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Abstract: Gaussian graphical models (GGMs) have been investigated to infer
dependence (or network) structure among high-dimensional data by estimating
a precision matrix. However, while many estimation methods for GGM have
been developed, methods for testing the equality of two precision matrixes are
still limited. Because testing the equality of the precision matrix depends on
other given precision matrices, we develop a weighted conditional network test-
ing for considering other given precision matrices information and also provide
theoretical properties. None of the existing methods can be applied to test condi-
tional differences when other networks are conditionally given and different. We
demonstrate the advantage of our approach using a simulation study and genetic

pathway analysis.

Key words and phrases: Conditional Difference, Gaussian Graphical Model, Pre-

cision Matrix.



1. Introduction

Graphical models (Friedman et al., 2008; Qiao et al., 2019) have become
popular for investigating networks in various scientific fields, such as social
science, neuroscience, precision medicine, and omics.

Most graphical models have been developed for multiple estimations of
precision matrices but not for testing their equality. Precision matrices play
a fundamental role in many high-dimensional inference problems. In the
Gaussian graphical model (GGM) framework, the difference between two
precision matrices characterizes the differential network, which measures
the amount of change in the network between two groups. [Xia et al.| (2015)
proposed testing the differential networks of two precision matrices and
applied this test to the detection of gene-gene interaction under a GGM.
Cai| (2017) provided a substantive review paper summarizing recent devel-
opments in hypothesis testing for high-dimensional covariance structures,
including global testing for the overall pattern of covariance structures and
simultaneous testing of a large collection of hypotheses with false discovery
proportion (FDP) and false discovery rate (FDR) control. |Xia et al.| (2018)
proposed multiple testing procedures for the sub-matrices of a precision ma-
trix, applicable to the identification of between-pathway interactions. Xia

and Li (2019)) adopted the matrix GGM framework to develop statistical



inferential procedures for testing the equality of individual entries of par-
tial correlation matrices across multiple groups. |Ye et al.| (2021) proposed
a paired test of matrix graphs to infer brain connectivity networks when
groups of samples are correlated. However, none of these existing meth-
ods are able to test the difference in networks between two groups when
some components of precision matrices are conditionally given and these
given structures are different, nor can they conduct corresponding multi-
ple tests in such conditional cases. For example, we are often interested
in testing whether a specific gene network or pathway network is differ-
ent between two groups, given networks from other pathways that are also
different between two groups. Multiple high-dimensional correlated data
sets, such as pathways, are highly correlated with each other due to shared
genes and biological processes. Hence, when we test the equality of path-
way networks between two groups, it is important to account for the other
pathway network’s structures. Our goal is to develop a testing procedure
to provide a more accurate statistical inference. We refer to such testing as
“weighted conditional differential network testing.” We develop global and
multiple tests under the weighted conditional differential network testing

framework.



1.1 Main Contribution of This Paper

1.1 Main Contribution of This Paper

Since our global and multiple test has some similarities to that of | Xia et al.
(2015}, 2018)), we first illustrate a main contribution of our conditional test-
ing by comparing it to that model. Figures are simple representations
of testing in Xia et al.| (2015, 2018|) and our testing, where the whole square
indicates the precision matrix and each sub-square represents a sub-matrix
of the precision matrix. In the global test by Xia et al. (2015)), they tested
the equality of the two precision matrices, Q! and 92, as in Figure ; how-
ever, as Figure [le| shows, we can test the equality of two precision matrices
by taking into account other sub-matrices, represented here by the areas
with green checkered patterns and blue stripes. Likewise, in their testing of
a given sub-matrix, Xia et al. (2018]) considered other given sub-matrices,
represented by the area with green checkered patterns. However, their test-
ing is only applicable to determine whether a small off-diagonal sub-matrix
is zero. The test by Xia et al.| (2018) is not applicable to the equality of
sub-matrices when there are two different given sub-matrices. As Figure
shows, we can conduct an equality test when the different sub-matrices
(indicated by green checkered patterns and blue stripes) are conditionally
given. Furthermore, there are significant differences between our multiple

testings and the multiple testings by Xia et al.| (2015, 2018). The multiple



1.2 The Purpose of This Paper

testings by Xia et al.[ (2015) and ours are for cases in which components dif-
fer between two population groups. The only difference between the testing
Xia et al. (2015) conducted and ours is whether it takes into account other
given networks (see Figures [Ib] and [1f). On the other hand, in the multiple
testings of |Xia et al.| (2018), they tested which sub-matrices were zero, as
Figure [Id] shows.

Therefore, although our procedure is similar to the testing procedures
in Xia et al. (2015) and Xia et al. (2018), with the distinguishing feature
being “weighted testing”, the main difference lies in the following aspect.
The existing methods, such as Xia et al. (2015) and Xia et al. (2018),
are only applicable when given other networks are the “same” and also
to the equal sample size case, while our method can be used when given
other networks are “different” and also unequal sample size cases. Since
we use the weighting scheme of the estimated precision matrix using all
information, including given other networks, this weight affects the test

statistics.

1.2 The Purpose of This Paper

We developed our conditional differential network testing of two population

groups by incorporating “given network” and “network given other net-



1.2 The Purpose of This Paper

works.” We explain the meanings of “given network” and “network given
other networks” in Figures [IglI]} Let us consider the network between the
black circle nodes, which is represented by black solid lines in Figures
and [Thl If there is no connection between the gray square nodes, as in
Figures[lgl and [1h] the network test by Xia et al| (2015) can be used to test
the networks’ equality. However, if the connectivity is unequal between the
gray square nodes or between the black circle nodes and the gray square
nodes, as in Figures [1i and [1j} the tests by Xia et al| (2015) and by [Xia
et al| (2018)) can lose power. Although the networks between the black
circle nodes are the same in Figures [1] and [Ij} the blue dotted lines and
red dash-dotted lines are different. We refer to the networks represented
by blue dotted lines or red dash-dotted lines as “given networks” and to
the networks represented by black solid lines as “networks given other net-
works,” which is our main interest. Moreover, we refer to a network that
consists of a “given network” and a “network given other networks” as a
“conditional network.”

We now explain why our testing is “weighted testing.” Our main tests
of interest are those that determine the conditional difference between two
precision matrices when some components of the precisions are condition-

ally given and different. Although testing procedures often assume that



1.3 The Outline of This Paper

every diagonal element of precision matrices is the same and that sample
size is balanced between two groups, our testing procedure does not re-
quire these assumptions. Hence, we consider a weighted scheme for the
normalization of diagonal elements under the unbalanced sample sizes of
two groups. Furthermore, we use the conditional dependency of the net-
work to determine which edges are different. Although two networks can
have the same structures, their conditional dependency can differ due to
diagonal elements, which we explain in detail in Section[2.2] Thus, we need
to adjust each edge dividing these diagonal elements and refer to testing for
adjusted conditional networks as “weighted conditional testing.” Therefore,
in this paper, we develop conditional differential network testing between
two population groups by incorporating a “given network” to provide more

accurate statistical inference under the GGM.

1.3 The Outline of This Paper

We organize the rest of the paper as follows. In Section [2, we introduce
some notations and definitions. In Section [3| we propose global and multi-
ple testing procedures. In Section |4, we provide the asymptotic properties
of testing conditional networks. In Section [f], we summarize the algorithms

of our global and multiple testing procedures and present their computa-



tional complexities. In Section [6] we describe simulation studies conducted
to compare the performance of our conditional test to that of alternative
approaches. In Section [7, we describe the application of our conditional
network test to breast cancer genetic pathway analysis. Finally, we provide

concluding remarks in Section [§]

2. Testing a Conditional Network

We first define some notations in Section [2.1] describe our test hypothesis

in Section [2.2] and provide the conditions for testing in Section 2.3

2.1 Notations and Definitions

1. Sub-matrices and sub-vectors: Let A = (a;;)i1<i<pi<j<q € RP*? and
v € R? be a matrix and a vector. Then, we define sub-matrices and
sub-vectors as follows: A, .: the i-th row vector, A. ;: the j-th column
vector, A_; : the sub-matrix of A without the i-th row, A._;: the
sub-matrix of A without the j-th column, A_; _;: the sub-matrix of
A without the i-th row and j-th column, and v_;: the sub-vector of

v without the i-th element. Also, we define averages of matrices as

A — 1N¢ AN — 1N AN . — 1Na .
follows: A;. = q Zj:l g, Ay = P D e Wigy Ay = q 2uj=1 A_ij,
159 A

=) T p Lwi=1"Y—g



2.2 Test Hypotheses

2. Norms: For a vector v = (vy,---,v,) € RP, we define ¢, norm by
Ivllg = (2 [ for 1< g < 00 ot V]l = masscicy [l Also,

we define ‘V’min by ‘Vlmin = minlgigq |’UZ|

3. Conditional network: In a GGM, the network structure can be rep-
resented by its nodes’ precision matrix. A marginal network is rep-
resented by a precision matrix of a marginal distribution, but a con-
ditional network is represented by a precision matrix of a conditional
distribution that is equivalent to a sub-matrix of a precision matrix

of joint distribution.

2.2 Test Hypotheses

Let X!, X2 € R? be two independent random vectors following multivariate
normal distributions with mean p', p? and covariance X!, 32, respectively.
That is, X¢ ~ N(u4,29) for d =1, 2.

A precision matrix QF = (24)7! = (w{,)1<; j<, represents a conditional
dependence network of X?. Therefore, we test whether the two matrices
Q! and Q2 have the same structrure.

Let us split X% into two parts: one is a variable set that consists of the p;
variables in which we are interested, and the other is a variable set that con-

sists of the py variables in which we are not. We denote these sets as X?1 e p1)



2.2 Test Hypotheses

T

T
. T
and X{ respectlvely. X! = <X?1,"',P1) ’X?p1+1,"-,p1+p2) > =

(p1+1,+ p1+p2)’
R i = (i) 1<i<pipes B9 = (07)1<0i<p1+pe-

Let X¢ = (X%);er denote a sub-vector of X4 for any tuple I in {1,--- , p1+
p2}. Also, we can break down 2% into X4h! = Var(X§ ), 3422 = Var(X{)),
and X412 = nnd21” COV(X?I,X?Q), where I} = (1,2,--- ,py) and [, =
(p1+1,p1+2,-- ,p1+p2)

Our main interest is the network structure of X¢, conditioned by X¢ .
We denote conditional covariance and precision matrices as 412 := Var(X¢, |X$) =
BdLL_3d12(5322) 153421 530201 Var(X4 [X9 ) = 342251421 (5d1.1)-153d1.2)

_ 12 » d.2/1
QU2 = (BT = (W) g, QA = (B2 = (W)

. J ) Qd,l|2 _(Ed,l,l)—lzd,l,QQd,Z\l
Then, we can rewrite ¢ as follows: ¢ =

—(Bd22)-1nd210d112 Q21
with (X422)71xd21Qd112 = Qd2133d21(5dL1 =1 We use Q4112 to refer to

a network given other networks, d = 1,2, and (— (X411 -1 x4 1204211 d.2I1)
to a given network. We denote them as Q?l’ 7, and (Q%, In» 93127 1,), respec-
tively, where Qf ; = (w})ics, jer, is a sub-matrix of Q¢. And the matrix
Q7 represents a conditional network. We explained these networks in Sec-
tion . We test whether the two matrices 7 ; and Q3 | (or Q"' and
Q%112) have the same structure. In fact, we want to investigate whether the
structure of two networks are indistinguishable, so the absolute value of the

difference between two w; ; and w?; adjusted by wf; and w¢; is outside of our



2.3 Regularity Condition

2

\/wz zw] 7 \/wz ’ij J

interest. Our hypotheses are then H, : max; jer,

1

2
\/wl 1w] J \/wz Zw] j

Due to the adjustment of w ; by w ; and w”, we refer to our test

£0.

VS. Hl - Inax; jer

as weighted conditional testing. Furthermore, if the null hypothesis Hy is
rejected, we need to determine which edges are significantly different, as

well. Therefore, we conduct multiple tests with FDR control using the

1 2 1
Wi, j

following hypotheses: HO,i,j . \/w o1 \/w 2 VS. Hl,i,j : \/ﬁ 7£
19,0 17,0 2,07050

2

V wl Zw] J

for1 <i<j<pp Let {X{ = (X{,, -, X, ) €RPHP2 | =

1,--+ ,nq} be a set of independent ny copies of X2 for d = 1,2 and denote
a data matrix as (X{,)1<k<ngi<icpiip, = (X§,---, X0 )T € Rnax(p1+p2)
Let B¢ = (B¢ X p1+p2 L z) € RP1+P2=1 be the regression coefficients

of Xﬁ,i to Xﬁ,—ia then X%,i = 561,1 + Xi,_zﬁ? + 5%,@ B = (Ed )" 12d =

_( ) 19%1 i and Bo i = ,*’l’cii'ﬁ;iJ where 5%,1' = (Xg,i_ﬂg)_ (Xi,_i - N(L) ﬁzd-
Because ef; can be represented by ef, = (wf,)7'Q¢ (X{ — p), e, ~

N(0, (w¢,)™1), and eg’i 1 Xg’

1,7

Denoting rgj = Cov(ef,,ef ;) for 1 <

—7"

i,j < p1, we then have r{, = 14—

2.3 Regularity Condition

We developed our testing procedure under some conditions described in the

supplementary materials (Conditions ?7-77).



3. Global and Multiple Tests

In this section, we describe the global and multiple weighted conditional

testing procedures in Sections [3.1] and respectively.

3.1 Global Weighted Conditional Testing Procedure

Let 5,“ and r - be the estimators of 6,“ and r¢. which we must obtain

1,57

from the following forms: éi,i = Xiﬂ — Xffi — (X‘,i_i — Xfﬂ-)ﬁ?f and ff{j =

1 ng Ad A . . Ad
ey €5 la,w Xia et al.| (2015) suggested a bias-corrected estimator 7f;

d »d _ _=d d od _ ~d Ad : : ad
of Tigs iy = —Tiy—T5:0i;—T5 551 forl1 <i<j <p;and T = Tig forl <

1 < p1. Therefore, the intuitive estimator of w - and weighted w ; (denoted

d,w ~d T dodw — ¥ for1 <i<j<
asw; ;) are @i, = - and Wy T —L—  for 1 <i<j <p.
75,5 \/wz z“’“ TiiT5,5

~d

To normalize &7,

we need to estimate wm ‘s variance. By denoting the

~ d Ud
following notations, we can estimate &¢.’s variance as U4, = 44 and
’ 0] W T
1 . .
U = o Dok (e et — Elef et ) for 1 <@ < j < pi. Then, under
Conditions ??, 7?7, and ??, by Lemma ?7 of the supplementary materials,
we can show the following result:

~ daw d
w; —U”

max_|w;’;

(i,5)€A

= Op{(logpl/nd)1/2} (I,n_)a)% |r;'i,j| + 0p{ (14 1ng1)71/2} (3'1>
1,7)€

foranysubsetflCA:{(z',j):1§7j§j§p}.



3.1 Global Weighted Conditional Testing Procedure

d

Remark 1. Using equation (3.1)), we can approximate the estimator wf

d. ~
of w—“d by the random variable U¢., derived from the multivariate nor-

~d o 7/7]"
V%Y
mal distribution (£¢,)i=1.... »,. However, while this approximation requires
a sufficient convergence rate, equation (3.1)) only provides a relatively slow

convergence rate of O,{(logpi/ng4)'/?}. This necessitates Condition ??,

which indicates that the set A, of indices (i, j), where |r{ | is not small, has

a negligible size. As a result, for indices in Af, we have max; j)cac rfl,j] <

(logpy)~'"". By using the equation (3.1)), we can achieve a faster con-

d

vergence rate for wy;, specifically 0p{(nqlog p1)~'/?}, when considering the

indices in A¢. For the remaining indices in A,, we can disregard the set

because A, is a small set. Therefore, using (3.1)), djﬁj can be approximated
by the random variable Uﬁj with an appropriate convergence rate. Since

d

the distribution of ﬁfj is much easier to compute compared to that of w;;,

we can derive the asymptotic distribution of dz,ffj through (3.1)

Therefore, our normalized estimator of the difference of weighted preci-

~l,w  ~2w ad

N - w, . —W. . . . ~ ~ re.
sion elementsis A; ; = m forl <i<j<npy, foj = nid (1 + ( Zd])QT;Z
1,7 1,7 753

for1 <i<j<pq, and éfl = n% for 1 <17 < pq, where égj is an estimator of

0. .= Var(UZ)). Therefore, our test statistic is M,, = max (A,;)?, where
,] ,] ) Py J/) 0
’ ’ 1<i<j<p1
1 2
. A 1 Wy g Wy j
n = min(nq,ny). Let A;; = Aj; — ——— d_ — : and
(na,m2) " YO0\ Vel W33,

~ ~ 2 ~
M, == maxi<i<j<p, (Am> . Because A, js are normalized, we can assume




3.2 Multiple Weighted Conditional Testing Procedure

that Am-s follow the standard normal distribution. If Ams are independent,

we can heuristically obtain the following probability: P(M, — 4logp; +

M

T

loglogp, < t) =~ exp(—(8m) Y2e7/%) = @y (t), where p(z) = = 7
for any ¢ € R and sufficiently large p;. From the heuristic computation,
we can define the rejection region and hypothesis test for global testing as
follows: rejection region R = {x € R : © > ¢, + 4logp; — loglogp;} and
hypothesis test ¥, = Ir(M,,), where Iy is an indicator function of R and

do = —log(8m) — 2log |log(1l — )| for 0 < o < 1.

3.2 Multiple Weighted Conditional Testing Procedure

When the global null hypothesis is rejected, we need to determine which
edges are significant. If we set the size of each tests (Hy; ; vs Hy; ;) as «, the

family-wise type I error approaches 1 as the number of tests approaches in-

U Reject Ho; ; ﬂ Hoy; j

1<i<j<p1 1<i<j<p1 ]

~1—(1—a)®=Y/2~ 1 Therefore, we need to consider the FDP and FDR,

finity because Family-wise type I error = F

as well. With the following notations, Z = {(i,5) : 1 < i < j < p},

1

Wi . w?. . .
To = {(.0) e Zs e = b N = () € T+ vy 2 11

%55 %53

No(t) = {(i,5) € Zp : |Avjy| > t}, we can define FDP and FDR as

FDP(t) = —W__ and FDR(t) = E[FDP(t)], where ¢ is a threshold

max(N(¢),1)

that determines where Hy; ; is rejected.



For multiple tests, we must choose ¢(> 0) while FDP(¢) < « for
0 < a < 1. We denote this ¢ as ty and obtain t; using ¢ty = inf{0 <
t < 2(logp;)/? : FDP(t) < a}. Because FDP(t) is unknown, we should ap-
proximate either FDP(¢) or Ny(t). By using the fact that Q% are sparse and
|A; ;| is similar to Z ~ N(0,1) for (4, j) € Zy, we can approximate Ny(t) ~
2[1—®(t)]|Zo| = [1—®(¢)](p?—p1). By using this approximation, we can then
estimate t, as to = inf{O <t <2(logp)'/?: % < a}, where
O(t) = ffoo o(x)dz is the standard normal cumulative distribution func-

tion. Therefore, we can perform the multiple tests with threshold #,. For

1 <i < j < py,our decision rule is Reject Hy;; if and only if |A; ;| > to.

4. Asymptotic Properties of Weighted Conditional Network Test

In this section, we describe our testing procedures’ asymptotic properties.
We derive the asymptotic distribution of test statistic and asymptotic size

under the null hypotheses, asymptotic power, and properties of FDR in
Sections [4.2] and [4.3] respectively.
4.1 Asymptotic Distribution of Test Statistic

We derive the asymptotic distribution of test statistic M,, and an asymptotic

size « of the global test under Conditions 1-4 and describe them in Theorem



4.2 Asymptotic Power of Test ¥,

il

Theorem 1. Under Conditions 7?7, 7?7, 7?7, and ??, for any t € R,
P(M, — 4logp, +loglogp, <t) — ®p(t)  asn,p, — oo. (4.1)
In particular, under Conditions 7?7, 7?7, 77, 7?7, and Hy, for any t € R,
P(M,, — 4logp; + loglogpy <t) — ®p(t) asn,p; — 0.

Therefore, the global test ¥, has an asymptotic size a: limy, p, 0o E[Vo|Ho| =
limy, p, 500 P(My > go+41log pr—loglog pi|Hp) = 1—exp(—(8m)~!/2e9/2) =

a, where q, = —log(8m) — 2log |log(1l — a)| for 0 < a < 1.

4.2 Asymptotic Power of Test ¥,

For the power of the test V., we need some pairs of distinct precision matri-

ces (2, Q?). We define a class of precision matrices as U(c) := U(c, (log p1)*/?)

= (QL 0% sup
{ 1<i<i<p (07 +92 12 \/w“ 5.d \/W” i
smaller c is, the closer (2!, 92) in U(c) are. Theorem [ states that ¢ = 4 is

logpl)l/Q}. The

a sufficient distance to reach the asymptotic power of 1. We demonstrate
how the power of the test based on our weighted statistic converges to 1 as

p1 and n approach infinity in Theorem [2]



4.2 Asymptotic Power of Test ¥,

Theorem 2. Under Conditions 7?7, 77, 7?7, and 7?7, if K~ < Z—; < K for
some K > 0, the power of the test V., approaches 1 as ny, ny, and p; ap-
proach infinity in U(4). That is, inf g1 g2yeyya) P(Wo =1) =1 asn,p; —

Q.

Theorem [2| guarantees that the convergence of the power even when
the dimension p; is sufficiently larger than the sample sizes ny; and ny, with
log p1 = o(n'/®) where n = min{n,, ny}. Thus we need the scale assumption
log p1 = o(n'/?) for p; and n in Condition ??.

If f(p1) diverges to infinity faster than (logp;)*/?, then Theorem
holds for any small ¢ > 0. That means if logp; = o((f(p1))?), then
inf o1 02yeu(e,fp) P(Wa = 1) = 1 as ny,ng, pr — 0o. Therefore, in Theo-
rem [3, we can check that (log p;)/? is the optimal rate to reach asymptotic

power of 1.

Theorem 3. Suppose logp, = o(ny) and K~ < "L < K for some K > 0.
For any 0 < a,v < 1 with a + v < 1, there exists ¢¢ > 0 such that
inf o1 02)eu(co) SUPT e, P(To = 1) < 1 =, for sufficiently large n, py,

where T, is the set of all a-level tests.

Theoremsays that if f(p1) = o((log p1)"/?), then inf o1 g2)crs(c. o)) P(Pa

1) 4 1 as n,p; — oo for any ¢ > 0.



4.3 Properties of Asymptotic FDR

4.3 Properties of Asymptotic FDR

We demonstrate the FDP and FDR of the test based on our weighted
statistic converge to % as p; and n approach infinity in Theorem
Theorem 4. Suppose that |A. N Zo| = o(py) for any v > 0. Assume

that qo = |Zo| > cp} for some ¢ > 0. Let ¢ = (p3 — p1)/2. Then, under

Conditions 7?7, 7?7, and 7?7 with p1 < en” for some ¢ > 0 and r > 0, we

FDP(ig)
aqo/q

FDR(fo)

— 1, in probability, and aq0/q

have — 1, as n,p; — oo.

According to Theorem [4] the FDP and FDR converge even if the dimen-
sion p; is much larger than the sample sizes n; and n», as long as p; < en”
for some constants ¢ > 0 and r > 0, where n = min{ny,ny}. Unlike Theo-
rem [2] this result ensures convergence even in cases of unbalanced sample
sizes. That is, the convergence of the FDP and FDR can be expected even

when nq, > ny or ny > n;.

Remark 2. We assume the comparability of n; and ns, i.e., K~! < Z—; <K
for some K > 0 in Theorems 2| and |3, which is also assumed in Xia et al.
(2015)). However, in Theorems [1| and , we admit the ny > ngy or ny > ny

case.

Remark 3. Our method and Xia et al. (2018)’s method appear similar

in that both consider subnetworks. However, a significant distinction lies



in the conditions related to the size of the subnetwork. Their focus is on

identifying which subnetworks differ when the number of subnetworks () is
very large. In contrast, our model aims to identify which edges differ within
a subnetwork when the subnetwork itself is large, leading us to assume a
relationship between p; and n. Therefore, the primary difference between

Xia et al. (2018) and our work lies in whether the focus is on differences

between subnetworks or within a subnetwork.

5. Computational Algorithms for Weighted Conditional Testing

We program from estimation to testing using Python code. The summaries
of algorithms we used are described in Algorithms ?7-7?7 of the supple-
mentary materials. We compare the computational costs by comparing the
nonconditional test (NCT) by Xia et al. (2015) with our weighted condi-
tional testing. The weighted conditional test (WCT) has computational
costs in terms of O((p1 + p2)* + (p1+ p2)*n+ (p1 + p2)n?), which is the same
as the NCT when py = O(p;). When the number of nodes p; = p, = p and
sample sizes n; = ny = 50,100, the computational plots are displayed in

Figures 7?7 and 7?7 of the supplementary materials.



6. Simulation Studies

In this section, we conduct a simulation study to investigate the perfor-
mance of our weighted conditional network testing. We compare the NCT
by Xia et al.|[(2015) with WCT in terms of size, power, and FDR. Addition-
ally, we include the non-weighted conditional test (NWCT) to distinguish
between conditional testing and the effect of weighting. We conducted sim-
ulations for various scenarios as follows: 1) same sample size sample size
and same dimension of network, 2) different sample sizes and same dimen-
sion of network, 3) same sample size and different dimensions of network,
and 4) different diagonal elements. We only describe the first scenario, and
the results for the scenario are provided in Table [1] of the main document
and Tables 7?7-77 of the supplementary materials, with detailed settings
and results for scenarios 2), 3), and 4) included in Section ?? and Tables
??7-77 of the supplementary materials.

We consider four types of precision matrices Q™ m = 1,...,4. In
the first scenario (Table [I| of the main document and Tables ?7-?? of the
supplementary materials), we set n = n; = ny = 100 and p = p; =
po = 50,100, 200. For each combination of n, p, and m, we conduct 1000
simulations and study the performance of our approach when n ~ p, n > p,

and n < p. For size, power, and FDR, we consider two situations: one has



6.1 Types of Simulated Precision Matrix

the same given networks and the other has different given networks. The
simulated precision matrix, size, power, and FDR are described in Sections

0. 1HG.41

6.1 Types of Simulated Precision Matrix

We generate four types of sparse precision matrices, Q™ m = 1,...,4,

described as follows: (€21, €25)

1. QM = (wij) as a (p1 + p2) X (p1 + p2) matrix with w;; =1, w1, =
Wiit1 = 0.6, wito; = wiipo = 0.36, w;j = wj; = 1 for (i,j) € A,
otherwise w; ; = 0, where A is a set of randomly chosen p; elements
in {(4,7): 1 <i<py,p1 +1<7j<p;+ps}. This precision matrix is

a pentadiagonal matrix.

2. Q) = (w;;) as a scale-free network generated by the Barabasi-Albert
algorithm. For ), the number of new edges connected to new nodes

is 2 and w;; = 1, w; ; ~ Uniform(—1,1), if ¢ and j are connected.

3. QB8 = () as wi; = 1, wij = w;; ~ 0.8 x Binomial(1, 0.05), for

1 <<y <pi+po.

4. QW = (W) as wiy = 1, wiy = wj; = 0.5 for 1 <k < B2 =

10(k—1)+1,and i+1<j <i+09.



6.2 Asymptotic Size of Test

From Q0 for m = 1,2,3,4, we generate pairs of precision matrices
(21,9?%) according to the simulation purpose of each. Simple examples
of Q™ for p; = py = 10 and m = 1,2,3,4 are displayed in Figure ??
of the supplementary materials. For each Q™| the submatrix Q§T}1 and
(Qg’%,Qgﬂz) represent shaded and unshaded parts in Figure ?? of the

supplementary materials.

6.2 Asymptotic Size of Test

To investigate the size of the tests, we consider two situations. One has the
same given networks in which (Q, ,,Qp, 1) = (97, 1,,Q7, ;,), and the other

has a different given networks in which (Q7, ., Q7 1) # (QF, 1,,QF, 1,)-

6.2.1 Global Test with Same Given Networks

To generate two precision matrices under Hy and have the same given net-
works, we set Q' = Q2 = 5DY2(Q™ +I)DY2 and m = 1,...,4,
where D is a diagonal matrix whose diagonal elements are uniformly dis-
tributed between 0.5 and 2.5 independently and § = ‘)\min(ﬂ(m)) ‘ +0.05. As
a result, we have the same given networks, (Q, ., Qp, 1) = (97, 1,9, 1),
under Hy. To calculate the empirical size of the test, we generate 1,000

copies of X! ~ N (0, (Q2')71) and X% ~ N(0, (2%)71).



6.3 Asymptotic Power of Test

6.2.2 Global Test with Different Given Networks

We generate some differences in the given networks by changing some el-
ements. Let V = (v;;), a symmetric (p; + py) X (p1 + p2) matrix that
Vitprjp = Vidprj+m = Ukjam = Ujtpk ~ Uniform (—#ex, @mex) where

(m

Wmax = Max; W ) and 7, 7, and k are uniformly distributed for 1 <i < j <

prand 1 < k < py. Then, we set new Q' and Q% Q' = {1-D!/? (2™ + 61) D'/2
and Q2 = LD/’ <Q<m> +V 1 51) D'/2, where § = min(|Apin (2], [Amin (0 +
V)|)40.05. As a result, we have the different given networks: Q.1 QLgy) #

(97, 1,,97, ;,) under Hy. To calculate the empirical size of the test, we gen-

erate 1000 copies of X! ~ N(0, (Q21)71) and X% ~ N(0, (2*)71).

6.3 Asymptotic Power of Test

In the same way, we evaluated the size of the test, and we also consider two

situations to investigate the power of the test.

6.3.1 Global Test with Same Given Networks

To generate two precision matrices under H; and have the same given net-
works, we use another sparse symmetric matrix W, of which each element is

0 except eight elements whose location and value are uniformly distributed

in 1 S Za] S b1 and (_2 V logpl/n * Wmax), \/ lngl/TL ' CUmax) U (\/ Ingl/n .



6.4 FEmpirical FDR of Test

Wmaxs 24/10g p1/n - Winax), Where wya, = max; wz(zm ), respectively. We set
Q! = 5DY2 (@0 4 6T) D2 and @* = D2 Q0 4+ W + 4T) D2
where 0 = min(|Amin ()|, [Amin (2™ + W)|) + 0.05. As a result, we

- 1 1 — (02 2
have the same given networks, (Qr, 1,,€;, 1) = (97, 1,,9, 1,), under Hj.

We generate 1000 copies of X! ~ N (0, (QY)™1) and X? ~ N (0, (Q%)71).

6.3.2 Global Test with Different Given Networks

To emphasize the role of given networks, we generate some differences in
the given network by changing some elements under H,. We add V= (vig),
defined in Section [6.2.2] Then, we have Q! and Q2 as the following: Q! =
1+o 1+o

5DV (@ + 61) D2 and Q2 = {LDV2 (Q0 + W +V +61) D72

where m = 1,...,4 and ¢ = min(|Amin ()|, [Amin (™ + W+ V)|) +

0.05. As a result, we have the different given networks, (Q ., ) #
(97, 1,-97,1,), under Hy. We generate 1000 copies of X' ~ N(0, (22")71)
and X2 ~ N(0, (92?)71).

6.4 Empirical FDR of Test

We also investigate FDR for two situations when o = 0.1 and 0.2.



6.5 Simulation Results

6.4.1 Multiple Test with Same Given Networks

We consider a setting similar to that of Section [6.3.1] except that the num-
ber of nonzero elements of W is 40. We generate 100 copies of X' ~
N(0,(QYH™1) and X2 ~ N(0, (£2?)~'). For the multiple test, we choose kg

n (?7). For k = 1/20,2/20,---,39/20,40/20, we choose

2
s 10 Siciciep; {1120 1-11-0{(logp)/?})/10)}
fo = argming oy ( - D=8 {(ogp) 7/ 10 =1 )

6.4.2 Multiple Test with Different Given Networks

We use the same setting as in Section [6.3.2] except that the number of
nonzero elements of W is 40. We generate 100 copies of X' ~ N (0, (2!)™1)
and X2 ~ N (0, (922)71).

6.5 Simulation Results

Empirical Size: The empirical size with the same given networks for

the first scenario (same sample size and same dimension of network) is
summarized in the first part of Table [IL As shown in Table [I] the type I
errors of the WCT and the NWCT are smaller than those of the NCT. The
difference between the two type I errors of WCT and NCT is larger than
1% except for (p,m) = (200,1), (100,2), and (200,2). Additionally, the

difference in type I error between WCT and the NWCT is mostly within



6.5 Simulation Results

0.5%. We also observe that the WCT and the NWCT have smaller type I
errors than NCT does, even in the same given networks case. The empirical
size with different given networks for the first scenario is in the second part
of Table [ When we consider the situation of the different given networks,
the WCT and the WNCT outperform the NCT. The type I error of the
WCT (and the NWCT) remains below 5% except for (p,m) = (50, 1) and
(50, 3) ((p, m) = (100, 2) and (50, 3) for the NWCT). In the (p, m) = (50, 1),
(50,3), (100,2) cases, the type I errors of the WCT and NWCT are still
close to the significance level of a = 5%. Conversely, the NCT generally
exhibits a type I error exceeding 10%. When (p,m) = (50,1) and (50, 3),
the type I error is much larger than 20%. The slight difference between the
given networks makes the NCT work much worse, while the WCT and the
NWCT perform well.

Empirical Power: The tests’ empirical power with the same given net-

works for the first scenario (same sample size and same dimension of net-
work) is summarized in the third part of Table[l] As we see in Table ], the
almost power of the WCT is greater than 99%, whereas the powers of the
NWCT and the NCT are smaller than 99%. Also, the difference in power
between the WCT and the NCT is greater than 1%, while the NWCT is

more than 0.5% lower than the NCT. The WCT has more power than the



6.5 Simulation Results

NWCT and the NCT does, even in the same given networks case. The
tests’ empirical power with different given networks for the first scenario is
in the last part of Table The power of the WCT is greater than 95%
except for the (p,m) = (200,2) case. However, the power values for the
NWCT and the NCT is smaller than 95%.

Empirical FDR:  The empirical FDR and power with the same given

networks for the first scenario (same sample size and same dimension of
network) are summarized in Table 7?7 of the supplementary materials. As
observed in Table 7?7 of the supplementary materials, there is no significant
difference in the empirical FDRs among the WCT, the NWCT, and the
NCT, but the WCT consistently demonstrates higher power than others.
For each «, the FDRs for the WCT, the NWCT, and the NCT are ap-
proximately «. Additionally, the power is consistently higher for a = 0.2
compared to o = 0.1. The power of the WCT is around 45% ~ 50% when
a = 0.1 and 53% ~ 58% when o = 0.2. In contrast, the power of the NWCT
(resp. NCT) is around 35% ~ 43% (resp. 38% ~ 45%) when o = 0.1 and
40% ~ 48% (resp. 45% ~ 50%) when o = 0.2.  Although all of the meth-
ods decrease the power compared to the global test, our method performs
better than others. The empirical FDR and the power with different given

networks for the first scenario are in Table ?? of the supplementary materi-



6.5 Simulation Results

als. The results with different given networks is similar to that of the given
networks case.

Summary: We have developed two approaches (WCT and NWCT) to
improve the testing method by considering both conditional testing and
adjusting the diagonal elements. Conditional testing effectively reduces
Type I error but still lowers the power. Adjusting the diagonal elements
increases the power. As a result, NWCT, which applies only conditional
testing, shows significantly lower Type I errors than NCT but also lower
power. Meanwhile, WCT, which incorporates both conditional testing and
adjustment of diagonal elements, achieves both lower Type I error and
higher power. We note that although, in Theorem 2, we showed that the
power of all three methods converges to 1 as n, p; — oo in the simulation
results, the power of NWCT is lower than that of WCT and NCT because
n and p; are not sufficiently large compared to the conditions of Theorem
2. Therefore, our simulation results suggest that the WCT outperformed
the NCT, in terms of type I error, power of the global test, and power of
the multiple test, whereas two methods did not have any clear superiority
in terms of FDR. In general, the WCT tends to outperform the NCT as

the given networks have different structures.



7. Breast Cancer Genetic Pathways

Our main question of interest concerns the equality of two precision matri-
ces of genetic pathways between White and non-White female racial groups
when one or all other pathways are conditionally given. The human breast
cancer data set was collected from the University of Texas M.D. Anderson
Cancer Center (Shi et al., 2010), which contains 22,283 gene expression
measurements from 176 White patients and 102 non-White patients. We
collect 25 pathways (Xu et al., [2019) whose ID, name, and the numbers
of genes were listed in Table 7?7 of the supplementary materials. We then
tested all pairs-wise comparisons, so we conducted (225) multiple compar-
isons. Due to the page limitation, we only provided small sets of results.
See other sets of results in Section S5 of the supplementary materials.

We compare our approach with the NCT by Xia et al. (2015). Using our
approach, we also consider both the WCT and the non-weighted conditional
test (NWCT), and then we compare them with the NCT of a pathway
given other pathways. Here, the NWCT is a test in which we apply only
the conditional data, without the weighted procedure of the WCT. We
compare the network of the White group (d = 1) to that of the non-White
group (d = 2). We have n; = 176 (the number of White patients) and

ny = 92 (the number of non-White patients). Here, p; = the number of



genes in the pathway given other pathways, and p, = the number of genes
in the given pathway and not in the testing pathway. For k = 1,---  ng,
i =1, ,(p +p2), and d = 1,2, let X} ; = k-th White patient’s i-th
gene data in the pathway given other pathways and X%Z = k-th non-White
patient’s i-th gene data in the pathway given other pathways for 1 < i < p;
and X ; = k-th White patient’s (i — p;)-th gene data in the given pathway
and X}, = k-th non-White patient’s (i — p;)-th gene data in the given
pathway for p; +1 <1 < p; + po.

We display selected results in Figures 7?7-??7 and Tables ?7-77 of the
supplementary materials and Figure [2| of the main document. In the bar-
shaped graphs displayed in Figures 7?7, 7?7 7?7 7?7 77 and 7?7 of the supple-
mentary materials, the 2-axis and y-axis represent |A; ;| (or [AMT|) and the
index of edges, respectively. We note that |A; ;| = |} — d)f]w|/(é}] + ézj)l/Q
is the statistic for the multiple test in the WCT, and [ANT| = |&f ; — & |/(9A11JNCT + éi’jNCT)l/Q
is the statistic for the multiple test in the NCT, where éf ’jNCT = éf /(P )
for d = 1,2. The red vertical and green vertical lines are ¢, for o = 0.1 and
a = 0.2, respectively. The insignificant edges for a = 0.1,0.2 are plotted
on the right side of the figure, while significant edges are plotted on the left

side of the figure with the edge names on the line. If a significant edge is

significant under o = 0.1, the edge is colored red; otherwise, it is colored



green. In the circle-shaped graphs displayed in Figures ??, 7?7, and 77 of
the supplementary materials, the name of the gene in the testing network
is displayed in the circle. Two connected genes are significant. The left side
of the circle-shaped graph is the result for the WCT, and the right side of
the circle-shaped graph is the result for the NCT. In the other circle-shaped
graphs displayed in Figure [2| of the main document and Figures ?? and 77
of the supplementary materials, the solid black line represents two genes
whose edge is significant in both the WCT and the NCT, the dash-dotted
orange line represents an edge that is significant only in the WCT, and the
dashed purple line represents an edge that is significant only in the NCT.
The left side of the circle-shaped graph is the result with significance level
of a = 0.1, and the right side of the circle-shaped graph is the result with
significance level of a = 0.2. In Tables ?7-77 of the supplementary mate-
rials, we summarize the significant edges for each test (NCT, NWCT, and
WCT) with significance level of 0.2. In each row, we place the common
significant edges.

In the case of testing pathway 113 conditioned by pathway 137, as we
display in Figures 7?7, 7?7, 7?7 and ?? and Table ?? of the supplementary ma-
terials, the NCT detects more significant edges than the WCT and NWCT

do. In fact, the global test for the WCT and NWCT do not reject the global



null hypothesis. Thus, only the NCT detects the three significant edges.
The main difference between WCT/NWCT and NCT is that WCT/NWCT
can be used even when the given networks are different, whereas NCT is
only applicable when the two given networks are identical. Therefore, this
outcome can be interpreted as the outcome when the given two networks
are different.

For the case of testing pathway 137 conditioned by pathway 717, as
we see in Table 7?7 and Figures 77, 7?7, 77, and ?7 of the supplementary
materials, the WCT detects more significant edges than the NCT does. In
the result of the WCT, there are eight significant edges, whereas the NCT
detects only one significant edge. Although the numbers of significant edges
are different, an edge FASLG — MAP2KT7 is a common significant edge
detected by both the WCT and the NCT. In this case, our method, WCT,
also reveals more findings than NWCT. WCT employs a weighted precision
matrix adjusting the effect of each gene, while NWCT does not adjust this
effect. Therefore, this outcome is likely due to the significant effect of each
gene.

In the case of testing pathway 1206 conditioned by pathway 750, as
we see in Figure [2 of the main document and Figures 7?7, 7?7 and 7?7 and

Table 77 of the supplementary materials, the WCT detects 17 significant



edges (under v = 0.1: 0, « = 0.2: 17), but the NCT detects 11 significant
edges (under a = 0.1: 7, a = 0.2: 11). Although the numbers of significant
edges are different, all significant edges under o = 0.1 for the NCT are
also significant edges under a = 0.2 for the WCT. Also, significant edges
under a = 0.2 for the NCT, except an edge PSMD2 x CLASP1, are also
significant edges under o = 0.2 for the WCT.

As we can see in the results, our proposed algorithm, WCT, reveals
more and fewer findings compared to other methods (NCT or NWCT),
depending on the situation. However, based on the ability of our weighted
test, which can detect the difference between two networks when given two
networks are different, adjusting individual gene effect, simulation results,
and relevant literature on breast cancer, we conclude that the interactions
identified by WCT are significantly more reliable than those detected by
NCT and NWCT.

Since WCT employs the weighted conditional precision matrices, WCT
can be applied to more general situations where two given networks are
different, or the effects of each gene are significantly distinct. Moreover,
as demonstrated in Tables 7?7, 7?7, 7?7 2?7 27 7?7 7?7 and ?? (simula-
tion results for multiple testing) of the supplementary materials, the WCT

shows approximately 10% higher power than NWCT and NCT, while all



three tests exhibit comparable false discovery rates (FDR). Furthermore,
some results obtained using our method have been linked to breast cancers
through literature review, although not all. These reviews are documented
in Section S5 of the supplementary materials. Based on this evidence, we
conclude that the interactions identified by WCT are substantially more

reliable than those detected by NCT and NWCT.

8. Discussion

In this paper, we proposed a WCT for the equality of two conditional net-
works between two population groups. Because the difference of dependence
structures depends on other components of dependence, simultaneous in-
ferences play an important role in having greater power and in avoiding
incorrect inferences. We also provided multiple testing procedures and the-
oretical properties of this testing procedure.

We showed that the power of our WCT is about 1.4 times higher than
that of NCT in both global and multiple tests. Especially when we con-
ducted multiple tests, we observed that the power values were not suffi-
ciently large compared with the global test. This result from multiple tests
may be affected by the dependency among multiple tests. In future re-

search, we further investigate how dependency structures among multiple



testings affect the power of multiple testings.

Note that our WCT was developed for the equality of two conditional
networks two population groups. However, there could be more than two
population groups. Thus, it is worthwhile to extend our testing procedures
for multiple population groups. We also noted that our approach was de-
veloped under the GGM. However, this Gaussian assumption is often not
applicable to real application. Hence, it is worthwhile to develop a test-
ing procedure under the non-Gaussian case, such as one using the Copula
method. Last but not least, although some significant gene connectivity as-
sociated to breast cancer were identified, they need to be further validated

biologically.

Supplementary Materials

Technical proofs, additional tables and figures referenced are available in a

separate file for Supplementary materials of this paper.

Acknowledgments

The research of Ki-Ahm Lee and Takwon Kim is supported by the National
Research Foundation of Korea (NRF-2020R1A2C1A01006256) and (RS-

2024-00351151), respectively. We are also grateful to the reviewers for their



BIBLIOGRAPHY

valuable suggestions and constructive input.

Bibliography

Cai, T. (2017). Global testing and large scale multiple testing for high

dimensional covariance structure. Annual Rev Stat Appl (4), 423-426.

Friedman, J., T. Hastie, and R. Tibshirani (2008). Sparse inverse covariance

estimation with the graphical lasso. Biostatistics 9(3), 432-441.

Qiao, X., S. Guo, and G. M. James (2019). Functional graphical models.

Journal of the American Statistical Association 114, 211-222.

Shi, L. et al. (2010). The microarray quality control (maqc)-ii study of
common practices for the development and validation of microarray-based

predictive models. Nature biotechnology 28, 827-38.

Xia, Y., T. Cai, and T. Cai (2015). Testing differential network with ap-
plications to the detection of gene-gene interaction. Biometrika 102,

247-266.

Xia, Y., T. Cai, and T. Cai (2018). Multiple testing of submatrices of a
precision matrix with application to identification of between pathway
interactions. Journal of the American Statistical Association 113(521),

328-339.



Xia, Y. and L. Li (2019). Matrix graph hypothesis testing and application

in brain connectivity alternation detection. Statistica Sinica (1), 303-328.

Xu, Y., I. Kim, and R. Carroll (2019). A hybrid omnibus test for generalized
semiparametric single-index models with high dimensional covariate sets.

Biometrics 75(3), T57-767.

Ye, Y., Y. Xia, and L. Li (2021). Paried test of matrix graphs and brain

connectivity analysis. Biostatistics 22(2), 402-420.



Table 1: Empirical sizes (%) and powers (%) for testing the equality of two

precision matrices (£21,€22) when same or different given networks using the
weighted conditional test (WCT), nonweighted conditional test (NWCT), and
nonconditional test (NCT); (€21, Qs) are generated under Hy using Q™) m =

1,...,4, with the number of nodes of the network given other networks p; = p
= 50, 100, 200, the number of nodes of the given network po, = p = 50, 100, 200,

sample size n; = ng = 100, and significance level @« = 0.05. For m = 1,2,3,4,

QW is a pentadiagonal matrix, Q2 is a scale-free network, Q) is a symmetric

matrix whose upper off-diagonal elements are from Binomial distribution, and

QW is a symmetric matrix whose randomly assigned off-diagonal elements is 0.5.

QW

0®

QB

(18]

Empirical sizes (%) with the same given networks (€4, ;,, 4, ;,) = (9%, ,, 93, 1))

p WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT
50 3.5 3.1 5.7 2.2 3.5 4.2 2.2 3.7 4.6 24 2.8 3.6
100 2.7 2.7 3.7 3.0 3.2 34 2.3 2.9 376 2.9 2.9 44
200 3.6 3.7 4.1 2.2 2.2 2.3 1.9 24 3.1 2.2 2.9 3.4
Empirical sizes (%) with different given networks ((Qf, 1, @1, 1,) # (3, 1,,93, 1,))
p WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT
50 5.5 4.7 21.1 3.5 4.1 13.4 6.2 5.3 21.1 4.5 4.5 18.0
100 3.9 3.9 17.1 4.6 5.2 12.5 3.9 3.7 19.6 4.2 4.1 18.0
200 3.2 3.0 15.3 3.0 3.0 10.2 2.5 2.7 19.5 2.9 3.2 13.1
Empirical powers (%) with the same given networks case ((Qf, 1,2, ;,) = (93 1.9, 1))
p WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT
50 99.3 97.4 98.2 | 98.4 94.4 95.4 | 99.6 97.9 98.4 | 99.7 98.1 98.7
100 99.9 96.4 97.0 | 99.0 93.7 94.7 | 99.9 97.3 97.8 | 99.3 96.1 97.3
200 99.4 92.7 944 | 98.2 89.6 91.6 | 99.9 93.1 94.0 | 98.7 91.6 93.1
Empirical powers (%) with different given networks ((Q, ,, 0, 1) # (93, 1. 93, 1))
D WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT
50 97.6 89.7 94.2 | 96.1 88.5 91.0 | 98.1 91.6 94.1 | 974 90.2 92.9
100 97.1 88.7 92.0 | 95.6 85.9 89.6 | 98.4 87.9 93.5 | 96.7 85.5 90.1
200 97.8 82.4 86.7 | 93.7 73.9 80.6 | 98.3 80.3 86.3 | 95.2 80.0 85.9
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Figure 1: (a) and (b) are the global and multiple test for Xia et al. (2015).
(c) and (d) are the global and multiple test for Xia et al. (2018). (e) and
(f) are the global and multiple test for our weighted global and multiple

test. (g) and (h) have the same given networks and networks given other

networks. (i) and (j) have the same networks given other networks and

different given networks.
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