Statistica Sinica: Supplement

A General Approach to Maximum Likelihood Estimation

of Semiparametric Models with Massive Sample Sizes

Jianqgiao Wang!, Donglin Zeng? and Dan-Yu Lin!

YUniversity of North Carolina at Chapel Hill, ? University of Michigan

Supplementary Material

The Supplementary Material contains technical details of the proposed methods and additional simulation studies.

S1 Proof of Theorem [1

We first establish the convergence rate of %.
Lemma 1. Under Conditions 1776 + hollx = Op(]|0 — 6o]]) + Op(m=F) as @ —p 6.

Proof. Since 7jp maximizes P,,1(8,1) over F,, it must satisfy P,,[,(0,7g)[h] = 0 for every
h € F,,, where F,, is the tangent space of F,,. By differentiating this equation with respect

to 0 at 8y, we obtain

P,.loy (80, 760 ) [h] + Pinliyy (80, 76, ) [1Tg, - 1] = 0.

Condition |3| implies that 7g, —p 1o and %0 —p ho. These facts, along with the Glivenko-
Cantelli properties given in Condition , entail that P,,la, (00, 7, )[h] —p Elgy(60,70)[h] and
Pl (00, 0y) [1lgy> B] —p Elyn(80,70)[ho, h]. By taking the limit of the left side of the above

equation, we have

Elgy(80.10)[1] + El, (80, n0) o, 1] = 0 (S1.1)

for any h € F,,. For any I’ € F, there exists a sequence {h,,} C F,, that converges to A’
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Thus, 1) holds for any h € F. The uniqueness of the least favorable direction provided
in Condition 2| yields %0 = —hg. It then follows from Condition |3| that as 8 —p 6y, 7:79

converges in probability to —hg. Thus, Lemma 1 holds. O
We are now ready to prove Theorem 1.

Proof. For simplicity, we assume that @ is one-dimensional. Let é\f and é\fy(sn denote the
final one-step estimators using Dgl(O;gm,ﬁg,m) and D975nl(0;§m,ﬁ6~,m), respectively. By
Condition @, 65, = O;+0p(n~Y/2). Thus, it suffices to show that n*/2(8;—8,) — N (0, I; ).
Clearly, P, {io(8rn, 7, ) + (O, 5, )i, | } = 0. Thus,
~ o~ ~ -1 .~ L~ .
0 = O+ (Ln/m) P {io(8n,7,) + 10,5, )i, ] |-
Let G, = n'/?(P, — Ppa,.n,) denote the empirical process with Oy, ..., O,. Note that
P {100 l5,) + 1o (O, 75, ) 7g, ||
:n_l/QGn {lo(em, ﬁgm) + jn(gm, ﬁgm)[ﬁgm]}
+ B o0 15,) + (O, 5, ) 175, 1 |-
Let 15(O;0,19) denote the efficient score function for 6y with 15(O;0,1n) = ig(O; 0,1n) —
[,(0;6,10)[ho). By Lemma 1, ﬁgm converges in probability to —hq. In addition, (6., Mg, ) —p
(69, m0) by Condition , and lg(6,,,, ﬁgm)+in(§m, 5., ) [ﬁgm] is dominated by a square-integrable
function under Condition [4, Thus, the dominated convergence theorem implies that
S~ o~ 2
E{io(On75,) + (O 5, )i, ) ~ 1o} — 0.

The Donsker property given in Condition {4| then yields

Gy {lo(Bn.Tig,) + (O 75, g, | } = Gulo + 0p(1).
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Therefore,
mflfmnlp(é\f — 6o) =m ' I,n"*(8,, — 05) + Gl
12 {io(07,) + (00 15, i, | |} + 0r (D).
By the Taylor series expansions of F {ig(gm, M. )+ in(gm, %m)w@n]}’
m’lfmnl/z(éf —0y)
=Golo + m ' L,n"*(8,, — o) + n'/*E {jo(eo, 0,) + 1 (6o, ﬁeo)[%o]}
+n'?E {zbe(em Ne,) + 2[917(90, %0)[%0] + [W(GO, 7790)[?7907 %0]
+1,(80, 710, i) } (B — 0) + 1 20p (| — 062) + 0p(1)
=Glo +n'20p(]|0,, — 6o[|*) + 0p(1) + n'/E {i9<90,ﬁeo) + ZU(007779())[7’700]}
+nl/? [m_lfm +E {2.99(90, T6,) + 2lon (60, 7790)[7790]

+y (6o, ﬁeo)[ﬁeoa 7;790] + in(007 ﬁeo)[ﬁeo]}] (ém —0)).

Since 6, is the maximum profile likelihood estimator, m'/2(6,, — 6y) —4 N (0, I;"). Under
Conditions 3 and |5, I,,/m —p Iy and n/m? — 0. Therefore, the conclusion of Theorem

will follow from Slutsky’s theorem if the following results hold:

5 {080, 7i0,) + by(60, 7 i, | } = 0p(n™"/2), (S12)

and

milfm +FE {2.99(007 7790> + 2z;97](90a ﬁ%)[ﬁeo] + Z.Tm<007 7790)[7;7907 7.700] + zn(90> /7790)[7.700]}
:0p(m1/2n_1/2).

To verify (S1.2), we apply the Taylor series expansions and Bartlett identities to obtain

E {ie(ao,ﬁoo) + in(9077790)[7790]}
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=K {je(907 1) + 1y(6, Uo)[ﬁoo] + loy (80, 70) [Tl — 0] + Ly (B0, 770)[%07 Moy — 770]}
+ Op([I78, — m0ll%)-

=K {an(Go,Uo)[ﬁeo — 0] + Ly (80, 70) [1lg, » Ty — 770]} + Op (70, — moll5)-

Under Condition [2] the least favorable direction hg solves the equation

Eloy(80,m0)[h] = Elyy(o,10)[ho, h] = 0 (S1.3)
for every h € F. Thus,

E {20(90, No,) + jn(9077700)[7700]} = Ez.nn(eofﬂo)[ﬁeo + ho, T, — 10) + Op (|78, — 10]|%)-

Under Condition , 1780 — noll7 = Op(m~). Condition || implies that El,,(8o,n0)[-, ] is a

bounded bilinear operator. These facts, together with Lemma 1, entail that
E {o(B0,7i0,) + 1y (B0, 70, i, } = Op(m2 4+ m~4). (S1.4)

Equation ((S1.2)) then follows from the fact that n'/?/m?* — 0 and n'/?/m**? under Condi-
tion [5

Next, we verify (S1.3). By the Taylor series expansion and Bartlett identities,

5 {00 (B0, Toy) + 2lon (8o. i) ay) + Iy (B0, e, i, e, + Iy (B oy, |
=F {250(907 10) + 2,(80, 10) [Tgy) + Ly (80, 10) g, » TTg,) + I (B, 770)[5790]}
+ Op (|16, — 10l 7)

= { o8, 10) + 21 (80, 10) i) + L1000 10) T 1)} + Or(lia, — ol ):

The efficient information matrix I, takes the form

Iy = Elyly = —E {zaewo, 10) — 2loy (00, 70)[ho] + Ly (80, m0) [ho, ho]} :
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Thus,

E {io0(80.Ta,) + 210, (80, 7o, ) iau] + L1 00 7i0) i 1) + (B i, i |
=—I)+F {22'977(90, 10)[7lg, + ho) + Ly (80, m0) g, + To. 7lg, — hO]}
+ Op(lI76, — moll.7)
= — Io + Elyy (60, 10)[1Tg, + o, Ta, + hol + Op(llila, — 10 7).
The second equality comes from (SI1.3). By the arguments in proving (S1.4)), we can show

that

5 {00 (B0 Ty + 2ioy (8o, i) iay) + (B0, 70, i e, + 1o (B oy i, |

=TIy +Op(m™™ +m™ ).
Under Condition , I,/m = Iy + Op(m™), implying that

L+ B {loo (60, 7a,) + 2o (00, 70, ) g, + (80, e i, T, + by (60, 7o) g, |
=Op(m™ +m™ 2 +m™).
Equation (S1.3) then follows from the fact that n'/2/m!/2t® — 0, n'/2/m'/?*28 — 0, and

n/2/m1/2*7 — 0 under Condition O

S2 Technical details on the verification of regularity conditions

S2.1 Partially linear model
Following |Chen| (2007)), we assume the following conditions:
Condition S1. 6, belongs to the interior of a compact subset B C RP.

Condition S2. o3 is positive and bounded.
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Condition S3. gy and E(X | Z) belong to G.

Condition S4. Both E(XXT") and F{X — E(X | Z2)}{X — E(X | Z)}"] are positive

definite.

Under Conditions and with the choice of k,,, = O{m!/(?a+D}
m'2(8,, — ;) —4 N(0,I; ) (S2.5)

and

196 — goll2 = Op{m™ "D} + Op(||6 — 69). (52.6)

as @ —p 6y, where Iy = 0, *[{X — E(X | Z)}{X — E(X | Z)}"] is the efficient information
matrix for € (Chen, 2007).
We verify Conditionsunder Conditions . Let 1) = 072, 4 = 052 and Vg = Gy’

We write the log-likelihood function for a single observation O as
1 ) , 1

Condition [1| then follows from the definition of differentiability, with lg(O; 8, g,v) = P{Y —
0" X — g(Z)}w, 1y(0;0,9,0) = {Y — 07X — g(2)}*/2 + 1/(2¢), and I,(O; 6, g,9)[h] =
WY —0"X — g(Z)}h, for any h € G.

Let (ho,to) denote the least favorable direction, which minimizes E||lg(o, go, o) —
I,(80, g0, Vo) [h] — 14(80, go, 1o)t]|> by definition. Condition [2[ then follows from simple al-
gebra showing that hg = E(X | Z) and ¢y = 0.

We now verify Condition 4 By the chain rule,

10(0:0,, 55 5. ) +1(0:0,,.35 .05 5. ]+ 15(0:0,, 35 .05 g ]

= {Y — 00X — G5 (Z)HX +75 (2)}.
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We first show that g5 (Z)—go(Z) belongs to a Donsker class. We consider the function class
Gms = {9(Z) = 90(2) : lg = goll2 < 8,9 € G}, Where § = O(k,,%) for some ¢’ € (1/2,9),
and G,, is a function class that contains polynomial splines of order r with k,, knots. Let
Ny(€,Gms, || - ||l2) denote the bracketing number of G,, 5. Clearly, log Ny(€, Gms, || - [l2) S
(km + 1) log(1/€), where a < b means that a is bounded by a constant times b (Chen) 2007)).

Elementary calculus then yields

20
/ V108 Ny(€, G, | - [12)de
0
log(1/e€)

< (km + 1) 2e\/log(1/€) — (K + 7“)1/2/ e P dt
0

26

0

(ki 4 7)2201/10g(1/26) — (K + 1)/ /%<> et dt.
log(1/26)
By the concentration inequality, the right side of the above inequality converges to zero as
m — 4oo with 6 = O(k;?). Theorem 2.5.6 in [van der Vaart and Wellner (1996) then
implies that G,,s is Donsker and thus gz (Z) — go(Z) belongs to a Donsker class. By
Theorem 2.7.1 and Corollary 2.7.2 in [van der Vaart and Wellner| (1996)), G is a Donsker
class. Therefore, Egm(Z ) belongs to a Donsker class by Theorem 2.10.6 in van der Vaart
and Wellner| (1996)). By similar arguments, g}N(;m (Z) also belongs to a Donsker class. Thus,
ng {Y —0°X — 95 (Z)HX + §5m(Z)} belongs to a Donsker class. Likewise, for any fixed
h € Gn, the functions Z.gg(owofgveoﬂ%o)[%oah] lww(o 9079007¢00) gw(O 907990,¢oo)[ ],
log(O; 80, Go, g, )[h], and loy(O; 80, Go, 1g,) belong to some Donsker classes. Hence, Con-
dition [ holds.

Finally, we verify Condition [3] Note that
—1

Yo = |m™ > {V:— 0" X; — Go(Z:)}?
=1

By the arguments used to verify Condition |4} we can show that {Y — 8T X —gy(Z)}? belongs
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to a Donsker class in the neighbourhood of 6,. Thus,
Yo = Op(m™ ) + B{Y — 0" X — Go(2)}%.

Equation (S2.6) then entails that |1y — | = Op{m~7/@D} 4 Op(||6 — 6y||) as @ —p 6.
By the definition of differentiability, g and 7:59 are thrice differentiable in the neighbor-

hood of 8y, and the derivatives are bounded. Specifically,

90(2) = —p(2)" {Zp(Zz-)p(Zi)T} > plZ) X}

€1 €1

and
Vg =20gm "> {Yi— 0"X, — Go(Z:) X, + 5o ()}
i=1
Since gy(Z) is the sieve least-squares estimator of —E(X | Z) with the polynomial splines,

Condition [S3| implies that
IGo + E(X | Z)|lg = Op{m™ T} +- Op(]|0 — 6,]) (52.7)
as @ —p 0. Using the arguments for showing the convergence rate of 1;9, we can show that
g = Op{m=/D} + Op(]|0 — 6 |)).
We now derive the convergence rate of mflINm. Note that mflINm = {/;(;mm’l ZZZI{XZ +

ﬁgm(Zi)}{Xi+§5m(Zi)}T. Since X+§5m(Z) belongs to a Donsker class, { X +§N§m(Z)}{X +

?gm(Z )}" belongs to a Donsker class. Thus,

m L, = Op(m ™) + v B{X + g5 (Z)HX +75 (Z)}".

m

Equations (S2.5) and (S2.7) then imply that [|[m I, — Iy|> = Op{m~%/@tD}. Therefore,

Condition [ holds.

S2.2 Cox proportional hazards model with interval-censored data

Following Zeng et al. (2016)), we assume the following conditions:
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Condition S5. The true parameter value @y lies in the interior of a known compact set B in
RP, and the true value of A(+), denoted by Ag(+), is continuouly differentiable with positive

derivatives over [0, 7], which is the union of the supports of (Uy,...,Uk).

Condition S6. The vector Z(t) has total bounded variation over [0, 7]. In addition, if there
exist a deterministic function h;(t) and a constant vector he such that hy(t) + h3Z(t) =0

for all t € [0, 7] with probability 1, then hy(t) =0 for t € [0, 7] and hy = 0.

Condition S7. The number of monitoring times, K, is positive, with E(K) < oco. The
conditional probability P(Ux = 7 | K, Z) is greater than some positive constant c¢;. In
addition, P(U; 1 —U; >n| K,Z)=1(j=1,...,K) for some positive constant co. Finally,
the densities of (U;, U;;1) conditional on Z and K, denoted by g;(u,v | Z,K) (j =1,..., K),
have continuous second-order partial derivatives with respect to v and v when v —u > ¢

and are continuouly differentiable with respect to Z.

Under Conditions , m'2(6,, — 0y) =4 N(0,I;") and ||[Ag — Ag|l2 = Op(m=1/3) +
Op(||@ — 6¢||) as @ —p Oy (Zeng et all 2016).

We verify Condition [3] under Conditions [S5HS7} Let hy denote the least favorable direc-
tion. Because X@ converges to —hg in probability as @ —p 6y (Xu et al., [2022), Condition

is satisfied if the following results hold:
”Ké‘m + hoHQ == Op(m_1/3), (828)

and

lm I, — Io||s = Op(m /%), (52.9)
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To prove (|S2.8])), we introduce some notation:

Qu,v;Z,0,\) = exp {— /0 uexp{HTZ(t)}dA(t)l ~exp [— /0 ) exp{eTZ(t)}dA(t)],

:Qe(XiEfTZZ,g}/}\) <_ exp l_ /O ’ exp{eTZ(s)}dMs)] T(u> 1)

+exp l— /0 eXp{OTZ(S)}dA(S)] I(v = t)) ’

B(t,u,v; Z,0,M\)

and

K
gO(t7 0, A) = Z AkB(tv Uk) Uk-i—l; Z; Oa A)v

k=0
(0, M) ZAk B(t,Uy, Ups1: Z,0, A).
In addition, define
exp{07Z(1)}
t T, 4,0,\) = I(u>t)—I(v>t
R(7U’7/U77-7 9 Y ) Q(U,'U,Z,O,A){ (u— ) (U— )}
1 T
X exp [—5/ exp{0 " Z(r)}{I(u>r)+I(v>r)}dA(r)
0

and

K
W0<t7 S 07 A) = Z Ak)R<t7 Uk; Uk+1; T, Z7 67 A)R(S7 Uk; UkJrl; T, Z7 67 A)7
k=0

1(t,s;0,A) ZA’“ R(t, Uk, Uxs1;7, Z,0, \)R(s, Uy, Ups1;7, Z, 0, \).
Finally, let

Gn(t) =Pu{g1(t; 0, Ag )} — / P, {Wi(s,t; 0, Ay )}dAg (s),
0

g(t) =E{gu(t: 60, o)} — / " By (s, £ 6. Ao) }dAo(s).

and

Po(h) = / By {Wis B Ay )} h(8)dRg, (5) — Pu{oolt: 6 g )I0(E).



S2. TECHNICAL DETAILS ON THE VERIFICATION OF REGULARITY CONDITIONS 11

r(h) = / " E{Wi(s. 1 80, o) Yh(s)dAo(s) — E{go(t: 80, Ao) Vh(1).

Clearly, Kg solves the equation g, = Fm(Kg), and hg solves the equation g = I'(—hy).

Note that

L (Ag,) = T(=ho)
=(P,, — E) {/0 Wo(s, t; 0, Ry )Nz, (5)dRg, (5) — go(t; Bms Ay, )Rz, (t)}
n / "B {Wals. 18, K, ) — Wals.:00,80) } Ky, (5)dRg, ()
~ E{g0(t: 6, R5,,) — golt: 60, Ao) } A, (1)
N /O "B {Wo(s, 160, A0)} A (5){dRg (s) — dAols)}

+T(Ag, + ho). (S2.10)

Note also that Wy(s,t: 6,5, /N\gm) and ga(t; 0m, Ag ) (d = 0,1) belong to some Donsker class
and that Xﬁm(') has bounded total variation over [0, 7]. Thus, the first term on the right
side of (S2.10) is Op(m~/2). The second, third and forth terms are all Op(m~'/3) as
mY2(0,—00) —a N(0, I;"), |Ag—Aoll = Op(m~Y/*)+0p(||0—6|) and Kém(t) —p —ho(t).
Therefore,

Po(Ag.) = D(—ho) = Op(m="%) + T(Ry, + ho).

By similar arguments, g,, = g + Op(m™/3). Thus, (S2.8) follows from the fact that T is
bounded and invertible.

To verify (S2.9)), we assume, for simplicity, that € is one-dimensional, and we consider

I,=m {IP’m ([hml {z(ém + s A ) = (B, Kgm)}r) } .

Since the third-order derivative of l(0;9,1~\9) with respect to 6 at gm belongs to some
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Glivenko-Cantelli class, the Taylor series expansion yields

~ .o~ o~ .o~ o~ ~ 2
mI, =P, {zg(em, R ) +ia(B,, A5m>[A§m]} + Op(hu).
Since l.g(gm,xgm) + iA(gm,/Kgm)[Xgm] belongs to some Donsker class (Xu et al.,, 2022),

Lo~ o~ Do~ - 2
{lg(@m,Agm) + lA(Om,Agm)[Agm]} belongs to some Donsker class. Therefore, with h,, =

Op(m~1/?),
= s~ ~ Do~ o~ - 2
milIm =F {l9(0m7 Aém) + ZA(0m7 Agm)[/\gm]} —+ Op<m71/2).

By the Taylor series expansion,

~ . ~ . ~ <~ 2 ~
m I, =E {l9(007 Ag,) + 14 (60, Aeo)[/\eo]} + Op([|6m — 6ol) + Op(m™/?).

Thus, (S2.9) follows from the facts that m/2(6,, — 6,) = N(0,I;"), ||K§m — Aol =

~ . . 2
Op(m—l/?))’ HA’G“m + h0H2 = Op(m_1/3)’ and IU =F {le(go,Ao) — ZA(O(), Ao)[hg]}
S2.3 Proportional hazards or intensity model with random effects for depen-
dent failure times
Following Zeng and Lin (2007)), we assume the following conditions:

Condition S8. The true parameter value (6,7, )" belongs to the interior of a compact set

O, and Ay, (t) >0forallt € [0,7], k=1,..., K.

Condition S9. With probability 1, Zi;(-) and Zy;(-) are left continuous in [0,7] with

uniformly bounded left derivatives.
Condition S10. With probability 1, P(Ci; > 7| Zj) > 6o > 0 for some constant do.

Condition S11. With probability 1, n; is bounded by some integer ng. In addition,
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Condition S12. For any constant a; > 0,

sup {E (/exp (a1 {N?, (7) + 1}[b]] £(b:7) db)} < oo, (82.11)
¥ b
and there is a constant ay > 0 such that, for any -,
PO SO A Bi)
o) | SOt He. (5212

Condition S13. If there are ¢(t) and v such that
c(t) +v"'Zy(t) =0 (52.13)

with probability 1 for k =1,..., K and j = 1,...,ny, then ¢(t) = 0 and v = 0. In addition,
there is some ¢ € [0, 7] such that {Z,k] (t),k=1,...,K,j=1,...,n;} spans the whole space

of b.
Condition S14. f(b;v) = f(b;~o) if and only if v = ~, if v f'(b; o) = 0, then v = 0.

Let B = (0%,4")" and n = (Ay,...,Ax). Define V = {v € R% |v| <1} and Q = {h(t) :

|(t)|lvion < 1}, where || - |[vo,-) denotes the total variation on [0, 7]. Under Conditions

S14l m!/? (ﬁm—ﬁo, ﬁﬁm —1)) converges weakly to a zero-mean Gaussian process in [*°(V x QF)

and [|7g — nollvio.) = Op(m™2) + Op(||B — Bol|) as B —p Bo (Zeng and Lin, 2010).
We verify Condition [3| under Conditions Let f hodny denote the least favorable

direction. Condition [3| holds if the following results are satisfied

75, + /hodWOHV[Oﬂ = Op(m™'7?) (52.14)

and

|m I, — I|| = Op(m~"?). (S2.15)
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To prove ((S2.14)), we introduce some notation:

Qi (t) = /Ot Ria(s) exp{07 Zia(s) + b Zia(s) ydAr(s),

~ dNZ, ()
szl(b7 137 Ak) — H {Rikl(t)eeTZikl(t)-‘rbTZikl(t)} kl exp{—qikl (7’)}’

t<rt
and
K ng
V(0;8,m) = | [T ] Qm(b; B, Ax)f(b;v)db,
br—11=1
Ur(t; Oy, B, 1) = Lo I TI Qu(b; B, M) £ (B ) 3004 Riga(t)e?” 2407 Zuat) gy
k\Uy iy My - .

In addition, let BV'[0, 7] denote the space of functions with bounded total variations in [0, 7],

and define

K T
Bk(W7 Oi7 /67 77) = hk(t),lvz)k’(t) Oivlg7 77) + Z/(; wkj(sa U Oi7 /Ba n)hj(s)dAj(S)7
j=1

where W = (hq,...,hg) € {BV]0,7]}* and ¢y;(s,t; O;, 3,n) is the derivative of 1), with
respect to A; along the direction A; — Ag;. Let ¢yg(t; O;, 3,m) denote the derivative of v,

with respect to B8, B = (By, ..., Bk), and ¥g = (Y1, - .., Vka)-

By definition, 75 solves
Puln, (B.78)[h] = 0,k =1,... . K (52.16)

for any h € BV[0, 7], and therefore /N\k”g(t) takes the form

~ t n Mk 1 .
Buslt) = [ "33 sor i gy T AN )

By differentiating this equation with respect to B, we can express Kkﬁ(t) in the form
fot ’Ek(S)thB(S) for some function fy(s). Define b = (hq, ..., hi).

By the definition of least favorable direction, hg solves

EB(—ho; Bo,m0) + E.8(Bo, m0) = 0, (S2.17)
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and by differentiating (S2.16)) with respect to 3, h solves

We can show that ¥y (t; O,Em,ﬁgm), Yr; (s, t; O,Bm,ﬁgm) and Yyg(t; O,Bm,ﬁlgm) belong to
some Donsker classes. Thus, PmB(h;gm,ﬁam) — EB(h; Bo,no) for any h € {BV[0,7]}*
and me.@(am, ﬁﬁm) — E.g(Bo, no). Because EB(-; By, no) is bounded and invertible (Zeng
and Lin, [2010), PmB(',Em,ﬁgm) is bounded and invertible when m is large enough, and
[PLBC.BoTls,) s (B) = {EBC: Bo,m0)} ™ (),

In light of (S2.17) and ((S2.18)), and together with the uniform boundedness principle,

:{ ﬁman@ )}_1 {Pm¢ﬂ(5m>ﬁﬁm)}
= (B B )} = 1B B0 )| {Bata(Bin )}
+ {EB(: Bom)} ™ {Puto (B3, }

= {EB(80,m)} " {E¢5(Bo,m0)}

= — hy.
Note that

B(E;Bm,ﬁgm) — EB(—h; Bo, mo)
=Py — E)B(h; B, 715,
+ B{0.(Bni15,) = (Bo.mo) |

+Z/ Y ﬁmﬂ?ﬁ ) — ¢‘k(ﬁoyﬁo)}hd/\mm

+Z/ B0 (Bo. o) { R 5, — dAoc}
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+ EB(% + ho; Bo, o)-

By similar arguments to those used in Section S2.2, ]P’mB(?L;Em, ﬁam) — EB(—h;Bo,m0) =
Op(m=Y2) + EB(h + ho; Bo,mo). Thus, (S2.14) follows from the fact that EB(+; Bo,no) is
bounded and invertible and that me,@(ém,ﬁgm) — Ev.5(Bo,m0) = Op(m~1/2). Finally,

(52.15)) can be proved using identical arguments to those detailed in Section S2.2.

S3 Techincal details of time complexity calculations

S3.1 Partially linear model

We first analyze the time complexity of performing sieve maximum likelihood estimation with
the entire data, which is determined by the time required to minimize the sum of squared
residuals )" {Y; — 0" X, —w"p,(Z;)}?, where p,(Z) is the basis of the space of polynomial
splines of order r with k, knots, and k, = O{n'/(?2¢*D}  Clearly, the time complexity is
O{n(p +r+ k,)?} = O{n!+?/0+20)},

Next, we determine the time complexity of the proposed method. The time required to
compute 8, is O{m**?/(1+20} by the above result. For the second block, we need to eval-
uate Y ... (b%m)_l {Yi —0° X, — 'jgm(Zi)} {XZ + ng(Zi)}, which requires O{(n — m) x
mY/ (20} calculations. Combining the calculations in the first and second blocks, we con-

clude that the total time complexity of the proposed method is O{n"0+270/(1+24) 41470/ (1420)]

provided that m = O(n").
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S3.2 Cox proportional hazards model with interval-censored data

We first describe the EM algorithm of |Zeng et al.| (2016) on the entire data. Let t; < --- < t,,
denote the unique values of L; > 0 and R; < oo (i = 1,...,n), and let Ay,..., \,, denote
the values of A(t) at t1,...,t,,. In addition, write Z;, = Z;(tx) (i=1,...,n;k=1,...,n0).
Finally, define R = R;I(R; < 00) + L;I(R; = c0), where I(-) is the indicator function.

In the E-step, fori=1,... ,nand k=1,...,ng, if L; < R;, we set

T
Akee Zik,

0Tz,
l—exp(— ZLi<tl§Ri e zl)

1fL1<tk§Rl<OO
Wik =

0 otherwise.

If L; = R;, we set wy, = I (L; = tg). In the M-step, we set

0 % )

o S I (e < RY) €22 Z,
_ -1 * ) o J J

Onew =0 +37D D I (tx < R wy, {z, ST TR [

i=1 k=1 Jj=1
where
n n n * 0Tz, T
S=3"% I(ts < R)w > It < 1)) & 242, Z,
k= 1Yy tk n I < R* 0T Z.,
i=1 k=1 2j=1 (tk = j) e

T n T 7. T
(St (< 1)) e 2y} {5501 (10 < 1)) 1 25

(S s myeora)

Then, we calculate

Z?:l I (tk < R:) eOrewZir’

AV = k=1,...,n

The time required for a single iteration in the EM algorithm is determined by the evaluation
of ¥ and wy(i = 1,...,n;k = 1,...,n9), which is linear in ngn. Since ny = O(n) and the
number of iterations is Ny, the time complexity for the standard method is O( Ny, n?).

Next, we determine the time complexity of the proposed method. The time required to
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compute 5m is O(Njserm?) by the above result. For the second block, we need to evaluate
> (26,)7 {z(oi; O+ 0nes, A5 L5 ) — (08, — ey, ]igm_ane_)} | . (S3.19)
7 J 77 ) j=1,...p

and Az

Om—6ne]-

Note that Az

Btbne; (j =1,...,p) are step functions with mq jumps, which are

obtained from the first block analysis. Here, my is the number of distinct monitoring times
for the first block. Thus, the time complexity for is O{max(n —m,mg)} = O(n—m)
after the monitoring times in the second block are sorted. Combining the calculations in the
first and second blocks, we conclude that the total time complexity of the proposed method

is O{Njern®™ +n —m + (n —m)log(n — m)} = O(Njern®™ + nlogn) given m = O(n™).

S4 Additional simulation results

S4.1 Proportional intensity model for recurrent events

We generated two types of failures with cumulative hazard functions Ay (t) exp(61 Z1;+02Zo;+
b))(k =1,2;i = 1,...,n), where Zy; and Z,; are independent Bernoulli and uniform [0, 1]
variables, b; is standard normal, 6; = —6, = 1, Aj(t) = 0.3t, and Ay(t) = 0.15t2. We
generated censoring times from uniform [0, 3] and set 7 = 4, resulting in approximately 64%
and 70% censoring for k = 1 and k = 2, respectively. We set n = 10%. The computational
setup for all methods was identical to that used in the simulation study for the random
effects proportional hazards model with clustered events.

Table presents the results based on 1000 replicates. The standard method took ap-
proximately 22 minutes, and the average total CPU time for the divide-and-conquer method
with M = 5,10 and 20 was 30, 38, and 44 minutes, respectively. By contrast, the average

total CPU time for the proposed method with £ = 0.05,0.1 and 0.2 was only 3, 5, and 8
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Table S1: Summary statistics for the simulation study for multiple failure typest

0, =1 0y =—1

Bias SE SEE CP Bias SE SEE CP

Method x1073 x107% x1073 x100% x1073 %1073 x1072 x100%
Standard 0.11  3.61 3.60 95 -0.39 6.04 593 95
Proposed k =0.05 §,, = 0.0005 -0.01 3.61 3.61 95 -0.24 6.04 6.00 95

dn, = 0.005 0.01 3.61 3.61 95 -0.30 6.04 5.96 95
k=01 §6,=0.0006 0.05 361 3.61 95 -0.32 6.04 5.98 95
0, = 0.005 0.06 3.61 3.60 95 -0.35 6.04 5.95 95
k=0.2 §,=0.0006 0.08 3.61 3.60 95 -0.35 6.04 5.96 95

0, = 0.005 0.09 3.61 3.60 95 -0.37 6.04 594 95

Divide-and-conquer M = 20 0.08 3.61 3.60 95 -0.37 6.04 5.93 95
M =10 0.10 3.61 3.60 95 -0.38 6.04 5.93 95
M=5 0.10 3.61 3.60 95 -0.39 6.04 5.93 95

1Bias, bias of the parameter estimator; SE, standard error of the parameter estimator; SEE, average

of the standard error estimator; CP, coverage percentage of the 95% confidence interval.

minutes, respectively.

S4.2 Proportional hazards model for multiple types of events

We generated recurrent event times with cumulative intensity function Ag(t)exp(61Z;1 +
0275 + b;)(i = 1,...,n), where Z;; and Zy; are independent Bernoulli and uniform [0, 1]
variables, b; is standard normal, 6, = —f0y = 0.5, and Ay(f) = 0.1log(1 + ¢). We sampled
censoring times from uniform [1,3] and set 7 = 2. The censoring rate was approximately
85%. We set n = 10° and used the identical computational setup described in the simulation

study for the proportional hazards model with clustered events.
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Table S2: Summary statistics for the simulation study for recurrent eventsy

0, =0.5 0y = —0.5

Bias SE SEE CP Bias SE SEE CP

Method x1073 x107% x1073 x100% x1073 %1073 x1072 x100%
Standard -0.15 6.04 6.00 95 0.08 2.74 2.75 96
Proposed k =0.05 §,, = 0.0005 -0.21 6.04 6.03 95 0.12 2.74  2.80 94

0, =0.005 -0.18 6.04 6.00 95 0.08 274 2.78 95
k=01 6, =0.0006 -0.18 6.05 6.03 95 0.10 274 277 95
0, =0.006 -0.17 6.05 6.00 95 0.09 274 275 95
k=0.2 §,=0.0006 -0.16 6.05 6.01 95 0.08 274 275 95

0, =0.006 -0.16 6.05 6.00 95 0.07 274 275 95

Divide-and-conquer M = 20 -0.15  6.04 6.00 95 0.07 274 275 96
M =10 -0.15  6.05 6.00 95 0.07 274 275 96
M=5 -0.15  6.04 6.00 95 0.07 274 275 96

1Bias, bias of the parameter estimator; SE, standard error of the parameter estimator; SEE, average

of the standard error estimator; CP, coverage percentage of the 95% confidence interval.

Table[S2|summarizes the results based on 1000 replicates. The standard method took ap-
proximately 27 minutes, and the average total CPU time for the divide-and-conquer method
with M = 5,10 and 20 was 25, 49, and 65 minutes, respectively. By contrast, the average
total CPU time for the proposed method with £ = 0.05,0.1 and 0.2 was only 3.5, 5.7, and

6.2 minutes, respectively.
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Table S3: Estimation results for hypertension in the UK Biobank study
Standard method Proposed method Divide-and-conquer method
Covariates k=02 k=0.1 k=0.05 M=5 M =10 M =20
Sex 0.3945 (3.979)  0.3952 (3.985)  0.3962 (3.992)  0.3947 (4.008)  0.3946 (3.997)  0.3947 (3.996)  0.3949 (4.010)
Race 0.0980 (8.730)  0.1009 (8.862)  0.1043 (8.779)  0.0875 (8.422)  0.0983 (8.768)  0.0979 (8.719)  0.0984 (8.663)
Birthplace -0.0355 (5.811) -0.0348 (5.800) -0.0331 (5.826) -0.0382 (5.860) -0.0355 (5.842) -0.0355 (5.847) -0.0355 (5.834)
PC1 0.0012 (0.034)  0.0012 (0.028)  0.0013 (0.021)  0.0012 (0.013)  0.0012 (0.026)  0.0012 (0.020)  0.0012 (0.014)
PC2 0.0003 (0.085)  0.0003 (0.088)  0.0004 (0.090)  0.0003 (0.087)  0.0003 (0.089)  0.0003 (0.091)  0.0003 (0.092)
PC3 0.0005 (0.146)  0.0005 (0.143)  0.0005 (0.143)  0.0004 (0.135)  0.0005 (0.145)  0.0005 (0.143)  0.0005 (0.140)
PC4 0.0024 (0.217)  0.0024 (0.220)  0.0023 (0.222)  0.0023 (0.224)  0.0024 (0.219)  0.0024 (0.221)  0.0024 (0.223)
PC5 0.0007 (0.294)  0.0007 (0.293)  0.0008 (0.294)  0.0006 (0.290)  0.0007 (0.294)  0.0007 (0.293)  0.0007 (0.291)
PC6 -0.0022 (0.489) -0.0021 (0.525) -0.0023 (0.445) -0.0019 (0.378) -0.0022 (0.478) -0.0022 (0.469) -0.0023 (0.465)
PC7 -0.0014 (0.437) -0.0014 (0.445) -0.0014 (0.446) -0.0013 (0.438) -0.0014 (0.438) -0.0014 (0.439) -0.0014 (0.441)
PC8 0.0022 (0.471)  0.0021 (0.486)  0.0022 (0.471)  0.0023 (0.452)  0.0022 (0.472)  0.0023 (0.472)  0.0023 (0.476)
PC9 0.0015 (0.457)  0.0016 (0.461)  0.0015 (0.458)  0.0016 (0.469)  0.0015 (0.459)  0.0015 (0.461)  0.0015 (0.463)
PC10 0.0024 (0.514)  0.0024 (0.512)  0.0024 (0.524)  0.0027 (0.523)  0.0024 (0.515)  0.0024 (0.516)  0.0024 (0.518)
PRS 0.3158 (2.159)  0.3155 (2.165)  0.3156 (2.176)  0.3156 (2.160)  0.3158 (2.159)  0.3160 (2.162)  0.3163 (2.166)

Standard error estimates (x107%) are shown in parentheses.
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