2017-2019, 2020-2024, and 2017-2024, respectively,

with the final year of each period used for evaluation. Panel A uses RV and Panel B uses

medRV.
Panel A: RV Panel B: medRV
VHAR VHARI MLR-HAR VHAR VHARI MLR-HAR
N  Setting
P=22 P=22 P=22 P=66|P=22 P=22 P=22 P=6066
150 I 1.70 1.21 1.19 1.20 1.45 1.13 1.11 1.11
II 1.74 1.60 1.59 1.60 1.62 1.50 1.49 1.50
111 1.50 1.47 1.46 1.47 1.41 1.38 1.37 1.37
229 I 1.79 1.00 0.99 0.99 1.50 0.93 0.92 0.92
IT 1.64 1.31 1.31 1.31 1.49 1.24 1.23 1.24
I11 1.30 1.21 1.21 1.16 1.20 1.13 1.13 1.12

VHARI already reduces the predictor dimension, whereas MLR-HAR also restricts the
response space and estimates the lag components from the data. The additional response
restriction may improve estimation accuracy when the predictable dynamics across assets
can be represented by a small number of common components. Data-driven lag components

may be useful when the relevant lag patterns are not adequately represented by fixed daily,
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weekly, and monthly averages. However, an overly restrictive response rank may introduce
approximation bias, and further reductions in forecast loss may be limited when VHARI
already provides an adequate approximation.

Lower QLIKE losses do not necessarily imply proportional reductions in the diagonal-risk
criterion. Under the diagonal covariance approximation, portfolio weights depend on relative
variance forecasts across assets. In particular, multiplying all variance forecasts at a given
date by the same positive constant leaves the weights unchanged. Thus, correcting a common
multiplicative scale error can reduce the QLIKE loss without changing the portfolio weights.

As a supplementary descriptive analysis, we examine cross-asset connectedness for N =
150 and N = 229 using an index constructed from the estimated lag coefficient matrices. This
index differs from measures based on forecast error variance decomposition. Its definition and

rolling estimates are reported in the Supplementary Material.

7. Conclusion and discussion

This paper extends the HAR framework and contributes to both high-and low-frequency
volatility modeling. In the high-frequency setting, we develop vector HAR-It6 models to
bridge HAR-type specifications with their corresponding Ito diffusion processes. To the best
of our knowledge, this is among the first studies to investigate the high-frequency dynam-
ics of HAR-type models. In the low-frequency setting, we propose a vector low-rank HAR
model that imposes low-rank structures simultaneously on the response, predictor, and lag

dimensions. This structure substantially reduces the parameter space, allowing the model
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to accommodate many assets, and replaces the fixed heterogeneous volatility components in
the HAR model with data-driven ones. Remark Ml further illustrates how the framework ac-
commodates a shared-parameter specification with only P dynamic coefficients. We establish
non-asymptotic error bounds for high-dimensional VHAR estimation and develop a projected
gradient descent algorithm with linear convergence up to statistical error. The empirical
analysis evaluates the MLR-HAR model in volatility forecasting and portfolio allocation.

The reductions in the diagonal-risk criterion relative to VHARI are generally modest. The
response-space restriction and data-driven lag components may be useful when the predictable
dynamics across assets admit a low-dimensional representation and fixed HAR aggregation
does not adequately capture the relevant lag patterns. However, an overly restrictive response
rank may introduce approximation bias, and further reductions in forecast loss may be limited
when VHARI already provides an adequate approximation.

The non-asymptotic results in Section 4] are established under sub-Gaussian innovations.
Extending the MLR-HAR framework to heavy-tailed settings is of practical interest (Fan
and Kim| 2018; Shin et al) 2023, 2025). Omne possible approach is to combine a Huber
loss with suitably truncated predictors while retaining the Tucker rank constraints. Nuclear
norm regularization of a single matricization does not, in general, impose these multilinear
constraints. Statistical guarantees would require addressing temporal dependence and high-
frequency measurement errors in the presence of heavy-tailed innovations. The associated
nonconvex optimization problem also requires further study. We leave this Tucker-constrained

extension for future research.
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Other possible extensions are as follows. Firstly, since the HAR model (Corsi, |2009)) is
motivated by grouping different time horizons into volatility components, one may rearrange
Yn1s--»Yn_p at into a third-order tensor with modes corresponding to assets, weeks,
and months. Tensor methods could then be applied to automatically select medium- and
long-term components, leading to a fourth-order coefficient tensor A and an extension of
our high-dimensional framework. Secondly, realized covariances (Bauer and Vorkink| 2011)),
viewed as matrix-valued time series (Chen et al., 2021)), have gained increasing attention. One
may similarly connect HAR~covariance representations with Ito diffusions and develop a low-
rank HAR-covariance model for forecasting. Finally, neural network approaches such as re-
current neural networks (Hopfield, |1982) and autoencoders (Gu et al., [2021) could be explored
as alternatives to the low-rank specification considered here for modeling high-dimensional

realized volatility and covariance.

Supplementary Material

The online Supplementary Material includes tensor notation and Tucker decomposition; proofs
of Proposition [l and Theorems [I] and [2| together with the auxiliary lemmas; a description
of the univariate HAR-It6 model; a table of selected ranks for the MLR-HAR and VHARI
models; and the definition and rolling estimates of the coefficient-based total spillover index

for the VHAR, VHARI, and MLR-HAR models.
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