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Abstract: Gaussian distributed sparsely sampled longitudinal data can be represented as Gaussian distributions of their 

functional principal component scores, conditional on the available data. Since these conditional distribu-tions 

reflect the entire information available about these scores and therefore about the unknown trajectories that 

constitute the realizations of the stochastic process that generates the functional data, they are referred to as pre-

dictive distributions. This motivates a deeper investigation of the convergence of the predicted functional principal component scores 

given noisy longitudinal observations towards the true but unobservable scores as the designs 

transition from sparse (longitudinal) to dense (functional) and of the shrinkage of the predictive distributions to-

wards a point mass located at the true score as the number of observations per subject increases. Our study is 

motivated by the theoretical and practically relevant challenge that point predictions in the sparse sampling regime 

are not consistent for the true functional principal component scores. Our proposal is to change the perspective 

towards a focus on predictive distributions, which can be consistently estimated. The emphasis is thus shifted to uncertainty 

quantification. This approach is also demonstrated for the case of sparsely sampled longitudinal predic-

tors in functional linear models where again one does not have consistent point predictors. Theoretical justification 

is provided through the asymptotic rates of convergence for the 2-Wasserstein metric between true and estimated 

predictive distributions. The application of the predictive distribution approach for functional principal component 

analysis is illustrated for longitudinal data from the Baltimore Longitudinal Study of Aging.
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1. Introduction

1.1 General perspective and background

Functional Data Analysis has found a wide range of applications (Ramsay and Silverman, 2005;

Horvath and Kokoszka, 2012; Wang et al., 2016). These include longitudinal studies, where func-

tional principal component analysis (Kleffe, 1973; Castro et al., 1986), a core technique of Func-

tional Data Analysis, was shown to play a central role, due to its interpretability and ease of imple-

mentation. A key feature of many longitudinal studies is the sparsity of the available observations

per subject, which are inherently correlated and are often available at only a few irregular times

and usually contaminated with measurement error.

When subjects are recorded densely over time, one can consistently recover underlying random

trajectories from the Karhunen–Loève representation. Starting from the auto-covariance function

of the process X given by

Γ(s, t) = cov(X(s), X(t)) =
∞∑
k=1

λkϕk(s)ϕk(t), s, t ∈ T , (1.1)

where λ1 > λ2 > · · · ≥ 0 are the ordered eigenvalues, satisfying
∑∞

k=1 λk < ∞, and ϕk,

k ≥ 1, are the orthonormal eigenfunctions associated with the Hilbert–Schmidt operator Ξ(g) =∫
T Γ(·, t)g(t)dt, g ∈ L2(T ). Define eigengaps δk = min(λk−1−λk, λk −λk+1), k = 1, 2, . . . , and

denote by µ(t) = E(Xi(t)) the mean function, by Xc
i (t) = Xi(t)− µ(t) the centered process, and

by ξik =
∫
T Xc

i (t)ϕk(t)dt the kth functional principal component, k = 1, 2, . . . , which satisfies

E(ξik) = 0, E(ξ2ik) = λk and E(ξikξil) = 0 for k, l = 1, 2, . . . , l ̸= k. Trajectories can then be

represented through the Karhunen–Loève decomposition, also referred to as functional principal
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1.1 General perspective and background

component analysis (FPCA),

Xi(t) = µ(t) +
∞∑
k=1

ξikϕk(t), (1.2)

where in practice it is often useful to consider a truncated expansion using the first K > 0 compo-

nents that explain most of the variation, for example through the fraction of variance explained or

FVE criterion (Yao et al., 2005a).

A common approach is to employ Riemann sums to recover the integrals that represent the

projections of the trajectories on the eigenfunctions of the auto-covariance operator of the under-

lying stochastic process. These integrals correspond to the functional principal components and

their approximation by Riemann sums is known to improve as the number of observations per sub-

ject increases (Müller, 2005). However, when functional data are sparsely observed, which means

that only a finite number of observations are available for each subject, this approximation is not

feasible. To address this challenge, Yao et al. (2005a) introduced the Principal Analysis through

Conditional Expectation (PACE) approach, which aims to recover the underlying trajectories by

targeting the best predictions conditional on the observations under Gaussianity assumptions and

otherwise the best linear predictor. A related approach has been Gaussian Processes (Shi and

Choi, 2011; Wang and Shi, 2014). Best predictions of the functional principal components can be

consistently estimated based on consistent nonparametric estimates of mean and covariance func-

tions that are obtained by pooling all observations across subjects, borrowing strength from the

entire sample. While these best predictions are unbiased, they do not lead to consistent trajectory

recovery (Yao et al., 2005a).

A second scenario where consistent predictions are unavailable in the sparse case when one

has only a finite number of observations per subject is the Functional Linear Regression Model for

the relationship between a scalar or functional response Y and functional predictors X(t), t ∈ T ,
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1.2 Innovation and outline of proposed approach

a compact interval (Ramsay and Silverman, 2005; Hall and Horowitz, 2007; Shi and Choi, 2011;

Kneip et al., 2016; Chiou et al., 2016),

E[Y |X] = µY +

∫
T
β(t)Xc(t)dt. (1.3)

Here µY = E(Y ), Xc(t) = X(t)− E(X(t)) and the slope function β lies in L2(T ). The unavail-

ability of consistent predictions in the functional linear model is a consequence of the fact that the

integral appearing in (1.3) cannot be consistently approximated in the sparse sampling case, even

in the case where the slope function β is known. In contrast to the prediction task, a consistent

estimate of the slope function β in model (1.3) can be obtained through consistent cross-covariance

estimation by pooling the sparse data (Yao et al., 2005b).

The behavior of estimating mean functions and covariance functions, as well as the associated

eigenvalues and eigenfunctions as per (1.1) in dense and sparse cases has been the subject of nu-

merous studies (Cai and Hall, 2006; Hall and Horowitz, 2007; Chiou et al., 2016; Kneip et al.,

2016; Hall and Hosseini-Nasab, 2006; Müller and Yao, 2010). Specifically, the effect of the tran-

sition from sparse to dense designs on the convergence rates for the estimation of mean functions,

auto-covariance functions and cross-covariance functions and related phase transitions have been

studied in detail (Li and Hsing, 2010; Zhang and Wang, 2016, 2018). However, there are only

very few studies about the sparse to dense behavior of estimates of the principal components ξ in

FPCA (1.2) (Müller, 2005; Dai et al., 2018) and we are not aware of any study about the behavior

of predictions in the FLM (1.3).

1.2 Innovation and outline of proposed approach

In this paper we address the challenge of obtaining consistent predictions for trajectories or re-

sponses when one has sparse data in the context of functional principal component analysis (FPCA)
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1.2 Innovation and outline of proposed approach

(1.1) or the functional linear model (FLM) (1.3). Specifically, this work includes (1) The study of

the behavior of functional principal components predicted from data when the data sampling tran-

sitions from the sparse to the dense case, which complements previous studies on the behavior of

mean and covariance function estimates under this transition; (2) the idea to replace the inherently

inconsistent point estimates of functional principal components and of responses in functional

linear models under sparse sampling by consistent estimates of predictive distributions that corre-

spond to the conditional distributions of outcomes of interest (functional trajectories or predicted

responses); these distributions indicate where the quantities to be predicted are likely situated based

on the available data without providing a precise location; of interest is the shrinkage of these pre-

dictive distributions in the transition from sparse to dense designs; (3) consistent estimates for

predictive distributions and their convergence to the true predictive distributions.

Our proposal is to rephrase the prediction problem for trajectories in the FPCA case and of

scalar outcomes in the FLM case by shifting the target from point prediction, i.e., the problem

of predicting conditional expectations for which consistency is unachievable, to the problem of

estimating a predictive distribution, i.e., a conditional distribution rather than a conditional expec-

tation. This new perspective leads to a target for which consistent estimation is indeed feasible.

To study the behavior of predictive distributions under Gaussian assumptions, it proves useful to

consider a map from sparse and irregularly sampled data to a multivariate Gaussian predictive dis-

tribution for a vector of truncated functional principal components and to investigate its behavior

as the number of observations per subject increases.

One of our goals is to quantify the accompanying shrinkage of the conditional predictive dis-

tributions given the data and their convergence towards a point mass located at the true but unob-

served functional component scores. To predict the expected response E[Y |X] in model (1.3) in
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1.2 Innovation and outline of proposed approach

the sparse case, a feasible approach is to construct predictive distributions for the expected response

given the information available for a subject. These predictive distributions can be consistently es-

timated in both the Wasserstein and Kolmogorov metric (Villani, 2003) and we adopt a Wasserstein

discrepancy measure to assess the predictability of the response by the predictive distribution. This

measure is interpretable, can be consistently recovered under mild assumptions and is supported

in simulations for various sparse designs and noise levels.

The paper is structured as follows: Preliminary results are in Section 2, where the convergence

of the best predicted FPCs towards the true unobserved FPCs is established when transitioning

from sparse to dense data. Crucially, this study does not require distributional assumptions. The

concept of representing sparse functional/longitudinal data by predictive distributions for the FPCs

in the case of Gaussian processes and our main results are the theme of Section 3, followed by

an analysis of the shrinkage of the predictive distributions towards a point mass located at the

true scores. Extensions to the shrinkage of the entire functional predictive distribution in the 2-

Wasserstein metric are also presented in Section 3. This is followed by a study of the prediction

of scalar responses Y in a Functional Linear Model (1.3) when predictors are sparsely observed

in Section 4, extending the concept of predictive distributions for the predictable part of the re-

sponse and assessing the predictability of Y by the predictive distribution through a Wasserstein

discrepancy measure. Asymptotic results for the consistent estimation of both the predictive dis-

tributions and Wasserstein discrepancy in the sparse case are presented and a study of the behavior

of the predictive distribution in the transition from sparse to dense sampling is also included. This

is followed by simulation results in Section 5 to demonstrate the finite sample performance of the

proposed methods. Finally, data illustrations for the proposed predictive distributions are presented

in Section 6. The paper concludes with a discussion of the new predictive perspective in Section
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6. Proofs and auxiliary results can be found in the Supplement.

2. Convergence of Predicted Functional Principal Components When Transitioning from

Sparse to Dense Sampling

Assume that for each individual i = 1, . . . , n, there is an underlying unobserved function Xi(t),

where the functions Xi are i.i.d. realizations of a L2-stochastic process X(t), t ∈ T , and T is a

closed and bounded interval on the real line. Without loss of generality let T = [0, 1]. Sparsely

sampled and error-contaminated observations X̃ij = Xi(Tij) + ϵij , j = 1, . . . , ni, ni ≤ N0 for

a finite N0 are obtained at random times Tij ∈ T that are distributed according to a continuous

smooth distribution FT , and write Ti = (Ti1, . . . , Tini
)T to denote the vector of sampling time

points for the ith subject. The following condition is required:

(X1) {Tij : i = 1, . . . , n, j = 1, . . . , ni} are i.i.d. copies of a random variable T defined on T ,

and ni are non-random. The density f(·) of T is bounded below, mint∈T f(t) ≥ mf > 0.

Assumption (X1) is standard (Zhang and Wang, 2016; Dai et al., 2018) to ensure there are no

systematic sampling gaps. The measurement errors ϵij are assumed to be i.i.d. with mean 0 and

variance σ2, and independent of the underlying process Xi(·). We note that the results presented

in this section do not require Gaussianity or other specific distributional assumptions. Throughout,

our analysis is conditional on the random number of observations per subject ni (Zhang and Wang,

2016).

Denoting by Ti = (Ti1, . . . , Tini
)T the sampling time points for the ith subject and writing

Xi = (X̃i1, . . . , X̃ini
)T and conditional on Ti, it follows from (1.1) and (1.2) that cov(X̃ij, ξik|Ti) =
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λkϕk(Tij), j = 1, . . . , ni, k = 1, . . . , K. Define

ΦiK =


ϕ1(Ti1) . . . ϕK(Ti1)

...
...

...

ϕ1(Tini
) . . . ϕK(Tini

)

 ,

µi = E(Xi|Ti) = (µ(Ti1), . . . , µ(Tini
))T and the ni × ni conditional covariance matrix Σi =

cov(Xi|Ti), for which the (j, l) entry is given by σ2δjl + Γ(Tij, Til), where δjl = 1 if j = l and

0 otherwise. To predict the functional principal components ξiK = (ξi1, ξi2, . . . , ξiK)
T , we utilize

best linear unbiased predictors (Rice and Wu, 2001) of ξiK given Xi and Ti, which are given by

ξ̃iK = ΛKΦ
T
iKΣ

−1
i (Xi − µi) with ΛK = diag(λ1, . . . , λK). (2.4)

As the number of observations for an individual increases as the functional sampling gets denser,

the predicted functional principal components ξ̃iK converge to their targets ξiK under the following

assumptions.

(X2) The process X(t) is continuously differentiable a.s. for t ∈ T .

(X3) ∂Γ(s, t)/∂s exists and is continuous, for s, t ∈ T .

Assumptions (X2)–(X3) are requirements for the smoothness of the original process and the

covariance function, respectively. The following result does not require Gaussian assumptions.

Proposition 1. Suppose that (X1)–(X3) hold and the number of observations ni for the ith subject

satisfies ni = m → ∞, i = 1, . . . , n. Then, for any fixed K ≥ 1, k = 1, . . . , K, and i = 1, . . . , n,

as m → ∞,

|ξ̃ik − ξik| = Op(m
−1/2). (2.5)

Statistica Sinica: Newly accepted Paper 



Note that this result is for increasingly dense sampling across all subjects and indicates how

this leads to better approximation of ξik. The rate of convergence is the same as derived previously

in Dai et al. (2018) for the functional principal components of the derivative process X ′(t) un-

der Gaussian assumptions. This previous analysis utilized convergence results for nonparametric

posterior distributions (Shen, 2002) that are tied to the Gaussian assumption, whereas this paper

presents a novel direct approach that does not require distributional assumptions on X .

Next, we study scenarios where the unknown population quantities are estimated from the

available data, and the subjects are assumed to be observed either on dense designs, with ni =

m → ∞, or on sparse designs, with 2 ≤ ni ≤ N0 < ∞ for a fixed number N0 < ∞. Consider

sequences

an1 = h2
µ +

{
log(n)

nhµ

}1/2

, bn1 = h2
G +

{
log(n)

nh2
G

}1/2

,

an2 = h2
µ +

{(
1 +

1

mhµ

)
log(n)

n

}1/2

, bn2 = h2
G +

(
1 +

1

mhG

){
log(n)

n

}1/2

(2.6)

with bandwidths hµ and hG. For sparse designs, define sequences an = an1 and bn = bn1, while

for dense designs these sequences will be defined as an = an2 and bn = bn2. Note that for dense

designs the rates an and bn also depend on m.

The estimation of mean function µ and covariance surface Γ utilizes local linear smoothers, in

analogy to Zhang and Wang (2016), with further details in the Supplement Section S2.1. For the

covariance smoothing step ni ≥ 2 is assumed throughout. The estimation of remaining population

quantities such as σ2 and eigenpairs (λk, ϕk), k ≥ 1, is carried out analogously as in equations

(2) and (3) in Yao et al. (2005a). Denote by Ξ̂ the estimated counterpart of the Hilbert–Schmidt

integral operator Ξ with eigenpairs (λ̂k, ϕ̂k) such that ⟨ϕ̂k, ϕk⟩L2 ≥ 0, where ⟨·, ·⟩L2 denotes the L2

inner product and k ≥ 1.

Consider the estimated functional principal components in (1.2) for a new independent subject
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i∗ that is not part of the training data sample (i = 1, . . . , n) and for which measurements are

available over a dense but possibly irregular grid. Then as the design gets denser, these estimates

converge to the true functional principal components, irrespective of whether the subjects in the

training set are observed under sparse or dense designs. Specifically, for a realization X∗ of the

process X that is independent of X1, . . . , Xn, assume one has measurements of the process X∗

at times T ∗
j (j = 1, . . . ,m∗) with added noise X∗ = (X∗(T ∗

1 ) + ϵ∗1, . . . , X
∗(T ∗

m∗) + ϵ∗m∗). Here

m∗ → ∞ and the errors ϵ∗j have mean zero and variance σ2 and are independent of all other

random quantities. Consider estimates ξ̂∗k = λ̂kϕ̂k(T
∗)T Σ̂∗−1(X∗ − µ̂∗), where µ̂∗ = µ̂(T∗) :=

(µ̂(T ∗
1 ), . . . , µ̂(T

∗
m∗))T , ϕ̂k(T

∗) = (ϕ̂k(T
∗
1 ), . . . , ϕ̂k(T

∗
m∗))T , T∗ = (T ∗

1 , . . . , T
∗
m∗)T , and Σ̂∗−1 is

analogous to Σ−1
i but replacing the Tij with T ∗

j and the population quantities by their estimated

counterparts. A requirement is that

(B1) The eigenvalues λ1 > λ2 > · · · > 0 are all distinct.

Theorem 1. Suppose that assumptions (X2), (B1) and (A1)–(A8) in the Supplement Section S2.1

are satisfied. Consider either a sparse design setting where 2 ≤ ni ≤ N0 < ∞ or a dense

design where ni = m → ∞, i = 1, . . . , n. Setting an = an1 and bn = bn1 for the sparse case,

and an = an2 and bn = bn2 for the dense case, for a new independent subject i∗ and k ≥ 1, if

m∗(an + bn) = o(1) as n → ∞, where m∗ = m∗(n) → ∞,

|ξ̂∗k − ξ∗k| = Op(m
∗−1/2 +m∗(an + bn)).

This result concerns the transition of sparse to dense sampling specifically for a new subject. A

related result was obtained previously in Dai et al. (2018) in the Gaussian case. The present result

is more general as it does not require Gaussian or any other distributional assumptions.

Write for two sequences θn and γn that θn ≍ γn whenever c1θn ≤ γn ≤ c2θn holds for some

constants c1, c2 > 0 as n → ∞. For dense designs, if the number of individual observations
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m = m(n) satisfies m ≍ (n/ log n)q for some q ∈ [1/4,∞), hµ ≍ (log n/n)1/4, hG ≍ (log n/n)ρ

with ρ ∈ (0, 1/4), α defined in (A6) satisfies α > 4, βγ defined in (A8) is such that βγ > 2/(1−4ρ),

where the assumptions are introduced in the Supplement Section S2.1, then an+bn ≍ (log n/n)2ρ.

A larger value of ρ ∈ (0, 1/4) along with the existence of a suitable βγ = βγ(ρ) as before

leads to a rate an + bn closer to (log n/n)1/2. Here the choice 0 < ρ < 1/4, which entails the

rate for the covariance smoothing bandwidth hG, is required in order to satisfy condition (A8).

If m∗ ≍ (an + bn)
−ρ1 for some ρ1 ∈ (0, 1), the condition m∗(an + bn) = o(1) is satisfied and

the rate in Theorem 1 becomes Op((log n/n)
ρ1ρ + (log n/n)2ρ(1−ρ1)). Hence, larger values of

ρ ∈ (0, 1/4) along with the optimal choice ρ1 = 2/3 lead to an optimal rate arbitrarily close to

Op((log n/n)
1/6).

For sparse designs, choosing bandwidths hµ ≍ (log n/n)1/5 and hG ≍ (log n/n)1/6 leads to

an + bn ≍ (log n/n)1/3. Taking m∗ ≍ (an + bn)
−ρ1 for some ρ1 ∈ (0, 1), the condition m∗(an +

bn) = o(1) is satisfied and the rate in Theorem 1 becomes Op((log n/n)
ρ1/6 + (log n/n)(1−ρ1)/3).

The optimal rate then becomes Op((log n/n)
1/9), which is achieved when ρ1 = 2/3.

3. Predictive Distributions for Gaussian Processes

Using Gaussianity, for any positive integer K, ξiK = (ξi1, ξi2, . . . , ξiK)
T ∼ N(0,ΛK), where as

above ΛK = diag(λ1, . . . , λK) and λk = E(ξ2ik). Conditional on Ti, it follows that ξiK and Xi

are jointly normal  Xi

ξiK

 ∼ N


 µi

0

 ,

 Σi ΦiKΛK

ΛKΦ
T
iK ΛK


 .

By a well-known property of multivariate normal distributions (see e.g. Mardia et al. (1979)),

ξiK |Xi,Ti ∼ NK(ξ̃iK ,ΣiK), (3.7)
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where ξ̃iK = E(ξiK |Xi,Ti) given in (2.4) is the best linear unbiased predictor of ξiK and ΣiK =

ΛK − ΛKΦ
T
iKΣ

−1
i ΦiKΛK is the conditional variance. The relation in (3.7) was previously ex-

ploited, for example in Yao et al. (2005a), to construct simultaneous confidence bands for esti-

mated trajectories; compare also Wang and Shi (2014). We refer to the conditional distribution

in (3.7) as K-truncated predictive distribution since it is a distributional representation for the

subject’s truncated true but unobserved scores ξiK .

Note that (2.5) implies that the center of the K-truncated predictive distribution converges to

the true FPCs ξiK as the design gets denser, i.e. as m → ∞. Next, it will be shown that the entire

K-truncated predictive distribution shrinks to a point mass located at its true K-truncated FPCs.

Recall that ΣiK is the conditional covariance as in (3.7) and for a matrix A ∈ Rp×q denote by

∥A∥op,2 = sup∥v∥2=1∥Av∥2 the 2-matrix norm, where ∥·∥2 is the Euclidean norm in Rp, p, q > 0.

For the following, Gaussianity will be required, i.e.,

(X4) The process X(t), t ∈ T , and the measurement errors are jointly Gaussian.

Proposition 2. Suppose that (X1)–(X4) hold and the number of observations for the ith subject

diverges, i.e. ni = m → ∞, i = 1, . . . , n. Then for any fixed K ≥ 1

∥ΣiK∥op,2 = Op(m
−1).

Note that Gaussianity is used only to derive the explicit form of the conditional covariance ΣiK of

the FPCs given the data (Xi,Ti). We are not aware of any other results in the literature studying

the shrinkage of conditional covariance in the dense sampling case.

If Gaussianity does not hold, using the explicit form of E(ξiK |Xi,Ti) in Section 2 and the

relation var(ξiK | Ti) = ΛK , by a conditioning argument ΣiK := E[ var(ξiK |Xi,Ti) | Ti] =

var(ξiK | Ti) − var(E(ξiK |Xi,Ti) | Ti) share the same definition as in the Gaussian case, and
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therefore Proposition 2 continues to hold for this ΣiK . Propositions 1 and 2 demonstrate that the

K-truncated predictive distribution of a given subject shrinks to the true K-truncated FPCs ξiK at

a root-m rate as the number of observations per subject diverges. The size of a K-truncated predic-

tive distribution defined through the covariance norm corresponding to the Gaussian distribution

(3.7) implicitly reflects the number of available observations.

To discuss this further, consider an independent densely measured subject i∗ as in Section

2. The next result quantifies the shrinkage of the conditional variance corresponding to the K-

truncated distribution as the number of observations for the subject i∗ increases.

Theorem 2. Suppose that (X2), (X4), (B1) and (A1)–(A8) in the Supplement Section S2.1 hold. Let

K > 0 be fixed and consider either a sparse design setting when ni ≤ N0 < ∞ or a dense design

when ni = m → ∞, i = 1, . . . , n. Set an = an1 and bn = bn1 for the sparse case, and an = an2

and bn = bn2 for the dense design. For a new independent subject i∗, if m∗(an + bn) = o(1) as

n → ∞, where m∗ = m∗(n) → ∞,

∥Σ̂∗
K −Σ∗

K∥op,2 = Op(an + bn).

As outlined in Section 2, the estimated covariance Σ̂∗
K for a new subject i∗ and thus its K-

truncated predictive distribution can be consistently recovered. The shrinkage effect for predictive

distributions from sparse to dense is illustrated in Figure 1. The following theoretical framework is

a direct consequence of the theory of square integrable Gaussian processes. For the separable real

Hilbert space H = L2(T ) with inner product ⟨ , ⟩ := ⟨ , ⟩L2(T ), a probability measure ν defined

over the Borel sets B(H) is Gaussian if for any h ∈ H∗, where H∗ denotes the dual space consisting

of continuous and linear functionals on H, µ◦h is a Gaussian measure on R (Gelbrich, 1990). Such

measures ν are characterized by their mean mν ∈ H and covariance operator Ξν : H → H (Kuo,
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Figure 1: The 95% contours for 10 predictive distributions for the joint distribution of the first two
functional principal components with K = 2 obtained by random sampling of the data of a new
subject when varying the number of observations ni per subject in the transition from sparse to
dense, for ni = 2 (very sparse; left panel), ni = 10 (medium sparse; middle panel), and ni = 50

(dense; right panel), for error variance σ = 0.52 and eigenfunctions ϕ1(t) = − cos(πt/10)/
√
5,

ϕ2(t) = sin(πt/10)/
√
5, µ(t) = t + sin(t), t ∈ T = [0, 10]. The time points are sampled from

a uniform distribution on T . As expected, the predictive distributions shrink towards a point mass
located at the true unobserved functional principal components (black dot) as the data gets denser.
The colored dots correspond to the centers of the simulated predictive distributions.

1975), defined through

⟨mν , a⟩ =
∫
H
⟨x, a⟩ν(dx), a ∈ H,

⟨Ξν(a), b⟩ =
∫
H
⟨x−mν , a⟩⟨x−mν , b⟩ν(dx), a, b ∈ H.

Denote the Gaussian measure ν (depending on the context, in Rp or L2) by G(mν ,Ξν). The

K-truncated predictive distribution of the centered process Xc
i (·) given (Xi,Ti) is defined as

GiK = (The conditional distribution of ξTiKΦK | Xi,Ti) = G(µ̃iK ,ΞiK),

where µ̃iK = ξ̃TiKΦK , ΦK = (ϕ1, . . . , ϕK)
T are the first K eigenfunctions, and ΞiK : L2(T ) →

L2(T ) is the integral operator associated with the covariance function

ΓiK(s, t) :=
∑

1≤j,l≤K [ΣiK ]jlϕj(s)ϕl(t), with [A]ij denoting the (i, j)th entry of a matrix A. This

is the functional counterpart of the K-truncated predictive distribution in (3.7). We refer to GiK
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as the K-truncated predictive distribution of the ith subject’s latent trajectory. The K-truncated

predictive distribution GiK approximates the true infinite-dimensional predictive distribution,

Gi = (The conditional distribution of (X − µ) | Xi,Ti) = G(µ̃i,Ξi), (3.8)

where µ̃i = Γ(·,Ti)Σ
−1
i (Xi − µi), t ∈ T and Ξi is the integral operator associated with the

covariance function Γi(s, t) = Γ(s, t) − Γ(s,Ti)Σ
−1
i Γ(Ti, t), s, t ∈ T , under the convention that

Γ(s,Ti) and Γ(Ti, t) are row and column vectors containing the evaluations of Γ, respectively.

Studied next is the approximation to the true latent trajectory as the truncation point K in-

creases where estimated versions are obtained by replacing population quantities by their esti-

mates, leading to the estimate ĜiK = G(µ̂iK , Ξ̂iK) of the K-truncated predictive distribution GiK .

Here µ̂iK = ξ̂TiKΦ̂K , and Ξ̂iK is the integral operator associated with the covariance function

Γ̂iK(s, t) :=
∑

1≤j,l≤K [Σ̂iK ]jlϕ̂j(s)ϕ̂l(t). The corresponding infinite-dimensional version is

Ĝi = G(µ̂i, Ξ̂i), (3.9)

where µ̂i(t) = Γ̂(t,Ti)Σ̂
−1
i (Xi − µ̂i), t ∈ T and Ξ̂i is the integral operator with kernel Γ̂i(s, t) :=

Γ̂(s, t)− Γ̂(s,Ti)Σ̂
−1
i Γ̂(Ti, t), s, t ∈ T .

To quantify the discrepancy between estimated and true predictive distributions, we adopt the

2-Wasserstein distance W2 (Villani, 2003), which for two measures ν and τ is

W2(ν, τ) =

{
inf

A∼ν,B∼τ
E(∥A−B∥2)

}1/2

, (3.10)

where the norm ∥·∥ is either the Euclidean norm for measures supported on Rd, d ≥ 1, or L2-norm

for measures on the L2 space, and the infimum is taken over all pairs of random variables A and

B with marginal distribution ν and τ , respectively. The shrinkage of the distributions GiK towards

an atomic point mass measure AXc
i

located at the unobserved latent centered process Xc
i when the
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number of observations ni = m diverges and the truncation point K = K(m) suitably grows with

m can then be characterized as follows.

Theorem 3. Suppose that (X1)–(X4) and (B1) hold. Consider a given subject i ∈ {1, . . . , n}

for which one has m measurements with m → ∞. If K = K(m) → ∞ is chosen such that∑K
k=1 λ

−1
k ≍ m1−δ for some δ ∈ (1/2, 1), then

W2
2 (GiK ,AXc

i
) = Op

m−(2δ−1) +
∞∑

k=K(m)+1

λk

 . (3.11)

The expectation that implicitly appears in the definition (3.10) of the 2-Wasserstein distance is

taken here conditionally on the data for the ith subject (Xi,Ti) and the unobserved latent trajectory

Xc
i so that the point mass AXc

i
is well defined. Therefore an Op-term rather than an O-term

appears in (3.11). Shrinkage of the K-truncated predictive distribution towards the latent centered

process is tied to the eigenvalue decay. The rate of convergence in (3.11) can be illustrated under

polynomial and exponential eigenvalue decay:

(D1) λk = k−α0 for a constant α0 > 1 and all k ≥ 1,

(D2) λk = exp(−α1k) for a constant α1 > 0 and all k ≥ 1.

Under polynomial decay (D1), it follows that
∑K

k=1 λ
−1
k ≍ K1+α0 and also

∑∞
k=K+1 λk ≍

K1−α0 , so the condition in Theorem 3 implies that K ≍ m(1−δ)/(1+α0) and the optimal rate in (3.11)

is given by m(1−α0)/(1+3α0). This is achieved by choosing δ = 2α0/(1+3α0) and K ≍ m1/(1+3α0).

Faster eigenvalue decay rates for larger α0 are associated with slower growth rates for K = K(m)

as δ approaches 2/3. In this case the optimal rate approaches m−1/3, which is slower than m−1/2.

The latter rate can be achieved for a finite-dimensional process, where λk = 0 for all k ≥ k0 and

some k0 > 0. Under exponential eigenvalue (D2), the optimal rate in Theorem 3 is again m−1/3,
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which is obtained by selecting δ = 2/3 and K ≍ log(m1/3). Note that the result in Theorem 3 is

at the population level and does not involve estimation or the sample size n.

The bound (3.11) utilizes the population level K-truncated predictive distribution GiK , which

depends upon unknown quantities that must be estimated in practice, which introduces additional

errors. The following result establishes consistency of the estimated K-truncated predictive dis-

tribution counterpart Ĝ∗
K under this scenario for a new subject as described in Section 2. Let

γK(p, q) =
∑K

k=1 λ
−p
k δ−q

k , where p, q are non-negative integers and δk are the eigengaps. As in the

previous result, K is allowed to diverge.

Theorem 4. Suppose that assumptions (X2), (X4), (B1) and (A1)–(A8) in the Supplement Sec-

tion S2.1 are satisfied. Consider either a sparse design setting with 2 ≤ ni ≤ N0 < ∞ or a dense

design when ni = m → ∞, i = 1, . . . , n. Set an = an1 and bn = bn1 for the sparse case, and

an = an2 and bn = bn2 for the dense case. For a new subject i∗, suppose that m∗ = m∗(n) → ∞

is such that m∗(an + bn) = o(1) as n → ∞. If K = K(m∗) satisfies (an + bn)γK(1/2, 1) = o(1),

m∗(an + bn)
2γK(2, 2) = o(1), m∗2(an + bn)

2γK(2, 0) = o(1), m∗4(an + bn)
4γK(2, 2) = o(1),

(an + bn)γK(2, 1) = o(1) as n → ∞, and
∑K

k=1 λ
−1
k ≍ m∗(1−δ) for some δ ∈ (1/2, 1), then

W2
2 (Ĝ∗

K ,AX∗c) = op(1).

Under polynomial eigenvalue decay (D1) and taking m∗ = m∗(n) ≍ (an + bn)
−q for some

q ∈ (0, 2/3), it follows from the proof of Theorem 4 that the optimal rate is (an+bn)
q(α0−1)/(3α0+1),

which is achieved by taking δ = 2α0/(3α0 + 1) ∈ (1/2, 1) and K ≍ m∗(1−δ)/(1+α0). Thus the

optimal rate can be arbitrarily close to (an + bn)
2(α0−1)/(3(1+3α0)) by assuming faster growth rates

of m∗ with q ↑ 2/3. Faster eigenvalue decay rates, i.e. larger values of α0, lead to a rate closer to

(an + bn)
2/9. If the eigenvalues exhibit exponential decay (D2) and m∗ = m∗(n) ≍ (an + bn)

−q,
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q ∈ (0, 1), the optimal rate is (an + bn)
2/9.

4. Predictive Distributions in the Functional Linear Model

The concept of predictive distributions is also sensible in the functional linear model (1.3) when

predictor processes are sparsely sampled. Suppose one has an infinite-dimensional Gaussian

predictor process X(t), t ∈ T with a Euclidean response Y ∈ R. Utilizing the Karhunen–

Loève representation (1.2) of predictor processes X and a representation of the slope function

β(t) =
∑∞

j=1 βjϕj(t) in the eigenbasis with βj =
∫
T β(t)ϕj(t), j = 1, 2, . . . , leads to

E(Y |Xc) = β0 +
∞∑
j=1

ξjβj =: η. (4.12)

Here β0 = E(Y ) is the intercept and η is the linear predictor with responses Y = β0+
∑∞

j=1 ξjβj+

ϵY , where ϵY ∼ N(0, σ2
Y ) is independent of all other random quantities (Yao et al., 2005b; Cai and

Hall, 2006; Balasubramanian et al., 2025).

Predicting the scalar response Y (Hall and Horowitz, 2007) based on a sparsely observed pre-

dictor process X is clearly of interest. When shifting the focus from point prediction to predictive

distributions of the linear predictor η, instead of targeting the distribution for the observed response

Y , which contains the additional error ϵY that is independent of all other random quantities and

thus is aleatoric and inherently unpredictable, the focus is on the distribution of the predictable

part of the response Y . Consider ηK = β0 + βT
KξK , the truncated real-valued predictor employ-

ing the first K principal components, where in practice K can be chosen by a suitable criterion

and βK = (β1, . . . , βK)
T . Thus η = ηK + RK , where RK =

∑
j≥K+1 ξjβj corresponds to a

term that remains unexplained by ηK . This term decreases asymptotically as E(RK) = 0 and

Var(RK) =
∑

j≥K+1 λjβ
2
j = o(1) as K increases, where the latter rate can be further specified
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and can be made arbitrarily fast under additional assumptions (Hall and Horowitz, 2007).

Since X is a Gaussian process, given βK one obtains predictive distributions

PiK
d
= N(β0 + βT

K ξ̃iK ,β
T
KΣiKβK) (4.13)

as before. According to Theorems 1 and 2, these predictive distributions collapse into a point mass

located at the true but unobserved predictable part ηiK of the response Yi in the transition from

sparse to dense sampling. To quantify the performance of the predictive distribution PiK (4.13)

in the sparse case, it is sensible to employ the 2-Wasserstein distance between two probability

measures ν1, ν2, which for multivariate distributions is as previously given in (3.10). For our

current purpose the predictive distributions are one-dimensional, and for this case (3.10) greatly

simplifies and can be expressed as (Villani, 2003)

W2
2 (ν1, ν2) =

∫ 1

0

(Q1(p)−Q2(p))
2dp, (4.14)

where Qj(p) = inf{s ∈ R : Fj(s) ≥ p}, p ∈ (0, 1), is the quantile function of νj , j = 1, 2.

To quantify the discrepancy of this predictive distribution, it makes sense to utilize the average

Wasserstein distance between PiK and the atomic measure AYi
located at Yi. Formally,

DnK := n−1

n∑
i=1

W2
2 (AYi

,PiK) = n−1

n∑
i=1

(Yi − η̃iK)
2 + n−1

n∑
i=1

βT
KΣiKβK , (4.15)

where η̃iK = E(ηiK |Xi) = β0+βT
K ξ̃iK is the best prediction of the truncated linear predictor. Note

that (4.15) follows from (4.14) and similar ideas as in Amari and Matsuda (2021) when computing

the Wasserstein distance between the predictive distribution and an atomic measure.

If the number of observations ni = m0 < N0 is common across subjects, so that the ΣiK form

an i.i.d. sequence of random positive definite matrices, the proof of Theorem 5 below shows that
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DnK converges to the population-level Wasserstein discrepancy

DK = 2βT
KE(Σ1K)βK + σ2

Y +
∑

k≥K+1

λkβ
2
k − 2βT

KE
[
ΛKΦ

T
1KΣ

−1
1

∑
k≥K+1

ϕk(T1)λkβk

]
. (4.16)

The first term in (4.16) reflects both the number of observations and the time locations, where

increased values of m0 lead to smaller βT
KE(Σ1K)βK and thus lower discrepancies, i.e. increased

predictability. Similarly, increased predictor and response noise levels σ2 and σ2
Y are associated

with worse predictability. The last two terms come from the unexplained linear predictor part RK

and become smaller as K increases.

Consider an example with eigenbasis ϕk(t) = sin(kπt)/
√
2, t ∈ T . If the Fourier coefficients

βk and eigenvalues λk exhibit polynomial decay |βk| = O(k−α1) and λk = O(k−α2), α1, α2 > 1,

the Cauchy–Schwarz inequality implies
∑

k≥K+1 λkβ
2
k = O(K1−2α1−α2) and similarly

βT
KE[ΛKΦ

T
1KΣ

−1
1

∑
k≥K+1 ϕk(T1)λkβk] = O(K1−α1−α2) with K1−α1−α2 ≤ K−1, where one

uses that ∥βK∥2 ≤ ∥β∥L2 and a uniform bound on the remaining quantities; see the proof of

Supplement Lemma S12. In practice, the predictive distributions PiK and therefore also the DnK

are unknown as they depend on unknown population quantities; substituting estimates for these

quantities results in estimates P̂iK and D̂nK . To obtain estimates of β0 and slope coefficients βK ,

one can adopt a standard approach under the following assumption (B2),

(B2) ∥β∥2L2 =
∑∞

m=1 σ
2
m/λ

2
m < ∞.

With C(t) = Cov(X(t), Y ) =
∑∞

k=1E(Y ξk)ϕk(t) denoting the cross-covariance function

between the process X and response Y and σk =
∫
T C(t)ϕk(t)dt = E(Y ξk), k = 1, 2, . . . , one

can estimate C(t) using a local linear smoother on the raw covariances Ci(Tij) = (X̃ij − µ̂(Tij))Yi

(Yao et al., 2005b), leading to an estimate Ĉ(t) that depends on a bandwidth h; see Lemma S9

in the Supplementary Material for details. Since σk = λkβk, under (B2), it holds that β(t) =

Statistica Sinica: Newly accepted Paper 



∑∞
m=1 σmϕm(t)/λm, t ∈ T . This motivates to estimate β by

β̂M(t) =
M∑

m=1

σ̂m

λ̂m

ϕ̂m(t), t ∈ T ,

where σ̂k =
∫
T Ĉ(t)ϕ̂k(t)dt is an estimate of σk and M = M(n) is a positive integer sequence that

diverges as n → ∞. The intercept β0 = E(Y ) is estimated by β̂0 = n−1
∑n

i=1 Yi. Convergence of

β̂M towards β is tied to the eigengaps of X (Cai and Hall, 2006; Müller and Yao, 2010).

With estimates β̂M of β in hand, one readily obtains estimates of the predictive distributions

P̂iK . We assume for simplicity that the optimal asymptotic tuning parameters are used for estimat-

ing the mean, covariance and cross-covariance, hµ ≍ (log n/n)1/5, hG ≍ (log n/n)1/6 (Dai et al.,

2018) and h ≍ n−1/3 in the sparse design situation; in particular, this implies cn := max(an, bn) ≍

(log n/n)1/3. Defining sequences υM =
∑M

m=1 δ
−1
m , τM =

∑M
m=1 λ

−1
m and a remainder term

ΘM = ∥
∑

m≥M+1(σm/λm)ϕm∥L2 , where δm are the eigengaps, note that M = M(n) should not

grow too fast with sample size n :,

(B3) The integer sequence M = M(n) → ∞ as n → ∞ is such that∑M
m=1 λ

−1/2
m δ−1

m = O(cρ−1
n ) for some ρ ∈ (1/3, 1),

with an additional regularity assumption to obtain uniform convergence,

(C1) There exists a scalar κ0 > 0 such that λmin(ΣiK) ≥ κ0 almost surely, for all i ≥ 1.

(C1) is a mild assumption, as ΣiK corresponds to the conditional variance of ξiK − ξ̃iK given Ti,

which is positive definite and does shrink to zero in the sparse case, due to ni ≤ N0 < ∞.

Our next result demonstrates that P̂iK is consistent for PiK in the 2-Wasserstein metric, the

Kolmogorov metric and in the L2 metric. Let FiK denote the cumulative distribution function

corresponding to PiK in (4.13) and F̂iK that obtained by replacing ξ̃iK and ΣiK by ξ̂iK and Σ̂iK ,
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respectively, and β0 and βK by the above estimates. Denote the estimated and true predictive

densities by f̂i(t) = dF̂i(t)/dt and fi(t) = dFi(t)/dt. The L2 norm of a function g : T → R is

∥g∥L2(R) = (
∫
R g

2(s)ds)1/2.

(B4) Let cn = max(an, bn) → 0 as n → ∞, where an and bn are defined in (2.6).

Theorem 5. Suppose that (X4), (B1)–(B4), (A1)–(A8) in the Supplement Section S2.1 hold, and

consider a sparse design with ni ≤ N0 < ∞. For a fixed K ≥ 1, setting an = an1 and bn = bn1,

W2(P̂iK ,PiK) = Op(αn), (4.17)

sup
t∈R

|F̂iK(t)− FiK(t)| = Op(αn), (4.18)

∥f̂iK − fiK∥L2(R) = Op(αn), (4.19)

as n → ∞, where αn = cnυM + cρnτ
1/2
M +ΘM and the Op(αn) terms are uniform in i.

Under the conditions of Theorem 5, αn → 0 is a consequence of τM ≤ υM = O(cρ−1
n ), which

implies αn ≤ O(c
(3ρ−1)/2
n + ΘM). There is a trade-off between how fast M can grow and the rate

of convergence for the estimates of the population quantities, where a larger M entails a lower

remainder term ΘM but affects the rate at which β is recovered through β̂M , which involves M

components, and vice versa. Since the former term is connected to the decay of the covariance

terms σm/λm, the optimal growth rate of M(n) is inherently tied to the decay rate of σm, λm and

the eigengaps δm.

It is of interest to consider the special case where X is a Brownian motion, for which the

λm and ϕm are well-known (Hsing and Eubank, 2015). Although Brownian motion does not

satisfy the smoothness assumptions required, it still provides insight into how the convergence

rate is related to the eigenvalue decay of the process. by Lemma S16 in the Supplement, if M =
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M(n) ≍ (log n/n)(ρ−1)/15, then M satisfies (B3) with
∑M

m=1 λ
−1/2
m δ−1

m ≍ cρ−1
n . Moreover, if the

decay of σm is such that σ2
m ≤ Cm−(8+δ) for some constant C > 0 and δ > 0, then (B2) is

satisfied, the remainder ΘM = O
(
M−(1+δ/2)

)
and the rate αn satisfies the following conditions

as stated in Lemma S16: If ρ ≤ (5 + δ)/(15 + δ), then αn = O((log n/n)(13ρ−3)/30) while if

ρ > (5 + δ)/(15 + δ) it holds that αn = O((log n/n)(1−ρ)(1+δ/2)/15). The optimal rate is achieved

when ρ = (5 + δ)/(15 + δ) and leads to αn = O((log n/n)q), where q = ((2 + δ)/(15 + δ))/3. A

sufficiently large δ implies that q is closer to 1/3 so that the rate αn approaches cn = (log n/n)1/3,

which is the rate at which population quantities such as the covariance function Γ are uniformly

recovered (see e.g. Theorem 5.2 in Zhang and Wang (2016)).

Regarding the Wasserstein discrepancy DnK , the proposed predictability measure and the re-

sponse measurement error variance σ2
Y can be consistently estimated in the sparse case. Consider

the special case where the number of observations ni = m0 < N0 is common across subjects.

Then the estimated Wasserstein discrepancy measure D̂nK converges to the population target DK .

Theorem 6. Suppose that (X4), (B1)–(B4), (C1), (A1)–(A8) in the Supplement Section S2.1 hold

and consider a sparse design with ni = m0 ≤ N0 < ∞, setting an = an1 and bn = bn1. For

K ≥ 1,

D̂nK = DK +Op(αn), αn = cnυM + cρnτ
1/2
M +ΘM , (4.20)

and furthermore

n−1

n∑
i=1

(Yi − Ȳn)
2 −

M∑
m=1

λ̂jβ̂
2
j = σ2

Y +Op(αn) +
∑

m≥M+1

λmβ
2
m (4.21)

with Ȳn = n−1
∑n

i=1 Yi.

Of interest is also the behavior of the estimated predictive distributions under the transition

from sparse to dense sampling for a new independent subject i∗.
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Theorem 7. Suppose that assumptions (X2), (X4), (B1)–(B4) and (A1)–(A8) in the Supplement

Section S2 are satisfied. Consider either a sparse design setting when 2 ≤ ni ≤ N0 < ∞ or a

dense design when ni = m → ∞, i = 1, . . . , n. Set an = an1 and bn = bn1 for the sparse case

and an = an2 and bn = bn2 for the dense case. Let K > 0 be fixed and take h = n−1/3. For a

new independent subject i∗, suppose that m∗ = m∗(n) → ∞ is such that m∗(an + bn) = o(1) as

n → ∞. Then

W2
2 (P∗

K ,Aβ0+βT
Kξ∗K

) = Op(m
∗−1),

W2
2 (P̂∗

K ,Aβ0+βT
Kξ∗K

) = Op

(
m∗2(an + bn)

2 +m∗−1 + an + bn + r∗2n
)
,

where r∗n = cnυM + cρnτ
1/2
M + τM

[
n−1/3 + an

]
+ΘM .

5. Simulations

To illustrate the theoretical results in Propositions 1 and 2 pertaining to the convergence of the best

linear unbiased predictors ξ̃ik to the FPC scores ξik and the shrinkage of the conditional variance

ΣiK in the transition from sparse to dense sampling designs, consider a finite-dimensional Gaus-

sian process X(t), t ∈ T = [0, 10], generated from four principal components with population

quantities given by ϕ1(t) = − cos(πt/10)/
√
5, ϕk(t) = sin((2k − 3)πt/10)/

√
5, k = 2, . . . , 4,

µ(t) = t + sin(t), λk = 5 − k, k = 1, . . . , 4, and σ = 0.5. It is of interest to consider a range

of sampling designs including very sparse (ni = m = 2), medium sparse (ni = m = 10), and

dense (ni = m = 50) designs. The time points are selected at random without replacement from

an equispaced grid of 2, 000 points over T .

Figure 2 shows the boxplot for ||ξ̃iK − ξiK ||2 and ||ΣiK ||op,2 in the transition from sparse to

dense sampling across 200 simulations and for a truncation parameter K = 2. Clearly, both errors
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terms shrink towards zero as the sampling design gets denser, indicating the convergence of each

ξ̃ik to the FPC score ξik, k = 1, 2, since |ξ̃ik − ξik| ≤ ||ξ̃iK − ξiK ||2, but also the shrinkage of

the entire conditional distribution. To demonstrate how the finite sample results conform with

the theory for the FLM model, consider the following population quantities: µ(t) = t/2, λk =

4/(1 + k)2, k = 1, . . . , 4, K = 4, and the intercept and slope coefficients β0 = 0.5, β1 = 1,

β2 = −1, β3 = 0.5 and β4 = −0.5. We investigate various noise levels for the predictor process

X and response Y as well as a variety of sparse settings, where we generate ni = m0 random

time points for the ith subject, i = 1, . . . , n. Here m0 = 2 reflects a very sparse design, m0 = 8

a medium sparse and m0 = 20 a dense design. We then select the time points at random and

without replacement from an equi-spaced grid of 100 points over T . Finally, we performed 2, 000

simulations with Julia, interfacing with R and the fdapace package (Gajardo et al., 2021).

Table 1 presents the results for the Wasserstein discrepancy D̂nK under different sparsity de-

signs and noise levels in both the functional predictor and scalar response Y . The discrepancy D̂nK

reflects the improvements in predictability for lower noise levels and under increasingly denser

designs and increases monotonically in both σ and σY and decreases monotonically as the de-

sign becomes denser when keeping the noise level σ and σY fixed. As an additional measure of

performance for PiK , we computed the estimated 2-Wasserstein distance between the empirical

distribution of F̂iK(β0 +
∫
T β(s)(Xi(s) − µ(s))ds), i = 1, . . . , n and a uniform distribution on

(0, 1). Further results and discussion can be found in the Supplement Section S1.

Figure 3 displays boxplots for the true underlying discrepancy measure DnK as the sampling

design gets denser for different noise levels in the predictor process and response, which further

demonstrates the improvement in predictability for lower noise levels and denser sampling de-

signs as observed before for the estimated discrepancy measure. In addition, Figure 4 illustrates
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predictive distributions for sparse to dense sampling design scenarios for the underlying predictor

process X for noise level σ = σY = 0.5. Clearly, as the sampling design becomes less sparse, the

predictive distributions shrink towards the predictable part of the response.
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Figure 2: Simulation results illustrating Propositions 1 and 2 with K = 2. The upper panel shows
boxplots across 200 simulations of the error term ||ξ̃iK − ξiK ||2 for very sparse (m = 2, left), less
sparse (m = 10, middle) and more dense (m = 50, right) designs. The lower panel shows the
corresponding results for ||ΣiK ||op,2.

6. Data Illustration

The concept of predictive distributions for longitudinal data in the context of functional linear

regression models is demonstrated for the body mass index (BMI) and systolic blood pressure
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Table 1: Averages of the Wasserstein discrepancy D̂nK (4.15), which measures the predictability
of the responses Yi in the functional linear model by the predictive distribution PiK , obtained for
2000 simulation runs. The true regression parameters are β0 = 0.5 and βK = (1,−1, 0.5,−0.5)T .
Results are for various predictor and response measurement error and sparsity levels. The very
sparse case corresponds to m = 2, the sparse case to m = 8 and the less sparse design case to
m = 20 observations per subject.

Measurement Error Noise level Sparsity setting
Predictor Response Very Sparse Sparse Less Sparse

σ σY n = 500 n = 2000 n = 500 n = 2000 n = 500 n = 2000

0.5 3.008 2.645 1.492 1.477 0.863 0.853
0.5

1.0 3.863 3.421 2.255 2.237 1.612 1.606
1.0 0.5 3.639 3.449 2.540 2.418 1.729 1.715

(SBP) data in the Baltimore Longitudinal Study of Aging (BLSA, Shock et al., 1984), with sparse

longitudinal measurements for each subject. This dataset has been analyzed previously in Yao

et al. (2005b), where one can find further details. We consider a sample of 713 male subjects aged

between 50 and 80 years for which their SBP and BMI measurements are within the corresponding

1% and 99% quantiles across all subjects. For the estimation of population quantities the fdapace

R package (Gajardo et al., 2021) was used and estimated predictive distributions were constructed

as described in Section 4, regressing SBP (in mm Hg) at the last age where it is measured as scalar

response against the sparsely observed functional predictor (BMI in kg/m2). We utilize the first

K = 3 functional principal component scores of the BMI trajectory, which explain more than

98% of the variation, and choose M = K components and the cross-covariance bandwidth h by

leave-one-out cross-validation.

The estimated eigenfunctions are in Figure 5. They reflect the modes of variation in the sample

of functional data, where the bandwidths used for the mean and covariance smoothing steps are

1.3 and 2.6, respectively. The first eigenfunction reflects a variation in the overall BMI base level

Statistica Sinica: Newly accepted Paper 



across all ages, whereas the higher order eigenfunctions reflect different BMI contrasts between

younger and older ages. For example, the second eigenfunction reflects a mode of variation that

differentiates higher BMI levels at ages below 62 years old from lower BMI levels afterwards.
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Figure 3: Boxplots of the true underlying Wasserstein discrepancy measure DnK (4.15) in the
functional linear model for 1000 simulations and sample size n = 500, for increasingly less sparse
sampling designs and various noise levels for the predictor process X and response Y .
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Figure 4: Predictive distributions PK for the response in the functional linear model obtained by
simulating different sampling design scenarios for a given realization of the predictor process X ,
for very sparse m = 2 (blue), sparse m = 8 (green), less sparse m = 20 (orange) and dense design
m = 100 (red), with σ = σY = 0.5. The vertical line corresponds to the (unobserved) predictable
part ηK of the response.

Figure 6 illustrates predictive distribution intervals constructed from the 5% and 95% quantiles

of the predictive distribution P̂iK for 20 subjects, where we order them from lowest to largest mean

of the predictive distribution. Here it is necessary to emphasize that these intervals are for the

prediction intervals for E(Y |X) in the functional linear model and not for the responses Y , which

for SBP are known to have a large variance, which means that E(Y |X) will usually be far from Y .
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Figure 5: The first three estimated eigenfunctions reflecting the main modes of variation in the
sample of sparsely observed BMI functional data from the Baltimore Longitudinal Study of Aging.

7. Discussion and Concluding Remarks

The main message of our paper concerns the common scenario of sparsely observed functional

data, which covers many longitudinal designs, where one has only few time points at which noisy

measurements of the function are available. In these situations a point estimation perspective is not

productive for the functional principal components that figure in the Karhunen–Loève expansion

of FPCA since consistent estimators are unavailable. We advocate not to target point estimates of

functional principal components and responses given sparse measurements of functional predictors

but instead to target predictive distributions, for which consistent estimators are available, leading

to prediction regions as the targets of interest.

The inherent uncertainty caused by the sparsity of the measurement times is even present for

more densely sampled functional data but to a lesser extent and may then be ignored. This paper

provides a formal analysis and precise characterization of the decline in uncertainty as designs get

denser. The increasing information content in a design as it gets denser is accurately reflected in

the shrinkage of the conditional distributions as delineated in Propositions 1 and 2.

When one aims at a response in a functional linear regression model the predictive distribution
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targets the (truncated) predictable part of the response Yi, which is the part that is not contaminated

with unpredictable measurement error ϵiY . Therefore, the observed Yi, which includes measure-

ment error, is not necessarily located within the prediction region constructed from PiK . Instead,

the predictive intervals target the true truncated predictable part ηiK = β0 + βT
KξiK of the ob-

served response Yi, which is close to the linear predictor ηi = β0 +
∑∞

k=1 βkξik for a large enough

truncation point K.
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Figure 6: Predictive distribution intervals for E(Y |X) where X are sparsely observed BMI tra-
jectories and Y is the last observed systolic blood pressure. The intervals are ordered from left to
right by size of the mean of the predictive distribution, where the interval for the smallest mean is
at the left end and the interval with the largest mean at the right end. The dots are the observed
responses Y which carry a large random component that is unpredictable.

From a practical perspective, the main implication of the predictive distribution approach that

we advocate here is to abandon inconsistent point estimates of functional principal components and

their associated trajectories and of predicted responses in the presence of sparsely sampled func-

tional predictors. Instead one should focus on obtaining and using predictive distributions. Since
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REFERENCES

under Gaussian assumptions consistent estimation of these predictive distributions is feasible and

theoretically supported with convergence rates, this approach provides for valid uncertainty quan-

tification of functional trajectories and the predictable part of the response whenever predictors are

sparsely sampled, as is common in longitudinal designs. Obtaining these predictive distributions is

straightforward and can also be used to simulate the effects of different sampling schemes on the

uncertainty of the resulting prediction of trajectories and responses.

Supplementary Materials

Additional simulation results, proofs, and auxiliary results are available in the Supplement.
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