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School of Economics and Finance, Chongqing Unwversity of Technology

Abstract: Consider a group of individuals (subjects) participating in the same psychological tests with
numerous questions (items) at different times, where the choices of each item have an implicit ordering.
The observed responses can be recorded in multiple response matrices over time, named multi-layer
ordinal categorical data, where layers refer to time points. Assuming that each subject has a common
mixed membership shared across all layers, enabling it to be affiliated with multiple latent classes with
varying weights, the objective of the grade of membership (GoM) analysis is to estimate these mixed
memberships from the data. When the test is conducted only once, the data becomes traditional
single-layer ordinal categorical data. The GoM model is a popular choice for describing single-layer
categorical data with a latent mixed membership structure. However, GoM cannot handle multi-layer
ordinal categorical data. In this work, we propose a new model, multi-layer GoM, which extends GoM
to multi-layer ordinal categorical data. To estimate the common mixed memberships, we propose a
new approach, GoM-DSoG, based on a debiased sum of Gram matrices. We establish GoM-DSoG’s
per-subject convergence rate under the multi-layer GoM model. Our theoretical results suggest that
fewer no-responses, more subjects, more items, and more layers are beneficial for GoM analysis. We
also propose an approach to select the number of latent classes. Extensive experimental studies verify
the theoretical findings and show GoM-DSoG’s superiority over its competitors, as well as the accuracy

of our method in determining the number of latent classes.

Key words and phrases: Multi-layer ordinal categorical data, multi-layer grade of membership model,

debiased spectral clustering



1. Introduction

Ordinal categorical data is extensively collected in psychological tests, educational as-
sessments, and political surveys (Sloane and Morgan, [1996; |Agresti, 2012; |Chen et al., 2019;
Shang et al., [2021). Such data involves responses that follow a natural and logical order
sequence, where the choices can be meaningfully ranked, though the intervals between them
may not be precisely measurable or equal. Examples of ordinal categorical data include
Likert scale items (strongly disagree/disagree/neutral
/agree/strongly agree) or disagree/agree in psychological tests, education levels (high school/
bachelor’s degree/master’s degree/doctorate) in educational research, and medical assess-
ment scales (mild/moderate/severe) in clinical studies.

Without confusion, we will use categorical data to represent ordinal categorical data
throughout the remainder of this paper. This type of data typically comprises responses
from subjects to a set of items and is often represented by an N x .J observed response
matrix R, where N denotes the number of subjects (individuals) participating in the test
and J represents the number of items (questions). In this matrix, R(7,j) signifies the re-
sponse of subject i to item j. When each item has only two choices (e.g., yes/no choices or
right /wrong answers), the data is referred to as categorical data with binary responses. In
this case, R € {0,1}¥*7, where 0 and 1 are used to indicate the binary choices. When each
item has M (M > 3) choices, the data is known as categorical data with polytomous re-
sponses. For such data,we consider R € {0,1,..., M}¥*/ where integer m denotes the m-th
ordered choice for m = 0,1, ..., M, with 0 representing the lowest intensity response. In this
work, we do not consider missing data. If the original dataset contains missing responses

(typically coded as NaN), we recommend removing those subjects with missing values during



data preprocessing. It is evident that polytomous responses are more general than binary
responses, and thus, this paper focuses on polytomous responses. A key characteristic of
traditional categorical data is that it is often collected only once for each subject, resulting
in a single-layer categorical dataset. For such data, learning the latent classes (subgroups)
of subjects is often of great interest, as subjects with similar subgroup information typically
exhibit similar response patterns. Specifically, the task of learning subjects’ latent classes
is known as latent class analysis (LCA) (Hagenaars and McCutcheon, 2002; |[Nylund-Gibson
and Choi, |2018]), where the latent classes can be different personalities, abilities, and political
ideologies in psychological tests, educational assessments, and political surveys (Chen and
Gu, 2024), respectively. Therefore, equipped with LCA, categorical data plays a key role in
understanding human behaviors, preferences, and attitudes.

However, despite its prevalence, the single-layer structure of traditional categorical data
inherently limits the depth of analysis that can be performed, as it captures only a snapshot
of the subjects’ responses at a single point in time. In many practical scenarios, the same
group of subjects may be assessed multiple times over different time points using the same
set of items. This repeated assessment generates multi-layer categorical data, with each
layer representing a different time point. For such data, all layers share common subjects
and items, creating a longitudinal dataset rich in information. The additional temporal
dimension offered by multi-layer categorical data provides a more comprehensive view of
subjects’ responses, potentially revealing patterns and trends that are not discernible in
single-layer categorical data. Figure [1]illustrates a simple example of multi-layer categorical
data, where subjects’ responses exhibit variation across layers.

For single-layer categorical data, a popular statistical model for describing its latent class



N
N O =

AlB OB OO0 O0|S
|| O [ o BSEOS]
NNO =002 NN

2

1

1

0

1

1
| 4 |
| 4 |
[ 4 |
| 4 |

=
)
)
E_\
o
=
53
©
3

a1
1 12 13 14 15 16 17 18 19 110 1 12 13 14 15 16 17 18 19 110

Figure 1: A toy example of multi-layer categorical data with 12 subjects, 10 items, 3 layers,
and 6 choices per item, where we use Si, [j, R; to represent the i-th subject, the j-th item,
and the [-th observed response matrix, respectively, for i = 1,2,...,12,7 =1,2,...,10, and

1=1,2,3.

structure is the latent class model (LCM) (Goodman, 1974)), which operates under the as-

sumption that each subject is assigned to a single latent class. However, the non-overlapping
classes property of LCM can be restrictive, potentially failing to fully capture the complex-

ity and diversity of subjects’ response patterns. The grade of membership (GoM) model

(Woodbury et al., [1978) overcomes LCM’s limitation and allows each subject to belong to

at least one latent class, providing a more powerful modeling capacity than LCM. Exist-

ing approaches for learning subjects’ latent mixed memberships in single-layer categorical

data modeled by the GoM encompass Bayesian inference utilizing MCMC (Erosheva et al.|

2007; |Gormley and Murphy, [2009; |Gu et al., 2023), joint maximum likelihood algorithms

(Robitzschl [2023), and spectral methods (Chen and Gu, 2024; Qing, 2024a;, 2025¢).

However, all the above methods are inherently limited to single-layer categorical data
and cannot be directly applied to learning the common latent classes of subjects in multi-
layer categorical data. The additional temporal dimension in multi-layer categorical data

introduces new challenges and opportunities for latent class analysis. Recently, to describe



the latent class structures in multi-layer categorical data, (Qingl (2024b) proposed a multi-
layer LCM which assumes that each subject belongs to only one latent subgroup. (Qing
(2024b) also provides several spectral methods with theoretical guarantees to discover the
latent classes of subjects. However, one main limitation of the multi-layer LCM is that it
cannot model multi-layer categorical data with a latent mixed membership structure, where
each subject can belong to different subgroups with varying weights.

To address the limitations of the aforementioned models and methods for multi-layer
categorical data with a latent mixed membership structure, this work introduces the multi-
layer grade of membership (multi-layer GoM) model, which extends the traditional GoM
model to multi-layer categorical data. This extension enables us to capture the temporal
dynamics of subject responses provided by multiple layers and allows subjects to belong
to more than one latent class simultaneously. For the estimation of the common mixed
memberships, we develop a novel approach, GoM-DSoG, based on a debiased sum of Gram
matrices. This approach effectively handles the challenges posed by multi-layer data. We also
establish the per-subject convergence rate of GoM-DSoG under the proposed model. Our
theoretical and experimental results highlight the benefits of considering more layers than a
single layer in the task of grade of membership analysis for categorical data. In particular, if
there are too many zeros in the categorical data, more layers should be considered, and our
GoM-DSoG is an efficient tool to estimate subjects’ common mixed memberships for such
multi-layer categorical data. Additionally, an approach for selecting the number of latent
classes K in multi-layer categorical data generated from the proposed model is developed.
By conducting substantial experimental studies, we empirically verify the theoretical results

and show the superiority of the proposed GoM-DSoG method over its competitors and the



high accuracy of our method in choosing K.

Notation: Iy, and [m] represent the m x m identity matrix and set {1,2,...,m},
respectively. For any matrix H, H' denotes its transpose, H (s, :) denotes its submatrix for
rows in the set s, ||H||; is its the {; norm, ||H||r represents its Frobenius norm, ||H || means
its spectral norm, ||H|. represents its maximum absolute row sum, ||H |2, denotes its
maximum row-wise ls norm, A\y(H) denotes its k-th largest eigenvalue in magnitude, and
rank(H) denotes its rank. e; is a vector satisfying e;(i) = 1 and e;(j) = 0 for j # i. E(-)
denotes expectation and P(-) represents probability.

We organize the remainder of this paper as follows. We introduce our model in Section [2|
Our method for fitting proposed model and its theoretical guarantees are presented in Section
Bl Section [4] proposes an approach for determining K. Section [b] conducts experimental

studies. Section [6] concludes the paper.

2. Multi-layer grade of membership model

2.1 Data preprocessing

Before introducing the multi-layer GoM model, we first describe the preprocessing steps
applied to the original response matrices to ensure that the responses are appropriately
encoded for analysis. Let R?riginal denote the [-th layer’s original response matrix, which
may contain missing values (e.g., NaN). We apply the following preprocessing steps:

1. Removal of subjects with missing responses: For each subject i, if any entry R (i, 5)

is missing (e.g., NaN), we remove the entire subject from the analysis. This ensures

that the resulting dataset contains only complete responses.

2. Recoding of response values: For each non-missing response R;"*"* (i, j), we recode
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the values to ensure they lie in the set {0,1,..., M}, where 0 represents the lowest

intensity of response. Specifically:

e If the original responses are in {0,1,..., M}, we set R;(i,j) = R?riginal(i,j). Here,

0 denotes the lowest intensity response.

e If the original responses are in {1,2,..., M +1}, we set Ry(i,j) = R?riginal(i,j) —1.
This transformation shifts the responses to {0, 1,..., M}, preserving the ordinal

nature of the data without loss of information.

After preprocessing, the resulting observed response matrix R; for the [-th layer has
elements in {0,1,..., M}, where 0 represents the lowest response intensity (e.g., “strongly
disagree” on a Likert scale), and not a missing value. This encoding allows us to model the

responses using a Binomial distribution as described in Definition (1] given later.

2.2 The model

Suppose that all subjects belong to K common latent classes, denoted as:
Cy,C,...,Ck. (2.1)

We assume that K is known in this paper and we will also propose an approach for
selecting K in Section 4 The memberships of subjects belonging to different latent classes

NxK

can be characterized by a common membership matrix I € [0, 1] shared across all layers,

where:

(i, k) is the “weight” for the partial membership of subject i on Cy,, i € [N], k € [K].

(2.2)
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By II's definition, for ¢ € [N], we have , _x II(i,k) = 1. Call subject i pure if one

entry of I1(7,:) equals 1, and mixed otherwise. In this paper, we assume that:
There is at least one pure subject in each latent class. (2.3)

Since Equations — serve as the foundational assumptions of our model, we
adopt them as default conditions throughout this paper. Combining Equations and
(2.3) implies that IT is full rank, and its rank is K since we assume K < min(N,J) in this
paper. Let p;. denote the index of any pure subject in the k-th latent class Cy for k € [K].
Define the pure subject index set Z as Z = {pi1,po,...,px . Without loss of generality,
similar to the analysis in |[Mao et al.| (2021), reorder all subjects such that II(Z,:) = Ik k-

For each layer [ € [L], let ©; € [0, M]7*F denote the item parameter matrix of the I-th
layer categorical data. Our model, a multi-layer extension of the classical GoM model, is

formally defined as follows.

Definition 1. (Multi-layer grade of membership model) Let By € {0,1,..., M}N*7 represent
the observed response matrix of the l-th layer categorical data for | € [L]. Our multi-layer

grade of membership (multi-layer GoM) model for generating the L observed response ma-

trices { R}, is defined as:

%1(27])>
M )

%, =110, where R(i,j) ~ Binomial(M, i€[N),je[J),lel[l]. (24)

In our model, Z,(i,j) represents the expected choice of subject i to item j by the
property of Binomial distribution, i.e., E(R;(i,7)) = Z(i,7) under the multi-layer GoM.
Equation gives Z(i,7) = X opepr 1102, k)©u(j, k), which means that the response of
subject 7 to item j tends to be larger for larger ©,(j, k). For any two distinct latent classes

ki and ko, if ©,(j,k1) > ©,(4, k2), Zi(i,7) = Zke[K] I1(7, k)©;(j, k) implies that subjects
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predominantly affiliated with latent class k; (i.e., those with higher I1(7, k1)) are more likely
to choose higher responses for item j at layer [, while subjects in latent class ks exhibit
weaker or lower responses for the same item. Meanwhile, the choice of modeling categorical
responses as Binomial random variables is motivated by the ordered nature of the data.
Unlike unordered categorical data (e.g., multiple-choice questions with no inherent order),
ordinal categorical data (e.g., Likert scales) can be meaningfully interpreted as counts of
“successes” or levels of agreement. The Binomial distribution provides a flexible framework
to model such ordered responses, where the probability of each response value is determined
by the latent membership matrix II and item parameter matrix ©; for the [-th layer. For
convenience, call %, the [-th population response matrix since E(R;) = &%, for | € [L] under
the Binomial distribution. When all subjects are pure, our model degenerates the multi-layer
LCM introduced in (Qing, 2024b). When the number of layers L equals 1, the multi-layer
GoM defined by Equation simplifies to the GoM model for single-layer categorical data
considered in (Qing, 2024a). Furthermore, when both L = 1 and M = 1, the proposed
model reduces to the GoM model studied in (Chen and Guj, 2024).

Equation necessitates that the elements of ©; range within [0, M| for [ € [L] because
% represents a probability within [0, 1], and IT satisfies Equation . By the definition
of multi-layer GoM, at the [-th layer, the probability that subject i selects the m-th choice
in item j equals

Py = = m!(J\yi m)!(%](\i[,j)

)™ (1 — %)M—m, m=0,1,...,M, (2.5)

where P(R;(i,j) = 0) represents the probability that subject ¢ tends to have the lowest
intensity response to item j. By Equation (2.4)), it is clear that the membership matrix II

is shared by all layers while the probability that subject i selects the m-th choice in item



2.3 Response intensity scaling

J changes between layers in our model. Such setting is common for the task of community
detection in multi-layer networks (Paul and Chen| 2020; [Lei et al., 2020; Lei and Lin|, 2023}
Xu et al., 2023; Su et al., 2024 Qing, 2025a,b)). Using Equation , our multi-layer GoM
can generate { R}, with a latent true membership matrix I and item parameter matrices

{©;}F,. This paper aims to recover I and {©;}/-, given the L observed response matrices

{Rl}lel'

2.3 Response intensity scaling

In real-world multi-layer categorical data with polytomous responses, some lowest-intensity
responses (0s) exist. Specifically, for multi-layer categorical data with binary responses when
M =1, we have R; € {0,1}¥*/ for | € [L], which may result in numerous zeros in the data.
A large number of zeros in the dataset poses a significant challenge for the task of grade of
membership analysis. Therefore, it is crucial to control the number of zeros in the multi-layer
categorical data. Define p = maxjeiymax;ei reix)©:(J, k) and B; = % for [ € [L]. Given
that ©; € [0, M]7*K it follows that p € (0, M], the maximum element of B; is no larger than

1, and Z,(i,j) < p for i € [N], 5 € [J],1l € [L]. According to Equation (2.5)), we have:

<%l(Zu?))M —

_ PGB yu
M

P(Ri(i, /) = 0) = (1 - ( —

b

which indicates that increasing p decreases the probability of generating the lowest-intensity
responses across all layers. Consequently, p serves as a controlling factor for the overall
response intensity of the data, thus justifying its designation as the response intensity pa-
rameter. To thoroughly examine the performance of the proposed method under varying
levels of data’s response intensity, we will permit p to approach zero and incorporate it into

the error bound for further analysis.



Example 1. Consider a simple case where M = 4, and the expected response Z,(i,j) takes
values from {1,1.5,2,2.5,3}. Table || illustrates how the probability of each response value
changes based on %(i,j). The results show that as Z,(i,j) increases, the probability of a
lowest intensity response (0) decreases monotonically, while the probability of higher intensity
response (e.g., 8 or 4) increases. This pattern aligns with theoretical expectations, as Z(i, j)
represents the expected value of Ry(i,j) under the proposed model. Intuitively, higher values
of Z,(i, j) lead to fewer zeros and shift the response distribution toward higher-valued choices.
Consequently, by adjusting the response intensity parameter p, we can effectively control the

overall response intensity of the data.

Table 1: Probability distribution of responses under varying population response values

H,(i,j) when M = 4.

Population response values | P(R;(4,7) = 0) | P(Ri(4,5) = 1) | P(Ri(4,5) =2) | P(Ri(4,75) =3) | P(Ri(4,5) = 4)
Z(i,5) =1 0.3164 0.4219 0.2109 0.0469 0.0039
Z(i,j) =1.5 0.1526 0.3662 0.3296 0.1318 0.0198
R (i,7) =2 0.0625 0.2500 0.3750 0.2500 0.0625
Z(i,7) =25 0.0198 0.1318 0.3296 0.3662 0.1526
Z(i,7) =3 0.0039 0.0469 0.2109 0.4219 0.3164

3. Debiased spectral method and its theoretical guarantees

We propose an efficient method for IT and {©;}£, in this section. Subsequently, we

establish its theoretical guarantees under the multi-layer GoM model.



3.1 Debiased spectral method

3.1 Debiased spectral method

Suppose that the population response matrices {Z,}%, are observed, and our objective
is to accurately recover IT and {©,}~, from {Z}F,. Define & = SV | %), where S is
a symmetric matrix and it represents an aggregation of L Gram matrices {#,%]}1_,. The

following proposition guarantees the identifiability of our multi-layer GoM model.

Proposition 1. (Identifiability). Assume that rank(Y, ©/0;) = K. Then, our multi-layer
GoM model is identifiable: For any (11, {©,},) and (I, {©;},), if 110, = 116 for | € [L],

we have Il = IIP and ©, = O,P forl € [L], where P is a permutation matric.

The identifiability proposed in Proposition (1| guarantees that our multi-layer GoM is
well-defined since the model parameters (I, {©;}% ;) can be uniquely recovered up to a

permutation. The intuition of the proposed method comes from the following lemma.

Lemma 1. When rank(3.5, ©10,) = K, let S = UAU’ denote the leading K eigendecom-

position of S, where U'U = Iy . Then, we have:
o U=1IU(Z,:),
e O, =ZII(IT')""! forl € [L].

Note that Lemma [I]is directly linked to the pure subject assumption stated in Equation
, as it necessitates the presence of the pure subject index set Z. Given that the sum-
mation of each row of II equals 1 and IT satisfies Equation (2.3)), the form U = IIU(Z,:) is
known as the Ideal Simplex (IS), where U(Z,:)’s K rows are the K vertexes in the simplex
structure. Figure 2] shows the IS structure when K = 3. It is clear to observe that the rows

corresponding to pure subjects form the vertices of the simplex, while those representing
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Figure 2: Illustration of the Ideal Simplex geometry of the eigenvector matrix U with K = 3.
Each point denotes a row vector of U, red points denote rows corresponding to pure subjects
(because U(i,:) = U(j,:) for any two pure subjects ¢ and j from the same latent class, so
each red point may denote many pure subjects), each black points corresponds to mixed
subjects, and the red triangle denotes the Ideal Simplex. For visualization, these points have

been projected from R3 to R2.

mixed subjects lie within its interior. A similar Ideal Simplex is also discovered in the field

of mixed membership community detection in network science (Mao et al. 2021} Jin et al.,

2024; Qing and Wang, [2024), grade of membership analysis for single-layer categorical data

(Chen and Gu, [2024; Qing, 2024a), and topic modeling (Klopp et al. 2023; [Ke and Wang|

2024).

Since U(Z,:) is non-singular, we have Il = UUY(Z,:) by U = TU(Z,:). This implies

that II can be exactly recovered if we can obtain U(Z,:) from the N x K eigenvector matrix

U. Similar to previous works related to the IS structure, the successive projection algorithm

(SPA) (Aradjo et al. 2001; |Gillis and Vavasis, 2013| 2015) can be employed to precisely

identify the K vertices U(Z,:) within U, leveraging the simplex structure U = IIU(Z,:).

SPA is a widely used technique for vertex hunting in simplex structure (Mao et al., 2021}

Jin et all 2024} |Qing and Wang| 2024; |Chen and Gul, 2024} (Qing), 2024a};, |Agterberg and|




3.1 Debiased spectral method

Zhang), |2024; Klopp et al.| [2023; Ke and Wang, 2024). Once we obtain II, we can recover
{6}, using the second result of Lemma |[I| To adapt this idea to the real case, we set

H = max(0,UUY(Z,:)) = I, ensuring that I1(4,:) = “Ifil((iiz:))||1 and ©;, = Z/TI(II'T])~! for

i € [N],l € [L].

For real data, the L response matrices {R;}~, are observed, while their expectations
{%}E | are not available. For each [ € [L], let D be an N x N diagonal matrix with D;(i,4) =
> el R%(i,j) for i € [N]. Define S = > 1ep(LuR; — Dy), where S is known as the debiased
sum of Gram matrices (Su et all [2024). Let UAU’ be the leading K eigendecomposition
of S, where UvU = Iy k. It is known that the N x N symmetric matrix S is a debiased
estimator of S, while Zle[L] R, R; is a biased estimator, following similar analysis as in (Lei
and Lin, 2023} |Su et al., 2024)). Therefore, let 7 represent the estimated pure subjects’ index

set found by employing SPA to U with K vertices. Define H = max(0,UUY(Z,")), let

Il be an N x K matrix such that II(i,:) = \Ifgl(gz))lll for i € [N]. Note that the elements
of RIII(ITI)~" may be negative or larger than M while ©; € [0, M]7*K we define ©, =
min(M, max(0, RJII(III) 1)) for I € [L]. We see that IT and {©;}£, are good estimations
of IT and {©;}£ , respectively. The above analysis is summarized in Algorithm . Recall
that the membership scores remain constant across all layers. If we allow the membership
scores to vary, Lemma [I| no longer holds. Consequently, Algorithm [I| becomes inapplicable
for membership score estimation. For alternative approaches to this scenario, readers may
consult methodologies developed in (Pensky and Zhang, [2019; [Lin and Lei, 2024)). This paper
exclusively addresses the case where II remains consistent across all layers while analyzing

the time-varying membership scores is reserved for future research. Additionally, we employ

spectral method rather than likelihood-based approaches for estimating membership scores,
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as spectral method exhibits superior computational efficiency (Lei and Lin, [2023; |Chen and

Gu, [2024)).

Algorithm 1 Grade of Membership analysis via the Debiased Sum of Gram matrices

(GoM-DSoG)

Require: The L observed response matrices Ry, R, ..., Ry, and the number of latent classes

K, where R; € {0,1,2,..., M}*/ for [ € [L].
Ensure: Estimated membership matrix IT and estimated item parameter matrices {O;}~ .
1 Calculate S = 37 (RiR; — Dy), where D is a diagonal matrix with Dy(i,i) =
> jel] R%(i, j) for i € [N],l € [L].
2: Compute UAU’ , the leading K eigendecomposition of S.
3: Apply SPA to U assuming that there are K vertices to get the estimated pure subjects’
index set Z.

1: Set H = max(0,UUY(Z,:)).

5. For ¢ € [N], set f[(l, Z) = H[f((zl,))nl

6: For [ € [L], set ©; = min(M, max (0, RII(ITII)")).

Remark 1. In this paper, our multi-layer GoM model employs a Binomaial distribution in
Equation for analyzing multi-layer ordinal categorical data. Notably, extending the
community detection approaches for weighted networks proposed in (Qing and Wang, 2023,
2024)), our framework allows F to represent any distribution whose first-moment exists and
satisfies B(Ry(i, 7)) = Z(i,j) with %, =110 fori € [N],j € [J],l € [L]. This generalization

enables the modeling of multi-layer weighted data. Below we present illustrative examples:

e Normal distribution: Let F be a Normal distribution such that R(i, ) ~ Normal(Z,(i, j), %),

where o2 denotes variance. For this distribution, Ri(i,7) can be any real value, ©;’s
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elements can be negative, and p € (0, 400).

e Poisson distribution: Let F be a Poisson distribution such that R;(i,j) ~ Poisson(%,(i, j)).

Here, R,(i,j) is a nonnegative integer, ©,’s elements should be nonnegative, and p €

(0, 4+00).

o Uniform distribution: Let F be a Uniform distribution such that Ry(i, j) ~ Uniform(0,2%,(3, j)).
For this distribution, Ry(i,j) is positive value that is no larger than 2p, ©,’s elements

should be nonnegative, and p € (0,400).

e Discrete signed distribution: Let F be a discrete distribution such that P(R,(i, j) =
1) = %l(”) and P(R,(i,j) = —1) = %’(”) For this case, Ry(i,j) takes values in

{=1,1} (i.e., signed responses), ©;’s elements should range in [—1,1], and p € (0, 1].

F can also be any other distribution as long as BE(R;) = %, holds under distribution F.
Crucially, Lemma[1] remains valid under these generalized distributions, enabling consistent
estimation of 11 and {©;}F, using our GoM-DSoG algorithm. When different distributions
F are considered, our multi-layer GoM can model multi-layer weighed categorical data be-
cause R;’s elements have more choices now. While this extension broadens applicability to
multi-layer weighted data through diverse response value domains, our current focus remains
on multi-layer ordinal categorical data using the Binomial distribution. The theoretical in-
vestigation of GoM-DSoG’s performance under different distributions F is of independent

interest.
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3.2 Consistency results

This subsection presents the theoretical findings exploring the advantages of multi-layer
categorical data over single-layer categorical data for grade of membership analysis. We
investigate the asymptotic consistency of GoM-DSoG under the proposed multi-layer GoM
model across different intensity levels. Specifically, we assume that N, J, and L can approach
infinity in the asymptotic setting, with no assumed relationship among their growth rates.

Before presenting the main result, we outline some assumptions.
Assumption 1. p?NJL > log(N + J + L).

Since N, J, and L can grow to infinity in our analysis, Assumption [I}is mild, as it implies

log(N+J+L)

N7 (therefore, p can be sufficiently small

that p should be significantly larger than
for large values of N, J, and L). This assumption imposes a lower bound on p, indicating
that there cannot be too many zeros in the multi-layer categorical data. It is worth noting
that when J = O(N), our Assumption is in agreement with the sparsity requirement stated
in Theorem 1 of Lei and Lin| (2023). This alignment is expected since both our GoM-DSoG

and the Bias-adjusted SoS algorithm provided in Lei and Lin (2023]) are debiased spectral

clustering methods.
Assumption 2. [\ (3, BiBi)| = erJ L for some positive constant ci.

This assumption requires a linear growth of [Ax (3¢ (;) B/Bi)| concerning the number of
layers L and it serves a similar purpose in our theoretical analysis as the second point of
Assumption 1 in [Lei and Lin| (2023), Assumption 2 in |Su et al. (2024)), and the last point of
Condition 2 in (Chen and Gu| (2024)). The rationality of this assumption can be illustrated

by considering a simple case where By = By = ... = By. Under this scenario, it follows
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that [Ax (3 ;) BiBi)| = LIAk(BiB1)| = O(JL), which demonstrates the validity of the

assumption in a straightforward manner.
Condition 1. K = O(1) and A\x(II'll) = O(%).

This condition serves a similar purpose to the first point of Assumption 1 in Lei and Lin
(2023), Condition 2 in |Chen and Gu| (2024), Assumption 1 in Su et al.| (2024]), and so on. It
is necessary to simplify our theoretical analysis.

Theorem (1| presents our main result for the task of grade membership analysis. It
provides the per-node error rate of the proposed algorithm. To obtain Theorem (1| we first
bound ||S — S|« using the Bernstein inequality provided in Tropp| (2012). Subsequently, we
utilize this bound to establish a bound for the row-wise eigenvector error |UU" — UU’||a— 00

based on Theorem 4.2 of |Cape et al.| (2019).

Theorem 1. Consider a multi-layer GoM parameterized by {I1,{0,},}. When Assumption

Assumption [9, and Condition [1] hold, with high probability, we have

log(N +J + L) 1
p?NJL ) +0(7)

(1] — E—
max ¢} (11 - ITP) 0<\/

The result presented in Theorem |1 indicates that enhancing the values of p, N, and J
enhances the performance of GoM-DSoG in estimating II, which aligns with our intuition.
In particular, a higher intensity parameter p reduces the number of low-intensity answers,
providing more informative and varied data. This makes the distinct response patterns of
each latent class more pronounced and easier for the algorithm to distinguish, leading to
more accurate parameter estimates. Moreover, it indicates that as L increases, GoM-DSoG
demonstrates improved performance for the task of GoM analysis. This observation under-

scores the benefits of considering multi-layer categorical data over single-layer categorical
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data, as the former contains more responses and, consequently, more information. Through
the proof of Theorem [I] it is evident that the impact of the three model parameters p, N, J,
and L cannot be analyzed without Assumption [I] Assumption [2, and Condition This
underscores that these assumptions are employed for theoretical purposes. Furthermore,
Theorem 1| relies critically on the pure subject assumption in Equation , as this ensures
the existence of the Ideal Simplex structure in Lemma [I, When Lemma [I] holds, applying
SPA to U can exactly identify the K true pure subjects, implying that GoM-DSoG will
exactly recover IT and {©;}, when we use S to replace S in GoM-DSoG. When Equation
holds, we can apply the SPA algorithm to U to estimate pure subjects when {R}E, are
generated from the proposed model with parameters IT and {©,;}£ ;. Finally, we can bound
the difference between II and II. Otherwise, if Equation does not hold (say, there is at
least one latent class having no pure subjects), GoM-DSoG can not exactly recover II and
{6}, even when we use S to replace S in GoM-DSoG, which leads to a result that we can
not obtain Theorem [1| anymore.

For the task of estimating the item parameter matrices {©;}%,, the following lemma

I e (©1=€iP)lIr
2 ierr) ©ille

provides a bound on

Lemma 2. Consider a multi-layer GoM parameterized by {I1,{0;}~,}. Under the condi-
tions that pLmax(N, J) > log(N + J + L) and |M (3> e Bi)| = eV JL for some constant

co > 0, with high probability, we have

| qum(él — O/P)|lr _ O(\/max(N, Jlog(N + J + L)>
12 1e ©Ollr pNJL '

Note that the conditions specified in Lemma [2] differ from those of Theorem [} This
difference arises because bounding || 32 (F — Z)]| is necessary to obtain the result pre-

sented in Lemma [2| Despite the distinct conditions, the result in Lemma [2| also indicates



that enhancing the values of p, N, J, and L leads to improved performance of the GoM-DSoG

method.

4. Estimation of K

Selecting the appropriate number of latent classes K in multi-layer categorical data with
a latent mixed membership structure poses a significant challenge. While Algorithm (1] as-
sumes K is known, this is often not feasible in practical applications. Given L observed
responses { B }2,, our GoM-DSoG algorithm can always produce an estimated mixed mem-
bership matrix I, € [0, 1]V** for any number of latent classes k. When faced with multiple
potential choices for K, such that the true K may be one of {1,2,..., K.}, we can run our
GoM-DSoG algorithm on the data with & latent classes for all k € [K.], resulting in K, esti-
mated mixed membership matrices {ﬁk}kK:cl Naturally, this leads to the question of which

estimated membership matrix indicates the best quality of mixed membership partition.
To address this question, we propose a metric called averaged fuzzy modularity, inspired
by the fuzzy modularity introduced in (Qing, [2024a)) for single-layer categorical data with a
latent mixed membership structure. The averaged fuzzy modularity based on the estimated
mixed membership matrix I1, when we assume there are k latent classes is defined as follows:
z > Y @t - Gt G, 6o

L] i€[N] jE[N i

where Gy = RyRj, g is an N x N diagonal matrix with g;(i,i) = > ..y Gi(i, ), and m =

> jev 97, J) for i € [N], 1 € [L]. This metric has several notable properties:

e When there are no mixed subjects, our modularity reduces to the averaged modularity

of (Paul and Chen| 2021} Qing, 2024b).



e When L = 1, it reduces to the fuzzy modularity of (Nepusz et al 2008; |Qing, [2024a).

e When L = 1 and there are no mixed subjects, it becomes the popular Newman-Girvan

modularity (Newman and Girvan, [2004)).

A larger value of @) indicates better quality of mixed membership partition (Newman,
20006; Nepusz et al., 2008, [Paul and Chen|, 2021). Therefore, similar to (Nepusz et al., 2008)),

we infer the optimal K by choosing the one that maximizes ) defined in Equation (4.6]).

5. Experimental studies

5.1 Simulations

This part investigates the performance of the proposed GoM-DSoG method for the task
of the grade of membership analysis and its accuracy in the estimation of K. To this end,
we conduct five experiments to study the effects of various factors, including the number of
subjects N, the number of layers L, the response intensity parameter p, the number of pure
subjects in each latent class, and the number of latent classes K. In all experiments, the

GoM-DSoG method is compared with the following two different algorithms:

e GoM-Sum: Set Ry = Zlem R;. Let U RsumiRsumVésm represent Rg.m’s leading K
singular value decomposition, where U R U Rewn = Ixxx. This approach estimates the

parameters II and {©;}Y, by substituting Reu, for S and Ug,,,. for U in Algorithm .
e GoM-SoG: Set S = >_ieqry iRy This method estimates II and {6;}, by replacing
S with S in Algorithm

Remark 2. Define Zgyum = ZIE[L] ;. When the rank of the J x K aggregation matrix

sum sum

ZlE[L] By is K, let Ug,n X Ve, denote the leading K singular value decomposition of
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Rum Such that U}meUg;sum = Ixxk. The intuition behind GoM-Sum stems from the ob-

servation that Uy, = HUg,. (Z,:) also exhibits a simplex structure. The intuition behind

GoM-SoG is analogous to that of GoM-DSoG, as S serves as a biased estimator of S (Let
and Lin, |2025; \Su et all, 2024, |Qing, |20241). By following a similar analysis as in (Qing,
2024b), we can obtain theoretical guarantees for GoM-Sum and GoM-SoG. Furthermore, we
can prove that our proposed GoM-DSoG consistently outperforms both GoM-Sum and GoM-

SoG. For brevity, we omit the detailed theoretical analysis of GoM-Sum and GoM-SoG in

this paper.

To assess the performance of all approaches in estimating II, the Relative [; error

is used, where X collects all K x K permutation matrices. To

. II-1IP
defined as minpey I ~ s

measure their performances in estimating {©;}~,, we use the Relative [, error, defined

1 e (©1-00P) |
1> ez Oillr

as minpey . To evaluate the accuracy of all methods in estimating K, the
Accuracy rate calculated by the proportion of times an approach accurately chooses the
true K by maximizing ) is employed. The Relative [; error and Relative [y error metrics
are such that smaller values are better, while the Accuracy rate metric is such that larger
values are better.

For all experiments, we set J = % and M = 5, so that R, € {0,1, 2,3,4,5}]\”% for all
[ € [L]. Let each latent class have Ny pure subjects. For a mixed subject i, set II(i, k) =
%ﬂl) for k € [K —1] and II(i, K) = 1 — 37, x4 H(¢, k) when K > 2, where rand(1)
denotes a random value from (0,1). For j € [J],k € [K],l € [L], set Bi(j,k) = rand(1).
For all experiments, N, K, p, Ny, and L are set independently. For each parameter setting,

we report the averaged metric over the 50 repetitions. For all approaches, K is given for

estimating IT and {0}, while K is not given and is estimated by maximizing the averaged
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fuzzy modularity value @) for the task of determining K. Meanwhile, for each experiment,
there are two cases: the low-intensity case and the high-intensity case. In the low-intensity
case, we let the response intensity parameter p be small, while in the high-intensity case, p
is large. The low-intensity case is characterized by numerous zeros in the generated data,
which aligns multi-layer categorical data with binary responses or the scenario where many
participants have lowest responses to all items in each test. Conversely, the high-intensity
case features only a few zeros, corresponding to real-world situations where only a minority of
participants have lowest responses in multi-layer categorical data with polytomous responses.

Experiment 1: Effect of changing N. Set L = 5, Ny = N/5, and K = 3. Let
N vary in {100,200, ...,1000}. For the low-intensity case, set p = 0.2. For the high-
intensity case, set p = 5. Results are presented in Figure , indicating that (a) all methods
enjoy better performance as the number of subjects N grows; (b) our GoM-DSoG slightly
outperforms GoM-SoG, and both methods significantly outperform GoM-Sum, especially in
the low-intensity case; (c) all methods perform better in the high-intensity case compared to
the low-intensity case for estimating I1, {©;}% |, and K. Notably, all methods demonstrate
satisfactory performance in the high-intensity case, which is consistently observed in other
experiments (thus, similar analyses are omitted for subsequent experiments).

Experiment 2: Effect of changing L. Set N = 500, Ny = 100, and K = 3. Let
L vary in {1,2,...,10}. For the low-intensity case, set p = 0.2. For the high-intensity
case, set p = 5. Results are reported in Figure |4, We observe that GoM-DSoG and GoM-
SoG perform similarly, both methods behave better as L increases, and they consistently
outperform GoM-Sum. The results of this experiment support the advantages of considering

multiple tests (i.e., layers) at different times. Specifically, if a significant proportion of lowest
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Figure 3: Experiment 1.

responses is present in the data, conducting additional tests at various times, i.e., increasing
L, can be beneficial. This process results in multi-layer categorical data. However, for such
data, simply summing all response matrices (i.e., using the GoM-Sum method) for the grade
of membership analysis and estimating K is inefficient. Instead, our proposed GoM-DSoG
method is more effective.

Experiment 3: Effect of changing p. Set N = 500, L = 5, Ny = 100, and K = 3.
For the low-intensity case, let p vary in {0.05,0.1,...,0.5}. For the high-intensity case, let
p vary in {0.5,1,...,5}. Results are displayed in Figure |5l Observations indicate that all
methods perform better as the response intensity parameter p increases, our GoM-DSoG
slightly outperforms GoM-SoG, and both significantly outperform GoM-Sum. We also plot

the estimated simplex structure returned by applying the SPA algorithm to the eigenvector
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Figure 4: Experiment 2.

matrix U under varying response intensity parameters p in Figure @ As p increases, the
points representing pure subjects (denoted by red points) become increasingly concentrated
near the vertices of the simplex structure, while the points representing mixed subjects
(denoted by black points) tend to distribute more uniformly within the interior of the simplex.
This observation aligns with the theoretical expectation that higher values of p reduce the
number of zero entries in the data, thereby improving the separability of pure and mixed
subjects and making it easier for SPA to accurately detect pure subjects. We further report
the Accuracy rate of SPA in identifying pure subjects in Figure [7, where the Accuracy rate
is defined as the proportion of times, over 50 repetitions, that applying SPA to U correctly
identifies K pure subjects, each from a distinct latent class. From Figure[7] it is evident that

the Accuracy rate of SPA increases as p increases. When p is small, the data has a significant
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Figure 5: Experiment 3.

number of zero entries. This intensity introduces noise and makes it challenging for SPA
to distinguish pure subjects from mixed subjects. However, as p increases, the data has
more higher responses, and the inherent structure of the simplex becomes more pronounced.
This allows SPA to more accurately identify pure subjects. These results highlight SPA’s
vertex stability—its ability to consistently and reliably in hunting the vertices of the simplex
structure, even under varying levels of data intensity controlled by the parameter p.
Experiment 4: Effect of changing N;. Set N = 600, L = 10, and K = 3. Let N,
vary in {20, 40, ...,200}. For the low-intensity case, set p = 0.2. For the high-intensity case,
set p = 5. Performances of the three methods are reported in Figure |8, Results suggest that
all methods exhibit improved performance in estimating the item parameter matrices and

K when N; grows, with GoM-DSoG performing slightly better than GoM-SoG and both
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Figure 6: Illustration of the estimated simplex structure for different values of the response
intensity parameter p. In each sub-figure, each point represents a row of U obtained from the
debiased sum of Gram matrices S. Red points represent pure subjects, while black points
represent mixed subjects. The three blue points denote the estimated pure subjects obtained
by applying the SPA algorithm to U, and the blue triangle represents the estimated simplex

structure. For visualization, these points have been projected from R? to R2.

Accuracy rate in identifying pure subjects

Figure 7: Accuracy rate of the SPA algorithm in identifying pure subjects when p takes

values in {0.05,0.1,...,0.5,1,1.5,2,...,5}.
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Figure 8: Experiment 4.

significantly outperforming GoM-Sum.

Experiment 5: Effect of changing K. Set N = 100K, Ny = N/K,L = 5. Let K
vary in {1,2,...,8}. For the low-intensity case, set p = 0.5. For the high-intensity case, set
p = 5. Results are summarized in Figure 9] We observe that (a) GoM-DSoG and GoM-SoG
significantly outperform GoM-Sum in the dense case; (b) all methods fail to estimate K
when the true K is 1. However, this is not a critical issue since we typically assume that

there are at least 2 latent classes for the task of grade of membership analysis.

5.2 Real data

In real-world data applications, the scarcity of readily available multi-layer ordinal cat-

egorical datasets poses a challenge for evaluating the performance of our GoM-DSoG algo-
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Figure 9: Experiment 5.

rithm. To address this, we utilize a single-layer ordinal categorical dataset derived from
a survey, which we subsequently transform into a multi-layer structure through a ran-
domized selection process. This dataset, sourced from a survey where participants were
asked to generate random numbers within specified ranges corresponding to the Big Five
Personality Test (hereafter referred to as BFPT), is accessible for download at https:
//openpsychometrics.org/_rawdata/. The BFPT dataset comprises 1369 subjects and
50 items, categorized into five personality traits: extraversion (E1-E10), neuroticism (N1-
N10), agreeableness (A1-A10), conscientiousness (C1-C10), and openness (O1-O10). The
details of each item can be found in Figure For this data, responses 0, 1, 2, 3, 4, and 5
represent different levels of agreement with 0 denoting the lowest intensity and 5 denoting

the highest intensity. Consequently, we have R € {0,1,2,3,4,5}!3950 BFPT contains a


https://openpsychometrics.org/_rawdata/
https://openpsychometrics.org/_rawdata/
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206

total of 206 Os, constituting approximately 0.3% of the dataset (iz557z5

). To convert the
original single-layer BFPT data into a multi-layer ordinal categorical format, we employ a
probabilistic approach. For | € [L], we set R,(i,j) = R(i,7) with a probability of 0.5, and
Ry(i,7) = 0 otherwise. In this way, we generate a synthetic multi-layer dataset that approx-
imates real-world conditions. In this study, we set L = 3 layers for our analysis, and we
continue to refer to the transformed dataset as BFPT.

We estimate the number of latent classes by maximizing the modularity defined in Equa-
tion using our GoM-DSoG algorithm. The inferred value of K is 3, thus we have II €
[0, 1]1359%3 'We call the three estimated latent classes as Class 1, Class 2, and Class 3. We find
that Y T1(6, 1) = 370.0706, 3, 5 T1(6, 2) = 323.1968, and 3,y 11(4,3) = 675.7326, im-
plying that most subjects tend to belong to Class 3. To further analyze the estimated mixed
membership matrix f[, we call subject ¢ strongly pure if maxkemf{(i,k) > 0.9, strongly
mixed if manE[K}ﬂ(i,k) < 0.5, and moderate pure otherwise. We find that there are 19
strongly pure subjects, 322 strongly mixed subjects, and 1028 moderate pure subjects. The
estimated mixed memberships of strongly pure subjects and a ternary visualization of the
estimated mixed membership matrix II are shown in Figure . In the right panel of Figure
the vertices of the triangle represent pure subjects. For any subject, a position closer
to one of the triangle’s vertices indicates a higher likelihood of being a pure subject. Con-
versely, a position closer to the center of the triangle suggests a more mixed membership.
The ternary diagram clearly shows that most subjects tend to belong to Class 3.

Figure[11]displays the estimated item parameter matrices for the BFPT data. Below, we
provide a comprehensive interpretation of these results across the five personality dimensions.

Extraversion dimension:
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Estimated mixed memberships of strongly pure subjects
- ‘
Subject 50 0.9074

Subject 128
Subject 152 0.9235
Subject 204 0.9195
Subject 214
Subject 317
Subject 359
Subject 417
Subject 444
Subject 511
Subject 521
Subject 585
Subject 841
Subject 939
Subject 1031
Subject 1235
Subject 1249
Subject 1277
Subject 1284

o]

Strongly pure subject
Moderate pure subject
Strongly mixed subject

Class 1 Class2  Class 3

Figure 10: Left: estimated mixed memberships of strongly pure subjects for the BFPT data.

Right: ternary diagram of II.

E1 | am the life of the party
E2 | do not talk a lot

E3 | feel comfortable around people

E4#l keep in the backgroung

ES5 | start conversations

E6 | have little to say

E7 | talk to a lot of different people at parties
E8 | do not like to draw attention to myself
E9 | do not mind being the center of attention
E10 | am quiet around strangers

N1#l get stressed out easil

N2 | am relaxed most of the time

N3 | worry about things
N4#l seldom feel blu

N5 | am easily disturbed

N8 I have frequent mood swings

NO9#l get irritated easil

N10 | often feel blue

A1#l feel little concern for other:

A2 | am interested in people

A3 | insult people

A4 | sympathize with the feelings of others
A5#| am not interested in the problems of other:
A6 | have a soft heart

AT7#| am not really interested in other:

A8 | take time out for others

A9 | feel the emotions of others

A10 | make people feel at ease

C1 | am always prepared

C2#l leave my belongings aroun(

C3 | pay attention to details

C4 | make a mess of things

C5 | get chores done right away

C6 | often forget to put things back in their proper place
C7 | like order

02 | have difficulty understanding abstract ideas
O3 | have a vivid imagination

09 | spend time reflecting on things
010 I am full of ideas

Class 1 Class2  Class 3 Class 1 Class 2 Class 3 Class 1 Class2  Class 3

Figure 11: Estimated item parameter matrices for the three layers of the BFPT data.
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e Class 1: Individuals in this class exhibit moderate agreement with statements like “I
feel comfortable around people” (E3) and “I talk to a lot of different people at parties”
(E7). This reflects a balanced level of extroversion: they can interact with others but

do not seek to dominate social interactions.

e Class 2: Individuals in this class are more likely to strongly agree with statements
such as “I am the life of the party” (E1) and “I do not mind being the center of
attention” (E9). This suggests they are more outgoing and proactive in social settings,

and comfortable engaging with others even in unfamiliar environments.

e Class 3: Individuals in this class are less likely to strongly agree with statements such
as “I am the life of the party” (E1) and “I start conversations” (E5). This indicates
a lower tendency toward extroverted behaviors, suggesting they may prefer solitary

activities or smaller social gatherings.

Neuroticism dimension:

e (lass 1: Individuals in this class are more likely to strongly agree with statements like
“I get stressed out easily” (N1) and “I often feel blue” (N10). This indicates a higher
likelihood of experiencing stress and negative emotions, suggesting they may be more

sensitive to stressors and prone to emotional fluctuations.

e Class 2: Individuals in this class are less likely to strongly agree with statements like
“T am relaxed most of the time” (N2) and “I seldom feel blue” (N4). This indicates
lower stress levels and negative emotions, suggesting they are more emotionally stable

and better able to cope with stress.



5.2 Real data

e Class 3: Individuals in this class exhibit moderate agreement with statements such as
“I worry about things” (N3) and “I change my mood a lot” (N7). This suggests they
experience some level of worry and mood variability but to a lesser extent than Class

1.

Agreeableness dimension:

e Class 1: Individuals in this class show moderate agreement with statements for items
like “I am interested in people” (A2) and “I sympathize with the feelings of others”

(A4). This indicates a moderate level of empathy and concern for others.

e (Class 2: Individuals in this class may have relatively high response values for items
such as “I make people feel at ease” (A10). This suggests they are skilled at making

others feel comfortable and are more considerate of others’ emotions.

e Class 3: Individuals in this class may exhibit relatively low response values for items
such as “I sympathize with the feelings of others” (A4) and “I feel the emotions of

others” (A9). This suggests they may be less considerate of others’ feelings.

Conscientiousness dimension:

e Class 1: Individuals in this class may have relatively low response values for items like
“T am always prepared” (C1) and “I follow a schedule” (C9). This suggests they may

be less organized and less likely to plan ahead.

e Class 2: Individuals in this class may have relatively high response values for items like
“T get chores done right away” (C5) and “I follow a schedule” (C9). This suggests they

are more conscientious, tending to complete tasks promptly and to high standards.



e Class 3: Individuals in this class exhibit moderate response values for items such as “I
make a mess of things” (C4) and “I shirk my duties” (C8). This indicates a moderate

level of attention to detail and organizational skills.

Openness dimension:

e Class 1: Individuals in this class show moderate response values. This indicates a

moderate level of openness to new experiences and ideas.

e Class 2: Individuals in this class may have relatively low response values for items
such as “I have difficulty understanding abstract ideas” (02), “I am not interested in
abstract ideas” (04), and “I do not have a good imagination” (O6). This suggests they

are more open to new experiences and ideas, with stronger curiosity and creativity.

e (Class 3: Individuals in this class may have relatively low response values for items such
as “I have a vivid imagination” (O3) and “I have excellent ideas” (O5). This suggests

they may be less open to new experiences and ideas.

6. Conclusion

In this paper, we propose a novel model, the multi-layer GoM model, which extends
the traditional GoM model to effectively describe multi-layer ordinal categorical data with
a latent mixed membership structure. Our multi-layer GoM assumes that the response
matrix for each layer is generated by the classical GoM model, sharing common mixed
memberships but with varying item parameter matrices. To facilitate GoM analysis in
multi-layer ordinal categorical data, we develop a new approach, GoM-DSoG, inspired by the

recently popular technique of debiased spectral clustering in network analysis. We establish



the estimation consistency of our method and find that, compared to single-layer analysis,
multi-layer analysis exhibits greater power for the task of grade of membership analysis.
Furthermore, we propose an efficient approach for estimating the number of latent classes of
multi-layer ordinal categorical data with latent mixed membership structures. Our extensive
experimental studies demonstrate the effectiveness of our methods in estimating subjects’
mixed memberships, the number of latent classes, and other model parameters. To our
knowledge, we are the first to explore the grade of membership analysis in multi-layer ordinal
categorical data. Our contributions advance the field of ordinal categorical data analysis
and have practical implications, particularly in psychological testing and other applications
involving multi-layer ordinal categorical data.

The multi-layer GoM framework and the proposed GoM-DSoG algorithm offer a robust
and scalable approach for analyzing complex multi-layer ordinal categorical data. However,
the current lack of publicly available data underscores a critical methodological gap that
our work seeks to address. A promising direction for future work involves applying this
methodology to real-world longitudinal studies where the same ordinal-scale instrument is
administered repeatedly over time. We encourage researchers in fields such as educational
measurement (e.g., tracking student attitudes across a semester with identical surveys), clin-
ical psychology (e.g., monitoring patient symptom severity through repeated clinical assess-
ments), and organizational behavior (e.g., measuring employee engagement across multiple
annual surveys) to utilize our model and algorithm to further validate their practical utility
and provide valuable insights into the latent mixed memberships of subjects in multi-layer

ordinal categorical data.
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Supplementary Materials

All technical details and the MATLAB codes of GoM-DSoG can be found in the Sup-

plementary Material.
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