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Abstract: The Vector Auto-Regressive (VAR) model is commonly used to model
multivariate time series, and there are many penalized methods to handle high
dimensionality. However in terms of spatio-temporal data, most methods do not
take the spatial and temporal structure of the data into consideration, which may
lead to unreliable network detection and inaccurate forecasts. This paper pro-
poses a data-driven weighted [/; regularized approach for spatio-temporal VAR
model. Extensive simulation studies are carried out to compare the proposed
method with five existing methods of high-dimensional VAR model, demonstrat-
ing improvements of our method over others in parameter estimation, network
detection and out-of-sample forecasts. We also apply our method on a traffic
data set to evaluate its performance in real application. In addition, we explore
the theoretical properties of [1 regularized estimation of VAR model under the
weakly sparse scenario, in which the exact sparsity can be viewed as a special
case. To the best of our knowledge, this direction has not been considered yet in
the literature. For general stationary VAR process, we derive the non-asymptotic

upper bounds on [; regularized estimation errors, provide the conditions of es-
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timation consistency, and further simplify these conditions for a special VAR(1)

case.

Key words and phrases: Vector auto-regressive model, spatio-temporal structure,

1 regularization, weak sparsity

1. Introduction
The Vector Auto-regressive (VAR) model, a popular tool to simultane-
ously model and forecast a number of time series, has been widely applied in

different scientific fields such as econometrics 1980)), finance (Tsay,

2015)), ecology (Hampton et al. 2013) and so on. Recent developments in

computing have made high-dimensional time series increasingly common
in many studies. As the number of time series component increases, the
number of parameters in VAR model increases dramatically, which leads to
unreliable or even infeasible estimation. The usual way to handle the high
dimensionality is to impose sparsity or low rank structure on the transi-

tion matrices. Many estimation procedures have been proposed including

but not limited to /; regularization (Basu and Michailidis, |2015), two-stage

l; regularization (Davis et al, [2016), sparse seasonal VAR (Baek et al,

2017)), low rank structured VAR (Basu et al., 2019)), hierarchical lag spar-

sity (Nicholson et al., 2017; Nicholson and Matteson, [2020; |Safikhani et al.,

2018), banded VAR (Guo et al 2016) and nonconcave penalization (
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et al.[[2020). Another group of methods assume a factor structure on the
time series data to reduce the dimensionality, e.g., Lam and Yao (2012)) and
Tu et al. (2020). Meanwhile, such high-dimensional techniques become very
popular in many applications, such as econometrics (Matteson and Tsayl,
2011)), genetics (Michailidis and d’Alché Buc, 2013), biology (Hu et al.,

2019)), ecology (Reyes et al., [2012) and so on.
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Figure 1: The left panel illustrates the sparsity (zero/non-zero) pattern
for the transition matrix ® in a VAR(1) process with * denoting non-zero
entries. The right panel illustrates the network structure implied by this
VAR(1) process. For example, @13 is non-zero, which indicates a directed

connection from the third site to the first site.

As for spatio-temporal data, each component of the multivariate time

series contains the observations in one spatial location (site). Parameters
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in the transition matrices can naturally capture the spatial and temporal
interrelationship among the sites. Meanwhile the zero-nonzero patterns of
the transition matrices reflect the network structure in the dataset. Figure
shows a simple example of VAR(1) model on five sites. We can see there
exists a directed connection from site 3 to site 1, indicating that Xy; is
dependent on X3, 1, so @3 is nonzero. Meanwhile ®3; = 0 means there is
no directed connection from site 1 to site 3. Thus for spatio-temporal data,
the spatial structure and temporal information should be incorporated in
the modeling procedure. If such information is ignored, high-dimensional
methods may lead to inaccurate network estimation and unreasonable sci-
entific conclusion. Figure [l illustrates the drawback of ignoring the spa-
tial and temporal information based on a simulation study in Section [3.3]
in which the blue edges and red edges stand for false negatives and false
positives respectively. Without considering the spatial and temporal infor-
mation, the five existing methods studied in the simulation underestimate
true connections. Meanwhile, LASSO, adaptive LASSO (adaLASSO) and
SCAD also overestimates wrong connections. In contrast, our proposed
method (WLASSO1 and WLASSO2) recovers the network very well and
significantly reduces false positives and false negatives.

In this paper, we proposed a data-driven weighted [; regularized ap-
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Figure 2: Comparison of the proposed methods (WLASSO1 and

WLASSO2) to five existing methods (LASSO, adaptive LASSO, SCAD,

MCP and spaLLASSO from [Schweinberger et al.| (2017))) in network estima-

tion of one simulated VAR(1) process from Section In detail, if both
true value ®,, and its estimator i)ss/ are nonzero, a black edge is drawn to
connect site s and site s'. If @,y is not zero but @,y is zero, the edge is red.

If &, is zero but @)Ss/ is not zero, the edge is blue.

proach that constructs the penalty according to spatial distance among
sites and temporal lags in the VAR model. We derived non-asymptotic
upper bounds of the estimation error which hold with high probability, and

showed these bounds are smaller than those from LASSO (remark (c) in
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Section and Section . The simulation studies compare the proposed
approach with five existing methods including LASSO (Basu and Michai-
lidis, 2015), SCAD and MCP (Zhu et al., 2020), spal,LASSO (Schweinberger
et al., 2017) and adaptive LASSO (Zou, 2006; Wang et al., [2007a). The
proposed approach shows significant advantage in model fitting, network
detection and forecasting performance (Table and Figure in the
supplemental material). We applied our method to a traffic network dataset
in Des Moines, lowa area. The network structure detected by LASSO is not
meaningful while the proposed method provides more reasonable estimated
network and better forecasting results.

There are few papers focusing on high-dimensional VAR in the spatio-
temporal setting. The most relevant one is [Schweinberger et al.| (2017),
denoted as spalLASSO, which incorporates spatial structure in VAR model
estimation. Their approach assumes the spatial dependence only exists
within a specific distance p, while p is either known or estimated in an
initial step by LASSO within sub-sampled sites. After p is specified, only
parameters associated with distances smaller than the given p are estimated,
and others are fixed as zero. Assuming the distance p is known is usually
unrealistic in real data sets. In estimating p by an initial LASSO estimator,

inaccuracy of the initial estimator can produce unreliable estimation of p,
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thus contaminating the final estimation of the model. As shown in Figure
(¢), LASSO cannot identify the true network and therefore would deliver
inaccurate estimation of p and eventually results in an inaccurate estima-
tion from spalLASSO (Figure 2| (g)). Further, the assumption of no spatial
dependence beyond distance p is restrictive, and may not be true in some
real cases, such as the more general weakly sparse scenario considered in
this paper. In addition, this approach does not incorporate the lag order
of temporal dependence. In contrast, the proposed method incorporates
both spatial and temporal information in a smooth way rather than trun-
cating the parameters at a certain distance, and the penalty weights are
data-driven so that no prior information is needed. The algorithm of the
proposed method is one-step and easy to carry out via existing algorithms.

In real application, spatial and temporal dependence may still exist
even for a long distance or temporal lag. In such cases, the transition ma-
trices in the VAR model will have many small non-zero elements thus are
not sparse, which is the so called “weakly sparse” scenario. The second
goal of this paper is to investigate the theoretical properties of [; regular-
ized estimation of VAR model under weakly sparse scenario. Weak sparsity
is pursued mostly for independent data including Negahban et al.| (2009))

and [Raskutti et al| (2011). There is a gap in the literature in investigat-
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ing the properties of [; regularized estimation for high-dimensional VAR
models under the weakly sparse scenario. Our contribution is to fill this

4

gap. In addition, the “weak sparsity” defined in this paper is more general
than the [, ball constraint which is commonly used in literature and we will
discuss the advantages of our weak sparsity in detail in Section [2.3] We
first derive the upper bounds of [; regularized estimation error for general
stationary VAR process (Theorem [2) and provide the weak sparsity con-
straint which guarantees the estimation consistency. Then we further
explore the weak sparsity constraint and simplified it in a special case of
VAR(1) process. Moreover, the results in Theorem 2 can also be directly
used to derive the error bound under the /. ball setting (Corollary [1)) and
we prove our weak sparsity constraint is more relaxed than the [, ball set-
ting (Remark (a) of Corollary [1). Finally, the proposed method under the

weakly sparse scenario is examined in the simulation studies, which shows

impressive advantages over other existing methods.

Outline of the Paper: The remainder of the paper is structured as
follows. Section [2|introduces the weighted [; regularized approach for high-
dimensional spatio-temporal VAR and its theoretical properties. Section

presents the implementation of the proposed method and compares its
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performance with LASSO, SCAD, MCP, adaptive LASSO (adalLASSO) and
spalLASSO through several simulation studies. Application on the traffic

network dataset is in Section [4] followed by the conclusion in Section [5

Notation: Throughout this paper, we denote the cardinality of a set
J by |J|, and use J¢ to denote its complementary set. For a vector wv,
we use vy = (v;);es to denote the sub-vector with support J, and use
vll, == s, [v;]9)Y/4 to denote its 19 norm. For a matrix A, we use 4; to
denote its jth column. vec(A), A’ and A¥ are its vectorization, transpose
and conjugate transpose respectively. AoB and A® B are the element-wise
product and Kronecker product of matrices A and B. Apax(A) and Ayin(A)
are the largest and smallest eigenvalue of a symmetric or Hermitian ma-
trix A. For a squared matrix A, ||Al|-, p(A) and ||A]|, are its Frobenius
norm /tr(AH A), spectral radius max{|\;| : \;’s are eigenvalues of A}, and
spectral norm \/m respectively. We write x 2 y if there exists a
positive constant ¢ such that x > cy. If we have both x 2 y and y 2 x, we

use x < y to denote their relationship.
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2. High-Dimensional Spatio-Temporal Vector Autoregression

Suppose x4 is the observation on site s at time ¢ (s = 1,--+,m; t =
1,---,T), and we assume X; = (zy4, -+, Tyme) 1S generated by a p-th order

vector auto-regressive (VAR) process:
X, =0 X+ + P, X, 4, g ~TN(0,X), (2.1)

Here ®4,--- , ®, are m x m transition matrices encoding dependence across
space and temporal lags. We use @, ;» to denote the ss’-th entry of ®;, so
that @, .y represents the [-lagged influence of site s’ on site s. We express

this VAR(p) model as the following multivariate regression form:

/ / / /
X7 Xrq oo XTfp & er
o= s e+
!/ / / /
X!, X, x| o] en
——— ~ A, N N —
Y(T_P) xXm X(T—p) Xpm Bp'm><7n E(T_p) xm

In the high-dimensional case, LASSO can recover the sparseness of tran-
sition matrices and reduce forecasting error (Basu and Michailidis, 2015).
However, regular LASSO uses the same penalty for different ®; ;+ compo-
nents, which may be inappropriate for spatio-temporal data. Instead, we
proposed the following weighted [, regularized LS, which penalizes ®; s¢

according to the spatial distance between site s and s', say d,y, as well as
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the temporal lag [:
~ 1
weighted [;-LS: B = mBin N |Y — XBJ|% + AvQ(B), (2.2)

where N =T—pand Q(B) =], Z:S,zl Wy ss | Pr s | With wy s¢ > 0 being
the penalty weight for ®; ;. Since ®; ;¢ quantifies the dependence between
site s and site s’ across temporal lag [, it is more likely to be zero if d,y and
[ are large. Therefore, the weight w; ;¢ is set to be an increasing function
of distance d,y and temporal lag [. Through this construction of penalty
weights we impose a spatio-temporal structure on the data in which the
conditional dependence among two sites across temporal lag [ (represented
by @, ss) decays as spatial distance ds¢ and temporal lag [ increase. There

are several ways to define the weights, for example:

(1) _ ldss’ (2) — (1 ldss’ “ 923
w1758/ P (Cl dmax) y wl,ss, ( _'_pdma:v ’ ( ' )

where d,,,, is the maximum of d,» and c¢;,cy > 0 are universal constants
to be determined by cross validation. The inclusion of ¢; and ¢y ensures
weights are data-driven and adds flexibility to this method. Other weight
functions can be defined as well based on the context of the dataset under

investigation. A special case is that w; sy is only a function of dss such

@) _

l,ss’

as w exp (¢3dss' /dmaz), which means the magnitudes of parameters

are only influenced by the distance. The performances of different weight



2.1 Model Assumption12

functions are examined in simulation studies and real data application.
Utilizing weighted penalty functions such as those above significantly
improves model performance without sensitivity to the exact choice of
weight functions. This is mainly due to including a data-informed con-
stants ¢; in all weight functions, which are selected via cross-validation.
Including such data-driven constants optimizes the weight to some extent
and reduces the reliance of model performance on the choice of weight func-
tions, demonstrating the robustness of the proposed method with respect

to changes in the weight functions.

2.1 Model Assumption

In the following, we provide non-asymptotic bounds on the estimation error
of weighted [,-LS estimation (2.2)), and show that under certain conditions

the proposed estimator is consistent. We rewrite the VAR model as:
vec(Y') = vee(X B) + vec(E) = (I, ® X)vec(B) + vec(E) := Z3 + e,

where y = vec(Y) is mN x 1 vector, Z = I, ® X is mN X ¢ matrix and
B = vec(B) is q x 1 vector with ¢ = m?p. The proposed estimation (2.2)

can be expressed as the following M-estimation:

A

B = argmin {205 + BT + WD)} (24)
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where 4 = (I, ® X')y/N and T' = (I, ® X’X)/N. Throughout this
paper, we denote the true parameter as 3* and the corresponding true
transition matrices as ®7,---,®;. We consider two scenarios: (1) B* is
exactly sparse; (2) 3* is not exactly sparse, but can be well approximated

by a sparse vector, which is called “weakly sparse”. Both scenarios need

the following assumption:

Assumption 1. VAR(p) process is stationary, that is, the roots of |I,, —

P, ®z| = 0 are lying outside the unit circle. Also X is positive definite.

This is a fundamental assumption in high-dimensional time series anal-
ysis. Since the key in analyzing the M-estimation is the dependence
shown in 4 and f‘, this assumption guarantees that the spectral density
of {X;} exists. Under such assumption, Basu and Michailidis (2015]) used
spectral density to construct measure of dependence and proved that 4 and
I' satisfy two important conditions. More specifically, Proposition (4.2) and
(4.3) in Basu and Michailidis (2015) state that, under Assumption , there
exist constants b;, such that for N > max{w? 1}(logp + 2logm), the RE

condition (2.5)) and Derivation condition ({2.6|) hold with probability at least
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1 — by exp(—by N min{w™2,1}) — bz exp(—by(logp + 2logm)):

Restricted Eigenvalue (RE): 0T6 > o ||0]2 — 70|}, V0 € RY, (2.5)

+ 2logm
N .

A 1
Derivation condition: || — I'8%||e < Q\/ o8P (2.6)

Here w, a, 7 and Q are determined by the transition matrices {®;}_, and

covariance matrix of the innovation . In details, first we define

Hinin(®) = min Awin(@7(2)®(2)),  fimax(®) = mex Amax (B (2)®(2)),

where ®(2) =1 -7 ®;2' (2 € C) is the characteristic polynomial of the

VAR process and ®%(z) is its conjugate transpose. Further we set

o, o, D,
B I, - 0 0 ®(2) = I, — Pz (2 € C),
b = 3 ~ ~
, len(q}) - |H‘11_I% Am1n<q}H<Z)q)(z))
I 0 L, O |

Then w, a, 7 and Q are defined as follows:

Amax(z)/,u/min(@) Amin(z) 2 1ng + lOg m
w=a , @=——-— T=amaxw,l}—————
1Amin(2)/,umax<q)) ZNmaX(q)) { } N

Amax E Amax Z max @
Q = a5 | Apae(3) 4 2mxE) | Aman(B) i (2) | (2.7)

,umin<@> Mmln((I))
where a; and a, are positive constants. We refer to Basu and Michailidis
(2015) for more details. The RE condition (2.5) and Derivation condition

(2.6) are the key to derive convergence rate of the M-estimation ([2.4)).
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2.2 Convergence Rate under Exact Sparsity

In this section, we assume the true parameter 3* has many zero entries,
and we set its support to be J = {(l, ss') : ], # 0} with |J| = k. Further

we need the following constraint for the penalty weights:
Assumption 2. w; s > 0 for all (I,ss") € JC.

This assumption states that the parameters with true values being
zero should have nonzero penalties. This assumption can be guaranteed
by setting all penalty weights to be positive. In addition, any choice of
(An, {wiss}) is equivalent to (XN,{wl,SS,}) with Ay = a\y and Wy s =
wy s /a for any arbitrary positive number a. So without lost of gener-
ality, we can set min{w; . : (I,s8') € JY} = 1. Further we set r, =
max{w; sy : (I, ss") € J}, which is indeed the ratio between the maximum
weight of nonzero parameters and the minimum weight of zero parameters,
ie. r, = max{w s : (I,s8') € J}/min{w; . : (I,s8') € J°}. In the fol-
lowing theorem, we can see this ratio is the key quantity for the proposed

method to achieve smaller error bounds than LASSO.

Theorem 1. Consider weighted l1-LS estimator in (2.4)). If Assumption[]]
and [9 hold, there exist constants b; > 0 not depending on data and model

parameters, such that for any N 2 (1 + r,)* max{w?, 1}k(logp + 21logm)
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and Ay > 4Q+/(logp + 2logm)/N, with at least probability:
1 — by exp(—byN min{w™2,1}) — by exp(—by(log p + 2logm)),

the estimation error (B — B%) is bounded as follows:

. 2 + 67, + 412
Vi, 18- 87 £ T

(1+ 2r,)?
2a

. . 1+ 2ry,
1B =82 <

(B-B")T(B-p") < kX%

If we set so = min{| 35| : j € J}, the number of false zero is bounded by:

2 + 61, + 412

supp(8*)\supp(B)| < YEAN.

S
If we consider a threshold version B := {B]](|B]| > Ay)} with I(.) being

the indicator function, the number of false non-zero in B is bounded by:

<(1+ 2rw)2

I

‘Supp(,@)\swp(ﬂ*)

Remarks. (a) |3 — 3%, = \/Zle | @, — ®7||% is the error of transition
matrices under Frobenius norm. (8 — 8*)T'(3 — 3*) = SIS (@ —
®7)X;_||3/T is the in-sample prediction error under Iy norm.

(b) If we set r,, = 1 which corresponds to LASSO, we will get the
following upper bounds that are similar to those in |Basu and Michailidis
(2015): [|B—B*||2 < 3VEAn/a, |B—B|l1 < 12k\y/a, (B—B")T(B—B*) <

kA%, [supp(B*)\supp(B) < 12kAn/(s00), |supp(B)\supp(8°)| < 9k/ar.
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(¢) Compared with LASSO (r,, = 1), if weights {w; sy} are properly
specified, the ratio r, should be much smaller than one. In the ideal case
when 7, is close to zero, our upper bounds for |3 — B*[|2, |8 — 871,
(B—B*)T(B—p"), ‘Supp(ﬁ*)\SUPp(B)’ and ’SUpp(ﬁ)\SUPp(ﬂ*) are nearly
1/3,1/6,1/9, 1/6 and 1/9 of that from LASSO respectively.

(d) Condition of Consistency: If the global penalty Ay is selected as

Ay < Q\/(logp + 2logm)/N, the upper bounds of the estimation errors

become:
|| ||2 . N ’
é * (2 67’w 47’3})(2 k(l()gp = 210g m)
H ”1 N ’
~ A ~ 1 21
(6 3*)" (/3 — I@*) < —(I + fz’]" )2a—1@2 k( ogp N Ong)7

where o and Q are related to unknown parameters as shown in equation

1} When Q/«a has a finite upper bound, we will have ||B — B2 <

~Y

Vk(logp +2logm)/N. In this case, the consistency of the proposed esti-

mator only requires that N increases at a faster rate than k(log p+2logm).

2.3 Convergence Rate under Weak Sparsity

In real applications, the conditional dependence quantified by ®; ., may

not be zero even for large distance ds and/or lag I. For instance, ®; , # 0

may occur for large distance d ¢ especially when the sites are located on
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an irregular lattice. This example motivate us to consider a scenario called
“weak sparsity”, in which the true parameter vector 3* does not have many
zeros (i.e. not exactly sparse) but can be well approximated by a sparse
vector. There are only few results in the literature discussing weak spar-
sity, and almost all of them have focused on independent data (Negahban
et al., 2009, Raskutti et al., |2011), except [Sun et al.| (2018)) which focuses
on estimating the spectral density matrix of high-dimensional time series.
Moreover, they each define weak sparsity under the so-called “ [, ball” set-
ting. Specifically, they assumed the true parameter vector is within the
[, ball: B,(R) := {B* i 1B < R} where 7 € [0,1] is fixed. Under
this setting, a constraint on the radius R is required to achieve the estima-
tion consistency. For example, in independent data, LASSO estimator is

consistent if R satisfies:

N 1-7/2
[, ball constriant: R =o (( ) ) : (2.8)

log q

where ¢ is the number of parameters (Negahban et al., 2009, Raskutti et al.
2011). However, how “sparsifiable” 3* is depends on the relative magnitude
of each element in B* rather than its overall [, length. Thus the [, ball
setting does not clearly describe the “sparsifiablility” of 3*. A special case
in which all 87s have the same magnitude could still fit in the /, ball setting.

While, in this case 8* cannot be approximated by a sparse vector and is not
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suitable for [; regularized estimation. As a consequence, in general the [,
ball setting may not be a reasonable way to relax the sparsity assumption.
Instead of using the [, ball setting, we define “weak sparsity” from
another perspective: most entries of 3* are small enough such that 8* can
be well approximated by its hard thresholding version, say 3,, whose jth
entry is 87 (|8;| > n). For any given threshold n, we use J, = {j : |5;| > n}
to denote the support of 8. The formal definition of our proposed weak
sparsity is as follows.
Definition (Weak Sparsity Constraint): If there exists an 7 such that

the following two conditions hold,

2
o) N
= — d
il O<(@> logp+2logm> o

. e 1 N
1B5clly = o (mm{@, 1, 5} \/10gp+ 210gm> (2.9)

C o -, . . .
where J;" 1= {j: 187 < n}, we say (3* satisfies the weak sparsity constraint.

*

, 1s sparse and is

This constraint means, with a proper choice of n, 3
a good approximation of 3* in the sense that its difference from B*, de-
noted as 53707 is small enough. In this way, our weak sparsity constraint
quantifies how sparsifiable the true parameter vector B8* is so that its [y
regularized estimation remains consistent. In the following theorem, first

without this constraint, we give a general result of the upper bound of the

estimation error. Then under this weak sparsity constraint, with proper
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choice of Ay we can show the proposed estimator is consistent. Further-
more, we simplified the weak sparsity constraint in a special case of VAR(1)
in Proposition [I} Finally, we directly apply Theorem [2] to derive the upper
bound of estimation error under the [, ball setting and prove our weak spar-
sity constraint is more relaxed than the [, ball constraint (Corollary
. Also notice that the following Theorem [2{ and Corollary (1| also hold
for LASSO, since LASSO can be viewed as a special case of the proposed
method where all w; s¢s are the same. To state our theorem, we define the
following notations: for any 7, we set wy(n) = min{w; . : (I,ss') € J5},

ws(n) = max{w; sy : (I,s5") € J,} and r4,(n) = wa(n)/wi(n).
Assumption 3. w; s > 0 for all (I, ss').

Theorem 2. Consider weighted l,-LS estimator in and assume As-
sumption[]] and[3 hold. Then there exist constants b; > 0, such that for any

n, if N 2 (14 ro(n)?Jy| max{w?, 1}(log p + 2logm) and Ay = Ay /w1 (n)

with \y = 4Q+/(log p + 2logm) /N, with at least probability:

1 — by exp(—byN min{w™2,1}) — by exp(—by(log p + 2logm)),
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the estimation error (B — B%) will be bounded as follows:

ru (AN 185l
i

(67

N . 1+ 2r, ~
1B=872 < — () |Jn|)\N~|—2\/
4r,(n) max{w, 1}~

Q AN [1B5e 1,
1B=B8 < (2+7r.(n)) \Jn|HB—ﬁ*H2+4rw(’f?)\|ﬁ§§||1a
4 1+ 27,(n)

(B-BVTB -0 < — I8 = B2 + 2 (mAx1B5¢ |1

Secondly, if there exists an n such that B* satisfies the weak sparsity con-
straint , the proposed estimator is consistent, i.e. for any arbitrary

e>0, Pr (Hﬁ—ﬁ"”z>e) — 0 as T,m — oo.

Remarks: (a) Theorem [2| includes the exact sparsity as a special case.
If B* is exactly sparse with k& nonzero entries, by setting n = 0 we can
obtain |.J,| = k and ||,8;$||1 = 0. Then the above three upper bounds are
exactly the same as those in Theorem [I] For weakly sparse scenario, we
approximate B* by its hard thresholding version 8. As a consequence,
extra terms containing || ,3}5 |1 occur in the upper bounds.

(b) By setting r,, = 1, we can obtain the upper bounds of LASSO:

. 3 ~ XNH/@;cnl dmax{w, 1}~
1881 < 21w +2 F Amaxte s 8l
o o Q n

18 = 87l < 3y/1[18 = Bll2 + 41B3¢ |1,
. L 3 - -
(B=B)L(B = B) < S\ Il AnIB = B2 + 2An[185¢ 1
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Further, if the weak sparsity constraint holds, LASSO estimator is
also consistent.

(c) If weights {w; ss } are properly specified, ratio r,, should be smaller
than one and implies smaller error bounds comparing with LASSO. In the
ideal case when r,, is close to zero, the error bounds of the proposed method

are approaching to:

188 < =1l 1881 <2/17118 - 8]l

(B BB~ 8) < 5/l 7aAnllB — 61
which are less than 1/3, 2/9 and 1/9 of those from LASSO respectively.

The meaning of the weak sparsity constraint is straightforward.

However, it is hard to verify in application since it contains «, Q and w
which depend on unknown model parameters. When « is bounded away
from zero, Q and w are bounded away from infinity, weak sparsity con-
straint can be simplified as |J,| = o(N/(logp + 2logm)) and ]\B}$||1 =
o(N/(logp + 2logm)), which only depends on the number of observation
and parameter dimension. For general stationary VAR process, the behav-
iors of a, Q and w are complex and cannot be guaranteed to be bounded.
Here we consider a simple case of VAR(1) process whose transition matrix
is symmetric, and explore the properties of o, Q and w in the following

Proposition [I}
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Proposition 1. For any stationary VAR(1) process Xy = ®X;_1+ ¢, whose

transition matriz ® is symmetric, we have

Nl <1 foranyi, p(®) = max |\,

1<i<m
fimax (@) = (1 + :0((1)))27 fimin (@) = (1 — p(CI))){
where {\;}™, are the eigenvalues of ®. Furthermore, « is bounded away
from zero, Q and w are bounded away from infinity if and only if Apax(2)
is bounded away from infinity, Anin(2) is bounded away from zero and p(P)

s bounded away from 1.

This proposition implies: for VAR(1) process with symmetric tran-
sition matrix, if the eigenvalues of ¥ and ® behave properly and there
exists an n > 0 satisfying |J,| = o(N/(logp+ 2logm)) and HﬁjncHl =
o(N/(logp+ 2logm)), we will achieve the consistency of 3. Symmetry of
® is not required for general case to build consistency. But it helps simplify
the weak sparsity constraint and makes it more informative for real appli-
cations. In addition, since d,y equals to dy,, symmetric & can happen in

reality when @, is a function of distance dg .

[, Ball Setting: |Negahban et al| (2009) and Raskutti et al. (2011)) in-
vestigate LASSO estimation of linear regression in independent data under

the [, ball setting. Under some conditions, they built up the upper bound
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of 5 estimation error and provided the condition of consistency (i.e. [, ball
constraint (2.8))). Based on Theorem [2| we can obtain similar error bound
and [, ball constraint for the proposed method. We present this result as
the following corollary. Moreover, we prove that our constraint is more

relaxed than the [, ball constraint and thus more general.

Corollary 1. Consider weighted 11-LS estimator in with true pa-
rameter B* within the I, ball: B.(R) := {[3* i 1B < R}. Assume

Assumption |1 and @ hold. Further set wy = min{w; sy }, we = max{w s},

T = wa/wi, Ax = 4wy 'Qy/(logp + 2logm)/N andn = Ay /a. Then there
exist constants b; > 0, such that for any N 2 (1+ry,)?|J,| max{w?, 1}(log p+

2logm), with at least probability:
1 — by exp(—byN min{w™2,1}) — by exp(—by(log p + 2logm)),

the estimation error is bounded as follows:

- . wy + 2ws + 2 /wy 1 2=r  4wymax{w, 1
8= By < LFRR 2V gy .1

2—r
= Qo RAZT. (2.10)

2—7r
Remark: (a) The above corollary implies a2 Rz Ay =o(l)and o 'RAYT/Q =

o(1) are required to obtain the estimation consistency in the [, ball setting.
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After plugging in the choice of Ay, we obtain the following [,. ball constraint:

2—r

1 21 2
o' Q"R ( °ep +N ogm) =o(1), and
r1yl-rpp (108 +2logm =
max{w,1}a"Q "R N =o(1). (2.11)

In the supplemental material, we proved this constraint is more strict than
our weak sparsity constraint .

(b) It is also worth noting that, in the special case when « is bounded
away from zero and Q and w are bounded away from infinity, the second
term in (2.10)) is of higher order than the first term. Thus the conver-
gence rate becomes |3 — B*|l = O (R% ((logp + 21log m)/N)l/z_TM) =
O (R% (log q/N)l/Z_T/ZL) with ¢ = pm? being the number of parameters.
This rate is the same as that in regression of independent data (Raskutti

et al., 2011 Negahban et al., 2009).

3. Simulation Studies

In this section, we first describe the implementation of the proposed weighted
1 LS approach . Then we present several simulation studies which com-
pare the proposed method with five existing penalized estimations of high-
dimensional VAR, which includes LASSO (Basu and Michailidis|, [2015)),

SCAD and MCP (Zhu et al., [2020)), adaLASSO and spaLASSO (Schwein-
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berger et al., 2017). Several settings of VAR order, dimension of time
sereis and sparse scenarios are considered. It turns out in all settings and
scenarios the proposed method achieves substantial improvement over the
existing methods in parameter estimation, network detection and out-of-
sample forecast. Due to consistent findings across different settings, we will
describe simulation of VAR (1) with m = 100 in detail and only summarize

distinct findings for other simulation settings.

3.1 Practical Implementation

The objective function in the minimization problem (2.2) can be decom-

posed as a sum of independent objectives:

I

> | 1% - XBUE + aweu(B)).

i=1

where Y; and B; are the ith column of matrices Y and B respectively, and

Q%(B;) =>11, Z;n:l Wy ss'|Prss|. Therefore, the optimization 1' can be

solved in parallel by solving the following sub-objectives:

1
H}BinNHY}—XBiHQJr)\NQi(BZ-), i=1,-- m. (3.12)

By defining (Af)l,ss/ = WP, B = [EI;l,--- ,®,]" and correspondingly
X0 = [}1(1)’ e ,f,(,% whose jth column is )A(:j(i) = X, o w® with

wD = (/w1 wiim, - 1/wyi, -, 1/wym), objective (3.12) is
(/ 1,il, ) / 1,im; ) / p,ils ) / p,zm)a J ‘
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transformed into a LASSO optimization:
. 1 N(l) = 112 = .
min < |[Y; = XY Bil[; + Av[[Bill,, i=1,---,m,
B N

which can be easily solved by existing LASSO algorithms.

In practice, we need to select the VAR order p, the penalty param-
eter Ay and the universal constant ¢; in the penalty weights . The
parameter selection can follow the forward cross-validation approach which
is commonly used in high-dimensional VAR model estimation (Banbura
et al., 2010; Song and Bickel, 2011} Nicholson and Matteson) 2020)) and it
provides good performance for finite sample as shown in the following sim-
ulation studies and real data analysis. Firstly, we separate data into two
sets: training dataset {1,---,7Tp} and validation dataset {To + 1,---,T}.
Here Ty is pre-specified such as Ty = [0.67"]. Then we specify the potential
values of p and ¢ such as p € {1,--- 4} and ¢; € {0.5,5, 10, 15, 20, 25, 30}.
For each given pair of (p, ¢;), we follow [Friedman et al.| (2010)) to perform the
grid search of Ay, which starts from A{**, the smallest value that shrinks
all parameters to zero, and then decreases in log linear increments until the
value of AJ** /1000 is reached. We take 30 values along this grid, and obtain
4 x 7 x 30 triples of (p,c;, Ay). For each triple of (p,¢;, Ay), we optimize
using the training dataset and then calculate 1-step-ahead forecast

Xt(ﬁ’f"”\m for the validation dataset (t = Tp,--- ,T — 1). After that we se-
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opt opt opt
) 7, )\

lect the values of (p,c;, Any) = (p ) by minimizing the following

Root Mean Squared Forecast Error (RMSFE):

RMSFE =

2
T HXfﬁf% =X
Finally, we optimize (2.2)) based on selected (p?*, ¢, A%") and data till T

3.2 Simulation Setting

In each simulation setting, we simulate the VAR process 100 times and each
simulated process has 150 observations. The last 80 points (¢t = 71,--- ,150)
is preserved as test dataset for out-of-sample forecast comparison. For
LASSO, adaLASSO, SCAD, MCP and the proposed method, we apply
the aforementioned forward cross-validation to select the tuning parame-
ters, and set data within £ =1, ,40 as training dataset and data within
t =41,---,70 as the validation dataset. We use LASSO estimator to derive
the penalty weight for adaLASSO, i.e. \; = A/|3;| with LASSO estimator
;. For spaLASSO, we directly use the code in the online supplemental ma-
terials of [Schweinberger et al. (2017) to carry out model estimation and pre-
diction. This method uses stability selection (Meinshausen and Biithlmann),

2010) to sidestep the selection of tuning parameters. Two weight functions
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are considered in the proposed method:

ld / ld , Cc2
WLASSOL: wj), = exp <01 - ); WLASSO2: w?, = (1+ N ) |
7 P Gmax ’ D Umax

We consider the following criteria to compare method performance:

e [, estimation error: ||[§ - B = > |(i)ss/,z — @5l

!
l,s,s

e I, estimation error: |3 — 8%l = | 3 |Pesry — il

!
l,s,s

e Percentage of false zeros: PFZ = S I(®,y, = 0, ®r,, #0)/m*p.

/
l,s,s

e Percentage of false nonzeros: PENZ = 32 I(®,,; # 0, ®3,, = 0)/m?p.

!
l,s,s

e RMSFE for h-step out-of-sample forecast with h =1,--- 5.

To simply the presentation of results, we treat LASSO as benchmark and
report the ratio of each method over LASSO. Ratio less than one means

the method outperforms LASSO.

3.3 Simulation of VAR(1) with Dimension m = 100

First we construct 21 x 21 lattices with coordinates {(z,;)}:-, as z; =

0.05¢ + ¢; and y; = 0.05¢ + 0;, where ; and 0] are independently gener-
ated from unif(-0.01,0.01). Then we randomly select 100 sites from all 441

vertices in the lattice. Four sparse scenarios are considered:

(a) Exactly sparse: Generate |®*,| ~ unif(0.1,0.5); then set |®*,| =

1%, |1(dsy < 0.05) .
(b) Weakly sparse (fast decay): |®%,,| = 0.55/ exp(20 dsy ).



3.3 Simulation of VAR(1) with Dimension m = 10030

(c) Weakly sparse (slow decay): |®%,| = 0.25/ exp(5dsy ).

ss’

(d) Exactly sparse with zero parameters within small distance: Generate
|®*,| ~ unif(0.1,0.5) and set |®*,| = |®*,|I(dsy < 0.06). Then,
randomly select 33% nonzero parameters to be 0.

The sign of ®%,, is randomly selected. Scenarios (a) and (d) stand for exact
sparsity, while scenario (d) is less favorable to the proposed method since
some parameters associated with small distance are zero. This scenario is
specifically designed to investigate the performance of the proposed method
under unfavorable scenario. Scenarios (b) and (c) are for weak sparsity.
Comparing to scenario (c), |®*,| in scenario (b) decays much faster thus
more sparsifiable. To guarantee the VAR(1) process is stationary, the above
generation procedure is repeated until all eigenvalues of ®* are within (-1,1).

We set > = 0.011.

Simulation Results The empirical results is reported in Table [1| and
Figure 3| in the supplemental material. In terms of model fitting, the pro-
posed method achieves considerable improvement over other five competing
methods in all four scenarios, highlighting the advantage of incorporating
spatial and temporal information. In particular, in scenario (a), l; error,
ly error, PFZ and PFNZ of the proposed method are only 35%, 41%, 5%

and 20% of those from LASSO. In contrast, the other four methods do not
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outperform LASSO and suffer from underestimation of nonzero parameters.
The only exception is PFNZ. This is because other competing methods are
too conservative and severely underestimate nonzero parameters, thus their
PFNZ are low but their PFZ are high. Meanwhile, it is not surprising that
the proposed method has high PFNZ in scenario (d) since there are some
zero parameters associated with small distances. We further explored the
true zero parameters with distances less than 0.06 and summarized their
WLASSO estimation in Table [2|in supplemental material. It demonstrates
that the zero parameters are estimated pretty well by the proposed method
even though their WLASSO penalties are small. Specifically, more than
70% of the zero parameters are estimated as zero and another 20% of them
are estimated to be within (-0.03,0.03) which are negligible compared to
the true nonzero parameters. This is because the estimation becomes a
low-dimensional problem after the proposed method forces the parameters
with larger distances to zero, thus their estimation will be close to the
true value, i.e. zero, even without large penalties. On the other hand,
the penalty weights of adalLASSO and spalLASSO are derived from an ini-
tial estimator (LASSO). Inaccuracy of the initial estimator would produce
unreliable penalty weights thus contaminating the estimation.

Figure [2| in Section 1 depicts the network detection results of one ran-
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domly selected replicate in scenario (a) and the results are consistent with
what we observed in PFZ and PFNZ: the proposed method performs the
best and provides desirable network estimation. In contrast, the other
five methods severely underestimate true connections, meanwhile LASSO,
adaLLASSO and SCAD also overestimate wrong connections.

Figure [3]in the supplementary material plots the RMSFE ratio between
each method and the benchmark (LASSO). The proposed method signifi-
cantly improves over LASSO at h = 1,2, 3,4 in all scenarios. In contrast,
the other four methods do not show obvious advantages over LASSO and
sometimes are even worse. In addition, the performance of WLASSO1 and
WLASSO?2 are very close, which confirms the proposed method is not sen-
sitive to the choice of weight functions. The following simulation studies

and real data analysis also confirm this robustness.

3.4 Simulation for VAR(1) with m = 200, VAR(2) and VAR(3)

Simulation results are reported in Table and Figure in supplemen-
tary material, which also indicates the superiority of proposed method over
other competing methods. Furthermore, the improvement over other meth-
ods is more significant in m = 200 than that in m = 100. For example, the

proposed method has significantly better forecast than others even at hori-
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zon h =5 and its reduction in RMSE is larger in m = 200 than m = 100.
In addition, the improvement over LASSO on forecasting becomes more
obvious as p increases (Figure . This is because our method penalizes

parameters according to not only spatial distance but also temporal lags.

4. Traffic Data Analysis

The real data contains the hourly traffic volumes recorded on 79 sites on
highways around Des Moines, Iowa. The records are hourly data from
2014-09-20 to 2014-11-02 (six weeks and two days), with a total of 1056
observations for each site. These 79 sites are shown in Figure [17] in the
supplementary material.

For each site s, the volume series {z4} (s =1,---,79; t =1,---,1056)
has strong weekly periodicity, i.e. its weekly trend is repeated every 168
time points. For each time point ¢, we use d = tmod (168) to denote the
hour of the time point ¢ in one week. We model the volume series {2z} as

follows:

Zgt = Jsd + Osals, E(xg) =0and E(z%) =1, log(c.) = as + bslog(itsa),
Xt = (.Qflt, s ,xmt), Xt = ®1Xt—1 —+ -+ (I)pXt—p —|— Et. (413)

Here {psq 5%, is the weekly trend of {zy}, and {z4};2% is the series after

subtracting the trend and standardization, which is assumed to be station-
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ary. E(ry) =0 and E(z?) = 1 guarantee 044 and x4 are identifiable. The

following two-stage procedure is carried out for estimation and forecasting.

Stage 1: Estimate pgq, 054 and series {x} We first use the local
linear kernel regression (Fan et al., 1995)) to estimate {4}, and obtain
detrended series ys = zg4 — flsg- Since we have multiple y4’s at each d,
we can approximate oy by the standard error of these yg's (i.e. Ggq iS
the standard error of {yg : tmod (168) = d}). Then we regress log(dsq)
on log(fisq) to estimate as and bs. Finally, the estimate of series {z4} can
be obtained by &y = (25 — fisq)/ exp(as + bslog(fisa)). Figure [12]in the
supplemental material illustrates the result of one site in Stage 1.

Notice that some stretch of observations in {zy} are zero. This may be
a result from road construction or maintenance at that time. These zero
observations are considered as outliers and excluded when estimating {jtsq }
and {os}. The following procedure is applied for outlier screening. For a
given d, we have six to seven zg’s. If the median of these zy’s is above 30,
but one of them, say zy,, is zero, we mark zy, as outlier. In addition, we
used the idea of boxplot to identify outliers: if z, is below the interquantile
of 25% quantile or above the interquantile of 75% quantile, z4, is marked

as outlier. We exclude these outliers when estimating {54} and {04}, but
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attribute them to component {z}.

Stage 2: Modeling {X}} Set X, = (Z1g, -+ Tme)’, we apply VAR,
LASSO and the proposed method to estimate model and carry out
forecasting. Here we divide the time period into four sub-periods: (1)
weekday peak time (6am - 8pm); (2) weekday off-peak time (9pm - next
day bam); (3) weekend peak time (8am - 8pm); (4) weekend off-peak time
(9pm - next day 7am). We carried out 1 to 4 steps ahead forecasting for
the last two weeks. To incorporate the spatial location information, we
calculate the road distances among the 79 sites. If there is a highway path
from site s to site s’, d,y is the road distance of this path, otherwise we
set dsg = dppar Where dy,, = max{dsy : there is a road path from s to s'}.

The following four kinds of weight functions are considered:

ldss’ ldss’ 2
WLASSO1: w', = exp <01 y ) WLASSO2: w®, = <1+ ) :

l,ss’ l,ss
P Qmax b dmam

WLASSO3: w?), = (ﬁexp( o )) . WLASSO4: w!), = exp (C4 dd“’ >

b \p inaz maz
We also tried another setting in which d,y = oo if there is no road path
between site s and site s’. This setting forces the corresponding @ ; to be
zero. In practice, these two distance settings provide very similar network
detection and forecasting performance. For both LASSO and the proposed

method, VAR order p is selected from {1,---,6}. Table[6] in the supple-
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mental material lists the partition of training dataset, validation dataset
and test dataset. In short, the last two weeks are the test data, the last
third and forth weeks are the validation data. It turns out the performance
of WLASSO1, WLASSO2 and WLASSO3 are very close and WLASSO4

behaves slightly worse, thus we only report the result of WLASSO1.

Summary of Fitting and Forecasting Results Table[7]in the supple-
mental material lists the selected orders of LASSO and WLASSO1 through
forward cross-validation. For VAR without any penalty, we fix p = 1 which
gives the best forecast. WLASSO1 selects p as 1 or 2 for all sub-periods, but
LASSO selects p = 5 for weekend peak time. p = 5 means one site may be
influenced by another site even after five hours, which seems to be unreason-
able. This fallacy is because LASSO penalizes parameters equally no matter
what the temporal lag is. The forecasting RMSFEs are listed in Table [§]in
the supplemental material. Unsurprisingly LASSO and WLASSO1 behave
much better than VAR. Meanwhile WLASSO1 is superior than LASSO
for all scenarios except weekday peak time with h = 1. In particular for
weekend peak time, WLASSO1 outperforms LASSO by reducing RMSFE
by 17%, 9%, 8% and 6% for h=1, 2, 3 and 4 respectively. It also reduces

RMSFE by 8% in weekend off-peak time with h = 1. To examine the sig-
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nificance of such improvements, we carried out Diebold-Mariano (DM) test
(Diebold and Mariano|, 2002)) for each sub-period. The test results state
that WLASSOL1 is significantly better than LASSO in weekend peak time.

In addition, WLASSO1 gives more reasonable network estimation than
LASSO does in all sub-periods as shown in Figure in the supplemen-
tal material. LASSO connects some sites far from each other or even in
the opposite directions, which is counter-intuitive, while WLASSO1 only

connects the sites close to each other.

5. Conclusion and Discussion

In this paper, we introduced a data-driven weighted [, regularized esti-
mation of high-dimensional VAR model for spatio-temporal data. This
method incorporates spatial distance and temporal lags to construct penalty
weights. Its optimization is straightforward and easy to implement by exist-
ing algorithms. Its theoretical properties has been explored in both exactly
sparse scenario and weakly sparse scenario, as well as the conditions for
consistency, which indicates the proposed method achieves smaller error
bounds than LASSO. The theoretical results of [; regularization in weakly
sparse scenario are new and have not been addressed in the time series

framework. Our definition of weak sparsity is also more general than the
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[, ball setting in the literature. To evaluate the model performance, we
compare the proposed method with five existing penalized VAR estimation
through simulation studies, which demonstrates the proposed method can
obtain more reasonable network detection and substantial improvement on
model fitting and forecasting. Real application on a traffic dataset also
indicates advantages of the proposed method over LASSO.

In this paper, the tuning parameters are selected by cross-validation
and it yields reasonable performances in the numerical analysis. Another
popular approach is the BIC criterion (Wang et al., [2007a,b)). However, BIC
requires estimation of covariance matrix X, and the traditional estimation of
Y is infeasible when the number of observations 7" is smaller than dimension
m. A feasible solution in this case is to apply penalized estimation for
>, but it will involve another tuning parameter and is more expensive in
computation. The optimal procedure of tuning parameter selection for
high-dimensional time series and the corresponding theoretical properties
is out of the scope of this paper, but it is an interesting topic for future

study.

Supplementary Materials
Supplementary material contains three parts: (1) proofs of theorems,

propositions and corollaries; (2) simulation settings; (3) tables and figures.
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