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Abstract:

For functional regression model with functional responses, we propose a non-
parametric random effects model using Gaussian process priors. It can model
the heterogeneity nonlinearly and model the covariance structure nonparamet-
rically, enabling longitudinal study of functional data. The model also has a
flexible form of mean structure. We develop a flexible and accurate procedure to
estimate unknown parameters and to calculate random effects nonparametrically
using penalized least squares combining with a MAP (maximum a posterior).

This results in a more accurate prediction. The statistical theory, including in-
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formation consistency, has been discussed. Simulation studies and two real data

examples show that the proposed method performs well.

Key words and phrases: Functional linear model, function-on-function regression

model, nonlinear random effects, Gaussian process priors

1. Introduction

In modern data analysis, measurements of the studied subject are fre-
quently recorded and stored as a curve or a surface with high frequency
such that functional data analysis becomes increasingly important. For a
functional regression model with functional response variable (output), a
concurrent model assumes that the response at a certain point (could be
temporal or spatial) depends on functional covariates at the same point
(see e.g. Wang and Shi, |2014)). In practice, the response at one point how-
ever often depends on the part or the whole curve or surface of functional
covariates. In our example of movement data, data are collected from 38 as-
sessment movements (functional covariates) and are used to evaluate upper
limb function after stroke (response, measured by CAHAI a clinical score
indicating impairment level of upper limbs). This is part of a home-based
rehabilitation system using the Circus Challenge video games to improve
upper limbs function of stroke survivors (Serradilla et al. | 2014; |Shi ef

al. 2013). Each movement data, such as forward circle movement, sawing
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movement and orientation movement, were measured at frequency of 60.

The data include essential information to measure upper limbs function

(Cheng, Shi and Eyre|, 2017). Let y,,(t) be the overall recovery level of the

upper limbs function (CAHATI) at time ¢ after stroke for the m-th patient.
At the time ¢, the patient conducted an assessment game, and the func-
tional data were collected from each movement at either hands, denoted by
x(s,t), where x(s,t) stands for the whole curves of the movements while

t stands for the longitudinal time. Based on the discussion in

and Eyre| (2017), (s, -) and other covariates provide information to evalu-

ate upper limbs function. However, we need to consider longitudinal effect
for each patient along time t. This motivates us to propose the following

model.

Ym(t) = 2| (v +/S m;(s,t),@(s,t)ds + T (2 (), (4, 1)) + €n(t) (1.1)

for m = 1,..., M, where 2,,(t) = (21 (t),...,2mp(t))" is a p-dimensional
vectors including covariates e.g. the time after stroke and kinematic vari-
ables such as synchrony between two hands at time ¢. It reasonably assumes
concurrent relationship between the response and z,,(t) is a constant coef-
ficient . But the response depends on the whole curve of each covariate in
T (8,1) = (Tm1(8,1), ..., Tmg(s,1)) 7, a g-dimensional vectors of functional

covariates. The g-dimensional functional coefficient (3(s,t) measures how
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to attract information from the whole curve (s, -) via the direction of s in
B(s,-) and also indicates that the model changes longitudinally along t. S,
is a pre-specified region around point ¢, and €,,(t) is an error function. For
the movement data, S is a fixed interval of measurement time independent
of visiting time t.

To model the heterogeneity among patients (it is a severe problem in
many cases such as the movement data), we introduce nonlinear random
effects 7,,, depending on not only the scalar covariates z,,(t) but also the
functional covariates @,,(-,t). This is different from the most of other ex-
isted methods which depend on the scalar variables only. Gaussian process
(GP) priors are used to model the random effects nonparametrically. The
conventional GP regression model uses a GP prior based on a measure de-
fined in an Euclidean space (Shi and Choi, 2011). In this paper, we first
extend the definition to a functional space and then use it to model nonlin-
ear random effects depending on mixed functional and scalar covariates.

Model has a flexible form. When 7, = 0 and @,,(s,t) = &,,(s) in-
dependent of ¢, model becomes the conventional function-on-function
linear model discussed in Ramsay and Silverman (2005). Due to its com-
plexity, function-on-function model is relatively less studied in literature.

The linear relationships between functional response and predictors are
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firstly studied by Ramsay and Dalzell | (1991). They considered the fol-

lowing model
b
) = [ @185, )ds + en), (12)
where a and b are pre-specified constants. When b depends on time ¢, model

(1.2) can be rewritten as

Ym (1) = / :E;(S),B(s,t)ds + (), (1.3)

which is often called historical functional regression model or retrospective

functional regression model, see Malfait and Ramsay| (2003) and Gervini

(2015). Tt is also possible to restrict the functional historical effect to a

certain lag in the past; for example Kim et al. (2011]) consider the integral

interval for s as [t — d1,t — 0y] where 0 < 0 < 0y < T, t € [61,T]. A special

case is zero lag (07 = d2 = 0), resulting in a concurrent functional linear

model (Ramsay and Silverman, 2005) or a varying-coefficient model

and Tibshirani, 1993).

Model (1.2)) is well studied; see e.g. [Yao et al. | (2005a), Yao et al. |

(2005b)), [Miiller and Yao| (2008), [Yuan and Cai | (2010)), Crambes and Mas

(2013)), |Scheipl et al| (2015), Meyer et al. (2015), Sun et al| (2017)), Kim ef

(2017), [Luo and Qi (2017)) and therein references. For examples,

(2005b)) used the functional principal component analysis (FPCA) to
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study the asymptotic properties of parameters. [Sun et al.| (2017) applied a
penalized least squares method based on a reproducing kernel Hilbert space
to estimate B(s,t). Meyer et al.| (2015)) proposed a Bayesian approach.
Besides the common mean structure, researchers recently paid attention
to model covariance structure which can use personal characters to improve
inference especially prediction. Importance of using random effects to im-
prove prediction can be found in Rao| (2003) and Robinson! (1991). Due to
the complexity of the model, there is little research on nonlinear random ef-
fects or covariance structure in function-on-function regression model .
This paper proposes a nonparametric random effects model based on GP
priors and allows it to depend on both functional and scalar covariates. We
develop a flexible and accurate procedure to estimate unknown parameters
and calculate random effects via penalized least squares and MAP method-
s. The proposed method has several advantages: (a) It gives estimators of
functional regression coefficients, providing a common mean structure for
all subjects with a longitudinal tuning setting; (b) It provides a nonlinear
random effects which is modeled by GP priors nonparametrically, allow-
ing both scalar and functional covariates. This can address the problem of
heterogeneity among subjects and also provide a more accurate prediction

by using subject specific data or characteristics besides the common mean



structure; (¢) A novel method to construct a kernel function for GP has been
proposed to deal with the complex covariance structure. The model is
therefore called nonparametric random effects functional regression model
using Gaussian process priors. Statistical property including information
consistency has also been proved. References about process regression anal-
ysis can be found in e.g. Rasmussen and Williams (2006), |Shi and Choi
(2011), [Wang and Shi| (2014), [Wang et al.| (2017).

The remainder of the paper is organized as follows. Section 2 presents
the details how to define the random effects model using Gaussian process
priors and how to derive its prediction distribution. The details of the esti-
mation procedure are also provided in this section. Asymptotic properties
are showed in Section 3. Numerical studies and two real examples consist-
ing of Canadian weather data and movement data of stokers are given in
Section 4. A few concluding remarks are given in Section 5. All the proofs

are presented in Appendix.

2. Functional regression model using Gaussian process priors

2.1 Nonparametric random effects functional regression

Let w,,(t) = (2! (t), 2] (-,#))" be covariates at time ¢, and observation data

{(Ymi = Ym(ti),un(t;)) i = 1,...,n,m = 1,..., M} which satisfy model
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(1.1)), or specifically, the following model (the true model)

Ymi = z;(ti)uo—i-/ a:jn(s,ti)ﬁo(s,ti)ds—i-mm(zm(ti),:cm(-,ti))—l—emi, (2.1)
St

where ¢; is an observed time, v, 3, and 7, are true values of v, 3 and 7,,,
respectively, and €,,; = €,,(¢;) is an error term. To fit model , we apply
model to estimate vy, B, and predict 7o,,. In (1.1)), if we focus on
certain points along time ¢, y,,,(¢) can be treated as a longitudinal response.
In general t € [a,b], ¥, () is a functional response variable. In this paper,
we treat y,,(t) as a functional variable, but all the results can be straightly
extended to longitudinal data.

Suppose that functional responses {yi(:), -+ ,yn(-)} are independen-
t, B(s,t) is a smooth and square integrable function. Let GP(u,k) de-
note a Gaussian process with a mean function 4 and a covariance kernel
function k. Residual function satisfies €,, ~ GP(0,0%0.), where 0% > 0,
dc(ti,t;) = I(t; = t;) and I(-) is an indicator function. The random effect
Tm has a GP prior with zero mean and covariance kernel function k(- -).
Shi and Choi (2011) chooses covariance kernel from a function family such
as a squared exponential kernel and a Matérn class kernel. However, those
covariance functions are defined by measures in Euclidean space. Here, it

depends on both the scalar variables z,,(t) and the functional variables

(-, t). To address the problem, we propose a novel method by defining a
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new covariance kernel allowing measures in both Euclidean and functional

spaces,

Cov (T (m(t1)), Ton (U (t2))) = k(wm(t1), wm(t2)) = Ko (wm(t1), wm(t2))

- 016 (2mi(t1) — zma(t 2 d 0 illTmi (5 T1) — Ty (-, T
Zgloexp{—z 1l (1)2 (t2)) _Z i [T 1; (-, t2)l[a

=1 i=1

+2921Zmz tl Zmi t? + 2027P+Z/Iml S tl)mml(s t2)d (22>

where 8 = (010,611, - .., 010,02, . ..,020)" denotes a set of hyper-parameters
with @ = p+q, ||g(-)||a is a A norm of function g. One convenient choice of
||+ ]]a is Ly norm of function such as ||g(-)||» = [ g(s)*ds. When ¢ belongs
to a Hilbert reproduce kernel space with kernel A, ||g(-)||s can be directly
constructed; the details are presented in Appendix A. In , the first
part is a stationary covariance function, an extension of the conventional
squared exponential function, depending on the generalized distance (p54
Shi and Choi|, 2011) between two points t; and ¢, for a set of mixed scalar
and functional variables. We simply use an additive distance here. Other
forms of distance may also be used. The remaining part in is the
extension of a linear covariance function (p52 |Shi and Choi, 2011)) which is
nonstationary.

As a summary, or includes a common mean model ¢,,(t) =

E(ym(t)|un(t)) = v+ fs (s,t)B(s,t)ds and random effects 7,,,.
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The latter addresses the problem of heterogeneity, where the covariance

structure is defined by our proposed GP priors allowing both scalar and

functional covariates. Using the similar arguments in [Shi et al.| (2012]),

this can model the nonlinear relationship nonparametrically between the
response variable and the covariates which is not explained by the mean
model ¢,,(t). At the same time, 7, are also random effects coping with
subject specific data and characteristics. When we have collected some
data for a specific subject, it can be used to improve the prediction for
the subject. More discussion will be given in Section 4 using numerical

evidences.

2.2 Prediction
From model (|1.1]), we have conditional processes,
Ym|Cs Ty 0, 0% ~ GP(Con + Ty, 00c),

Tm |0 ~ GP(0, ke),

Ym|Cm» 0, 0% ~ GP(cm, ko + 76,).
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It follows that

Ym|Cms T, 0, 0% ~ MV N (e, + Tm, UQI),
Tm|0 ~ MVN(O,Km),

Ym|Cm, 0,0° ~ MV N(c,,, K, +0*I), (2.3)

where MV N (b, B) stands for multivariate normal distribution with a mean
vector b and a covariance matrix B, ¢m = (Ym(t1), - - -, Ym(tn)) T are observa-
tions for the m-th subject at points {t1,...,t,}, €m = (cm(t1), ..., cm(tn)) T,
T = (T (Wm(t1)), - T (W () T, Ko = (Ko (@i (t2), in (£5)) ), and
I is the identity matrix with dimension n.

Denoted the data set by D = {(ym(t;), um(t;)), m =1,...,M;j =
1,...,n}. We now consider prediction problem by assuming that all the
parameters are given. The estimation procedure will be discussed in the
next subsection. Following the derivatives in Appendix A, we have the

posterior distribution of 7,,,
T|D ~ MV N (o, X)),

where p,, = K,,(K,, + c*I) Y (y,, — ¢,n), and ,, = K,, — K,,(K,, +
o’ I)'K,,.

Now consider prediction of 7, at a new data point t*. As shown in



2.2 Prediction 12

Appendix A, we have
Ton (U (£7))|D ~ MV N iy, 07,),

with g = k) (Kn + 0°I) 7 (Ym — €n), and o}, = k(U (t7), (7)) —

mt*

kT

mt*

at time t. Thus the predictive mean and covariance are E(y,,(t*)|D) =
wh + en(t*) and Var(y, (t*)|D) = of, + 0*. We may use E(y,(t*)|D) to
estimate y,,,(t*), denoted by ¢,,(t*); and use Var(y,(t*)|D) to construct
predictive intervals.

Furthermore, we have conditional process 7,,,|D ~ GP(fim,0y), Where

for data points v and v,

ﬂm(u) - kr—gu(K’m + J2I)_1(ym - cm)7

G (11, 0) = k(W (1), e (V) = Ky (Ko + 02 1) Koy,
k... and k,,, are k,,; at times ¢t = u and v, respectively. Similarly,

E(Ym(u)|D) = fim(u) + cm(u),

Cov(Ym (1), Ym (V) |D) = Fp(u,v) + 0?1 (u = v).

We can take Cov(ym (), ym(-)|D) as the estimation of the covariance func-

tion for ¥, (-).

(K +02I) ke, where Ky = (k(wn (1), (1)) -+, K (U (1), wn (£2))) T
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2.3 Parameter estimation

Since B(s,t) is a smooth function, it can be approximated by a double
expansion in terms of K basis functions {¢(s),k = 1,..., K.} and K,

basis functions {¢y(t),l = 1,..., K}, that is

K, K b1k ¢(3)TBlw(t)
Bis =S| & |oulspat) = z (2.4)
byki ¢(5)TBq¢(t)

where {b;;} are coefficients, B; = (b)) k. xx,, ®(5) = (¢1(8), ..., dr.(s))7,
P(t) = (Di(t), ..., UK, (1) 7.

Let Gami(t) = [5, @(5)mi(s, t)ds which is a vector with length K, and

Y (t) = (2 (1), (W) @ a1 (1)), ($(t) ® Pamg(t) )"

b= (I/T, Vec(Bl)T, AN ,Vec(Bq)T)T,

where “®” represents the Kronecker product. Hence, ¢,(t) = Ym(t)Tb
and ¢,, = T} b, where T, = (7,,(t1), - .., Ym(t2))". Replacing c,,(t) and
cm with v,,(t)"b and T b in ¢, and Var(g,,), they depend on unknown
parameters @, b and o?. This paper estimates these unknown parameters

by a likelihood method.
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From ([2.3]), we have marginal density function of y,,

(2.5)
where
H(07 b7 02) - (ym - I‘;nb)T(Km + O'2I)_1<ym - F;ranb>

With regards to smoothness of 3(-, ), it is necessary to add penalty on
smoothness of regression function parameter into log-likelihood function,

which results in an objection function,
G(0,b,0%) =1(0,b,0%) + \;Pen,(B(s, 1)) + \Pen;(B(s, 1)), (2.6)

where [(0,b,0?%) = Z%zl[log |K,, + c*I|+ H(0,b,0?)], A\, and ); are tun-
ing parameters. For penalty functions (Ramsay and Silverman, 2005), we

take

b b q
pen. (B(s,t)) = [ [ I1L.(8(s, 1)) dsdt = Y trace(B] LouBiis)
&y o i=1
where L gy = ff[Lsd)(s)][LS(/)(s)T]ds and Jy, = ffi/)(t)"(p(t)Tdt. Similarly,
b b q
Peni(B(s.0) = [ [ IL(B(s.0)|Pdsit = 3 tracel B JuuBiLus,

i=1

where Ly = [)/[Loap(1)][Lip(t) T]dt and Jyy = [ ¢(s)(s) " ds.
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Solving derivative of ([2.6)) with respect to b, we obtain an estimation

equations,
M
> Ton(Kym+ 0’7" (ym —T),b) = Ab,
m=1

where A is a ¢K,K; X qK,K; matrix in which the block principal diagonal

element is AgJyy @ Lggy + M Lyy @ Jpe. It gives an estimator of b

-1 M

M
b=|> Ton(Kn+0’D)'T) + Al D Tpn(Kp+0T) ym. (2.7)
m=1 m=1

If 7., = 0 (i.e. the function-on-function linear model without random ef-
fects), the estimate of b is also given by but with K,, = 0.

We can estimate 8 and ¢ Similarly. The estimation procedure can be
described as follows.
Algorithm For initial values 8 = 6%,

(I) Given 8, we update estimates of b, 02 by
b,6% = arg min, ,G (6, b, 7). (2.8)

(I1) Given b = b, 02 = 62, we estimate 6 by

M
0 = arg min > log | Ky, + o”I| + H(6,b,07)]. (2.9)

m=1

(III) Repeat (I) - (II) until some convergence criteria holds.
This paper employs log-likelihood —I(0,b,0?)/2 to construct conver-

gence criterion. When absolute relative difference of I(8, b, %) between two
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successive iterations is less than a prefixed value, the iteration procedure
stops and output of the parameter estimates and random effect prediction

are calculated.

3. Asymptotic properties

The common mean structure is estimated from the data collected from
all M subjects and has been proved to be consistent in many functional

linear models under suitable regularity conditions, for examples, similar to

'Yao et al. | (2005b)), Yuan and Cai | (2010), Sun et al| (2017) and others.

Information consistency concerns whether the prediction g,,(t) converges
to its true curve y,,(t) when we have enough data collected from the m-th

subject. For the GPR model and extended T-process model, the properties

are obtained in |Seeger et al.|(2008), Wang and Shi (2014) and |Wang et al/

(2017). Here, we show this property is also held for model (1.1).

Let X = A} x &, where X} and X, are spaces covariates z,,(t) and
(-, t) belonging to. From the true model (2.1) and the assumed model

(1.1)), let poo(Y,n|Tom, wm) be the true density function of y,,, and

Do (Y [ttm) = / Do (Yo |7 o) lpo(7),
F

where 7, is the true underlying function of 7,,, o¢ is the true value of o,

and py(7) is a measure of random process 7 on space F = {7(-,-) : X — R}.
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In Appendix B, we show that

pUﬁ(ym’um) = Hpaﬂ(yml‘umla ym(lfl)), (310)
=1

where

pa'ﬁ(yml‘umlu ym(l—l)) - / pa'(yml|7—7 Umi, ym(l—l))dp9<7|uml7 ym(l—1)>7
F

_ pa(ym(zq) |T> Um(lq))pe(T)
f]—‘ Do (ym(lfl) ’Tl, um(l—l))dpe (T') ’

Po(T| Uy, ym(l—1)>

— T — —
yml - (yml?"'7yml> and uml - {zmla"'7zml7mm1a"'7mml}7 l — 17"'7”'

Under the true model ([2.1)), we also have

n

pa(’!/m’TOma um) = Hpa<yml‘7-0m> Ui, ym(l71)>- (311>
=1

Here, po(Ymi|Tom, Wi, Yma—1)) and po,a(ymz|umz,ym(l_1)) can be treated as
Bayesian predictive models (Seeger et al., 2008).

Let p,, 3(Y,,|@m) be the estimated density function under the assumed
model 1) where 8 is the estimator of parameter 6. Denote Dpy,ps| =

[ (log p1 —log p2)dp; by the Kullback-Leibler distance between two densities

p1 and py. It follows from (3.10) and (3.11)) that
D[pao (’!Jm|7'0m, um)a pgo,é (ym|um)] = / Z Q(yml|umla ym(l—l))pao (ym|7—0ma um>dyma
=1

where Q(Ymi|wmi, Ym-1)) = 108{Poo (Ymi|Toms Wints Ym(-1)) /P gy 6 (Ymi|Wimis Yma-1)) }
is a loss function and >, ; Q(Ymi| Wi, Ym—1) is called cumulative loss. As-

suming that the mean in (1.1)) and @ are consistent, we prove in Appendix
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C that the average of cumulative loss tends to zero asymptotically. The
result is presented in the following theorem.
Theorem 1. Under the appropriate conditions specified in Appendix C, we

have

1
ﬁEum(D[pUO (ym|7—0m7 um)7pao,é(ym|um)]) \ Oa as n — 0o,

where the expectation is taken over the distribution of w.,.
Theorem 1 shows that the Kullback-Leibler distance between two den-
sity functions for (y,,|u,,) from the true and the assumed models tends to

zero, asymptotically.

4. Numerical studies

4.1 Simulation studies

Simulation studies were conducted to evaluate performance of the proposed
model (M2) by comparison with the common functional linear model ignor-

ing random effects (M1). Data are generated from the following model

ym(t) = zm(t)u+/0 T (8, 8)B(8, 1)ds+Tm (zm(t), m (-, 1)) +en(t), m=1,...
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where z,,(+) is a Gaussian process with mean function h,(¢) =t for t € (0,1)

and kernel function

E1(zm(t1)), 2m(t2))) = g(t1,ta) = 0.1exp{—5(t; — t2)*} + 0.1t ts,

Zm (-, +) is generated from a Gaussian process with mean function hy(s,t) =
t + cos(s) for s,t € (0,1) and kernel function ko(2,(51,%)), Tm(s2,%))) =

g(s1,s2). We consider six different combinations of 7, and (s, t),

S1: 7, is a GP with zero mean and the kernel function (2.2)), and

B(s,t) = (t* + cos(s)) /10 for s,t € (0,1);

S2: 7, is a GP with zero mean and the kernel function (2.2)), and

B(s,t) = exp{—(t* + s%)} /10 for s,t € (0,1);

S3: 7, is a GP with zero mean and the kernel function (2.2)), and

B(s,t) = (—t2 4 cos(s))/10 for s, ¢ € (0,1):

S4: 7, = 0, and B(s,t) = (1* + cos(s))/10 for s,t € (0,1);

S5: T, = 0, and B(s,t) = exp{—(t? + s2)}/10 for s,t € (0,1);
S6: 7., = 0, and B(s,t) = (—t> + cos(s))/10 for s,t € (0,1);

where v = ].O, 010 = 612 = 921 = 922 = 0.1,911 = ]_0, and 0'2 = 0.5. Under

S1, 52 and S3, model M2 (model ([1.1))) is the true model, while M1 holds



4.1 Simulation studies 20

for S4, S5 and S6. Sample size M = 10,20 and 30. Both ¢ and s take 20
points equally spaced in (0, 1), where the data at 10 points of ¢ are chosen
as training data and the remaining as test data. All simulation are repeated
500 times.

Prediction errors are fo(t)— f(t), where fo(t) = zm(t)uo+f01 T (s,t)Po(s, t)ds+
Tom(Zm(t), Tm (- 1)) and f(t) = 2 ()04 [} T (5, 1) (8, )d5+Tm (2 (t), T (-, 1))
From model , fo(t) is the true regression function and f(t) is an es-
timator of fy(t). Figure [l plots prediction errors using M1 and M2 under
Cases S3 and S6. We see that both of M1 and M2 for 7, = 0 (S6) have
comparable results. However, when 7,, # 0 (S3), M2 has much smaller
values of prediction errors than M1.

The actual performance can be measured by the following summary s-
tatistics: prediction error (PE), PE = Y™ S™ (y(t:)— f(t:))?/(nM) and
average bias (AB), AB = Zf\il Zzzl(f(tz) — fo(t:))?/(nM). Tables 1 and
2 present the values of PE and AB of prediction for the training data and
test data, respectively. It shows that when 7, = 0 (S4, S5 and S6) where
M2 is true model, PE and AB from M1 and M2 are comparable. But under
S1, S2 and S3, prediction from M2 has much smaller PE and AB than those
from M1. As sample size increases, PE and AB from M2 and their standard

errors (SD) become smaller. In conclusion, the proposed M2 has compara-
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ble performance with M1 when there is no heterogeneity among subjects,

but M2 performs much better than M1 when there is heterogeneity.

Figure 1: Prediction errors for two methods without random effects (M1)

and with random effects (M2) under Cases 3 and 6.
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4.2 Real data examples

4.2.1 Canadian weather data

Canadian weather data consists of temperature and precipitation at 35

Canadian weather observation stations, which is available in the R-package



4.2 Real data examples

22

Table 1: PE and AB using M1 (without random effects) and M2 (with ran-

dom effects) for the training data, where SDs are presented in parentheses.

Model method

PE

AB

PE

AB

PE

AB

S1

S2

S3

S4

S4

S6

M1

M2

M1

M2

M1

M2

M1

M2

M1

M2

M1

M2

0.565(0.141)

0.273(0.058)

0.529(0.137)

0.244(0.051)

0.567(0.139)

0.272(0.06)

0.281(0.04)

0.28(0.04)

0.243(0.036)

0.243(0.036)

0.279(0.042)

0.278(0.042)

0.344(0.121)

0.115(0.028)

0.308(0.119)

0.085(0.025)

0.344(0.12)

0.114(0.029)

0.054(0.008)

0.053(0.008)

0.016(0.008)

0.016(0.008)

0.053(0.008)

0.052(0.008)

0.603(0.102)

0.274(0.043)

0.567(0.1)

0.243(0.037)

0.605(0.101)

0.273(0.043)

0.286(0.028)

0.285(0.027)

0.249(0.024)

0.249(0.024)

0.286(0.028)

0.285(0.028)

0.367(0.091)

0.107(0.019)

0.33(0.09)

0.075(0.015)

0.367(0.091)

0.105(0.019)

0.048(0.005)

0.047(0.005)

0.011(0.004)

0.01(0.004)

0.048(0.005)

0.046(0.005)

0.616(0.086)

0.274(0.041)

0.579(0.085)

0.244(0.033)

0.604(0.082)

0.276(0.041)

0.287(0.024)

0.285(0.024)

0.249(0.021)

0.249(0.021)

0.286(0.023)

0.284(0.023)

0.375(0.076)

0.104(0.016)

0.337(0.075)

0.073(0.012)

0.363(0.074)

0.104(0.016)

0.046(0.003)

0.044(0.003)

0.008(0.002)

0.008(0.002)

0.045(0.003)

0.043(0.003)

fda (Ramsay et al.,|2010]). These stations are divided into 4 regions: Arctic,

Atlantic, Continental and Pacific. Functional relationship between precip-
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Table 2: PE and AB using M1 (without random effects) and M2 (with

random effects) for the test data, where SDs are presented in parentheses.

Model method

PE

AB

PE

AB

PE

AB

S1

S2

S3

S4

S5

S6

M1

M2

M1

M2

M1

M2

M1

M2

M1

M2

M1

M2

0.677(0.161)

0.43(0.065)

0.597(0.156)

0.353(0.054)

0.677(0.162)

0.428(0.066)

0.355(0.055)

0.354(0.054)

0.275(0.042)

0.275(0.042)

0.355(0.057)

0.354(0.057)

0.424(0.137)

0.178(0.043)

0.345(0.133)

0.103(0.032)

0.426(0.138)

0.177(0.043)

0.104(0.028)

0.103(0.028)

0.024(0.013)

0.024(0.013)

0.104(0.027)

0.103(0.027)

0.688(0.116)

0.415(0.046)

0.611(0.111)

0.341(0.037)

0.691(0.115)

0.417(0.046)

0.346(0.037)

0.345(0.037)

0.267(0.028)

0.267(0.028)

0.346(0.038)

0.344(0.038)

0.44(0.101)

0.164(0.028)

0.362(0.098)

0.091(0.018)

0.442(0.101)

0.165(0.028)

0.095(0.017)

0.094(0.017)

0.017(0.008)

0.017(0.008)

0.097(0.017)

0.095(0.017)

0.693(0.095)

0.411(0.038)

0.614(0.094)

0.337(0.029)

0.683(0.092)

0.41(0.039)

0.344(0.03)

0.342(0.03)

0.265(0.023)

0.264(0.023)

0.342(0.03)

0.34(0.03)

0.446(0.083)

0.161(0.023)

0.367(0.081)

0.087(0.014)

0.433(0.082)

0.16(0.023)

0.092(0.013)

0.09(0.013)

0.015(0.006)

0.015(0.006)

0.094(0.014)

0.091(0.014)

itation and temperature is investigated. For each region, we assume that

there is a common cumulative, lagged temperature effect to precipitation.
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Due to the spatial nature of the weather data, this paper also considers het-
erogeneity among stations. Hence, we investigate the data via our flexible
functional regression model that allows for cumulative, lagged temperature

effects and the spatial correlation structure among weather stations, that is

yl](t) =a-+ /O' mij<5)6i(5; t)dS + Tij (.Tij(‘, t)) T GZ'j(t), (413)

where y;;(t) and z;;(t) denote the precipitation and the temperature for the
J-th station at region ¢ and time t. This model is a special case of model
(1.1) with covariates z;;(t) = 1 and x;;(s,t) = x;;(s). Before applying our
method to this data, the precipitation values need to be standardized.
Figure [2| presents the predictions using M1 and M2 in region Arctic,
i.e. assuming fixed and random effects respectively (M2 is the proposed
model with random effects, while M1 only with fixed effects). Figure
shows the estimation of fixed and random effects for the other 3 regions:
Atlantic, Continental and Pacific. It shows in Figure [2| that M2 provides
very different results from M1. [t shows that M2 has the average of squared
residuals (ASR) of 0.215, while M1 has ASR of 0.499, suggesting that M2
can fits the data much better than M1. We see that precipitation for each
station at 4 regions has different random effects. For example, in Arctic,

3 weather stations have very different effects, which is reasonable because
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Figure 2: Predictions for two models without random effects (M1) and with

random effects (M2), and fixed and random effects for Arctic.

Prediction: M1 Arctic: M2 fixed effect
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those stations depart far away from each other. Cross validation is also used
to show performance of the prediction. The mean squares of prediction
errors for 10-fold cross validation are 0.722 and 0.314 for the methods M1
and M2, respectively. It shows that the proposed method M2 has more

accuracy than M1.



4.2 Real data examples 26

Figure 3: Fixed and random effects for three regions: Atlantic, Continental

and Pacific.

Atlantic: M2 fixed effect Continental: M2 fixed effect Pacific: M2 fixed effect

Value
Value
Value

Value
Value
Value
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4.2.2 Movement data

The data were collected from 70 stroke survivors consisting of 34 acute pa-
tients with stroke less than one month previously and 36 chronic patients
with stroke more than 6 months previously. The response variable, depen-
dency level of the patients in their daily life or the impairment level of upper
limbs function, is measured by Chedoke Arm and Hand Activity Inventory,
or CAHALI for short (http://www.cahai.ca/). By schedule, each patient has

up to eight assessments over 3 months, where the first one gave the baseline
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level. Details can be found in |Shi et al|(2013) and Serradilla et al. | (2014).

This paper takes acute patients as an example, where there are 173 ob-
servations from 34 patients with 72 functional variables from 10 movements

and 68 kinematic scalar variables from 17 movements. Based on the discus-

sion in|Cheng, Shi and Eyre (2017)), we takes 3 bivariate functional variables:

forward circle movement of paretic limb from x axis (2,1 = LA05.1x), saw-
ing movement of paretic limb from y axis (z,,2 = LA09.ly), and orientation
movement of non-paretic limb from x axis (z,,3 = LA28.rqx). Besides these,
we also take 3 kinematic scalar variables: the speeds of the paretic limb for
forward circle at movements LA05, LA10 and LA34 (z,; = sp-P_LAO5,
Zm2 = sp-P_LA10 and z,,3 = sp.P_.LLA34). The impairment level is stan-
dardized before analysis.

We consider functional relationship between impairment level and func-
tional movement variables. At each assessment time, movement variables:
forward circle, sawing and orientation, are curves, so investigating the cu-
mulative movements effects to impairment level is essential. Due to person-

al healthy status, we also study the heterogeneity effect for each patient.

Hence, we rewrite model (1.1]) as
To
) = 2000+ [ ] (5. 0B (5,547 (0. @) +en(0), =134,
0

where 2, (t) = (21 (1), 2ma(t), 2ms(t)) " and €, (-, 1) = (X1 (-, 1), T (-, 1), Tims (-, 1)) T,
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and Ty is a pre-specified end time of measurement for each movement.

Figure {] presents the predictions from two estimated models M1 and
M2, i.e. with fixed and random effects respectively. We have the findings
similar to the ones for Canadian weather data. The residuals (with ASR
of 0.076) from M2 are much smaller than those (ASR of 0.479) from M1,
showing that M2 is more suitable to fit the movement data than M1. Again,
random effects for each stroke survivor are very different. Figure [5| presents
the profile plots of Bi(s, t) for visiting time ¢ = 1, 3, 5 and 7. 3D plots of
Bi(s, t) are presented in Appendix D. The shapes of 6}(3, t) against visiting
time ¢ for the forward circle and sawing movements of paretic limb are very
different compared with the orientation movement of non-paretic limb. This
makes sense since the first two movements are conducted by the paretic limb
while the third one by the health limb, showing the longitudinal effects of
the paretic side and the fixed effects of the non-paretic side. This may
also indicate the improvement of the upper limbs function after using the
home-based rehabilitation system for a few months.

The scalar variables correspond to the speeds of the paretic limb, and
they have parameter estimation &' = (0.347,0.084,0.693) " which suggest-
s that the CAHAI score becomes higher when the patient can move the

paretic limb faster. The mean square of the prediction errors using cross
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validation are 0.269 and 0.591 (24.314 and 53.323 under original scale of
response) for the methods M1 and M2, respectively. Again, M2 performs

much better than M1.

Prediction: M1 Fixed effect: M2

Value
Value

Value
Value

Figure 4: Predictions for two models without random effects (M1) and with

random effects (M2).
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time t = 1,3,5, 7.

5. Concluding remarks

This paper proposes a nonparametric random effects functional regression
model using Gaussian process priors and develops a flexible and accurate
procedure to calculate estimation and prediction. This model builds a flex-
ible framework, coping with different types of mean models, for example

the function-on-function linear model, the historical functional regression
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model and the concurrent functional linear model. In addition, the model
introduces a nonparametric random effects using Gaussian process priors,
allowing the use of subject specific data and characteristics, which therefore
leads to a big improvement of model fitting and prediction in many cases.
Information consistency of the prediction has been proved. Numerical s-
tudies show that the proposed model has a better performance compared to
the models without assuming random effects. We focused our discussion on
error term with Gaussian distribution in this paper, but the estimation pro-

cedure can be extended to generalized models with functional data (Wang

and Shi, 2014). The GP priors may also be replaced by other process priors,

for example, the robust heavy tailed processes (Wang et al.,[2017; (Cao, Shi

land Lee) 2017)). However, such an extension may be not straightforward,

since there are no close forms for parameter estimation and prediction of
random effect when a heavy tailed process prior, e.g. t-process, is used. It
is worth a further research to address those problems.

Appendices

A. Kernel function and prediction distributions

Kernel function

If g belongs to a Hilbert reproduce kernel space with kernel A, then
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by Mercer’s theorem, A can be decomposed as A(s,t) = > 7 Nii(s)d4(t),
where \; and ¢; are eigenvalue and eigenfunction of A. From this decom-

position, we have g(t) = >"°, &¢i(t) with & = [ g(s) s. Hence,

o0 ¢2
lg(- ||A—<Z@¢1,Z@¢Z>A Z—<¢z,¢z Zi—
i=1 "t

where < -+ >, and < -, > stand for inner products under A and Lo,
respectively. If we observed ¢ at data points v;,2 = 1,..., I, then by Rep-
resenter Theorem, ¢(t) can be approximated with g(t) = Zle a;A(v;, t)

which leads to

I I
g ()l =< Zaz Ui, *), Zaz Vi) Ba= ) Y aia; < A(vi, ), Avy, ) >
i=1 j=1
I
_Zzaa] < Z)\kﬁf)k vi) () Z/\k;cbk 0;5)0n(+) >A
i=1 j=1
I
=) > e Z)‘kqﬁk vi)0k(vs) < (), di(-) >a
i=1 j=1
I I 0 I I
SO w3 o)) = 3 Ao )
i=1 j=1 k=1 i=1 j=1
Prediction distributions
From model ({2.3]), we have
Ym K, +71 K,
Uy ~ MVN | (¢}, 0)7, . (AD)

Tm Km Km
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with the same notations defined after (2.3]). From derivative of conditional

normal distribution, the join distribution (A.1)) indicates that
To|D ~ MV N (o, X)),

where p,, = K (K +0*I) " yn—cn), Bm = Kpn— K (K +0*1) 'K,

Again, from model (1.1)), we obtain

Ynm K, + oI k.
Wy ~ MVN | (c],0)7, '
T (U (7)) K- (), i (7))

where ke = (k(wn (), wm(t1)), . . o, k(U (t*), um(t,))) . Tt follows that
T (U (T))|D ~ MV n(uk,, of,), with
= k’;t*(Km + UQI)_I(ym — Cm),

oF = (), um(t)) — k"

m mt*

(K, + 02 1) ke

B. Proof of (3.10)

From Bayes’ Theorem, we have

H P60 (Yt | Ui ym(zq))
=1

:pa,e(yml |um1) H / pU(yml|Ta Ui, ym(l—l))dp9(7—|uml7 ym(l—l))

Po (Y| 75 Wi )dpg
_paﬁ ym1|um1 H/ f l‘ l) ( )
f

Po(Yma—1)|T's Wn(—1))dpe(T’)

_ / Do (Y|, ) Ao (T) = P (Y| the),
F
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which shows that the equation (3.10]) holds.f

C. Information consistency

Lemma 1. Suppose y,, are independently sampled from (2.1)) and 7o, € F
follow a Gaussian process G P(0, k) with bounded function k(-, -; 8) for any
covariances values in X. Suppose k(-,-;0) is continuous in 6 and 0 is a

consistent estimator of 8, then, we have

- 1Og{pag,é(ym‘um)} + 10g{Poo (Y| Tom, Um) }

1 1
§c+§log|I+a*2Kmy+§||70m||§+5 (C.1)

where ||Tom||x is the reproducing kernel Hilbert space(RKHS) norm of 7,
associated with k(-,-; 0), K,, is covariance matrix of 7q,, over w,,, I is the

n X n identity matrix and ¢, d are some positive constants.

Proof: Denoted by H the reproducing kernel Hilbert space(RKHS) associ-
ated with k(-, ;0), and let H,, = {f(-) : f(z) = >, ask(x, u; 0), for any o; €
R} be the span of {k(-,u;;0}. First, we assume that 7, € H,, then we
have
) = 3 ik wt6) 2 K (o ©2)
i=1
where K(-) = (k(-,u1;0),...,k(-,u,;0)) and a = (ay,...,a,)". With

the property of RKHS, (om(w1), ..., Tom(u,))" = Kpa and ||7o.]7 =
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o' K,,o.
Let D[p1,ps] = [(logpi — logp2)dp; be the Kullback-Leibler distance
between two densities p; and ps. By the Fenchel-Legendre duality relation-

ship, we have

— 108 Poy. 0 (Yyn|ttm) < —E@{log p(Y,|Tim; wm)} + DIQ, P, (C.3)

where P is the measure induced by GP(0,k(-,-;0)), Q is the posterior

distribution of 7, with a prior distribution GP(0, k(-, ,9)) and normal
likelihood [T, N(¥i; T (tmi), 0%), (G1,---y9n)" = (K + 0*I)a. Then
the posterior distribution Q of T, is N(K o, K,,B™'), where B = I +
02K ,,. Then it easily shows that

1 A .
D[Q, P = o{ ~10g|K,, K| +log|B| + tr(K,, K, B™")

T2
+ lromll? + " Kn(K,, Ky — Doc—n},

(C.4)

where K, is defined in the same way as K, but with 8 being replaced by

its estimator 6. On the other hand,

1 _
E@{logp(ym|7'm, U’m)} > logpao (ymlTom’ ’U,m) - T‘Qtr(K’mB 1)‘ (05)

Hence, it follow from (C.3)), (C.4]) and (C.5) that
- lngag,H(ym‘um) + logpﬁo (ym‘TOﬂ’w um)
1 A —1 A 1 1
<3{ ~loglK,, K| + log| Bl + tr((K,, Ky + — K)B™) + 70

ta Ko (K, K, —Io— n} (C.6)
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Since the covariance function is bounded and continuous in 8, we have
IA{:Km — I — 0 as n — o0o. Hence, there exist positive constants ¢ and ¢
such that for n large enough

—log |K;1Km| <,
aTKm(IA{;:Km —DNa <ec, (C.7)
(K KB~ < tr((In + cK.,)B™Y).
Plugging in (C.0), there exist positive constant §, we have the in-
equality
— 108 Dy 5 (Yrm|Um) + 108 oy (Y| Tomn s )

S%{Zc +log|B| + tr((In + (e + 0 ) K,,) B™") + ||7oml} — n} (C.8)

<et slog| Bl + o ronl; +5

From the Representer Theorem (Lemma 2 in (Seeger et al.,[2008)), it shows

1 1
> lOgPUO,é(ym|um) + 108 Do (Yo | Tom, W) < ¢+ 510g|B| + EHTOmHch +9

for all 79,,(+) € H. The Lemma holds. {
To prove Theorem 1, it needs

Condition (A): ||7om||x is bounded and expected regret term

E.,, (log|I + U’QKm|) = o(n).
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This condition, coming from Seeger et al. (2008), is called expected
regret term. This term depends on covariance kernel function and covriates.

For the kernel function k, we have spectrum decomposition

k(u,v) = Z Aigi(u)9i(v),

where {\;} and {¢;} are eigenvalues and eigenvectors for k. If Y. A7 < oo
which leads to A; decay rapidly to 0, then the expected regret term is
bounded with ) . log(1 + cA;n). Hence, the condition (A) holds. More
details can be found in Section III in Seeger et al. (2008)

Proof of Theorem 1.

From definition of the information consistency, we can get that

D[pao (ym ’TOma um)a pgo’é (ym|um)]

Doy (ym|7'0ma um) d
Pood (Y |tm)

m

:/pao(ym|7_0maum)10g
f

_ / Do U Toms W) {1081, 5(Um 1) + 108D (Y| T ) Yl
f

From Lemma 1, we obtain that

B, (D[pog (Yo Toms W), pgo,é(ym [wm)])

S|

o

1 _ 1
<+ 5 Bu, (log|T + 0 Kol) + o||7om i + —,

Sla

where ¢ and § are two positive constants. Since ||7o,||x is bounded and

expected regret term E,, (log|I + 0 2K,,|) = o(n), Theorem 1 holds.
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()

Figure 6: Estimations of functions S;(s,t), i = 1,2,3. (a) 3-D plot of

B1(s,t); (b) 3-D plot of 5a(s,t) and (c) 3-D plot of B4(s,t).

D. 3D plots of parameter estimation for movement data
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