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In this supplement, we first give some specific examples of smoothed hinge loss in Section present the
proximal-gradient algorithm in detail in Section and then present the proofs for the main results in
Section For m > 2, let S™~! denote the m-dimensional unit sphere. Denote P and P, the expectation
under the population measure and its empirical counterpart, respectively. That is, Pf = Ef(z) and P, f =
(1/n)>>% , f(x:). Throughout the proof, C' denotes a generic positive constant whose value may change

even on the same line.

S1 Specific Examples of Smoothed Hinge Loss

We give specific expressions for the smoothed hinge loss under various kernel functions
in Table [1} and present the curve of ¢,(-) and its first-order derivative ¢},(-) with

Gaussian, Logistic, and Laplacian kernels as examples in Figure [I]



Xjaohui Liu and Heng Lian

Table 1: Kernel functions and the corresponding smoothed hinge losses.

Kernel type Kernel function K (u) Smoothed hinge loss ¢y, (u)
(—uw)?
Gaussian \/%76_1;/2 (1—we (%) + \/%e* o
Logistic ﬁ —u + hlog(e'/? + eu/h)
Laplaci 1 ul 14 Be=D/h _ gy y<1 Here @()
aplacian e v ’
P 2 %e(l—u)/h, u>1
1—u, u<l-—~h
Epanechnikov ~ 2(1 — u?)I{-1 <u < 1} (1_“+h£§;h_l+u), l1-h<u<l+h

denotes the cumulative distribution function of the standard normal distribution.
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Figure 1: The smoothed hinge loss function ¢ (-) and its first-order derivative ¢}, (-) with Gaussian,
Logistic, and Laplacian kernels under different bandwidths h. Note that the smoothed version
approaches the hinge loss as h — 0.
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S2 Implementation via Projected Proximal Gradient Algo-

rithm

We next describe the computational procedure for the proposed multitask smoothed

SVM estimator. Recall that

({2 B, (&)

M
= argmin {N;;m (0, ) +A(HMH1+AgHAHz,1>},

My o }M
1T a;=0,j=1,....p

where b := (b1, ... bMN)T € RM and A = (aV,...,a™) € RPM with a; =
(ozg»l), . ,oz(-M))T collecting the j-th coordinates of {a™}M_ . For any © := (b, u, A),

J

define the task-specific loss
67 (©:x.y) = én (y(x (1 + ™) + b))

The pooled empirical loss is then

1 m m m
Lyn(®©) =5 DD 6 ©x™.u™),

m=1 i=1

Thus, the objective consists of a smooth convex loss plus a nonsmooth composite

penalty, suggesting a projected proximal-gradient algorithm. Recall that oM =
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O™, (p+ am)T)T,

m (m) (= (m)\T g(m)
alm m 1 E % 1_yz (Xi )9 m
511)<9( ) = T K( h )yl( | nd
moi=1
(m) (= (Mm)\T g(m)
~(m) m 1_y1 (Xi ) 0 m)_(m
S (0) = —— §:K< h yx™.
moi=1

Then, the gradient with respect to the task-specific intercept vector b = (b(), ... p(M)T

is given by

T

n NS
Volya(©) = (SO0, 2SI (000))

The gradient with respect to the shared component g is

M
1 m) s n(m
Vulna(©) = > sy (0).
m=1
The gradient with respect to the deviation matrix A = (a, ..., a™)) is obtained

columnwise:

with its jth row being

Va, Lyn(©) = (L (005, SHE (09 )
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We now specify the proximal maps used in the algorithm. For 7 > 0, let
Sr(u) = sign(u)(Jul — 1)+

denote the scalar soft-thresholding operator, applied componentwise to vectors. De-

fine the centered subspace Cys = {a eERM:1Ta= O} , and let

be the orthogonal projection onto Cy;. The proximal map associated with the group

penalty and the centering constraint is

T

o) = (1~ i ) w9

with G,(z) = 0 when ||II¢,,(z)]]2 = 0.
The algorithm proceeds as follows and we summarize it in Algorithm [T} Given

the current iterate @' = (b?, u!, A?) and a step size > 0, we first compute

BtJrl — bt o nvbﬁN,h(@t)>
ilt+1 — [J,t o nv[,lﬂCN,h(@t)a

:&H_l = At — T]VAENJI(@t).



Xjaohui Liu and Heng Lian

The proximal updates are then

t+1 _ 41
bit! = bt

HtH = Sn/\(ljtﬂ)a

A =G, (AIF), jel)

Algorithm 1 Projected proximal-gradient algorithm for the proposed multitask smoothed SVM.

Input: Data {(xz(-m), ygm))}?;”l for m € [M]; step size n > 0; regularization parameters A, Ay > 0.
Initialize b =0 € RM p® =0 c R, A0 =0 € RP*M,
Fort=0,1,...,7 -1
1. Compute the intercept update: b+ < bt — 7V, Ly 1 (OF).
2. Compute the gradient step for the common component: ﬁtH —pt— nVHEN’h((-)t).
3. Compute the gradient step for each deviation row: .&j“ — A;, — T]VAj_EN,IL((')t)7 j € [p]
4. Apply the ¢; proximal map to the common component:

Ht+1 A th(ﬁprl)-

ot

. Apply the constrained group proximal map to each deviation row:

A§+1 — gn)\)\g (K§+1)7 .7 € [p]

Output: The estimators gglm)y iy, and aém) for m e [M].

S3 Sensitivity of the choice of h

Our choice of h = 0.2 is somewhat arbitrary, but is of similar order to
the bandwidth suggested by the empirical rule used in |Tan et al. (2022])).

Their setting is sparse high-dimensional quantile regression, whereas ours
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is multitask SVM classification, so this comparison does not establish an
optimal bandwidth for our method. Omne could also select i by cross-
validation, but this would increase the computational cost substantially
because the regularization parameters must be tuned for each candidate
bandwidth.

Finally, we assess sensitivity to the bandwidth by comparing h € {0.01,
0.1,0.2,0.3,0.4,0.8} for the proposed method under the baseline setting. We
tune the regularization parameters for each bandwidth. Figure [2| reports
the misclassification rate (MR), estimation error (EE), true positive rate
(TPR), and false positive rate (FPR). We see that the results are not very
sensitive to the choice of h over the range considered, although it also

suggests room for improvement using cross-validation.

S4 Proofs for Section [3

Before presenting the proofs of the main theoretical results, we introduce some nota-
tion that will be used throughout this section. We first define the estimation errors
and the relevant active sets. We then introduce compact notation for the empirical
and population risks, together with their corresponding score functions. These def-
initions allow us to express the basic inequality and the subsequent stochastic and

curvature arguments in a concise form.
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Figure 2: Sensitivity to the bandwidth h € {0.01,0.1,0.2,0.3,0.4,0.8}.
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For each task m, define the estimation errors
p(m) - h € B IL . I‘l’h IJ/ c 3 a(m) . ah - < 5

and collect them as

~ ~

(/s\b = (B\b(n, NN ,S\b(M))T € RM, AA = (604(1)7 NN ,5a(M)) S RPXM.
To describe the sparsity structure of the true parameter, let

Sy = {j€lpl:p #0},

Sa = {Jj€p]:[|A}ll2 # 0}

Here, S, is the support of the shared component, whereas S, is the active row set of
the task-specific deviation matrix A*. These two sets will be used to decompose the
estimation errors into their active and inactive components.

We next introduce notation for the loss and risk functions. Write
b= (b0, )" e RV,

For any © := (b, u, A), define the task-specific loss with a generic observation (x,y)
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from task m by
6" (©5x,y) = on (y(x (n+ ™) + M),

Accordingly, the pooled empirical risk is then given by

M nm

]' m m m
Lyn(©) := Pyly(©) = N Z ZZE'L )(@§X§ )73/1'( ))7

m=1 i=1
while its population counterpart is

M
1 m m m
L(©) = P(©) = > [gﬁl J(©;x™) ))] ,

m=1

where E(™][.] denotes the expectation with respect to the task-m distribution.
To express gradients compactly, recall that the augmented task-specific parameter
is 0™ = (b (u + a™)T)T. Partition the corresponding population score vector

as

T
707 = (s0m). (s o) )

where the first component corresponds to the intercept and the remaining p compo-
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nents correspond to the slope coefficients. More explicitly,

[ (1 =y (xm)Tg(m)
Shl '(o™) = —E™ K< Y ();L ) y™ | e R,

€ RP.

m m m [ " i m m
Sgl’jl(g( ) = —E™ K< - )y( ) (xm)T

Therefore, the gradient with respect to the task-specific intercept vector b = (b(l), BN T

is given by

n n T
VuLu(©) = (Sl (0), ..., sl (001

In contrast, the shared component p appears in the loss of every task. Its gradient

therefore aggregates the task-specific slope scores:

1 M
Vuly(© :NZ sy, (0).

Finally, because a!™ affects only the loss for task m, the gradient with respect to

A= (aW, ..., a™) is obtained columnwise as

n n
VAL(©) = (st (01, SLsi (001) ).

The empirical score functions are obtained by replacing the expectations in the popu-



Xjaohui Liu and Heng Lian

lation scores with the corresponding within-task sample averages. Specifically, define

ny n T
Vb»CN,h(@) _ (W (1(9(1))’ ji\[/[/\g‘/lf)(e(M)D ’

M
1 m
Vulnn(©®) = ¥ Z NmS h_1 (6),

n/\ U2VPN
Valun®) = (% 0 (00 SIS (001)).

where

m (m) (=(m)\T g(m)
gmgm)y  — 1 K 1—y (%) 0 (m)
Sh1 ( ) My = ( h Y;
o g L2 (1T
52,—)1(0( ) = —n—ZK< - yimxlm)
moi=1

With this notation in place, we now establish several auxiliary lemmas that control
the score fluctuations, the smoothing bias, and the local curvature of the empirical
loss. These results form the main ingredients in the proofs of the estimation error

bound and the variable-selection consistency result.

S4.1 Lemmas and Their Proofs

In the task-wise conditional-density arguments below, select a largest-
magnitude coordinate j,, and label it as coordinate 1 locally, without loss
of generality. The symbol Bi‘(m) denotes its coefficient; X(_"f) contains the

remaining coordinates. Condition 4] applies in these local coordinates,
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uniformly across tasks. This convention is used only for integration in the
proofs of Lemmas [I] and 2 all multitask parameters retain their original
global feature indexing. Euclidean score norms and Hessian quadratic-
form bounds are unchanged by these permutations, so the resulting bounds

combine across tasks as before.

Lemma 1. Under Conditions , and for each task m and *™ .= (b*(™), (B M T

with 8™ = p* + a*™ we have
Isy™ (8*™)|| < C(h/B1"™)>.

Proof of Lemma [I} For notational simplicity, we suppress the task-specific su-
perscript -(™ throughout the proof, since the same argument applies to each task
m=1,....,M. Let 7, =Py =1), 7. =Py =-1), x=(1,x")", u= (u,u’)"
and U = (up,u’)". For any U € S, we get

o~ T A*
U'sn(0°) = —u'E {K (%) yi}

_ (1 —yx"e*\ _ (1 —yx"0*\ __
= —m.E [K (%) yu' x|y = 1] —7_E lK <%> yu' x|y = —1} .

It suffices to upper bound E [f( (@) u'xly = 1}, and the term conditional on

y = —1 is handled analogously. Recall that f(x) is the conditional density function
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of x given y = 1. Then we have

E{K(l_fTa*)yﬁTilw }
= /(uo—iruTX)K(l_b*}:XTﬁ*)f(x)dx
Rp

3 1 — b* — B — XT *
— / /(uo + w1z +uflx_1)K ( 11 _1'3_1) f(z1,x_1)dx1dx_;.
rr-1 JR

h

. 1-b*—z18f—x", 8%, .
By a change of variable z = n , the above equation becomes

ST o
(5w

h 1—-b"—x",8*, — hz
= — - f_l(X_l)/R (UO =+ uq 71ﬁ71 + uTIX_l) X

b b
1—-bv*—x' 8 —h _
f( X_*I'B_l Z|X_1> K(z)dzdx_4, (S4.1)
B
where f_;(x_;) denotes the joint density function of x_; = (29, ...,z,)" conditional

on y = 1. Define H(t|x_;) = ffoo xf(z|x_1)dz. Applying integration by parts yields

h / 1—b"—x" 8", —hz (1—b*—XT1,8*1—hZ ) _
— | u x_1 | K(z)dz
B Ju B / B o) K

R

1
K(2)dH (1 — b —x1,8", — hZ|X_1>
I S s L 0o
- —ul{l_((z)H (1 X 1B hZ|X_1) ‘

e
pr o0

—/H (1 —b* _XT*1:6*_1 - hz‘x_l) d[_((z)}
R o

1-b—x",8*, —h
= ul/H( X_*l'@_l Z\xl) K(z)dz
R B
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This, along with Taylor’s expansion, further implies

h 1 b —x, 8% — hz (1—b*—xT1ﬁ*1—hz ) _
— 1| K(2)d
5 [ B / B o ) Klz)de
_ b* - *
= /]R H (1 fo_lﬁ_l ]x_l) K(z)dz
_ b* - * _ b* e *
g /R ! B;‘-lﬂ-l F (1 B;‘—lﬁ—l |x1> A(2)K(2)dz

v / (] (0]%1) + 67" (3lx_1)} A%(2) K (2)d=

1 — b* e *
= U1H< X_lﬁ_l‘xl)

B
Uu /
[ Blx) + 08 Ok} AR () (54.2)
R
where
As) = 1—b"—x" 8", — hz B 1-b—x",8", _ _h_i,(s: 1—b*—x}ﬁi1—§

A i 1 i

with & € (0, hz), and we used the fact that [, K(u)du =1, [puK(u)du = 0 on the

last line. Denote F(t|x_;) = ffoo f(z|x_1)dz. Similarly, it holds that

Bk T *
= (uo+uT1X1)f(1 ' XB‘:B* hzrxl) K (2)dz
1 R 1

1 — b* _ XT *
= (UO + UIIX_l)F < 5* 71/671 |X_1)
1

ot /R £ (8x_1) A2(2) K (2)de. (54.3)
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Substituting (S4.2)-(S4.3) into (S4.1)) yields
T A*
“E {f( (#) x|y = 1}

— b = T *
- Rplf‘l(x‘l){ulHC 6fx_1ﬂ_l|x‘1)

—b* — XIIB*_
By
= A1+ Ay + O((h/B7)%), (S4.4)

+(up +uljx_1)F (1 : |X—1> }dX—l +O((h/57)?)

where the final term O((h/S3})?) is obtained by invoking Condition 4] and Condition

Bl that [, u?K (u)du < C.

Let w = Hjﬁ,& It follows from direct calculations that
1
1—-b—x",8"
A1 = - f_l(x_l)u1H< " IB 1|X_1) dX_1
Rp—1 Bl
= - f—l(X—l)/ U1$1f($1|X_1)de‘1dX_1
Rp—1 —o0

foalx-n) / wr {1 —b" —x_,8", > x10] } f(21]x_1)dx1dx_4
]Rp—l R
= —/ 1 / um:l[{l — b — 3;181* — Xqﬁil > O}f( 17X71)d1:1dx,1
RP-1 JR = Zz

= —Elyuz I{1 —yX"0* > 0}y = 1], (S4.5)
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and
1 - b* T *
AQ = — f_l(X_l)(Uo + ujlx_l)F ( *Xilﬁil |X_1> dX_1
Rp—1 B
= - foa(xo)(uo + u——rlx—l)/ fai]xoy)dwidx
Rp—1 —o0
= - - foa(xo1)(uo + ULX—l) /R[{l —b" — 18] — XLB: > 0} f(z1|x1)dwrdx
= —E[y(up+u';x ) I[{1 —yx' 6" >0}y =1]. (54.6)

Therefore, combining inequalities ((S4.4))-(54.6]) together gives

(1 —yxTO"\ 1
-E [K (%) u'x|y = 1}

= —E[u'XI{l - yx'0" > 0}y = 1] + O((h/B7)*) = O((h/B])?), (S4.7)
where we used the first-order optimality condition of (2.4)) in the last inequality. Thus

Is(67)]] = sup @'s,(6%) < C(h/5;)?, (54.8)

uesr

which completes the proof. 0

Lemma 2. Under Conditions and |5 we have for any v = (vg,v')" € RPFL

0™ = (b (BT with B™) = p 4+ ™, we have

hoo
|92 (54.9)

vIH 0V > YTHM(00)Y - —
(8™)
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Proof of Lemma For notational simplicity, we suppress the task-specific su-
perscript -(™) throughout the proof, since the same argument applies to each task

m=1,..., M. It follows from direct definitions that

VIH,(0)V =V E[K,(1 — yX 0)%X' |V
= mE[@R’Ku(1—yX 0)y = 1] +7_E [(¥X)*K,(1 — yX'0)y = —1]

- /R (@R -XT0) S (x)dx+ 7 /R @R+ 0)g(x)dx

For convenience, denote o(x) = (V'X)? = (vg + viz; + v ,;x_1)?, then we have

| TR - T6) f(xdx
-+ pK(ﬁ) o(x) f(x)dx

—_h— o~ T
— %/ /K (1 b xlﬁhl Xl/B—l) Q(q,’l,X_1)f(ZL‘1,X_1)dZE1dX_1.(84.1())
rRe-1 JR

_h_ o~ T
By a change of variable z = I xlﬁlh x‘lﬁ’l, equation (S4.10)) is written as

| TR =K 0) )i

_ ﬁl/R / (1—6 x 1[3 | — hz X1>f(1—b—xéiﬁ—1—hz’}(1) K()dede

1 1—b—x1[‘3 1— hz
= ﬁl Rplf_(x 1)/RQ( B, X_1)><

; (1 —b— xglﬂ_l - hz|x_1) K(2)dzdx_;. (S4.11)

1
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Regarding the inner integration with respect to z, it follows from Taylor’s expansion

that

/Q (1 —b—x",8_, —hz’x_l) F (1 —b—x1,8. —hz|X_1) K(2)dz
. By b

_ /Q(l—b—x—l—lﬂ_l?Xl) f (1—b—X1—1,B—1|X1> K(z)dz
R 51 Bl

+/ 201 (vo + v Loboxf ¢ + VT1X_1) f (1 —boxaf - g|x_1) A(2)K(z)dz
R b G

_b—x" 3 . _ 2 S e
—i—/R (U0+U11 Xﬁ_llﬂ ! éh%—vjlx_l) f (1 Xﬂ_;ﬁ ! §|X_1> A(2)K(z)dz,

where A(z) = —% and £ € (0, hz). By Condition |4| and Condition , we have

o () (S e K
. 2 b

_ (1—b—xi15_1 )f(l_b_leﬁ_w )
- B B A o

+O(h/B)([vo| + [o1] + [[v-1])*€ (x-1)-
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This together with (S4.11)) yields

/R (VTRPEN1 - X10)f(x)dx

b~ T R .
- é - Joa(xoq) [Q(l b B:C1ﬁ—1,x_1> f (1 b 6:(1,3—1 |x_1)} ix
1 ~

5 |, fr()EGe) [0/ BIIP] dxy

I U * ok~ T
— é/Rpl {Q(l ’ Bf_lﬁ_l,X1>f(1 b Bf_lﬁl’X1)1 dx_q

+O(h/ BV

— TTE[(1 - X 0)XX |y = LY + O(h/ 8|9

Similarly, we obtain [, (V' X)?K,(1+X"0)g(x)dx = VI E[§(1-yX 0)XX |y = —1]v+

O(h/B3)|v||*>. Thus we have

[V HL(b,B)V — VE[(1 - yx" 0)%X V| < C(h/B])[I¥]*.

This completes the proof. O

Lemma 3. Suppose that Condition [If holds and that the task sample sizes are bal-

anced in the sense that

IN

Sk
=5
INA
Sk
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for some constants c_,c, > 0. Then, with probability at least 1 — (p VvV N)~¢,

. log(p v N) ( h )2
|| 12 th( )H N |ﬁl,min|
) M +log(pVN) 1 hoY
<
IVALN (O )2 < C MN /a7 Bl
. M +log(pV N) 1 h ?
_ .
IVelnn(@), < C MN /a7 \ Bl

Proof of Lemma . Let 5/ = B;im) denote a largest-magnitude coordinate

of B*™ = p* + a*™ under the task-wise local convention, and define

f w18 +(m)
61,m1n . 1£1n1£M |51 | 1;21121\/1 ||ﬁ ||OO > 0.

By Lemma|l| applied task-wise,

o\ ho\?
I\Sém)(O*(m))\! <C P §C<*—> , m=1,..., M.
|ﬁ1 | ‘51,min|

We first bound the population gradients. For the intercept block, it follows immedi-

ately that

M

2 P\ 2 1 (m) ge(m) 2 BVl
IVon(@)]2 = > (52) Isi () —C(|5;mm|> 2

m=1 m=1
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where the last step uses the task-balance condition. Therefore,

. C o\’
V006 < e (| = mm|) (34.12)

For the shared block, we have

M M
IVuLh(©)]e < N Z mHSh 10" < N Z ‘Sh TR

"y 2
Z wlsi™ (0 || < C (W) . (S4.13)

IN
ZIH
>

For the deviation block, for each row j € [p],

Nm 2 m *(m
(52) I(si (07,

M=

H(VALL(©)),. I =

1

max s, (67" Hf( )’

m=1
h 4
< |5T,min|> '

3
I

IA
/-\

|
=la

Hence,

. C ho\?
IVALUO o < (W) | (S4.14)
1,min

Next, we bound the empirical fluctuations for the three blocks. Consider the
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shared block, for each j € {1,...,p}, define

L (m) (=N T gr(m) o m) ()Y T g+(m)
1 X, 0 _ (1 X 0
(m) ._ yi (%) (m)_(m) _ ma(m y"m(x") m)._.(m)
fij —K< h >1xij E()K< h y()
Then
M nm
(Vilnn(©) = Vuly(®)), = —— Z > &
m=1 1=1

Since |K| <1 and y € {£1}, Condition [1| implies each 55?) is centered sub-Gaussian
with ||§(Jm)||¢2 < C. Hence, by Hoeffding’s inequality for sub-Gaussian variables (see,

e.g., Theorem 2.6.2 in Vershynin (2018)), for any u > 0,
P (HVMﬁN,h(@*) — Vuﬁh(@*)}j} > u) < Zexp(—C'NuQ).

Taking a union bound over j € [p] and taking u =< y/log(p V N)/N, with probability

at least 1 — (pVv N)=¢

log(p vV N)

IV uLan(©%) — Vi Ly(©)||w < C -

Combining with (S4.13)) yields

IVuLnn(© )] < [[(Vulyn(©") = Vulu(©)) oo + [V Ln(07)]

log(p V N) ( h )2
C( N " |6imin| )

IN



Xjaohui Liu and Heng Lian

Now consider the deviation block. For each j € [p|, define Z; := (Zj1,...,Zju) €

RM with
Zjm = (VALNK(O") = VAL,(O7)), Zgw . om=1,...,M.

Then [[VALNA(OF) = VALL(O)||2,00 = maxi<j<p [|Zj][2-

For a unit vector u := (us,...,up)" € SM71 (u,Z;) is centered sub-Gaussian
with
Mon o (M 1/2 . 1/2
2l = |25 S umeg| < (zzuzn) -5 ()
m=1 i=1 o m=1 i=1

C C

— max n,, <

<
— N\ 1<m<M M

where the first inequality is because ||ffjm) |l < C and 52(;”) are independent across and
within each task, and the last inequality uses the task-balance condition. Therefore,
by the tail bound for a sub-Gaussian variable (see, e.g., (2.14) in |Vershynin (2018)),

for any u > 0,
P (|{(u,Z;)| > u) < 2exp(~CMNu?). (S4.15)

Let AVj/2 be a 1/2-net of SM~! with cardinality [N 2| < 5, and let u* = Z;/||Z;|» €
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SM=1. There exists v € N s such that |u* — v|, < 1/2. Hence,
12,1l = 0", Z,) < (v, Z)] + [ =, Z,)] <[4, Z,)] + 5 2]
Rearranging yields
12,1l < 2 s 10,251
Hence, by and taking a union bound over u € N o,
P(|Z;]z>2u) < > P(|(u,Z;)| > u) <2-5" exp(~CMNu?).
ueN, 5

Taking a union bound over 7 =1,...,p gives

P (max \Z;l2 > 2u> < 2p - 5™ exp(—CM Nu?).

1<j<p

Choose u < /(M +log(pV N))/(MN). Then, with probability at least 1—(pVN)~,

M +log(pV N)
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Combining with the bias bound (S4.14)) yields

IVALN (O )]l200 < [VALNA(OT) = VALL(O)[|200 + [[VALH(O)|2.00

M +log(pV N) 1 ( h )2
C( MN Bl )

IA

Finally, consider the intercept block. Define g := Vp Ly 1 (©*) — VL, (©*) € RM

and define

L™ om)
gm:—N;@ , m=1,..., M.

Since ("™ < 2, for any u = (uq,...,up)" € M1, | — (™ /N| is bounded. By

Hoeffding’s inequality for bounded mean zero random variables, for any u > 0,

M Nm (m) 2
umC‘ C’LL
P([(u,g)| >u) = P||- : >u | <2exp| —
m=1 i=1 N Zm,i<2|um|/N)2
< 2€—CMNu2

Y

M 2
m=1 um

where the last step uses the task-balance condition and = 1. Applying the
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same 1/2-net argument as above, we obtain

P(|lgll > 2u) < 2- 5™ exp(—C M Nu?).

Take u < /(M +log(pV N))/MN, then with probability at least 1 — (pV N)~¢,

. . M + logN
— = < _—.
IV0Lx(O) — Viln (@) = gl < €y

Combining with (S4.12)) yields

[VeLnn(©®)]2 < |[VoLan(®F) = VpLy(©)| + [[VeLn(©F)||

M +log(pV N) 1 ( h )2
SC( MN Bl )

This completes the proof.

Lemma 4. Define the cone set

C .= {(u,v,A) € RM x RP x RPM .

Vg lls + Agll Asg

21 < 3([lvs, [l1 + Agl|As, [l21) + M_1/2||u||2}-
Suppose that

A2 2max { VM Vo Lan(©)], [VuLrn(©) o}, ANy = 2 VALY MO [2ce.
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then we have (gb, SN, AA) e C.

~ ~

Proof of Lemma . Since (b, i, A) minimize the penalized objective in (2.3]), we

have
L3(©) + A7l + AgIAll2r) < Laa(©) + A"l + 2| A2 )

Rearranging gives

Lyn(©) = Lya(®) < Ml = 1Bl + Mg (|A 21 = 1A ]|21).

By the convexity of the empirical loss Ly 5, expanding the gradient in blocks (b, p, A),

we obtain

Lyn(©) = Lyp(©) > —[|[VoLlyn(©)]2]l0blls — IV Lnn(©)]loo]| Ol

VAL A (O a0l Aall2s

A A
\/—H5b||2 - —||5u\|1 - —g||AA||2 1)

where the last inequality holds due to the assumption that

A > 2VM |V Lyp(©)]l2, A= 2 VuLyn(©)]lw, ANy = 2| VALNA(O)]|2,00-
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Therefore, we have

A\
\/—||5b||2 - —||5u||1 - —g||AA||2 1

Ml = [l + Sgalla) + Mg (1A o0 = A"+ Anlar).  (S4.16)

Since pg. = 0, we have
I

™ + 0l = (s, v — [[0p,s,ll1 + [[6p,5: (11

Hence,

el = [l + pully < [10p.s, [l = [10pe.s5 [la (54.17)

Similarly, for the row-wise group norm, applying the triangle inequality row by row

yields

HA*+AA|!21—ZHA* +(Aa)illz = Y (AG e = 1(AA);ll2) + D 1(Aa)j 2,

Jj=1 JESa JESE

since A} = 0 for all j € S;. Therefore,

IA |20 — |A* + Anllor < [[Aas.llon — [ Aascon

(S4.18)

Substituting (S4.17) and (S4.18) into the basic inequality (S4.16) and rearranging
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terms gives

1+ Al AAse o <3105, |11 + AgllAas.ll2,1) +

[64e,5¢ \/—||5b||27

which completes the proof. 0

Lemma 5. Suppose that Condition [I] holds, the task sizes are balanced in the sense

that

IN

=|F
A

Sk

m € [M], (54.19)

=IP

for some constants c¢_,c; > 0, and A\, < M~Y2 Define ry = /5, + 8,. Then, for any

t >0, if log®(p vV N) = O(N), with probability at least 1 — (p vV N)~¢

M +1log(pV N
sup |(Py — P){04(®) — 0,(©%)}] < Ctryy ~ og(p vV N)
(0p,0,,A4)eC N
M8 |2+ 8, 2 M A a3 <22

where (0p,0,, Ap) =0 — 0" = (b—b*, u—p*, A —A").

Proof of Lemma [5, Let {agm) } be i.i.d. Rademacher random variables independent
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of the data. Since the observations {(xg ,yZ )} are mutually independent, we have

E sup (Py = P){£4(©) — £,(6")}]
(6b75p,7AA)E(C
M6 [P +H0u |2 +M | A7 <t?

M npm
< - 1§ S o @, ) —e;m><e*;x5m>,y§m>>}|
(0b,0,,A4)€C m=1 i=1
M8 [P+ I0u P +M | Aa T <t?
1 M nm
< 2E sup ¥ Z Z Jz(m)yz(m) ((Xgm))T((su + 0qm) + 5b(m)) | ;
(01,0u,A4)€C m=1 i=1
M8 [P+ I0u P +M | Aa 5 <t?

where the last inequality is by applying the contraction inequality for the Rademacher
complexity (e.g., Theorem 2.2 of |[Koltchinskii (2011))) since ¢y, is 1-Lipschitz contin-

uous. It remains to bound the symmetrized linear process. We decompose

M m
L3 S o () B+ ) + 087

m 1
M nm nim
SEE DD SELVENER AT SIES SELTEE
m=1 i=1
+

o\ 1/2

M n
1 m)__(m 1 (m) (m) _(m
< ¥ ) () g ) ||5M||1+1I£1a<x > 520" () | A2
m,i 00 m=1 i=1
M Nm 1/2
Z Z o™ yzm) 18|]-
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Taking supremum and expectation on both sides, we obtain

E sup (Py — P){4(©) — £4(©")}]|
(0b,9,,A4)eC
M8 1P+ [|0u IP+M | AA | <t?

1
< 9E Nzagm)yl(m)xgm)

sup 0|2
(5b,5u,AA)EC

0L M=H|8p P +I8,lIP+M | AalF<t?

o\ 1/2
SN ) ) )

+2E | max ~ D20 YTy sup |Aall21

I=r=p mZZI N i=1 ! (0b,0,,A4)eC

- M= 612+ 16, 1P+M A l|F<t?

o - o\ 1/2
+2E — agm)yl(m) sup || O] (54.20)

T)’LZZI N ZZI (6b75u;AA)€C

M=Y8u]P+10u]P+M [ AAlIF<t?
We first bound the deterministic suprema under the cone constraint. For (dy,, d 7% Ap) €

C, we have

1

18gall1 + AgllAallza < 4 (16,501 + AgllAns,ll21) + \/MHf?blb-

By the Cauchy-Schwarz inequality and the definition of the active sets S, and S,

we have [|y.5,[1 < /5ul0pll, and [[Aa s, ll21 < v/5al|Aallr. Moreover, under

M| + 18pll* + M AallF < 22,
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we have ||0p||2 < VMt, |6yl <t and ||Aallr < vV Mt. Hence,

16plli + AgllAallen < 4y/Sut +4Ng/SaVME+ ¢

< COrgt.
In particular,

sup 10l < Crt, (S4.21)
((sbvé,uvAA)E(c
M=[8p+ 18,12 +M | Aa |7 <t

and

sup [AAll21 < COreVMt, (S4.22)
(5b75u7AA)€(C
M8 2+ [18ul2+ M | AAlIE<t?

since \, < M~Y/2. Moreover,

sup 1w < VM. (94.23)
(éb";ll«vAA)eC
M= 8u[2+8, 12 +M 1A |3 <t2

Next, we bound the three stochastic coefficients in ((S4.20) For the shared block,
by condition [I| and the standard maximal inequalities (see, e.g., Exercise 2.5.10 of
Vershynin| (2018))),

< CK, 08P (S4.24)

E
N

1 m m m
D SN

oo
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For the deviation block, let

For any u = (uq,...,upy)" € SM-1
M n M n
ozl = |3 S| < G (33
m=1 i=1 o m=1 i=1
1/2
CK, i ) _ CK,
- nmum f— )
N — vVMN

where the last step uses (S4.19). Let Nj/» be a 1/2-net of S~ with [N | < 5

By the standard net argument,
P(|Z;j.||l2 > 22) < 2 5™ exp(—~C M Na?).
A union bound over j € [p] then gives
P (Eax |Z;.||2 > 29:) < 2p-5M exp(—CMNz?).

Integrating this tail bound yields

Nm

1 m
N. Uz'()i
i=1

M
E | max E
1<j<p

m=1

(S4.25)
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For the intercept block, by Jensen’s inequality,

o\ 1/2 o\ 172
LA ) (m) = 1N (m), (m)
| (S35 ) | < (e (28
m=1]"" =1 m=1 i=1
v 1/2 |
N
= 1> 5] =— (S4.26)
2
<m1N ) \/N

Substituting (S4.21))—(S4.26|) into (S4.20]), we obtain

E sup (Py — P){04(©) — 0,(©")}]
(6b76#7AA)€(C
M8 l2H 824+ M A a |2 <22

logp M + logp 1
< CKurg\| —— + CKyrs VMt | ————— Mt ——
< r\/N+ sV Mt/ UN +CV N

M + logp
< Ctry\| ————.
> T N

We now turn to concentration. Applying Adamczak’s concentration inequality

(see, for example, Section 2.3 of Koltchinskii (2011])), we obtain that, with probability

at least 1 — e™7,

sup |(Py — P){n(©) — ,(©")}]
(0b,0,,A4)eC
M~H8p [P +H|6ulIP+M A lf<t?

IN

CE sup |(Py — P){0,(©) — £,(©)}]
(5b76M7AA)€(C
M6 216, M L An |2 <t2

Bz Uz
+O”W+CW’ (54.27)
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where
B = sup E [(ﬁh(G) — Eh(G)*))Q} ,
(6b,6u,AA)E(C
M8 |2 +[8, |24+ M 1 A g |2 <t2
U = || max sup 67 (©; %™, 4™ — £ (@ %™,y ™|
11S<m<SM: (8b,0,,A)EC
SIS 018y 218, 2+ M1 A a2 <t2

1

Since ¢y, is 1-Lipschitz and Condition [1] implies Apax (E™[x (x(M)T]) < C uni-

formly in m,

M

1 2

B < sup — E<m[ XNV (811 + By~ Ty ]

o Nmzz ) (8 + Syim)) + Gy

M6 2+H8, P+ M~ A 3<
1 & 1 &
< C sup dull* + — Nnl|8 o ||* + — Non® i
e {u I+ S b+ 3 i
M8 |2 +H8, P+ M~ [ A 3
< CP,

where the last step uses (54.19)).

To bound U, note that

67 (©:x.4) — (0% x. )| < x (8 + Seuom) + by |

IN

1 lloo (10 pally + I quem 1) + |G|

< xlloo (gl + 1A 21) + [[dn]]-

Using (54.21)), (S4.22)), (S4.23), and by Lemma 2.2.2 of van der Vaart and Wellner
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(1996)), we have

max ||x(m)||
1<m<M, 1<i<ng, ©© 0 C

< CK,+/log(pN),

P

then,

U < CKy\/1og(pN)(rit + vV Mrgt) + CVMt
CtvV/Mry/log(p V N).

IN

Next, substituting the above upper bound for B and U into ([S4.27) and setting

z < log(p vV N), we obtain

sup |(Py = P){{n(©) — £,(©7)}]
(5b»6uaAA)€C
ML) 8| 2+18,0] |24~ | A a3, <42

M +1 N 1 N 1 3/2 N
< Ctrs\/ +O§V(pv ) o %Jr()t\/ﬂrs—og %v )

Since 7y > 1, the second term is dominated by the first one. Moreover, under the
condition log®(p V N) = O(N), the third term is also dominated by the first one.

Therefore

og(pV N)

. M +1

sup |(Pny — P){ln(®) — (,(©@)}] < C’trs\/
(86,6,, A p)eC

M8 |2 416,24+ | A g |2 <t

N

with probability at least 1 — (p vV N)=¢. O
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Lemma 6. Suppose that the task-balance condition holds, namely,

MNm Cy

< = a0
- N M

IN

m < [M]a

=|P

for some constants c_,c, > 0. If the task-specific components satisfy the centering

condition
M
>a <o
m=1
then, for any u = (uy,...,upy)" €RY, v eRP and A = (o, ..., a™), we have
Mo
e (MM ullg + IvIE+ M AL < Y S {un v+ ™)
m=1

IN

C (M Hpull3 + [1vI3 + MHIAl)

where ¢ > 0 depends only on c_ and C' > 0 depends only on c,.

Proof of Lemma [6 By the task-balance condition,

That is,

m < e M7 ullz.
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Next, by the centering condition,

M M
1 m 1 m m
LS v e = LS (vl 2vTal + at)3)
m=1 m=1

9 - U 1 X
= VI3 + v Do e S a3
m=1 m=1

1 M
= |vl3 + i > llat™ 3
m=1

= |Vl + MY AllE

Therefore,
Mo oM
Sy e g > S vl = e (IvIE + M AR,
m=1 m=1

and similarly,

M M

M m C+ m —
Syt el < S S v+ e = e (I + MATR)
m=1 m=1

Combining the above bounds proves the lemma.

Lemma 7. Suppose that Conditions hold. Let

M +log(pV N) ( h )2‘

dy = "
N yﬁl,min|
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Then

HvﬁZN,h(ﬁ*)Hm = 0,(dy).

Proof of Lemma [7 The argument is the reparameterized version of Lemma [3]
Indeed, the intercept, shared, and deviation components of VngN,h(ﬂ*) are linear
combinations of the corresponding taskwise empirical scores considered there. The
norm || - ||p+ rescales these blocks exactly as in Lemma , with A\, =< M~1/2 for the
deviation rows. Combining the same sub-Gaussian concentration bounds with the

smoothing-bias bound from Lemma [1| gives O,(dy). O

Lemma 8. Let Ny be the neighborhood of ¥* defined by
Ny ={9: M72|b = b*la + [l — p*lla + MTV2|A — A¥||p < Crod},

where C' > 0 is sufficiently large. Under Conditions and the bandwidth conditions
ensuring local smoothness of the smoothed loss, uniformly over 19 € Ny,

= 0p(N).

HV,ﬂZN,h(ﬁ) — VﬂZN,h(ﬁ*) — Th(97)(9 — 97) Dt

Consequently, if ¥z. = 97 = 0, then, by taking the corresponding subvectors of the

preceding expansion,

V2L n(9) = V1L n(9) + Thzz(9°) (97 — 9%) + Ry(9),
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and
VzeLnn(®) = Ve Ly n(9%) + Trzez(97) (97 — 93) + Rze(9),
where
|Rz(F)p+ = 0p(A),  [[Rze(F)]lp = 0p(N).

Proof of Lemma 8 Let By = C'y/log(p V N) be such that, with probability tending
to one,

<M <
Jax, max |15 lo < By

This event follows from Condition [1] by a union bound for sub-Gaussian variables.
In the proof of Theorem , the remainder is applied only to the restricted/oracle
estimator satisfying ¥7c = 9¥7. = 0. Hence § = 9 — 9" is supported on the active
block, whose dimension is ¢y = M + s, + (M — 1)s,. If one wants the stronger
uniform expansion over all of Ny, the same argument requires replacing gy by the
ambient dimension M (p + 1). By the bandwidth condition imposed in Theorem

B3, M?qnr3) B

; o(1). (54.28)

For each observation in task m, write the margin as a linear function of the
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reparameterized vector:

where ¢§’") is the corresponding reparameterized design vector multiplied by ygm).

More explicitly, ¢i(m) has the intercept component y\™

; in the mth intercept co-

)5 (m)

ordinate, the shared block 3™ x! M

, and deviation blocks equal to —y, ’x;"’ for all

a;-blocks when m = 1, and equal to yi(m) xgm) in the mth deviation block when m > 2,

with zeros elsewhere. Hence, on the event above,
19l < By,  1<i<nu, 1<m< M.
Let 6 = ¥ —9". By Taylor’s formula applied to ¢), for each observation,

Vo Lnn(®) — VgLyn(9*) — Ty(97)d

M nm

- —ZZW (L@ 9} = G (™) 0} = (™) T Hw™) o]
= —fjiw“" { (™)) / -0y (™) + (™) 7o) d}

Denote the preceding vector by R(#). Then, for every coordinate ¢,

M nm

C m
Re@) < 5 > D Wil w!™) 6, (S4.29)

m=1 i=1
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If 6 has at most gy nonzero coordinates, then

(™) 78] < (W™ )supn(s) |2 11812 < Bav/an 1]

Moreover, since 19 € Ny,

M
8]l < € (Hb b =+ ) ™ - a*<m>\|§) < CMriz*.

m=2

Substituting these two bounds and |¢Z(2n)| < By into ([S4.29) gives the coordinatewise

bound

Ny MTIN

B
|R@)lle < C=EE 9 e N (S4.30)

It remains only to translate this coordinatewise bound into the mixed norm ||-||p 4.

The intercept part satisfies
M2 By (9)[|2 < 1 R(9) -
For the shared component,
R (D)oo < [[R(D)]|o-

For a deviation row j, using A\, < M ~1/2 and the equivalence of norms induced by T
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on RM-1
Ay 1 Raj(9) 5 < OVM|[Raj(9)]l2 < CM|R(I)|oo.
Combining the three displays with ((S4.30)), we obtain

[R(F)p+ < C

Bf’vM2qu§)\2 B?VquNTg)\
e Ao T ) =

where the last equality follows from ([S4.28|). This proves the required sparse active-
block remainder expansion used in Theorem[2} The full-neighborhood uniform version
follows from the same display after replacing gy by M(p + 1).

Now suppose additionally that ¥z = ¥97. = 0. Then dzc = 0, and hence

r gy = | Tr? 0 =90

Ly ze2(97)(97 — 97)

after arranging the coordinates according to (Z,Z¢). Taking the corresponding sub-

vectors in the full expansion gives
ViLyn(9) = VzLyn (%) + Tp12(97) (91 — 9%) + Re(9),
and

Vi Lyn(9) = Ve Ly n(9) + Tpzez(9°) (97 — 9%) + Ree ().
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Because the active and inactive mixed norms are restrictions of || - ||p 4, the preceding

bound immediately implies
[Rz()lp+ = 0p(A),  [[Bze(D)]lp = 0p(A).

This completes the proof. 0]

Lemma 9. Let

Y9 = argmin {Emh(ﬁ) + AP(ﬁ)} :
p1;=0, jESﬁ
aj:O, ]ES&

Under Conditions and [0 and the tuning condition A 2 dy,
P (1"9 S NN> — 1.

Proof of Lemma @ 9 is actually the oracle estimator that minimizes the penalized
loss over the true active set. Thus the result directly follows from Theorem [1] This

completes the proof. O

S4.2 Proof of Theorem [

Let
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By Lemma [3] and the choice of A and ), the conditions required in Lemma [4] hold

with probability at least 1 — (p V N)~¢. Hence,
(gb, gu,, AA) e C.

In the following proof, we work on this high-probability event.

Suppose, on the contrary, that
Loso T2 TN 12
(5718l + 18l + 37 1Bal) > Lan,

for some sufficiently large constant L > 0. Let

LAr,
~ ~ - 1/
(M1 18012 + 18l + M- Al

n = 5 €(0,1),

and define

Let

@h =0 + (51),5“7 AA)
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Then, we have
(M| + 18 + MTAAR) " =t 1= L, (84.31)
Since C is a cone,
(8b, 0, An) € C.
Denote

Qvn(©) := Ly n(©) + Allplly + AAg[|All21,

By convexity of the empirical objective and the fact that @h minimizes Qn ;(0), we

have

Onan(©y) < UQN,h(@h) + (1 —=1)ONn(O") < Oni(OF).

Hence,

L£30(08) — Lxa(©) < Ay — ) + M (1Al — [Anllan). (54.32)

By decomposability of the ¢; and ¢5; norms,

el = e+ Oplly < 10ps.lls — 10psg < 1045, 1I1,
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and

[A |21 — [A* + Aall2r = Z:mAmb_”A;+AAJM)_§:HAAHb

jESa jess
< D BAaglla =Y 1Al
JESa JjeSs

01 < |Aas, |21

= [|Aas. 2 — [[Aase

Substituting these bounds into (54.32)) yields

Lyn(O) — Lyn(©F) < /\”5!%5““1 + M|l Aa s, |21 (54.33)

By Lemma [5] and (S4.33)), with probability at least 1 — (p vV N)~¢,

og(pV N)
N

_ . _ . M +1
Li(©h) = La(©") < Lyn(©On) — Lyu(© )—l—Ctrs\/

og(pV N)
N
M +log(pV N)
N

IA

_ _ M +1
MOps,llt + Al Aa s, |21 + Ct?“s\/

IN

)‘\/S_uHEMH + )‘)‘g\/%“AA”F + Ctr,

CA(V/3u + V/5a)t + C’trs\/M ki lo]gv(p vN)

CArt, (S4.34)

IA

IA

where the penultimate inequality uses )‘)‘g\/%HAAHF < AgVSaVME < CA/54t
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since \, < M~Y/2 and the last step uses the choice

M +log(pV N) ( h )2
A>C + :
< N ﬁik,min

Next we derive the lower bound. For each task m, define

Nn\m 7(m — —(m T *(m *(m * *(m T
0 = (B (ot a™)T) = (0 (et
and
N nlm m < Ssim T
55 =0y — 07 — (8, (3 + 36T

Applying Taylor’s expansion task-wise, we have

= > (B [on (55700 — B [0 (yxT00)])
m=1

= % i nmsém)(e*(m))TSé()m) + % i nm(gém))THgm)(el(m)>5ém)’ <S4.35)
m=1 m=1

where 8™ lies on the line segment joining 8*™ and ég’”).

We first control the score term. By Lemmal[I]

h
|Bimin‘

s < c ) m e [M],
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Hence, by Cauchy’s inequality and Lemma [6]

1 Y 2 1
(m) (g+(m)\ T 5(m) ( ) S(m

g Nms; (0 1) > —C N[0,

N h ( ) o |ﬁl m1n| ?

1 M 1/2
—C — n,,[|65™)]|2
(|Bl mln ) (N Z H o H )

h 2
> _o( : )t. $4.36
|ﬁl,min| ( )

HME

v

Since (b, 0y, Aa) € C and
(M8 >+ 18all* + M [ Aa ) = 1 = Lar.,

the line segment between ©* and @, lies in the local neighborhood in Condition ,
provided that the constant C; therein is sufficiently large. Keep each j,, fixed at its
population choice. For every parameter on this segment, the normalized

neighborhood radius gives

1B — B ™y < [l — p*la + A — A"
< (1+ VM)t <2LVMAr.
Consequently,
18501 = 18, = 18 = Bl
> Bimin —Cv M/\TS > %ﬁiminv

uniformly across tasks for sufficiently large N, since Condition [2| assumes
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VMAr; = o(B] nin)- Thus the Hessian approximation error is uniformly
bounded by a constant times %/(5;,;,)°. By Lemma [2| and Condition [3| for

h/| B minl? sufficiently small,
s(m)) | pp(m) (grim)y 5(m) 5(m) 12
(8) H@)S™ > Cl 3 me (M)

Therefore, by Lemma [6]

M
Z nﬁm ( m)) ;lm)(el(m))gém) > CZ ||5(m H2

m=1

N —

> C ( 013+ 103 + M AAllR)

= P (S4.37)

Combining (S4.35)), (S4.36)), and (S4.37)), we get

Ly(©) — L,(©%) > —C ( )215 + Ct*. (S4.38)

h
|ﬁik,min’
Finally, combining ((S4.34)) and (S4.38]) yields

h
|/6ik,min|

2
Ct* < Chrgt+C ( ) t < CArgt,

by the choice of X\. Hence

t < CArg.
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This contradicts (S4.31)) for sufficiently large L. Therefore,
I 2 < 12 L~ 2 12
(5718l + 18l + 3718l < v

This completes the proof.

S4.3 Proof of Theorem [2

We prove the theorem by a primal-dual witness argument. Recall the restricted

estimator is defined as

9 = argmin {ZN,h(ﬁ) + )\73(19)} :
/LJ'ZO7 ]ESfL
aj:U, jESg

By Lemma [9]
P (5 S NN> — 1.
Thus, with probability tending to one,

s, = #5, lloe + M 712 max || T (@, —a5) |
= s, — p, o + M7 mmax [ Ay — Al

< Cry)\, (S4.39)
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since T(a; —a*) = AT — A*'. For any j € S, it is clear that |u;| > |pf| — |; — pil.
J j j j o J J J J

Therefore, combining (S4.39)), with probability tending to one,

JIIEI}gI: il > %gj 151 = llps, — ps, [l
> UN — CTS)\
> 0,

where the last inequality holds since Condition [§ assumes 7\ = o(vx). Thus,
ﬁj 7é 07 ] € Su'
Similarly,
—1/2 s IIA -1/2 - * —-1/2 A *
M2 min [[Ag [l > M7 min || A [l = M7V max|| Ay — A
Therefore,
M2 min ||A,.||ls > vy — Crad > 0
€S
with probability tending to one. Hence,

||AJ||2 7& 07 .] € Sa'
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This proves that no truly active variable is missed.
Let EI be an active-block subgradient of the penalty at 9. On the active block

Z, the restricted estimator satisfies
ViLyn(®) + Az =0,

with EI well-defined from the KKT condition of the restricted optimization problem.

By the definition of the subgradient of P, its intercept component is zero and
1Ealps < 1. (34.40)

Indeed, ]E#’j\ <1forjes,, and HEG,]HT <\ for j e S,.

By Lemma , on the event ¥ € Ny, we have
VIENN,h(’E) = VIEN,h('ﬂ*) + T 22(97) (’51 - ’19;}) + Rz,
where
|Rzll.s = 0p(A). (34.41)
Combining this expansion with the active KKT equation gives

Oy — 05 = T, 1(07) { V2L p(07) + Fr + 0} (S4.42)
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By Lemma [7],

HVIZM(W)HQ+ = 0,(dy).

Since dy = o(noA), we have dy = o(\). Together with (S4.40) and (S4.41)), by the

triangle inequality of the mixed dual norm, we obtain

HVZZN,,L(ﬂ*) + Ry + M\

= 0,(\).

D+

Next, we construct the inactive subgradient. Define

Aze = =V Ly p(9).

We verify strict dual feasibility, namely, HZ# sclloo < 1 and maxjes, HEaJH’f < Ag. By

Lemma , on the event 9 € Ny,
Vil n(®) = Vi Ly n(97) + Ty zer(97) (51 - ﬂ;) + Ry,

p = 0,(\). Substituting the expression for 97 — 7 in (S4.42), we obtain

where || Rz

Az = )\I‘h,ICI(ﬁ*>F}:,1II<19*)EI + Ay,



Xjaohui Liu and Heng Lian

where

AN = I’hch(’ﬂ*)F;’lII(’ﬁ*) {VIEN,h(ﬁ*) + EI}

— Ve Ly p(9) — Rye.

Dividing both sides by A, we get
Cze = Dozez(97)T5 0 (97)C + A A (S4.43)
Taking the D-norm and using the triangle inequality yields

HANHD < Hrh,ZCI(ﬁ*)Fﬁ,lzI(ﬁ*) {VZZth(ﬁ*) + éI}HD

D-

n HVICEN7,1<19*)

+ || Rz
D
Let
uz = VIENyh(ﬁ*) + Ez,
and decompose
uz = uzy + uzp,

where uz, is supported on the penalized active components (H’Sw ag, ), and ugy is

supported on the unpenalized intercept component.
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For the penalized part, define

¢w - __HIe
) — .
uzpllo+

Then ¢ = 0, [¢\")] < 1for j € S, and [[¢1")]]5 < A for j € S,. Then, by Condition

@

HFh,ICI(ﬂ*>F};III<Il9*)C(IU) b

which implies

[T 2oz (9T}, 22(0" Yuz, ||, < lluzyllpy,

For the unpenalized intercept part, by Condition [7, there exists a constant Cj, > 0

such that
1T 22 (9T} 1 (9% ) ug,|| ) < CoM ™2 |lwyl2 < Cylluzllp -,
since the intercept component is included in || - ||p 4. Hence,

| T zez (9T}, 77 (")uz |

IN

| T zez (9T}, 22 (0"Yuz ||, + || T zez (9T, 22 (0" )uzs |
< luzpllp+ + Colluzllp+

< Clluzllp+-
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Recall that uy = VIENJZ('I?*) + EI, since VIENN,h(t‘}*) is obtained by restricting

the full score to the active block Z, the definition of the block norms gives

fostio], = [Fatua],

Hence, by Lemma [7]
VLo (9" H — 0,(dy).
H T N,h( ) D4 p( N)
Moreover, by Lemma [§]
| Rzl[p+ = 0p(A).
Therefore,

Hrhm(o*)r,;}ﬂ(ﬂ*) {V2Lws(9") + Bz} HD = 0,(dy) + 0,(\).

Next, since VzeL. N1 (V") is the inactive subvector of the full score, Lemma [7] also

implies

foe o], < [Foato], = 0r0
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Finally, by Lemma [§]

|72z

D = 0p(N).
Combining the preceding bounds, we obtain

13l < ||Puaer(9)0; 5 (9%) {VaLwa(@) + Br}|

n HVZCEN,h(ﬁ*)

+ ||§IC||D
D

= Op(dN) + Op()\).

Since dy = o(1p]), it follows that

~ d
"Bl = 0, () +on1) = o)

Since the mixed norm || - ||p dominates the common inactive component, we have

A AN ssllo < AT AN]ID = 0, (n0)-

By the empirical irrepresentable condition in Condition [7]

H [I‘h,ch(ﬁ*)rleﬂ(ﬁ*)zz}

< 1—no.

Foopfl oo
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Hence, combining the above bounds and (S4.43)), we have

”Cu,SfL o <1 —mo+ )‘_IHAMmSﬁHoo <1

with probability tending to one.

Similarly, by the definition of the mixed norm || - ||p,

—1
Therefore,

A e Bl < AA 1B o = ().
By Condition [7]

max
jesg

S /\g(l — 7’]0)

[Fh,ch(ﬁ*)rﬁ,lzz(ﬂ*ﬁz}

[l,j T

Therefore, combining the above bounds and ((S4.43)), we have

max

- y -
JESE Cailld = Ag(1 —=m0) + A ?é%é(HAN,a,j T

Since the second term is 0,(An0),

max [|¢

<A
JESS 7

a,j”’i‘
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with probability tending to one.
Thus, strict dual feasibility holds, and the restricted estimator J satisfies the
KKT conditions of the full penalized problem. By convexity, it is a global minimizer.

Taking 1A9h = 1N9, we have
ﬁh,Sﬁ =0, ;‘;h,sg =0.

Combining this with the active lower bounds proved above gives

with probability tending to one. This completes the proof of Theorem [2] U

S4.4 Discussion and Gaussian verification of Condition 4

Condition 4] supplies sufficient conditional-density bounds for the score-
bias and Hessian-approximation arguments. Its weighted integrable en-
velope allows dependence among covariates. The following calculation
applies to each task and class, with constants uniform across tasks and
classes. We suppress these indices and consider the distribution given
y = 1; the other class is treated identically. The coordinate selected in

Condition [2] is locally denoted by x;.
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Assume x |y =1~ N(§,X), with
el XX < Csl, 1€ll2 < C,

where cy, Cs, and (¢ are positive constants. Partition £ and X according

to x; and x_,;. The conditional Gaussian distribution is
&1 | X1,y = I~ N(n<x—1)7 S)J

where

nxo) =&+ 37 (x — &),
s=o011— ZJ1,—12:%7_12—1,1-
Since s = {(X7!)1;}7!, we have ¢y < s < Cx. Moreover, under the distribu-
tion given y =1,

EnQZSf—f—UH—s < C§+C§;.
Let f(z | x_1) be the conditional density. For = # 0,

(x —n)?

1
— “log(2rs).
2s 3108(2ms)

log{|z|f(z | x_1)} = log|z| —
Its stationary points satisfy z(x —n) = s, hence |z| < ||+ +/s. Consequently,

sup [z]f(z [ x-1) < C(1 + |n]).
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T

To cover every term of Condition |4, write t = a' x_; for a fixed unit vector

«a. Using 2z = (z — n)/4/s and

xr —

Fla]xa) =—"—Tf@|x),

the bounded polynomial-weighted standard Gaussian density gives
sup(1+ [z] + [t]) f(z | x-1) < C(1+ |n] + [¢]),
sup(1 + |z| + [t| + 22 + )| f'(z | x_1)| < C(1 +n* +17).
Thus an admissible envelope is
Ea(x-1) = C(1+n(x_1)" +1%).
Since
Et? = (a'€é_1)* + aTZ_L_la < Cg + Cy,

we obtain

sup /Ea(xl)fl(xl) dx_1 < C(1+ 2()’52 +2CY) < o0.

lal2=1

Thus its integral is bounded uniformly over unit directions, tasks, and
classes.

Finally, we note that requiring sup, , , |7|f(2 | x_1) < oo would be much
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more restrictive. Evaluating at z = n(x_;) gives

X_
supla] f(ar | %) > 12220
x 21s

If ¥, _; # 0, the conditional mean is an unbounded affine function of x_;,
so this joint supremum is infinite. For Gaussian covariates, a finite joint
supremum therefore requires the selected coordinate to be independent of
the remaining coordinates. Condition 4| avoids this restriction by requiring

an integrable envelope instead.
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