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Abstract: Change point analysis involves the identification of potential shifts in

the underlying data distribution and the precise estimation of the location of such

a change point. Recent attention has been directed towards the adoption of non-

parametric testing methods to address the former objective. However, existing

research on the asymptotic behavior of change point tests is somewhat limited due

to their reliance on an infinite series of nonparametric statistics. To address this

limitation, we develop a CUSUM likelihood ratio test statistic based on nonpara-

metric density estimation in the framework of reproducing kernel Hilbert spaces.

Furthermore, we present a comprehensive non-asymptotic theoretical framework

for nonparametric density estimation. We achieve an asymptotic control over

type-I errors and can pinpoint the change point at an optimal rate. Besides sim-
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ulations, our numerical studies also include a real-world application on neonatal

seizure detection with multiple electrical signal channels.

Key words: multivariate change point detection; CUMSUM; RKHS

1. Introduction

In the past decades, rapid expansions of technology and increasing require-

ments from areas like finance [Zeileis et al., 2005], genetics [Chen and Gupta,

2012], and neuroscience [Toutounji and Durstewitz, 2018] have driven ad-

vances in statistical theories and methods for change point analysis. In

this era of big data, change point analysis in sequences of multivariate and

possibly non-Gaussian observations has received heightened interest. For

instance, electrical recordings in neuroscience often involve multiple signal

channels that exhibit non-Gaussian distributions, characterized by heavy

tails or multimodality [Chae et al., 2021]. Detecting abrupt change points

in such multivariate non-Gaussian data has been a longstanding challenge

in the realms of statistics and machine learning [Carlstein et al., 1994, Pol-

unchenko and Tartakovsky, 2012, Chen and Zhang, 2015].

Consider a sequence of multivariate observations x1,x2, . . . ,xn on the

domain X , with a potential change point denoted by τ ∈ {1, . . . , n}. It is

assumed that up to time τ , the samples xi, i = 1, . . . , τ , are independent

and identically distributed (i.i.d.) with a probability distribution denoted

by P – referred to as the background distribution [Carlstein et al., 1994].
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After the change point τ , the samples xi, i > τ , are also i.i.d. but follow

a distinct distribution Q known as the post-change distribution [Carlstein

et al., 1994]. The precise location of the change point holds significant im-

portance, as it provides a reliable foundation for further exploration into the

underlying causes behind the observed changes. An example presented in

this paper is the detection of seizures in newborns using electroencephalo-

gram (EEG) data. Our empirical investigations reveal that our proposed

methodology, capable of accommodating multiple electrical channels char-

acterized by complex distributions, exhibits a substantial enhancement in

both detection sensitivity and localization precision when compared to con-

ventional univariate or parametric approaches.

Example: EEG Seizure Detection. Epileptic seizures [Litt and Echauz,

2002], manifest as sudden and uncontrolled electrical disruptions among

brain cells, leading to temporary irregularities in muscle activity, behavioral

patterns, or sensory perceptions. EEG [Teplan et al., 2002] is a medical

diagnostic procedure employed to measure and record the electrical activity

within the brain by utilizing sensors attached to the skin. In our study, EEG

is utilized to pinpoint the onset of seizures. Given the intricate nature of

EEG recordings, an effective automated detection method must incorporate

both energy and frequency features inherent in the signals. The change
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point analysis method proposed in this paper achieves this objective by

employing a nonparametric approach to model the joint distributions of

multiple features with enhanced accuracy and efficiency in seizure detection.

Change point analysis methods typically fall into two primary cate-

gories: parametric and nonparametric. In the parametric category, it is

assumed that the underlying data distributions are members of a para-

metric family. In contrast, nonparametric methods offer a more versatile

application spectrum, as they are not confined to specific distributional as-

sumptions. Most literature on the detection of multiple change points in

multivariate data are in the parametric category. A significant portion of

these investigations are based on the cumulative sum statistic (CUSUM) in

the realm of Gaussian distributions. Cho and Fryzlewicz [2015] pioneered

a truncated CUSUM test, synergistically coupled with binary segmenta-

tion, to mitigate the issue of sparsity in datasets with high dimensions.

Wang and Samworth [2018] investigated a variant of the CUSUM proce-

dure tailored for high-dimensional sparse data constructs. Enikeeva and

Harchaoui [2019] delved into the l2 aggregation of CUSUM, presenting a

nuanced approach to the methodology. Diverging from the conventional

CUSUM-centric methodologies, Lavielle and Teyssiere [2006] offered an in-

novative array of techniques grounded in penalized Gaussian log-likelihood,
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specifically designed for discerning shifts in covariance structures.

In the nonparametric domain, Einmahl and McKeague [2003] pioneered

the utilization of non-parametric techniques derived from the empirical

cumulative distribution function (CDF) for the identification of a single

change point for univariate data. This approach was further augmented by

Zou et al. [2014] to tackle the detection of multiple change points. Extend-

ing CDF-based methodologies to multivariate data presents challenges due

to their dependency on the unreliable empirical CDF. In the realm of multi-

variate data, the efforts in kernel-based change point detection, as outlined

in Harchaoui and Cappé [2007], were advanced by Arlot et al. [2019]. They

unveiled the framework of a penalized kernel least squares estimator for the

analysis of multivariate time series data. Furthermore, they presented an

oracle inequality to rigorously validate the effectiveness of their proposed

method. Around the same time, an innovative graph-based approach was

introduced for testing and estimation of change points respectively in se-

quences of multivariate Chen and Zhang [2015] or non-Euclidean data Chu

and Chen [2019]. Recently, Padilla et al. [2021b] and Padilla et al. [2023]

considered nonparametric change point localization and inference for multi-

variate data with piecewise constant distributions, extending the univariate

work in Padilla et al. [2021a].
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Upon the establishment of the presence of a change point, the sub-

sequent objective is the precise location of the change point. Recent en-

deavors have focused on addressing this in a multivariate setting. Garreau

and Arlot [2018] presented an analytical exposition of an upper bound on

the attainable localization rate of their proposed method. This theoretical

threshold was further optimized from a computational perspective in subse-

quent studies Garreau and Arlot [2018], Celisse et al. [2018]. In general, the

existing nonparametric detection methods predominantly revolves around

the estimation consistency and rate of localization.

From the perspective of statistical inference, the change point analy-

sis literature lacks rigorous quantitative assessments concerning the type-I

error and localization accuracy in the realm of multivariate non-Gaussian

data. This scarcity is particularly evident when pairing nonparametric in-

ference with the complexities inherent in change point hypothesis tests.

Notably, such testing often necessitates the introduction of an infinite se-

ries in nonparametric statistics, with CUSUM being a well-known example.

The conventional CUSUM statistic is a cumulative aggregation of score

statistics, which are typically derived from explicit parametric models, pre-

dominantly Gaussian in nature. However, these traditional methodologies

might not adequately encapsulate the multifaceted nature inherent in con-
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temporary datasets [Romano et al., 2021, Chen and Tian, 2010]. In this

context, the penalized likelihood ratio (PLR) statistic we propose distin-

guishes itself by assuming merely a smooth underlying density function,

thereby imbuing it with the versatility to accommodate a broader spectrum

of complex distributions. It also fills in the longstanding gap on nonpara-

metric CUSUM variants in the literature, a phenomenon attributable to the

well-known challenges associated with nonparametric inference theories.

Here we introduce a cumulative sum (CUSUM) statistic by employ-

ing a series of penalized likelihood ratios, which are constructed through

density estimation in the framework of a reproducing kernel Hilbert space

(RKHS). To ensure an accurate asymptotic control over the Type-I error,

we establish a novel RKHS framework for the non-asymptotic theory of

nonparametric density estimation. Under this framework, we calculate the

localization rate and establish a minimax lower bound for the detection of

change points. Additionally, we propose a method for localizing change

points based on the largest likelihood ratio. Due to its involvement of an

infinite sum of terms with complex dependence structures, traditional cen-

tral limit theorems for independent data or data with simple dependence

structures may not apply here. Therefore, this calls for the treatment of

a non-asymptotic theory, which not only avoids this technical difficulty
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but also provides more accurate guarantees and more precise error char-

acterizations in finite sample settings rather than only asymptotically. By

leveraging the non-asymptotic bound derived in our study, we determine

the convergence rate of our proposed change point estimator.

The remaining sections of this paper are structured as follows. In Sec-

tion 2, we introduce our hypothesis testing method for change point detec-

tion and derive the null asymptotic distribution for ensuring a valid control

over type-I error rates. Section 3 presents our model-free change point

localization estimate and provides the derivation of its convergence rate.

Section 4 is dedicated to the presentation of simulation studies. In Section

5, we explore the application of seizure detection using real-time EEG data.

Finally, Section 6 concludes with our final remarks. Proofs and additional

numerical results can be found in the Supplementary Materials.

2. Change Point Detection

2.1 Model Setup

The observations are x1, . . . ,xn, with xi ∈ X ⊂ Rd for i = 1, . . . , n, where

d is the dimension of the observations. There exists a potential change

point τ ∈ {1, . . . , n}, such that the observations up to time τ are indepen-

dent and identically distributed (i.i.d.) with the distribution P , while the
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observations after time τ are also i.i.d. but with a distinct distribution Q.

Let ηp and ηq represent the logit-transformations of the probability den-

sity functions for P and Q respectively, that is, the densities of P and Q are

p(x) = eηp(x)
/∫
X e

ηp(x)dx and q(x) = eηq(x)
/∫
X e

ηq(x)dx respectively. Note

that ηp and ηq are identifiable up to a constant, since η + c works equiva-

lently for any constant c. Evidently, these transformations allow ηp and ηq

to evade the positive and unity constraints. We do not restrict ηp and ηq

to a specific parametric distribution family, as distributions in real appli-

cations often exhibit complexities, such as a heavy tail or multi-modality.

Instead, we impose certain smoothness constraints on ηp and ηq, which are

more realistic in many applications. Without loss of generality, we con-

sider the m-th order Sobolev space on [0, 1]d, H = {f ∈ L2([0, 1]d) | f (α) ∈

L2([0, 1]d), ∀ |α| ≤ m}, where |α| =
∑d

l=1 αl. When d = 1, the associated

kernel function is defined as K(Xi, Xj) = 1 + (−1)m−1k2m(Xi −Xj), where

k2m(x) is the 2m-th order scaled Bernoulli polynomial [Abramowitz and

Stegun, 1948]. For m = 2, k4(x) = 1
24

((x − 0.5)4 − 0.5(x − 0.5)2 + 7
240

)

and the corresponding K is known as the homogeneous cubic spline kernel.

When d > 2, Novak et al. [2018] showed that the kernel is K(Xi, Xj) =∫
Rd [
∏d

l=1 cos(2π(Xil −Xjl)xl)]/[1 +
∑

0<|α|≤m
∏d

l=1(2πxl)
2αl ]dx.

Our first goal is to validate the presence or absence of a change point
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through statistical hypothesis testing. In particular, our hypotheses are

H0 : x1, . . . ,xn ∼ P versus

H1 : ∃τ ∈ (n0, n− n0) s.t. x1, . . . ,xτ−1 ∼ P and xτ , . . . ,xn ∼ Q,

where n0 = αn for ∀α ∈ (0, 1). The introduction of n0, a common practice

in change point analysis, is to avoid a change point close to the boundary of

the domain which would result in insufficient statistical power to differen-

tiate between the distributions before and after the change. We will define

a test statistic based on a series of penalized likelihood ratio test statistics

derived for each possible candidate of the change point τ .

2.2 CUSUM Penalized Likelihood Ratio (CPLR) Test

Penalized likelihood density estimation methods have several significant

advantages. Without any strong assumptions about the form of the dis-

tribution, they can handle a broad range of data distributions, making

them more versatile than traditional parametric methods. The penalized

likelihood approach automatically adjusts for the complexity of the model

though a tuning parameter in the penalty term that determines the level of

smoothness of the estimated density. Penalized likelihood estimators also

have desirable asymptotic properties, such as consistency and asymptotic

normality, under certain conditions.
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Let the penalized likelihoods before and after τ be respectively

`τp(η) = −
τ∑
i=1

{η(xi) +

∫
X
eη(x)dx}+ τ

λ

2
J(η), (2.1)

`n−τq (η) = −
n∑

i=τ+1

{η(xi) +

∫
X
eη(x)dx}+ (n− τ)

λ

2
J(η) (2.2)

with a smoothing parameter λ > 0 and a penalty function J(·). Penalized

likelihood method utilizes the penalty term to balance between bias and

variance. In the absence of this penalty, models with great flexibility may

succumb to overfitting the data, resulting in increased variance. By impos-

ing a penalty term, overfitting is discouraged through the introduction of

an acceptable degree of bias. Let η̂τp and η̂n−τq be the estimators of ηp and

ηq defined as η̂τp = argmin η∈H`
τ
p(η) and η̂n−τq = argmin η∈H`

n−τ
q (η).

Under H0, x1, . . . ,xn are i.i.d. from the same distribution, i.e. ηp = ηq.

The penalized likelihood becomes

`n0 (η) = −
n∑
i=1

{η(xi) +

∫
X
eη(x)dx}+ n

λ

2
J(η). (2.3)

Similarly, we define the minimizer η̂0 of (2.3) as η̂n0 = argmin η∈H`
n
0 (η).

We have three penalized likelihood estimators η̂τp , η̂n−τq , and η̂n0 obtained

from maximizing penalized likelihoods. Let η̂ba be a generic estimator with

(a, b) = (p, τ), (q, n − τ), and (0, n) corresponding respectively to observa-

tions of indices Sp = {1, . . . , τ}, Sq = {τ + 1, n}, and S0 = {1, . . . , n}. We

assume that the domain X is endowed with a probability distribution P
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and H is a reproducible kernel Hilbert space (RKHS). Denote the positive

semi-definite (PSD) kernel function associated with H by K : X ×X → R.

Due to the integration in the penalized likelihoods, the Representer

Theorem [Wahba, 1990] does not apply here and the exact solution is not

computable [Gu, 2013]. We consider an efficient approximation in Gu [2013]

by calculating the minimizer of the penalized likelihood functional in the

data-adaptive finite-dimensional subspace span{K(xi, ·)}i∈Sa of H. The

function ηba ∈ span{K(xi, ·)}i∈Sa has the form ηba(·) =
∑

i∈Sa
K(xi, ·)cba,i =

(ζba)
Tcba, where ζba = [K(xi, ·)]Ti∈Sa

is the vector of functions obtained from

kernel K with its first argument fixed at xi, and cba ∈ RSa is the coefficient

vector. Under the RKHS framework, J(η) = 〈η, η〉H where 〈·, ·〉H is the

inner product in H. Then we have J(ηba) = (cba)
TQb

ac
b
a where Qb

a ∈ R|Sa|×|Sa|

is the empirical kernel matrix with its (i, j)-th entry of Qb
a as K(xi,xj).

This representation converts the infinite-dimensional minimization of the

penalized likelihood with respect to η to the finite-dimensional optimization

problem with respect to the coefficient vector ca by solving

ĉba = argmin
cba

{
− 1

|Sa|
1TaQ

b
ac

b
a +

∫
X

exp{(ζba)Tcba}dx +
λ

2
(cba)

TQb
ac

b
a

}
(2.4)

where 1a is an |Sa| × 1 vector of ones. The objective function (2.4) is

strictly convex. Its optimization with respect to cba can be performed via

a standard convex optimization procedure such as the Newton-Raphson
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algorithm. The integrals in (2.4) can be calculated by numerical integration

(see Section 7.4.2 in Gu [2013]). When |Sa| is large, the representation

(2.4) involves a large number of coefficients, which may lead to numerical

instability. To tackle this, one may consider only a subsample of {xi :

i ∈ Sa} as the knots [Kim and Gu, 2004]. As shown in Kim and Gu

[2004], the subsample knots can maintain the minimax optimality through

properly selected subsample size. The guideline in Gu [2013] is to select

a subsample sample size proportional to a theoretically specified fractional

power of the full sample size. In general, we have η̂ba = (ζba)
T ĉba and recall

that (a, b) = (p, τ), (q, n−τ), and (0, n) as the penalized likelihood estimate

with respect to (2.1), (2.2), and (2.3) correspondingly.

For a given τ , we define the penalized likelihood ratio (PLR) as, PLRτ =

`τp(η̂
τ
p)+`n−τq (η̂n−τq )−`0(η̂0). We calculate the PLRτ for each τ = n0, . . . , n−

n0 and construct our test statistic as CPLR =
∑n−n0

τ=n0
PLRτ . It represents

a novel extension of the traditional CUSUM methods to a nonparamet-

ric setting under the RKHS framework. Each individual PLR term in the

statistic essentially performs kernel density comparisons between two dis-

tributions Gretton et al. [2012]. But the cumulative nature of the CPLR

statistic poses significant theoretical and computational challenges. It is

an infinite series of PLR statistics whose asymptotic distribution cannot

Statistica Sinica: Newly accepted Paper 



14

be adequately characterized by traditional theories. So it is necessary to

adopt the non-asymptotic theory which provides finite-sample bounds that

remain valid across the entire sequence of PLR statistics. This allows a

rigorous control of Type-I error rates, uniform convergence guarantees, and

precise characterization of localization accuracy.

As demonstrated in later numerical studies, CPLR is particularly ef-

fective in detecting small and persistent shifts that other methods might

overlook. This makes CPLR ideal for quality control and health monitor-

ing applications where accurate detection of changes is crucial. We next

derive the asymptotic null distribution of the CPLR statistic which gives

the type-I error control of the detection limits. Also, the CPLR is robust

when the exact distribution family of data is not normal or not even known.

2.3 Control the Type-I error

We first introduce some notation related to the true densities. Recall that

ηp and ηq are the true logit-transformed densities before and after τ0 respec-

tively. Under the null hypothesis H0, ηp equals ηq, denoted collectively by

η0. Now we establish an infinite series of non-asymptotic bounds for PLR

statistics. Non-asymptotic convergence rate for nonparametric regression

was first proposed in Yang et al. [2017]. However, such a non-asymptotic re-

Statistica Sinica: Newly accepted Paper 



15

sult is still lacking for density estimation, which is filled in by our work here.

Our work differs significantly from Yang et al. [2017] in the more complex

objective, additional normalization, more subtle regularization properties

and more complicated information geometry. Then, we derive the asymp-

totic distribution of our proposed test statistics under the null hypothesis.

For any η, η̃ ∈ H, define

〈η, η̃〉 = V (η, η̃) + λJ(η, η̃), (2.5)

where V (η, η̃) = E{η(X)η̃(X)} with the expectation taken over X, and

J is a bilinear form corresponding to the roughness penalty. Note that H,

endowed with the inner product (2.5), is an RKHS. So H has a reproducing

kernel K(·, ·) with 〈Kx, η〉 = η(y) for any η ∈ H, where Kx = K(x, ·).

Next, we construct the eigensystem under the inner product (2.5).

Assumption 1 There exist sequences of functions {ξp}∞p=1 ⊂ H and non-

negative eigenvalues {ρp}∞p=1 such that V (ξp, ξp′) = δp,p′, J(ξp, ξp′) = ρpδp,p′,

for all p, p′ ≥ 1, and that any η ∈ H can be written as η =
∑∞

p=1 V (η, ξp)ξp.

Assumption 1 assumes an eigensystem that simultaneously diagonalizes

the bilinear forms V and J . Such eigenvalue/eigenfunction assumptions

are typical in the smoothing spline literature [Shang and Cheng, 2013,
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Xing et al., 2023]. Define h = {
∑∞

i=1 1/(1 + λρi)
2}−1. Note that h−1 =

O(λ−1/2m(log(1/λ))1/d) as λ goes to zero.

Let D,D2 be the first- and second-order Frechét derivatives of the like-

lihood functional `ba(η) = −
∑

i∈Sa
{η(xi) +

∫
X e

η(x)dx} + bλ
2
J(η). We also

denote its minimizer by η̂ba. Notice that the only difference between the

likelihood functionals in (2.1), (2.2) and (2.3) is the number of observa-

tions involved. Thus the Fréchet derivatives of (2.1), (2.2) and (2.3) can

be derived similarly through replacing t by the corresponding number of

observations. For any η,∆η1,∆η2,∆η3 ∈ H,

D`ba(η)∆η1 =
∑
i∈Sa

∆η1(xi) +

∫
X

∆η1(x)eη(x)dx + tλJ(η,∆η1)

=

〈
t∑
i=1

Kxi
+ EηKX + tWλη,∆η1

〉
, (2.6)

D2lt(η)∆η1∆η2 =
∫
X ∆η1(x)∆η2(x)eη(x)dx+tλJ(∆η1,∆η2), where the sec-

ond equality of (2.6) is due to the RK property and that
∫
X ∆η(x)eη(x)dx =

Eη∆η1(X) = Eη 〈KX ,∆η1〉 = 〈EηKX ,∆η1〉 .

For ε > 0 and constant c0 > 0, we define the quantity

A(h, ε) =
32
√

6√
log(1.5)

c−1K cm0 h
−(2m−1)/2Ψ(

1

2
cKc

−m
0 h(2m−1)/2ε)

+
32
√

6√
log(1.5)

√
log(1 + exp(2c0(cKh(2m−1)/2ε)−1/m).

Here cK = supx∈X
√
hK(x,x), the function Ψ(r) =

∫ r
0

√
log(1 + exp(x−1/m))dx
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is from Dudley’s entropy integral controlling the upper bound of a con-

centration inequality, and c0 satisfies logN(ε,G, ‖ · ‖sup) ≤ c0h
− 2m−1

2m
ε−1/m

,

where N(ε,G, ‖ · ‖) is the ε-packing number. The existence of such c0 fol-

lows from Shang and Cheng [2013]. For simplicity of notation, we also

denote A(h) = A(h, 2) which plays an important role in deriving the non-

asymptotic bound for our penalized maximum likelihood estimator η̂a.

Lemma 1 Under H0 with Assumption 1, for any positive M , rn, and

h satisfying c2K
√
Mrh−1/2A(h) ≤ 1/2, we have supη0∈H P

(
‖η̂0 − η0‖ ≥

δt(M, r)
)
≤ 2 exp(−Mthr2), where δt(M, r) = 2hm+ cK(

√
2Mr+(th)−1/2).

The proof of Lemma 1 is based on the large deviation bounds between

η̂0 and η0. As shown in our proof, this bound holds uniformly over a “unit

ball” in H. It also provides a rigorous framework to quantify the error of

non-parametric density estimation in finite samples, a general interest in

the density estimation field. Next, we use the score functional defined in

(2.6) to approximate the penalized likelihood estimator.

Lemma 2 Under H0, for any positive h, r,M satisfying c2K
√
Mrh−1/2A(h) ≤

1/2, it holds that supη∈H Pf (‖η̂0 − η0 − (1
t

∑
iKXi

− E[KXi
] − Wλη0)‖ ≥

γn(M, r)) ≤ 2 exp(−Mthr2). where γt(M, r) = c2K
√
Mrh−1/2A(h)σt(M, r),

with σt(M, r) defined in Lemma 1.
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Lemma 2 allows us to approximate our CPLR statistic by a series of

score functions. We then use Lemmas 1 and 2, with t replaced by n, n−τ, τ ,

to derive the asymptotic distribution of CPLR in the following Theorem.

The proofs for the lemmas are in the supplementary materials.

Theorem 1 Let m ≥ 1 and Assumption 1 be satisfied. Then under H0,

2CPLR− tr(∆)h−1√
2 tr(∆)h−1

d−→ N(0, 1), n→∞,

where ∆ =
∑n−n0

τ=n0
eτ (eτ )T , eτi =

√
(n− τ)/τ for 1 ≤ i ≤ τ , eτi =

−
√
τ/(n− τ) for τ + 1 ≤ i ≤ n.

The theorem is built on the functional expansion of the likelihood func-

tional. Its complete proof is in the supplementary materials. The behavior

of the CPLR in its asymptotic form is determined by a series of eigen-

values, denoted by {ρν}∞ν=1. It also possesses an excellent property called

the Wilks phenomenon, that is, the asymptotic distribution is not influ-

enced by nuisance parameters that are not of direct interest but can impact

the estimation of the parameters of interest. Such independence from nui-

sance parameters facilitates more accurate statistical inference and widens

its applicability across diverse statistical modeling contexts. In practice,

the constant h can be approximated using the empirical eigenvalues of the

kernel matrix. Therefore, our decision rule for identifying a change point is
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Φ(α) = 1(|2n · PLRn,λ − θλ| ≥ z1−α/2
√

2σλ) (2.7)

where 1(·) is the indicator function, and z1−α/2 is the 1 − α/2 quantile of

the standard normal distribution.

3. Change point localization

In change point analysis, upon the rejection of the null hypothesis, the next

task is to determine the exact location of the change point. We adopt the

penalized likelihood estimation approach to this task. The essence of this

method is captured in the comprehensive likelihood function:

`τ (η̂τp , η̂
n−τ
q ) = `τp(η̂

τ
p) + `τq (η̂

n−τ
q ) (3.8)

where η̂τp and η̂n−τq represent the maximum likelihood (or minimum negative

log-likelihood) estimators, with their values contingent upon τ . We define

our maximum likelihood estimator for τ as:

τ̂ = argmin
τ

`τ (η̂τp , η̂
n−τ
q ). (3.9)

3.1 Covergence rate of the estimation of τ

In the context of the change point localization problem, it becomes essen-

tial to quantify the precision of the estimation. The primary challenge in
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localization arises from the fact that it involves the selection of the maxi-

mum value from a sequence of penalized likelihood ratio (PLR) estimates.

To address this inherent challenge, we have identified a relatively straight-

forward and intuitive approach for establishing a connection between the

complexity of the density estimation problem and the task of achieving

consistent change point localization. This relationship provides valuable

insights into the problem. In particular, under H1 : P 6= Q, the true un-

derlying densities are represented by their respective logit-transformations

ητp and ηn−τq and the logit-transformation of the underlying true density for

the whole data by η0 = log( τ0
n
eηp + n−τ0

n
eηq). Here, the function ητp equals

ηp, for τ ∈ (0, τ0), and log( τ
τ0
eηp + n−τ0

τ0
eηq), for τ ∈ (τ0, n). The function

ηn−τq equals log( τ0−τ
n−τ e

ηp + n−τ0
n−τ e

ηq) for τ ∈ (0, τ0), and ηq for τ ∈ (τ0, n).

The following theorem, based on the non-asymptotic results in Lemmas

S.1 and S.2, characterizes the asymptotic accuracy of τ̂ .

Theorem 2 With Assumption 1 and hm−1/2 < min{1/(6cK), 1/(4cKe)},

hm+1/2 ≤ 8cK/5, we have |τ̂ − τ0|/n = O((nh)−1 + λ).

The detailed proof for Theorem 2 is in the supplementary materials.

This theorem establishes the convergence rate of |τ̂ − τ0|/n to zero, and

this rate is no slower than (nh)−1 + λ. For the m-th order Sobolev

space on [0, 1]d, the optimal orders of λ and h are respectively n−
2m

2m+d
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and O(n−1/(2m+d)), balancing the bias and variance to achieve the minimax

rate n−2m/(2m+d) for density estimation and localization error. Remarkably,

we observe that this rate aligns with the minimax distinguishability rate

for testing the comparison of two smooth density functions [Xing et al.,

2023]. Additionally, it is noteworthy that this localization rate surpasses

the optimal sample complexity required for estimating all the underlying

densities.

4. Simulation Study

We now illustrate the simulated outcomes of the suggested approach utiliz-

ing a variety of univariate and multivariate distributions. We first appraise

the proposed hypothesis test through the empirical size and power derived

from 200 replicates. Following that, we bring forth the outcomes of numer-

ical simulations exploring the convergence of the change point estimator

across diverse sequence lengths. The mean estimation error is reported

with the standard deviations of our proposed estimate duly presented.

We incorporate methodologies such as the pruned exact linear time

(PELT) method [Killick et al., 2012], the Bayesian analysis of change point

problems (BCP) [Barry and Hartigan, 1993], the nonparametric multiple

change point analysis of multivariate data (ECP) [Matteson and James,
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2014], the graph-based change-point detection [Chen and Zhang, 2015],

KolmogorovSmirnov detector (KSD) [Padilla et al., 2021a,b]. However, we

should note that implementing a univariate change point process to each

margin, as executed by the changepoint, cpm, and bcp packages, will not

detect the changes. We mainly focus on multivariate settings (Settings

1-4). We put the univaraite settings (Setting 3-7) as a reference in our

Supplementary material.

For multivariate signals, we take into account changes in the distribu-

tion of covariance structures. Similar to the single-variable scenarios, we

let the sequence length, denoted by n, range from 500 to 2000, and we po-

sition the change point at nθ, where θ is randomly sampled from a uniform

distribution within the interval (0.2, 0.8). We perform 200 replications to

compute the empirical power and size. In this context, we generate covari-

ates X ∈ Rd from two distinct multivariate distributions, each with two

different settings for the dimension d: specifically, d = 2 and d = 10.

Setting 1 (Change in Covariance): Xi, i = 1, . . . , n are i.i.d. generated

as Xi ∼ Nd(0, Id) if i ≤ nθ and Nd(0,Σρ) if i > nθ, where Id is the identity

matrix and Σρ has diagonal entries one and off-diagonal entries ρ set as 0.2.

Setting 2 (Change in Skewness): Xi ∈ Rd, i = 1, . . . , n have different

skewnesses before and after change point. In particular, Xij ∼ N(0, 1) if
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i ≤ nθ and = Z2
ij − 1 if i > nθ for j = 1, . . . , d, where Zij ∼ Nd(0, Id).

(a) Size (d=2) (b) Size (d=10)
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Figure 1: Empirical power and size for setting 1-2. Here the design matrix is generated

from the multivariate normal distribution.
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In the simulation settings explored, we establish the significance level at

0.05, focusing on this value as our threshold for statistical significance. The

results are in Figure 1(a-b). We observe the empirical size of the proposed

test under different dimensional, finding it to be approximately 0.05 across

different sequence lengths. This consistency highlights the test’s reliability

in maintaining the desired significance level, regardless of the specific length

of the sequence under examination.

We proceeded to assess the empirical power performance of our method

under setting 1-2, employing different dimensions (d = 2 and d = 10) to

provide a comprehensive evaluation. This investigation is depicted in Figure

1(c,d), where we observe that our proposed approach consistently outper-

forms our competitors in terms of power. This outcome vividly illustrates

the test’s remarkable sensitivity in detecting shifts in correlation among

covariates within the dataset. Such sensitivity is crucial when it comes

to identifying subtle alterations in data patterns, making our method ex-

ceptionally well-suited for scenarios where detecting nuanced changes is of

paramount importance. Figure 1(e,f) further shows the versatility of our

proposed test by showcasing its capacity to detect changes in skewness

within the data. Moreover, it is worth noting that as the dimensionality

of the data increases, we observe a corresponding increase in the difficulty
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of detection. This observation highlights the real-world adaptability of our

method across various conditions and shows its capability to maintain sta-

tistical rigor. In conclusion, these simulation results serve as compelling

evidence of the robustness and practicality of our proposed test. They

illustrate its adaptability to changing conditions and its unwavering com-

mitment to statistical precision. The ability to fine-tune signal strength

and observe corresponding variations in test power offers valuable insights

into the test’s behavior under a range of hypothetical scenarios. This, in

turn, enhances its potential for application in diverse fields where precise

change detection is a paramount requirement.

In Tables 1 and 2, we present a comprehensive analysis of the con-

vergence behavior of our proposed change point estimate as it pertains to

various dimensions with CPLR, and KSD. It is evident that as the sample

size expands, CPLR has smaller estimation error and faster convergence

rate comparing with KSD. This observation shows the efficacy of our ap-

proach, showcasing its ability to provide increasingly accurate change point

estimates as more data becomes available. Furthermore, as the dimension-

ality of the dataset increases, we notice a gradual slowdown in the rate of

convergence. The data presented in this table serves as robust empirical

evidence, reinforcing the dependability of our change point estimate. It
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d=2 d=10

n CPLR KSD CPLR KSD

500 0.056(0.065) 0.089(0.078) 0.112(0.136) 0.145(0.152)

750 0.060(0.047) 0.083(0.059) 0.092(0.111) 0.125(0.134)

1000 0.042(0.043) 0.067(0.055) 0.083(0.094) 0.116(0.118)

1250 0.036(0.040) 0.054(0.048) 0.061(0.072) 0.089(0.095)

1500 0.029(0.028) 0.047(0.035) 0.056(0.060) 0.078(0.082)

1750 0.016(0.021) 0.032(0.028) 0.038(0.032) 0.055(0.045)

2000 0.006(0.005) 0.018(0.015) 0.016(0.014) 0.028(0.023)

Table 1: Convergence Analysis for Multivariate Setting 1. Table lists the averaged

relative distance between change point estimates and the underlying truth when n ranges

from 500 to 2000. CPLR shows superior localization accuracy compared to KSD.

demonstrates that our method’s accuracy experiences substantial improve-

ment with larger sample sizes, thereby fortifying the reliability of our ap-

proach in the context of detecting changes in the underlying data structure.

This insight is invaluable for practitioners and researchers alike, as it high-

lights the practical advantages of utilizing our methodology in situations

where data quality and precision are paramount concerns.
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d=2 d=10

n CPLR KSD CPLR KSD

500 0.061(0.062) 0.094(0.075) 0.122(0.113) 0.156(0.128)

750 0.049(0.054) 0.072(0.067) 0.089(0.086) 0.118(0.101)

1000 0.043(0.045) 0.065(0.058) 0.067(0.072) 0.095(0.089)

1250 0.034(0.034) 0.051(0.042) 0.051(0.053) 0.074(0.068)

1500 0.024(0.032) 0.038(0.041) 0.031(0.030) 0.049(0.043)

1750 0.020(0.016) 0.031(0.024) 0.027(0.026) 0.040(0.034)

2000 0.006(0.008) 0.015(0.012) 0.013(0.012) 0.025(0.019)

Table 2: Convergence Analysis for Multivariate Setting 2. Table lists the averaged

relative distance between change point estimates and the underlying truth when the

sequence length ranges from 500 to 2000. CPLR shows superior localization accuracy

compared to KSD.

5. Real Data Analysis

Epileptic seizures, characterized by sudden, uncontrolled electrical distur-

bances in the brain, are the most prevalent neurological dysfunction in

newborns, necessitating immediate medical intervention. Among full-term

babies, the observed incidence of neonatal seizures is approximately 3 per

1000, and increases to 50 per 1000 in specific cases [van Rooij et al., 2013].

The clinical diagnosis of neonatal seizures can be highly unreliable. This

is primarily due to the subtle nature of the clinical signs, which can be ex-
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ceedingly difficult to detect. Traditional methods of detection often fail to

identify these complex signs, leading to delays in medical intervention. Most

current change point detection tools fall short in addressing these intrica-

cies. They either make assumptions of a multivariate Gaussian distribution

or are designed as nonparametric methods focusing on a single feature.

Both of these approaches miss critical aspects of the problem’s complexity.

Our proposed method innovatively addresses these shortcomings by con-

sidering both non-Gaussian and multivariate features, filling the existing

gap in seizure detection techniques. By doing so, we have achieved signif-

icant improvements in both the detection power and accuracy of change

point estimation. These enhancements reflect a critical advancement in

neonatal seizure detection, potentially leading to more timely and effective

interventions. Our approach not only demonstrates a clear methodologi-

cal innovation but also carries profound implications for the healthcare of

newborns at risk of neurological dysfunction.

In this study, we selected two features that are shown to be most pre-

dictable for seizure as in Greene et al. [2008]. The first feature is Root mean

squared EEG amplitude (RMS Amp) which is an estimate of the cerebral

function monitor (CFM) output. CFM is perhaps the most widely used tool

for the detection and diagnosis of seizures in the neonatal ICU. The second
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feature is the line (curve) length proposed in Katz [1988] as a potential

feature for epileptic seizure detection in adults. To validate the indepen-

dence assumption critical to our statistical modeling framework, we con-

ducted an empirical assessment using the Ljung-Box test [Ljung and Box,

1978], which detects autocorrelation in time series by examining whether

any group of autocorrelations differs significantly from zero. As shown in

Supplementary S.2, the empirical evidence from our Ljung-Box test anal-

ysis conclusively demonstrates that down-sampling from 2000Hz to 100Hz

effectively eliminates temporal autocorrelation while maintaining clinically

sufficient temporal resolution.

The data in this study were collected at a high sampling rate of 2000Hz,

implying that there is a mere 1/2000-second time gap between consecutive

sampling points. This dataset comprises a total of 137 marked seizure

records, each with a seizure duration of approximately 5 seconds. In clin-

ical practice, achieving detection accuracy within a 1-second timeframe is

deemed sufficiently reliable for accurate clinical diagnosis. To optimize the

efficiency of detection, we employed a down-sampling technique, reducing

the data to a more manageable 100Hz (with a 1/100-second time gap be-

tween consecutive sampling points). For our approach, we employed a win-

dow size of 4 seconds and moved the window every 0.01 seconds to calculate
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Figure 2: This plot shows a record with p-value = 0.0013 from our proposed CPLR test.

The upper panel displays statistics defined in (3.8) for change point localization, which is

based on two-dimensional covariates, namely RMS Amp and Line Length. In the lower

panel, we provide a graphical representation of the signal characteristics, showcasing

the RMS amplitude (in blue) and line length (in red). Additionally, we highlight the

presence of seizures on-site by shading the corresponding regions in both panels.

our test statistics denoted by PLRτ . Subsequently, the Cumulative Sum

(CUSUM) statistics, referred to as CPLR, were computed for values of τ

ranging from 0.02 seconds to the total length of each record denoted by T .

Figure 2 offers a visual representation of the testing and estimation

results achieved using our proposed detection method on one of the records

from the dataset. In the lower panel of Figure 2, the original features

appear noisy. Our change point estimate is determined as the location

corresponding to the smallest p-value, which is clearly depicted as a spike
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in the upper panel of Figure 2. Remarkably, this estimate closely aligns with

the commencement of the seizure, thus serving as a compelling validation

of the accuracy and efficacy of our proposed estimation method.

Method RMS Amp Line Length RMS Amp & Line Length

CPLR 0.81 0.76 0.94

PELT 0.52 0.34 0.61

BCP 0.71 0.51 0.82

ECP 0.62 0.61 0.75

Graph-CP 0.61 0.41 0.76

Table 3: Empirical powers evaluated for CPLR, PELT, BCP, ECP, and Graph-CP.

In our research, we rigorously applied our proposed method along-

side several competitors, including PELT, BCP, ECP, and Graph-CP, to

a dataset comprising 137 meticulously annotated seizure records. Our eval-

uation process was twofold: we initially assessed the performance of each

covariate independently and subsequently examined their combined impact

when considered jointly. The comprehensive results, as detailed in Table 3,

unequivocally demonstrate the superiority of our proposed CPLR method

in terms of power. Whether applied to covariates individually or in combi-

nation, our method consistently exhibited the highest power. Remarkably,

when both covariates were considered simultaneously in a joint analysis, we

Statistica Sinica: Newly accepted Paper 



32

observed a substantial enhancement in power by an impressive margin of

16%. This significant power boost vividly shows the critical importance of

employing multivariate change point detection algorithms, as it enables us

to harness the rich interplay of multiple covariates to achieve more accurate

and effective change point detection in complex datasets.

Method RMS Amp Line Length RMS Amp & Line Length

r̂(s)
CPLR 0.528 (0.128) 0.813 (0.521) 0.151 (0.192)

KSD 0.982 (0.245) 1.256 (0.634) 0.889 (0.318)

Table 4: Average relative distances (std. dev.) between change point estimates using

one or two features and the true seizure starting points for CPLR and KSD methods.

Furthermore, we conducted an in-depth analysis by comparing the rel-

ative distance r̂(s), in the bivariate case with the univariate cases. When

we exclusively utilized either RMS Amp or Line Length as covariates, the

average value of r̂ across the 137 records exceeded the threshold of 0.05.

However, when we incorporated both of these two features simultaneously,

the detection error exhibited a remarkable reduction, as highlighted in Ta-

ble 3. On average, our proposed estimation method achieved a proximity

of approximately 0.15 seconds to the true onset time of the seizure, demon-

strating its impressive accuracy and precision in pinpointing critical events

within the data. When using both RMS amplitude and line length features
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jointly, CPLR achieves an average relative distance of 0.151 seconds com-

pared to KSDs 0.889 seconds, representing a substantial improvement in

localization precision. This finding shows the substantial benefits of em-

ploying a multivariate approach that considers multiple covariates, yielding

superior results compared to a univariate analysis.

6. Discussion

Our proposed method has contributed significantly by establishing a foun-

dation for deriving the null asymptotic distribution within the nonparamet-

ric framework. Additionally, it has facilitated precise localization through

the characterization of convergence rates. This feature is particularly valu-

able as it ensures accurate pinpointing of change points within the data.

The capacity of nonparametric multivariate change point detection to tap

into the richness of multivariate data, while simultaneously enhancing sen-

sitivity, positions it as an indispensable tool for researchers, analysts, and

practitioners alike. It empowers them to unearth concealed insights, iden-

tify anomalies, and make well-informed decisions in scenarios characterized

by complex, interrelated datasets. Extending our RKHS-based framework

to temporally dependent data represents a natural and valuable direction

for future work, with a potential approach being the time-dependent densi-
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ties introduced by Song et al. [2009]. In addition, we focus on single change

point detection in this paper, the proposed CPLR methodology can be nat-

urally extended to multiple change points through a binary segmentation

framework [Fryzlewicz, 2014, Kovács et al., 2023].

Our localization result in Theorem 2 can be refined with the incorpora-

tion of a “jump size” defined as ∆2 = ‖ηp−ηq‖2H =
∫

(ηp−ηq)2dµ+λJ(ηp−

ηq). Building on Theorem 2, the localization error rate can be refined as

|τ̂ − τ0|/n = O(∆−2 ·max{(nhp)−1, (nhq)−1} + λ). This rate suggests that

a larger distributional change can lead to a much more precise localization

while small jumps can make localization more difficult. This explains why

clear seizure events in our EEG application are localized within 0.15 seconds

while subtle changes require longer observation windows.

As a nonparametric approach, our method focuses only on change

points not close to the boundaries. This is a common limitation for non-

parametric methods, since they generally require sufficient data on both

sides of the change point to deliver accurate estimation of the distributions

or distributional parameters on both sides. On the other hand, parametric

methods can often bypass this requirement through parametric assumptions

and thus be used to detect a change point near the boundaries.

Our theoretical results cannot be easily extended to high-dimensional

Statistica Sinica: Newly accepted Paper 



35

cases (d > n). In high dimensions, the kernel matrix conditioning dete-

riorates, density estimation rates become impractical at O(n−2m/(4m+d)),

and the non-asymptotic bounds in Lemma 1 require sample complexity

that scales exponentially with the dimension. Following Raskutti et al.

[2012] on sparse additive models, a potential extension would require im-

posing sparsity assumptions where only s� d coordinates are relevant for

change point detection. Through decomposing the d-dimensional RKHS

into univariate components with tensor product kernels and applying `1

penalties to enforce sparse coefficient selection, a convergence rate of |τ̂ −

τ0|/n = O((ns log d)−1 + λ
√
s log d/n) may be achievable under the condi-

tion s log d � n. However, such extensions would face significant compu-

tational challenges requiring variable selection, sparse optimization solvers,

and careful hyperparameter tuning. Numerically, degraded detection power

and localization accuracy may occur in the high dimensional setting. Sub-

stantial methodological innovations incorporating structural assumptions

about sparsity and additive decomposability would be necessary.

Supplementary Material

The online Supplementary Material contains the proofs of the main theo-

rems as well as some auxiliary results.
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