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Abstract: In this article, we introduce the mean independent component analysis for multivariate time series
to reduce the parameter space. In particular, we seek for a contemporaneous linear transformation that
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mean independent component analysis is flexible in the sense that no parametric model or distributional
assumptions are made. We propose a unified framework to estimate the mean independent components from
a data with a fixed dimension or a diverging dimension. We estimate the mean independent components by
the martingale difference divergence so that the mean dependence across components and across time is
minimized. The approach is extended to the group mean independent component analysis by imposing
a group structure on the mean independent components. We further introduce a method to identify the
group structure when it is unknown. The consistency of both proposed methods is established. Extensive
simulations and a real data illustration for community mobility is provided to demonstrate the efficacy of
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1 Introduction

Multivariate time series data is prevalent in a variety of fields, such as economics, business,
engineering, climate science, and biomedicine. Often, high-dimensional time series data
are encountered, where the modeling task becomes more challenging since the modeling
complexity increases dramatically with the dimension of the series. Due to this fact, the
dimension reduction is essential and becomes the core of multivariate time series analysis.
A primary concern in modeling a multivariate time series is searching for an elaborative
but simplified underlying structure that substantially reduces the dimension of the parameter
space. Many statistical methods have been proposed to reduce the dimension of the parameter
space. On one hand, a factor model structure is assumed to achieve the dimension reduction
on the data; see, for example, Pefia & Box (1987), Bai & Ng| (2002), Forni et al.| (2005),
Pan & Yao (2008), Lam & Yao (2012) among others. On the other hands, there is a line
of research imposing a simplified structure after applying a linear transformation to the data
which includes the canonical correlation analysis (Box & Tiao||1977), the principal compo-
nents analysis (Stock & Watson 2002), the scalar component analysis (Tiao & Tsay|[1989),
the dynamic orthogonal component analysis (Matteson & Tsay|2011). Furthermore, there is
an extensive literature on the blind source separation in the signal processing. Such methods
include the independent component analysis (ICA) (Back & Weigend 1997, Cardoso| 1998,
Hyvarinen et al. 2001, among others), the second-order blind source separation (Tong et al.

1992| Belouchrani et al.||1997, Miettinen et al.[2016, among others). More recently, Chang



et al.| (2018)) have extended the principal components analysis (PCA) and sought for several
lower-dimensional series that have no cross-correlations across different time lags. However,
all the aforementioned approaches assume that the latent components are uncorrelated or
independent, which is either highly simplified or extremely restrictive for multivariate time
series. For a simple example, let the underlying component X; = (z14,- -+ ,2,;) € RPbea
stationary process, where x; ; = 1;_;+1 for< = 1,--- , p. On one hand, the latent independent
components do not exist unless the sequence {7, 7:—1, - , Nt—p+1} is independent. This in-
dependence condition seems to be a strong constraint for a time series to be satisfied. On the
other hand, let 7, be uncorrelated but have temporal dependence beyond linear; see |Lobato
et al. (2002)) and Shao & Wu (2007) for examples. Then imposing uncorrelateness on latent
components may overlook this important dynamics and highly simplify the dependence of
the components, which may not be optimal. To this end, it would be ideal to search for the
latent components that satisfy more constrained assumption than uncorrelatedness but less
restrictive than independence.

In this article, we propose an alternative approach that searches for novel latent compo-
nents which better align with the modeling and forecasting in practice, since the conditional
mean is considered. This differentiates our method from most of the existing methods. We
focus on seeking the components that are mutually mean independent across time so that
each component can be modeled separately by univariate time series models, and reduce the

number of parameters in modeling. More specifically, our goal is to estimate the orthogo-



nal matrix A that decomposes the data Y; € RP into the mean independent components,
X; = (w14, 1) " such that
A'Y,=X,, E (xi,t \ ]-"tH)> = E(x,,) almost surely fori =1,--- ,p,

where .EH) =0 {Xg%), X,t?, e } is the current and past information of ngi) € Rt
which contains all the elements of X, except x;,, and the components of X, are mutually
mean independent across time. Thus {x;;_1,2;; 9, -+ } are sufficient to model the behav-
ior of x;, for each ¢ and supports to build a separate univariate time series model with the
least amount of loss on the conditional mean of x; ;. This is especially important because the
conditional mean is the optimal predictor in the mean squared error sense. Hence, compared
to the existing approaches, our mean independent component analysis can produce more ac-
curate forecasting. Inspired by the method in |Chang et al.| (2018), we further extend our
approach by imposing a group structure that segments the time series into several mean in-
dependent lower-dimensional subseries and propose a method and an algorithm to estimate
the unknown group structure. Since the mean independence is the relationship that lies be-
tween the uncorrelatedness and the independence, our approaches naturally bridge the gap
between the PCA approaches and the ICA approaches. Furthermore, no parametric model or
distributional assumptions are imposed on the conditional mean E(x;; | -1, Zit—2, - ),
thus our approaches are model-free in this aspect. Moreover, our approaches can detect both
linear and nonlinear dependence. Consequently they can be widely applicable to real-world
data exhibiting nonlinear dependence including the economical data such as interest rates,

exchange rates, economic price data (Tsay||1998, [Terasvirta et al.|[2010, [Wang et al.|[2022),
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the environmental data such as temperature, precipitation, and sea ice dynamics, (Munch
et al.|2023, Marwan et al.|[2021)), and the physiological signals such as gait variability and
heart rate variability (Calderon-Juarez et al.|2023} [L1|2023)). Our approaches are built upon
the metric called martingale difference divergence (MDD) of Shao & Zhang| (2014) that per-
fectly captures the mean dependence between two vectors. To the best of our knowledge, the
theoretical investigation of MDD for the large dimension has been mostly developed under
the i.i.d. data. However, there are relatively fewer studies of MDD for the large dimension
under the dependent data. In this article, we establish the asymptotic results of our methods
under both fixed dimension and diverging dimension, which seems to be new to the literature
and requires totally different techniques.

The rest of the article is organized as follows. We provide a brief review of the martingale
difference divergence and the martingale difference correlation in Section 2} We introduce
our mean independent component analysis in Section 3| and introduce the group mean inde-
pendent component analysis in Sectiond] with the theoretical investigations. All the numerical
results are summarized in Section[5] In Section[6] we present a real data application and Sec-
tionconcludes. All the proofs and additional theoretical results, simulation results, real data

application results, and figures are gathered in the supplementary material.



2 Review of Martingale Difference Divergence

To introduce our new approaches, we briefly review the martingale difference divergence
(MDD) and its scale invariant metric, the martingale difference correlation (MDC), in Shao &
/hang (2014)) and Park et al. (2015). For U € R" and V € RY, where r and ¢ are positive inte-
gers, the metrics MDD and MDC measure the mean dependence between two vectors V and
U,ie., E(V | U) = E(V) almost surely. More specifically, if E(||V||*+ ||U||?) < oo where
||| is the Euclidean norm, then MDD*(V | U) = —E [{V = E(V)} {V' ~E(V)} |U-U ||]
€ R, MDC*(V | U) = {tr(var(vl\;[f)]})f /(2\2;\2 O € [0, 1], where (V',U’) is an independent

copy of (V,U) and dvar(U) is the distance variance of U in|Székely et al. (2007). The key

property of MDD and MDC is that
MDD?*(V | U) = 0, MDC*(V | U) = 0 if and only if E(V | U) = E(V) almost surely(2.1)
thus they fully characterize the mean independence of V on U. For given random vectors

(U;, V;), from the joint distribution of (U, V), the sample MDD? and the sample MDC?

— __ __ _—2
aredeﬁnedasMDDQ(V\U):;—21 P (Vi=V)T(V;=V)|U;—U,||,MDC (V | U) =

1,j=1

2 - " - " . T\ 2
{tr(@(vl\)g?i/(z?g?)r(u)}lﬂ swhere V.= 2570, Vi, tr (Var(V)?) = tr (% Yot (V= V) (Vi —V) )

_ 1 n 2 A 1 2 _ 1w

= tr (ﬁ Zi,j:l Az‘,j>’ A@j =Q;; — Q;. — Q. + a..,a;; = §||Vz — VJH , Uy, = pos Zj:l Qi 5,
_ 1y _ 1Ny Tvar _ 1Ny 2 Bo—p —b —b .

a..j D e Gigh Q. = nZ Zi,j:l a; j, dvar(U) = nZ Zi,j:l B}, Bi; = bi,j—bi.—b.j+b..,

T n

b;; = ||U; — Uj||,and b; ., b. j, b... are defined similarly to a; ., a. ; and a....



3 Mean Independent Component Analysis

3.1 Mean Independent Component Model

We shall first briefly review the existing methods, the dynamic orthogonal components in
Matteson & Tsay| (2011) and the second-order blind source separation in Belouchrani et al.
(1997), which are closely related to our approach. The existing approaches assume that the
data Y; = BZ;, where E(Y,) = E(Z;) = 0, var(Y;) = var(Z;) =L B= (B.4,--- ,B,)
is an orthogonal matrix, Z; = (214, ,2,:)' € RP? are the underlying components that are
uncorrelated to each other, i.e., cov (24, 2j,—) = 0 fori # j, alllags h =0,1,2,---.

Next, we consider distinct components and introduce an alternative approach. In partic-
ular, Y, = AX,, (3.2)
where E(Y,) = E(X;) = 0, var(Y;) = var(X;) =1, A = (A4, --- ,A,) is an orthogonal
matrix, X; = (z14,--- ,,,) " are the mean independent components, i.e., E {xi,t ] .7-",5(714)} =
E(z;) almost surely, ]:t(_i) =0 {Xg_i), XE:?, e }, Xg_i) = (T1gy W1, i1ty > Tpt) | -
Similar to the other existing methods, the orthogonal matrix A and the mean independent
components X; are not unique in terms of signed permutation. In other words, Y; =
AP (P.X;) produces the same data Y, where P is a signed permutation matrix. How-
ever, in modeling or forecasting perspectives, discovering the mean independent components
up to a signed permutation is sufficient. Therefore, we seek to identify the mean independent

components up to a signed permutation; see Section 2.4 in Matteson & Tsay (201 1J).



Remark 1 We shall make several remarks on the comparison between our method and the
existing methods. It is worth mentioning that our approach is essentially different from
the dynamic orthogonal components in Matteson & Tsay| (2011) and the second-order blind
source separation in |Belouchrani et al.| (1997)). All approaches aim to reduce the number of
parameters involved in the modeling. Therefore, all methods seek for the orthogonal matrix
A or B so that each component can be equipped with a separate univariate model. However,
Matteson & Tsay| (2011) and Belouchrani et al.|(1997) search for serially uncorrelated com-
ponents by adopting covariances. Unless the data is Gaussian or solely generated from linear
time series models, separating components through the linear metric is not sufficient. If the
forecasting or modeling is the primary concern, we can alternatively separate the components
by examining the contributions toward the conditional mean of each components, and seek for
serially mean independent components X;. Since the conditional mean is the best predictor
in terms of the mean squared error, we shall lose less prediction accuracy by focusing on the
mean independent components. Also, it is worth pointing out that our approach summarizes
both the linear and nonlinear dependence of components based on their contribution toward
the conditional mean. Hence, our approach can be more robust and flexible to the dependence
and the distribution of the data. Due to these facts, our approach can be viewed as a nonlinear
analog of the dynamic orthogonal components inMatteson & Tsay| (201 1) or the second-order
blind source separation in Belouchrani et al.| (1997). Following the existing approaches, we

assume var(Y;) = var(X;) = L. Our approach can still remain valid when var(Y;) # I. Un-



der the model assumption in , we have Y, = var(Y,)/2Y, = var(Y,)/2AX, = CX,,
where Y, = var(Y;)"/2Y, and C = var(Y,)*/2A. With a consistent estimator of var(Y,)
denoted as var(Y;) and the assumption that the smallest eigenvalue of var(Y;) is bounded
below by a positive constant, the estimated orthogonal matrix A obtained after applying our
approach to var(Y,)~'/?Y, is consistent, especially under the fixed p. The estimator of C is
then given by C = var(Y,)" 2A and provides the estimated mean independent components.
In terms of the implementation, our approach fully measures the mean dependence through
MDD to estimate the hidden components which is a moment-based method. Thus, compar-
ing to the existing methods, our approach is also simple to implement; see Section 3.2 for the

objective function.

3.2 Estimation of Mean Independent Components

Our specific goal is to seek A that decomposes our data Y into mean independent compo-
nents X;. Notice that the mean independence between x;; and ;;_,, h > 0 can be fully
captured by MDD due to its property in (2.I). Based on our model in (3.2), it implies that
MDD*(A}Y, | ATY, ;) =0, i # j, h =0,1,---. Motivated by this fact, we propose to

search A by minimizing the objective function,

~ 1 ho - P ~ ~
Sp(A) = | ———— MDD?*(AY, | ALY, 1), 3.3
ho( ) (tr{AAT}> %;; ( 4o+t | gt h) ( )

where Sj,,(A) > 0 and it becomes zero at the true A, i.e., Sy,(A) = 0. Hence, our estimator

~

A is

A = argming 5z xr_rOho(A), (3.4)
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~ ~ 2 ~ ~
where Sho (A) = (m) ZZO:O le Z];ﬁz MDD (A—L—Yt | A.—;’thh)-

Remark 2 We shall make several remarks. We note that the denominator of the objective
function in does not affect the optimization procedure. Thus, in practice, the denomi-
nator has less impact on the estimation. However, the denominator is required to show the
theoretical properties when p diverges. More specifically, the denominator is necessary in
order to obtain Lipschitz continuity of S, with respect to the distance in (3.5); see Lemma 1
in the supplementary material. Furthermore, selecting h( has been a common question in the
literature and proposing a method to select g is beyond the scope of this paper. As men-
tioned in the literature, generally, relatively small ¢ is used since major dependence is often
at the short time lag for stationary time series and more noises can be added if large hy is
selected; see |Lam & Yao| (2012) and Wang et al. (2019). Lastly, it is possible to provide
weights for difference lags and construct the objective function similar to Matteson & Tsay
(2011). However, we use our objective function in (3.4) considering the close connection
with the method in Chang et al. (2018) which is described in Section @ Also, we observe
that our approach with the equal weights in provides encouraging performance under

our simulation study; see Section E}

To optimize the objective function in (3.4)), we adopt the parameterization estimation
approach for A in Matteson & Tsay|(2011) and Belouchrani et al.| (1997). Specifically, we set
A= [1,<icj<p L'ij(0i5), where I';;(6;5) is an identity matrix with (i, ¢)th and (7, j)th elements
replaced by cos(6;;), and (7, j)th and (j,4)th elements replaced by sin(6,;) and —sin(6;;),

respectively. Note that our objective function is locally convex. By following the common
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practice, we try multiple starting points to avoid local minima. Specifically, we employ Latin
hypercube sampling to uniformly sample the space of 0;; to generate 200 multiple initial
values. We select the best one in terms of our objective function to begin the process. When
p is large, we suggest estimating the mean independent components sequentially so that the
optimization is performed with reasonable computational time. However, it is important to
note that estimation uncertainty accumulates at each stage of the sequential process compared
to the joint estimation. Here, we have a tradeoff between computational complexity and
statistical efficiency. For more details regarding estimating the mean independent components
sequentially, we refer readers to Matteson & Tsay|(2017) in section 2.4.

Next, we shall introduce the asymptotic results for our estimation procedure for both
fixed and diverging p. Since A is not identifiable in terms of signed permutation, we adopt the
following distance from Chang et al.| (2018)) which can measure the closeness of two orthog-
onal matrices and establish the consistency of our estimator. After arranging the orders of the
columns based on the similarity for B = (B.1,--- ,B,,) e RF*? and C = (C,4,---,C,,) €

RP*P, the D-distance is defined as

» 1/2
D(B,C) = {p =) tr (B.iBIC.Z-CI)} : (3.5)

i=1
Notice that for any orthogonal matrices B and C, the distance is nonnegative, D(B, C) > 0.
Moreover, if B is a column permutation of C, then D(B, C) = 0. Thus, smaller values of D
indicate greater similarity between the orthogonal matrices B and C. We make the following

assumptions, under which we derive the consistency of our estimator.
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Assumption 1 Let Hp be the space that consists of orthogonal matrices.

1. There exists an orthogonal matrix A € Hp that minimizes the objective function Sy, (-).
Furthermore, the minimum value of Sy, (+) is obtained at an orthogonal matrix A if and

only if D(A, A) = 0.

2. When p is fixed, the data (Y)}_, is strictly stationary and [3-mixing process. There ex-
ists § > 0 such that E||Y,||%"3° < oo and the B-mixing coefficients 3(k) = O(k=2+9)/%")

ford' € (0,9).

3. When p diverges with n, the set Hp is the union of H,, where H, is the set containing

all p x p orthogonal matrices.

4. When p diverges, the data (Y)}_, is strictly stationary and [3-mixing process. There

6-+60
exists 0 > 0 such that E H \%}Yt < C for all p, where C' is a finite constant. The

B-mixing coefficients satisfy Y po, kB(k)*/ 119 < oo

The first condition in Assumption 1| ensures that A is the unique minimizer of S, in
the sense of D. This condition is necessary to show the theoretical properties, and it is also
assumed in Matteson & Tsay (2011). The second and fourth conditions are used to bound
certain moments when p is fixed or p diverges, where similar S-mixing condition in the
fourth condition is often used in time series literature; see Hjellvik et al.|(1996) and Dette &
Spreckelsen (2004). The third condition is assumed so that A is well defined and measurable

when p diverges and guarantees the consistency of A in terms of D if S\ho(;&) converges
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uniformly to Sy, (:&), see the proof of Theorem |l|in the supplementary material for details.

Theorem 1 1. Let hy and p be fixed integers. Under the first and second conditions in

Assumption|l} we have D(A, A) —P 0asn — oo.

2. Let hg be a fixed integer and p grow with n such that p\/p/+/n — 0 as n — oo. Under
the first, third, and fourth conditions in Assumption we have D(A, ;&) —P0asn —

Q.

Theoremindicates that when the dimension p is fixed or p grows with n such that p,/p/\/n —
0, our estimator gets closer to the true A in terms of the D-distance as sample size increases.
It is worth mentioning that the assumptions are made towards the data Y, but not on the mean
independent components X; to study the asymptotic properties. It seems hard to obtain the
convergence rate for D(A, K) under the current assumptions since the main theorems we
used only guarantee D(A, ;‘:) — 0. However, it is possible to extend the theorem so that our
approach is theoretically justified under a weaker assumption for p by following the proof
in |Chang et al. (2018). In particular, p may grow as long as p(log(p))*" /n — 0, where
vyt =1+ ;" for ry € (0, 1] comes from the mixing condition in Assumption S1. We
summarize this result in Theorem S1, available in the supplementary material. Also, in the
literature, often a parametric model or distributional assumptions are made to derive the the-
oretical results. However, our approach does not assume a parametric model or a distribution
of the data. In terms of the theoretical investigations, the existing methods studied asymptotic

properties for fixed p while our approach examines both fixed p and growing p. Moreover,
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the theoretical properites of MDD is mostly investigated for i.i.d. data. However, we derive
the asymptotic results of MDD with dependent data, which is relatively less studied in the
literature. Notice that our objective function depends on n when p diverges. Thus, showing

the consistency is far from trivial and requires new techniques.

4 Group Mean Independent Component Analysis

4.1 Group Mean Independent Component Model

In many applications, the observed data might be produced from components that have a
certain group structure, resulting in lower-dimensional subseries. Inspired by the work of
the PCA for time series (TS-PCA) in Chang et al. (2018)), we extend the mean independent
component analysis with a group structure the so-called group mean independent component
analysis. More precisely, we consider

Y, =AX,, (4.6)
where E(Y,) = E(X;) = 0, var(Y;) = var(X;) = I, A = (Ay,--- , A,,,) is an orthogonal
matrix, A; € RPPi S0 p=p, Xy = {(Xgl))T, e (Xim))T}T € R? is the group mean
independent components, Xﬁi) = (:vgl)t, m(;l, e ,x;?,t)T € RV 1e.,

E {XEZ) | ﬂ(_i)} = E(XE”) almost surely, 4.7)

—i —i —i —i 1 i1 i1 m T
herea]:t( ) = O-{Xg )aX1(€—1) }’Xz(t ) = {(Xz(f ))Ta"' 7(X1E ))T’(Xz(f+ ))Ta"' 7(X1E ))T}

€ RP7Pi, As mentioned in (Chang et al.| (2018), the orthogonal matrix A is not identifiable

14



but {span(A;)}", are unique; see Section 2.1 in Chang et al. (2018). Thus, our goal is to

estimate the identifiable spaces {span(A;)}"

=1

Remark 3 We shall make a few remarks. While TS-PCA in Chang et al.[ (2018) segments
elements of X; by the uncorrelatedness, our approach divides the groups of X; by the mean
independence in . Because of this fact, our method has several distinct features. In
particular, since the TS-PCA separates the groups through the autocovariance matrices, it
suffers from the same limitations mentioned in Remark |1} Thus, our approach can be more
robust and flexible to different forms of dependence and different distributions of the data.
Furthermore, as mentioned in (Chang et al. (2018]), TS-PCA cannot separate uncorrelated
components if different blocks share the same eigenvalues of their linear matrix. However,
our approach bypasses the limitation of the existing method since our approach directly es-
timates the group mean independent components by optimizing an objective function which
considers the mean dependence between two groups. Also, if there is prior knowledge of the
group, our approach can easily incorporate the known group structure. Lastly, the correlat-
edness implies the mean dependence, which suggests a nested structure for a particular 7th
group, i.e., span(A;) C span(A;),i € {1,2,---,m}, after the same alignments for A and
A, where A = (A,,--- ,A)) is the orthogonal matrix that generates the block components
that are uncorrelated in TS-PCA. Due to this fact, for a given p = dim(Y},), it is possible for

our approach to have a different number of groups compared to TS-PCA. More specifically,

it is possible that the TS-PCA selects more groups than our approach, i.e., m < [. To better
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understand the differences, we provide one example.

Example 1 Suppose the data Y, is generated by two groups of mean independent compo-

X(l)
nents, i.e., Y; = AX; = A ' , Where one group Xgl
X

nents which are mutually uncorrelated but mean dependent across time and the other group

) (1) (1)

_ T
= (zy4, -+, 7, ) hascompo-

XiQ) = (xﬁ) R ,xg_)pht)T has components that are correlated and mean dependent.

Under the model assumption in TS-PCA, the true group structure becomes (1,1,--- ,1,p —
p1) which indicates that {xﬁ)}, i =1,---,pp construct p; different groups while X§2) form
a single group. Thus, there are [ = p; + 1 different groups for TS-PCA. On the other hand,
under our framework, there are m = 2 different groups (Xil), XEQ)) and the true group

structure is (p;, p— p1). Hence, it is possible to have different number of groups and different

group structures for the existing method and our approach.

4.2 Estimation of Group Mean Independent Components

Suppose the group structure (pq,--- ,p,) are known. Similar to the mean independent
components in Section we have MDD? <X,§i) \ ng_)h> = 7 MDD*(z}) | X)) =
0,i#4, h=0,1,---,dueto and this is equivalent to MDD*(A]Y, | ATY, ;) =

Wy MDD? ((Aq) Y |AJY, ) = 0,4 # j, h =0,1,---, where (A;) is the kth

column in A;. By this fact, we define the objective function as

1/2
m D

Gr(A) = [ ——t ZO: > DS MDD? (ALY, [ATY 1) (48)

tr (AAT> m h=0 i=1 k=1 j#i

16



where Gp,,(A) > 0 and it becomes zero at the true orthogonal matrix A with the true group
structure, i.e., G, (A) = 0. Notice that the denominator is different from the one in S,,,. This
is mainly due to the fact that there are different number of elements that construct Gy,. In
other words, while there are hop(p — 1) different MDD? added in Sy, there are hop(m — 1)
different MDD? that construct G,,. We observe that the case m = p corresponds to the mean
independent components, under which the objective function G, (A) reduces to Sy, (A).
Consequently, mean independent components can be viewed as a special case of group mean
independent components.

For the estimation of A, we shall utilize

~ ~ 1/2 2 [~ ~
G (A) = (m) S S Y, ., MDD (AIYt | A}Yt,h), and search for A

A= argminngzggT:IQ\ho (A). (4.9)

Since {span(A;)}", are identifiable, we shall establish the consistency for our estimator A
with D-distance in Section ie, D(B,C) = {p— > tr (BZ-BZ-TCZ-CZ-T)}UQ, where

B=(By,:---,B,),C=(Cy,---,C,),and B;, C; € RP*Pi are semi-orthogonal matrices.

Theorem 2 [. Let hy, m, and p be fixed integers. Assume that (p1,--- ,pn) are known.
Under the first and second conditions in Assumption [I| with respect to Gy,, we have

D(A,A) —? 0 asn — oo,

2. Let hgy be fixed integers. Assume that (pi,--- ,pm) are known. Let p grow with n
such that p\/m//n — 0 as n — oo. Under the first, third, and fourth conditions in

Assumptionwith respect to Gy, we have D(A, ;&) —P 0asn — oo.
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It is worth noting that Theorem [2] remains valid for m — oco. Furthermore, the growth
rate of p in Theorem 2 coincides with the one in Theorem|[I] This is expected since the mean
independent components emerge as a special case of the group mean independent components
when m = p.

In practice, the true group structure (p1,- - , p,,) may not be given and needs to be es-
timated. We shall follow the maximum cross correlation approach in |Chang et al.| (2018)),
which is stemmed from the ratio-based estimator in the factor model literature. We first se-
lect » which is the number of two pairs of components that have at least one time lag showing

a significant mean dependence. By searching for the pairs that have significant serial mean

dependence, we can estimate (pq, - - - , p,, ). More specifically, we estimate r by
- M;
r= argmaxlgjgcopo/\—j, (4.10)
j+1

where I\A/Il > MQ > > Mpo are every pairs of 1\7[(2, j) in the descending order,

~ 2 - ~ 2 R R
M(i, j) = Og}g}io {MDC (Tiz | xj,t—h>7MDC (%‘,t | xi,t—h)} ) 4.11)
and X, = ATY, = (ZT14,- yZps) ', co = 0.75 which is recommended in |Chang et al.

(2018), po = p(p — 1)/2 is the total number of two pairs of p components, Once r is es-
timated, we define an undirected graph G = (V| E), where V' = {1,2,--- ,p} is the ver-
tex set and E is the set of edges such that e;; = e;; = 1if M(i,j) € (My,---,M;) or
eij =ej; = 0if M(i, j) & (My,--- ,Mz). Two components z;; and 7, belong to the same
group if the vertices 7 and j are directly or indirectly connected, i.e., ¢; ; = 1 or there exists
{v1,v9,--- ,v,} C V suchthat e;,, = €y, = -+ = €y,; = L. Algorithmsumma-

rizes the entire process for estimating our group mean independent components without prior
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knowledge of the group structure.

Remark 4 We shall make several remarks on Algorithm [I|and our group mean independent
component analysis. If the group information is known, the group structure is directly in-
corporated into the objective function (4.9) by pre-specifying the number of groups m and
D1, , Pm- We suggest estimating semi-orthogonal matrix A;, ¢« = 1,--- , m, sequentially
using the optimization solver with orthogonality constraint proposed by [Wen & Yin|(2013),
which has an efficient computational time; see Wen & Yin (2013) for more details. If the
group structure is unknown, we suggest using Algorithm [T} Step 2 - Step 5 estimates the
group structure and Step 6 estimates A. We use our mean independent components }ACEO) in
Section (3| as an initial estimate for the group mean independent components. The intention
is to group different components into one group that still show the mean dependence in )ACEO),
where components are as mutually mean independent as possible. This strategy is often used
in the literature; see Stogbauer et al. (2004), Cardoso| (1998), Gruber et al.| (2009) among
others. Furthermore, it is desirable to conduct the false discovery rate-based multiple testing
with MDD to assess the mean independence for every two pairs of components. However,
constructing a test is very nontrivial since we only have )A(t and the true X, is unknown, thus
there will be an estimation effect. Also, each test shall involve a bootstrap procedure which
requires intensive computations. In this sense, the ratio-based approach in Algorithm (1] is
more computationally efficient to estimate the group structure. We further note that there

1s a new method for the estimation of r; see the variant of ratio-based estimator discussed

in (Chang et al|(2015) and Han et al| (2024). We use the ratio-based estimator in (4.10) by
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following the practice of the implementation in (Chang et al|(2018). Algorithm [I| generally
requests several iterations to converge and shows an improvement after each iteration. For
instance, the algorithm stops after 2 or 3 iterations under our simulation examples. Besides,
the estimated A and (p1,- -+, pm) obtained through Step 1 - Step 6 generate reasonable
results in our simulation study and they are not greatly different from the final estimates after
a few iterations until the algorithm converges. Lastly, the theory to show the consistency of
our estimator of the group structure is very challenging since it involves showing the consis-
tency of 7 and (p1, - - - , D). As mentioned in the existing literature, showing the consistency
of the estimator 7 is not straightforward because it is hard to show that the maximum of the
ratio between 1\A/Ij and l\A/IjH is occured when j = r. Even if there is a new approach that
estimates  with the consistency, the challenge still remains for showing the consistency of
(P1,- -+ ,Dm). To establish this consistency, it is necessary to show P(€; ; # e; ;| =1) — 0
for any 7, . However, this is nontrivial, and we cannot adopt the arguments from Chang et al.
(2018) and Han et al. (2024) since our estimation procedure and metric differ from theirs.
Notice that the estimation procedure of our approach and the one in |Chang et al.| (2018)) are
fundamentally different. While our approach optimizes an objective function to search A,
the method in Chang et al. (2018) applies eigen decomposition to their linear matrix. Thus,

—~

M(i,7) in |D has more complicated form which cannot be expressed by the multiplica-

tion of a particular matrix and vectors. Thus, M (7, j) — M(4, j)| cannot be controlled by the

difference between a matrix and its sample counterpart. Also, unlike the methods in (Chang
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et al.[(2018) and Han et al. (2024), it is hard to obtain the convergence rate of HK — Ao,
|| - ||2 is a spectral norm, for our approach which makes the theoretical analysis even more

challenging. We shall leave this for future work.

5 Numerical Simulations

5.1 Mean Independent Component Analysis

We examine the finite sample performance of our approach for mean independent compo-
nent analysis (MICA) in Section [3| and consider two examples with various distributions.
In particular, the stationary data is generated by Y; = AX,, where the orthogonal matrix
A is generated through randortho function in pracma R package by following Stewart

(1980), and X; = (214, , ;)" is generated by

Example I:  z;; = ¢;wiy—1 + €, for i =1,--- p,

1 .
; €1+ €, for i=1,---p,

Example II:  2;; = ¢;z4-1 — ¢

here {¢;}?_, are randomly generated from Uniform(0.5, 0.9). For Example I, ¢, is generated
from i.i.d. standard normal, student’s t distribution with 3 degrees of freedom, or exponential
distribution with A\ = 1. For Example II, ¢, is generated from all distributions considered
in Example I except for the standard normal so that each component z;; is not independent
across time. Similar to the simulation study in Matteson & Tsay|(2011), we set p = 5, 10,
n = 50, 100, 200, and hy = 1, 2, where the results for hy = 2 is reported in the supple-

mentary material which shows similar results as the ones in Table |1} Also, the finite sample
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performance for larger dimension is summarized in the supplementary material. We note that
X, are mutually mean independent and fall into the framework (3.2). Example I with standard
normal ¢; is adopted from Matteson & Tsay| (2011]) and the data has linear dependence since
all components are generated from linear time series models. For Example 11, the data has no
linear dependence but has a dependence beyond linear since X is generated from the all-pass
ARMAC(1,1) model which is a well known example for a uncorrelated process yet possesses
temporal dependence; see|Lobato et al.|(2002). As a result, the existing autocovariance-based
approaches may be insufficient to detect the important dynamics since linear metric is limited
to measuring linear dependence and cannot capture other forms of dependence.

We apply our approach and compare with the existing approaches, the dynamic orthog-
onal components (DOC) in Matteson & Tsay (2011) and the second-order blind source
separation (SOBI) in Belouchrani et al. (1997), which search for the uncorrelated compo-
nents. In order to compare the accuracy of the estimation of A, we compute the scaled
version of the distance between two orthogonal matrices so that D%(A, A) € 0,1], i.e.,
D2(A,A) = D {1 — tr (AZATZFAZ:&D} where smaller D? indicates more accurate
result.

Table [I] summarizes the results based on 500 replications. Overall, both existing methods
and our approach produce more accurate dimension reduction results when 7 increases. For
Example I with a standard normal ¢;, we observe that three approaches produce comparable

results but the DOC and the SOBI methods perform slightly better than our method. Better
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performances from the DOC and the SOBI are expected since the data is generated from
Gaussian linear time series and the entire dependence can be captured by the covariances.
However, our approach outperforms the existing methods when the data is generated by a
student’s t distribution or an exponential distribution. For Example II, our approach is supe-
rior to the DOC and the SOBI methods for all sample sizes and different distributions. This

demonstrates the robustness of our approach for the dependence and the distribution.

5.2 Group Mean Independent Component Analysis

In this section, we study the finite sample performance for the group mean independent com-
ponent analysis (GMICA) in Section We consider two examples, where Example I is
adopted from |Chang et al. (2018). More specifically, the data is generated by Y; = AX,,

.
where A is defined in Section and X, = {(Xgl))T, (XN, (Xg?’))T} = (14, Tps) s

m = 3, is generated by z;; = zﬁr)i_l, i < pJ2, xip = Zt(i)i—p/z—v p/2+1<i<p-5/6,

3 :
Lig = Zt(—l—)i—p-5/6—17 p-5/6+1<i<p,

)

Example I: 2" = 052", 4+ 0.3z, + ¢V — 0.9¢M, + 0.3¢Y, + 1.26, + 1361,
2P =082 — 0527, + € + e +0.8¢%, + 1.8¢%,,
and zt(g) = —0.72153)1 - 0.5z£)2 + eig) — 55?1)1 — 0.8e£?i)2.
Example I 2" = 0.9z, — 0971, + e, 2P =052/, — 0571, + €,
and 2 = 0.12%, — 0171, 4+ €.
Similar to examples in Section egl), 652), e£3) are generated from standard normal, stu-

dent’s t distribution with 3 degrees of freedom, or exponential distribution with A = 1. We

further note that (X,El) , XEQ), ng)) are mutually uncorrelated and mean independent in Ex-
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ample I and each series zt(i), © = 1,2, 3 has linear dependence. To check the performance for

the dependence beyond linear dependence, we replace (zil) , zf@, zf’)) in Example I with the
series generated from all-pass ARMA(1,1) for Example II, where each series is uncorrelated;
see Lobato et al. (2002). By following the simulation study in |Chang et al.| (2018)), we set
p =06, 12, n = 200, 500, 1000 and hy = 1, 5, where the results for hy = 1 is reported in the
supplementary material and shows similar results for our approach. Also, the finite sample
performance for larger dimension is summarized in the supplementary material.

We compare the performance of our approach in comparison with the existing method,
TS-PCA in |Chang et al.| (2018)), which searches for the uncorrelated low-dimensional com-
ponents. For the fair comparison, we treat the group information is unknown and estimate
both the group structure and the separation matrix A with our objective function using Al-
gorithm [T with ¢y = 0.75 and no iterations since the method of [Chang et al| (2018) does
not iteratively search for A. In other words, we shall estimate the group structure and
A through Step 1 - Step 6 in Algorithm By following |Chang et al. (2018), we com-

pute 7 € [0, 1] the proportions of correct segmentations, and compute the scaled version

of the D2-distance when the method correctly group the components; see the supplemen-

Zﬁ:l 1{(51117...ﬁm,l):(mf'wpm)} D2<A ;&) _

tal material of Chang et al.| (2018), i.e., 7 = 7

= it m (1 = piitr (AZAZT;‘:ZKIT> ) , where R is the number of the replications, {p;; }7,
is the estimate of the number of components for each group for /th replicate. Also, notice that

a higher 7 and a smaller D? indicate more accurate result.
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Table 2] presents the results based on 500 replications. From Table [2] we observe that
our approach outperforms the TS-PCA for both Example I and Example II in terms of higher
7 and smaller D?. The difference between our approach and the TS-PCA becomes more
prominent for Example II. In Example II, we consider latent components that are white noise
but have nonlinear dependence. Therefore, the existing method with a covariance matrix
cannot detect the components. This could be a part of the reason for the larger D?-distances

produced by the existing approach.

6 Real Data Illustration

In this section, we illustrate our approach by forecasting Google’s community mobility re-
ports during COVID-19. The data contains daily changes in mobility trends compared to
a baseline established on February 15, 2020. It captures movements across 6 categories of
locations. It is essential to produce accurate predictions on the community mobility as it is
related to a virus spread and support to combat the virus.

In our analysis, we consider community mobility reports of eight states in Northeastern
of the U.S., including Connecticut, Maine, Massachusetts, New Hampshire, Rhode Island,
Vermont, New York, and New Jersey. By following Zhen & Wang| (2023)), we also consider
the average of the mobility of all 6 categories in the particular day and state from January
1, 2021 to February 28, 2022, thus we have Y, € R® of length n = 424. In order to make

the data stationary, we first detrend each time series by using polynomial smoothing to re-
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move the trend and standardize the time series with var(Y,;)~/2 so that the data falls into
the framework (3.2) or (4.6). The auto and cross correlations of Y; which is reported in
the supplementary material exhibits weekly periodicity. Hence we set hg = 7, 14 and ap-
ply both MICA and GMICA. We first divide the data into a training set and a testing set,
where the data from January 1, 2021 to December 31, 2021 (365 data points) is assigned as
a training set and the remaining two months of observations starting from January 1, 2022
to February 28, 2022 (59 data points) are assigned as a testing set. To compare the predic-
tion accuracy, we compute the mean squared prediction error (MSPE) where smaller MSPE

H?(q)

g~ Ynotital® T,
no+i+q” Y notita (9) :
3 , where Y, "\ .. s the

indicates more precise prediction, i.e., MSPE =

g-step ahead forecasting of Y, i+, Where ng = 365, 7 = 1,---,58, and ¢ = 1,2. To

(9)
no+j+q’

produce Y we follow the approach in [Chang et al. (2018)) which is described by the
following steps. (1) We first apply the proposed MICA and GMICA to the training set as
described in our simulations, and obtain A and (p1, -+, pm) which are fixed afterward. (2)

We estimate {X,}7°/7 by {ATY,}7°/7. (3) Due to the existence of the seasonal correlations,

we fit appropriate univariate or multivariate seasonal ARMA (dy, 0) x (da, 0)7 models to each

(9)

component or group of }/it, and obtain g-step ahead predictions of the components, }/in i+’

where the orders d; and ds are determined by AIC. (4) We finally generate the prediction

for Yoo ijrq by Y9 = AXW

notj+q notj+q- 10 addition to our MICA and GMICA, we apply 6

different approaches to compare the prediction accuracy. In particular, we further apply the

existing methods TS-PCA of (Chang et al.| (2018), DOC of Matteson & Tsay| (2011), SOBI
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of Belouchrani et al. (1997) to this data, where the predictions are generated by following
the same procedure above. Also, we consider the parametric models by fitting univariate
seasonal ARMA model (SUARMA) for each components in Y, and fitting seasonal vector
ARMA model (sVARMA) to Y, by following step (3). Lastly, we consider fitting a refined
VAR model (refVAR) to the data Y, with a thresholding value equals to 1, and the order
selected by AIC.

Table [3 summarizes the prediction accuracy for all methods. From Table 3] our GMICA
estimates 6 different groups, where the largest group has 3 components. On the other hand,
TS-PCA generates 7 different groups. Thus, the number of groups are different for TS-PCA
and our method, where the number of groups for TS-PCA is larger. This aligns with our
argument in Remark [3] In terms of the predictions, our GMICA generates notably smaller
MSPE than the ones of the existing methods including TS-PCA, DOC, SOBI, and parametric
models SUARMA, sVARMA, and refVAR. In particular, MSPE of GMICA is roughly 10%
lower than MSPE of TS-PCA, DOC, SOBI on average for ¢ = 1. Also, the difference of
MSPE becomes more prominent by comparing GMICA and parametric models SUARMA,
sVARMA, and refVAR. We note that SUARMA, sVARMA, and refVAR produce the same
prediction performance under hy = 7 and hy = 14 since those approaches do not depend
on hy. Moreover, GMICA performs better than MICA. We believe this is due to the extra
grouping step in the GMICA and forming groups for the components seems to be helpful for

this data. Notice that GMICA forms groups if the past or current values of another compo-
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nents affect the conditional mean of the other components. Thus, if the main interest is the
prediction, it would be more beneficial to seek the group mean independent components and
build separate time series model for each group since GMICA incurs the minimum loss on
the conditional mean which is the optimal predictor in terms of the mean squared error sense.
We conjecture that this could be one reason for better prediction performance of GIMCA.
It is interesting to observe that our MICA also produces more accurate predictions than the
other existing methods such as TS-PCA, DOC, SOBI, sUARMA, sVARMA, and refVAR in
terms of smaller MSPE. It is worth mentioning that the improvement in forecasting for our
approaches GMICA, MICA compared to the existing methods TS-PCA, DOC, SOBI is es-
sentially due to the different estimator of A, since we apply the same procedure to generate
the predictions. For this data, our approach effectively separates the components that lead to
more accurate forecastings. We additionally compare the prediction performances focusing
on each category which are reported in our supplementary material. We observe that GMICA
or MICA consistently produce smaller MSPE across all categories.

We further report the auto and cross correlations of X, for our GMICA and the exist-
ing approach TS-PCA in our supplementary material in order to check the uncorrelatedness
across different groups. By comparing Figures S2 and Figures S3, it appears that our GMICA
shows weaker linear dependence between two components that belong to different groups.
For instance, the third component of TS-PCA seems to be correlated with the first and second

components which are in a separate group. This could be another part of the reason that our
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GMICA can produce more accurate forecastings for this data. We observe a similar phe-
nomenon in Figure S2 from the auto and cross correlations of X, for our MICA and the DOC

and the SOBI which are reported in the supplementary material.

7 Summary and Conclusions

We propose new approaches to model the multivariate time series data by seeking the latent
mean independent components. Once the mean independent components are identified, a
separate analysis or model can be built for each component. This reduces huge number of
parameters involved in the modeling. Compared to the existing methods, our approach can
be more robust and flexible to different forms of dependence and different distributions of the
data, which is demonstrated in our simulation study. We further introduce a natural extension
to the group mean independent component analysis by following the idea of Chang et al.
(2018). To justify the validity of our method, we provide the asymptotic properties under
two scenarios: fixed p and growing p. In addition to encouraging finite sample performance,
we further illustrate the advantage of our approaches with a real data application that can
generate more accurate predictions.

We conclude this article by discussing several future research topics. We introduce a
procedure to estimate the group structure. Our simulation results indicate that the method
identifying the group structure produces reasonable results, however there is no theoretical

justification. It would be helpful to provide the theoretical property for the estimation of the
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group structure. Furthermore, imposing the sparsity assumption on A for the group mean
independent component analysis is an interesting direction and we conjecture that the sparse
method may allow p to grow faster than py/m/y/n — 0 as n — oo. It requires an updated
objective function, along with a different estimation procedure. Lastly, we often observe
matrix or tensor time series data, and the dimension reduction for matrix or tensor time series
has received considerable attention; see Wang et al.| (2019), |Chen et al.| (2020), Chen et al.
(2021)) for the recent development for the dimension reduction on matrix or tensor time series.
It would be useful to extend our approach for matrix or tensor time series to reduce the number

of the parameters. The research along these directions are well underway.

Supplementary Material

Supplementary material available online includes technical proofs of theoretical results and
state additional theorem with its proof, and reports additional simulations, real data applica-

tion results, and figures.
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Algorithm 1: Algorithm to estimate the group mean independent components and the

group structure

Data: Y: = (yit,- .-, Ypt)

Result: A = (Ay,---,A,,), Xy = (Z14, - Tpy) o and (Br, -, Pi)-

Step 1: Begin the algorithm by setting m = p and p; = - - - = p,,, = 1. Obtain an initial
estimate A () by minimizing §h0 (+) in (3.4) and estimate the components by

X = (AO)Ty,.

Step 2: Compute M(z, j) defined in for every two pairs of components and arrange
M(4, j) in the descending order.

Step 3: Select r through the ratio-based estimator in (4.10)) with presepcified cy and collect
(My,--- , M), where My, is the kth largest M(4, j).

Step 4: Based on the collected (M, - - - , M), create an undirected graph G = (V, E), where
V ={1,2,---,p}is the vertex set and E is the set of edges such that e; ; = e;; = 1 if
M(i,j) € (My,--- ,My) ore;; = ej; = 0if M(i,j) & (My,--- , My).

Step 5: Based on the graph in Step 4, estimate the group structure, (p1, - - - , P ). For
instance, two components ¢ and j belong to the same group if the vertices ¢ and j are directly
connected or indirectly connected, i.e., e; ; = 1 or there exists

{v1,v2, -+ ,vw} C Vsuchthate; y, =€y 0 = =€y,; =1

Step 6: Estimate A by minimizing @ho (1) in with (p1,- - -, Pm) obtained from Step
5. Permute A1) based on the estimated group structure and estimate the components by
}A(S) = (K(l))TYt, where A(1) is the permuted matrix.

Step 7: Repeat Step 2 - Step 6 until the estimated group structure, (p1, - - - , P ), does not

change and HK(”I) ~A® l|F < €, where AB¥) and A are the estimates of A after ith

and (¢ — 1)th iterations, and e is the prespecified tolerance.




Table 1: Reported are the average and the standard deviation of D?-distance with hy = 1 based on
500 replications. Three methods are compared: our method (MICA), the method in Matteson & Tsay

(2011, DOC), and the method in |Belouchrani et al.[ (1997, SOBI).

Dist. p Methods n =50 n = 100 n = 200

MICA  0.193 (0.069) 0.172 (0.071) 0.147 (0.074)
5 DOC  0.181(0.071) 0.161 (0.068) 0.127 (0.066)

SOBI  0.169 (0.064) 0.151 (0.068) 0.124 (0.068)

Normal

MICA  0.374 (0.050) 0.349 (0.054) 0.323 (0.055)
10 DOC  0.362(0.051) 0.324(0.056) 0.289 (0.062)

SOBI  0.368 (0.050) 0.321 (0.060) 0.291 (0.059)

MICA  0.140 (0.068) 0.102 (0.061) 0.075 (0.056)
5 DOC  0.201 (0.084) 0.166 (0.078) 0.119 (0.075)

Example T SOBI  0.216 (0.087) 0.164 (0.082) 0.129 (0.079)

MICA  0.317 (0.062) 0.269 (0.059) 0.231 (0.055)
10 DOC  0.394 (0.063) 0.350 (0.071) 0.286 (0.074)

SOBI  0.405 (0.065) 0.362 (0.072) 0.301 (0.074)

MICA  0.153 (0.071) 0.109 (0.065) 0.067 (0.050)
5 DOC  0.230(0.068) 0.214 (0.070) 0.176 (0.072)

SOBI  0.187(0.075) 0.147 (0.072) 0.107 (0.065)

exp
MICA  0.350 (0.058) 0.314(0.058) 0.268 (0.056)
10 DOC  0.385(0.052) 0.358(0.054) 0.319 (0.058)
SOBI  0.371 (0.050) 0.330 (0.060) 0.278 (0.060)
MICA  0.137 (0.076) 0.075 (0.058) 0.037 (0.037)
5 DOC  0.281(0.093) 0.270 (0.088) 0.271 (0.080)
SOBI  0.268 (0.086) 0.270 (0.081) 0.261 (0.084)
t
MICA  0.292 (0.072) 0.188 (0.075) 0.099 (0.057)
10 DOC  0.452(0.066) 0.444 (0.068) 0.439 (0.072)
Example II SOBI  0.448 (0.053) 0.442(0.054) 0.440 (0.053)
MICA  0.161 (0.072) 0.074 (0.052) 0.021 (0.024)
5 DOC  0.258 (0.076) 0.263 (0.085) 0.253 (0.080)
SOBI  0.268 (0.086) 0.270 (0.081) 0.261 (0.084)
exp

MICA (33%9 (0.060) 0.261 (0.064) 0.132 (0.052)
10 DOC  0.437(0.057) 0.435(0.057) 0.423(0.055)

SOBI  0.448 (0.053) 0.442(0.054) 0.440 (0.053)




Table 2: Reported are the proportions of correct segmentations, 7, the average and the standard
deviation of D2-distance when estimated groups are correct with hg = 5 based on 500 replications.

Two methods are compared: our method (GMICA), the method in|Chang et al.| (2018, TS-PCA).

n = 200 n = 500 n = 1000

Dist. p  Method
T D? m D? m D?

GMICA 0.684 0.028 (0.020) 0.884 0.011(0.008) 0.976 0.005 (0.004)

TS-PCA 0.682 0.098 (0.056) 0.886 0.040 (0.036) 0.970 0.021 (0.026)

Normal

GMICA 0.364 0.060 (0.070) 0.756 0.018 (0.017) 0.882 0.004 (0.009)

TS-PCA 0.152 0.206 (0.072) 0.288 0.119 (0.043) 0.460 0.092 (0.038)

GMICA 0.638 0.021 (0.029) 0.858 0.007 (0.006) 0.974 0.004 (0.003)

Example I TS-PCA 0.612 0.118 (0.065) 0.842 0.055(0.049) 0.938 0.028 (0.027)

GMICA 0.414 0.050(0.022) 0.714 0.030(0.057) 0.816 0.005 (0.010)
12
TS-PCA 0.164 0.206 (0.066) 0.372 0.146 (0.065) 0.462 0.102 (0.067)

GMICA 0.640 0.023 (0.028) 0.880 0.008 (0.005) 0.956 0.004 (0.003)

TS-PCA 0.630 0.104 (0.055) 0.842 0.042(0.027) 0.938 0.022 (0.016)

exp
GMICA 0454 0.064 (0.071) 0.752 0.030(0.031) 0.790 0.001 (0.005)

12
TS-PCA 0.138 0.217 (0.063) 0.338 0.144 (0.051) 0.426 0.102 (0.045)

GMICA 0.608 0.067 (0.085) 0.702 0.037 (0.057) 0.728 0.002 (0.011)

TS-PCA 0.158 0.229 (0.061) 0.160 0.198 (0.071) 0.132 0.171 (0.066)

GMICA 0.306 0.073 (0.043) 0.468 0.009 (0.023) 0.660 0.005 (0.014)

TS-PCA 0.098 0.247 (0.059) 0.088 0.215 (0.054) 0.096 0.194 (0.059)
Example II

GMICA 0.768 0.067 (0.062) 0.920 0.027 (0.029) 1.000 0.001 (0.006)

TS-PCA 0.136 0.234 (0.064) 0.088 0.214 (0.056) 0.064 0.200 (0.056)

exp
GMICA 0.354 0.096 (0.047) 0.556 0.017 (0.031) 0.808 0.007 (0.018)

12
TS-PCA 0.086 0.267 (0.046) 0.044 0.233 (0.053) 0.050 0.221 (0.057)
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Table 3: Avearage MSPE for community mobility data.

Method hy="17 ho =14
Groups 6 Groups (3,1,1,1,1,1) 6 Groups (3,1,1,1,1,1)
GMICA MSPE (g =1) 1.003 1.002
MSPE (¢ = 2) 0.960 0.952
Groups 8 Groups 8 Groups
MICA  MSPE (¢ =1) 1.011 1.023
MSPE (¢ = 2) 0.993 0.989

Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)

TS-PCA MSPE (¢ = 1) 1.112 1.139
MSPE (¢ = 2) 1.164 1.041

Groups 8 Groups 8 Groups
DOC MSPE (¢ = 1) 1.127 1.123
MSPE (¢ = 2) 1.042 1.064

Groups 8 Groups 8 Groups
SOBI MSPE (¢ = 1) 1.122 1.155
MSPE (¢ = 2) 1.036 1.045

Groups 8 Groups 8 Groups
sUARMA MSPE (¢ = 1) 1.235 1.235
MSPE (¢ = 2) 1.281 1.281

Groups 1 Group 1 Group
SVARMA MSPE (g =1) 1.159 1.159
MSPE (¢ = 2) 1.231 1.231

Groups 1 Group 1 Group
ref VAR  MSPE (¢ = 1) 1.583 1.583
MSPE (¢ = 2) 2.353 2.353
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