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S1. Matrix regression as the special case K = 2

Taking K = 2 yields low-rank matrix regression. Let Z; = X; € RP*Y, ©* = T* €
RP*4 and let M denote the manifold of rank-r matrices. Write T* = U*V*T, where

U* € RP*" and V* € R?". The tangent space at T* is
Tp-M={U*B" +CV*T | BERY", C e R™"}.

Assume that the design covariance has the Kronecker form ¥ = X2 @ S where
> e RP*P and X € R9%9 are positive definite. The general operators introduced

in Section 2.2 specialize to the following matrix forms:
Psr(A) = PE SUASRI PIY 4 PR slUA (1, — EPEY) 4+ (1, - PEVSIU) AR PEY

Pyp(A) = SUPE AP sl SUPEY A (1, - PEI SR 4 (1, - SUPEY) APY B,

Corresponding author: Lei Wang, School of Statistics and Data Science & KLMDASR, LEBPS

and LPMC, Nankai University, Tianjin, 300071, China. E-mail: Iwangstat@nankai.edu.cn.



Here
P%:J[*H _ U*(U*Tz[l}U*)—lU*T7 P%,[f] _ V*(V*TZD]V*)—lV*T.
The corresponding projection-adjusted loading is
®(A) = Py p (M) TAZEN .

The oracle estimator of Ay = (A, T*) is obtained from (2.3) by substituting these

matrix-specific expressions.

For the feasible construction, assume N = 2n and split D = {(y;, X;)}?", into

Dy = {(yi, Xi)}ioy and Dy = {(ys, Xi)}zzgn—H' Define
si- L Yxxr osP- LY xTx, b= b Y Ix
|D2| i€Ds |D2| i€Dy |D2| i€Ds
(S1)

and normalize
1 ~ ~ 1 ~
; ST Y —b_zm. (S2)

Set & = 2 @ £, Let T be an initial estimator computed from D,, and let

S _

’T‘T = UV denote its rank-r approximation, where U € R and V € R are

the top-r singular vectors. Define

T
The estimator based on D; is
—~ ~ 1 e ~ ~
AY = (A Pgq, (1) + - > (B(A). Xi) (3 — (X, T)). (S3)



Exchanging the roles of Dy and D, yields ﬁf), and the final estimator is obtained

by averaging. Algorithm S1 summarizes the matrix implementation.

Algorithm S1 Feasible Covariance-Weighted One-Step Debiased Estimate for Ma-

trix Regression

Input: Independent datasets D; and D,; initial estimators T and T® computed
from D; and D,, respectively
Output: Debiased estimator A A
1: Extract the top-r left and right singular vectors of ’T‘(z), denoted by Uand V

2: Compute %1 and 2 from D, according to (S1)—(S2), and set 3 =3 g s

w

. Compute ®(A) = Pg 5, (SH)1A(SE2)-1)
4: Compute AS) via (S3)
5: Repeat Steps 1-4 with the roles of D; and D, exchanged, and obtain ﬁf)

6: return Ay = (ﬁﬁi) + 3?)/2

Define V = 32| (M) /20 (A) (S2) 2|2 with 62 = N1 3, (yi— (X, T®)) 4
N3 e, (i — (X, ’T(l)>)2. The usual Wald test and confidence interval are asymp-

totically valid by the following corollary.

Corollary 1 (Valid Wald inference in the matrix case). Under the matrix-case spe-

cialization K = 2 in Corollary 2, \/N\A/*l/Q (AA — AA) A N(0,1).



S2. Propositions

Proof of Proposition 1. Proof of (b). Note that Tg«M is a linear subspace. Let U =
Ps o«(A) and V = Pg o+ (B) such that U and V' € Tg«M, and hence U4V € T M.

Also, by the characterization of orthogonal projections, for all H € Tg«M,
(A—U,H)s =0, (B—V,H)s =0.
Adding the two identities yields
(A+B)—(U+V),H)s =0, VH € To:- M.

By uniqueness of the orthogonal projection, Py g«(A+ B) = U +V = Py e«(A) +

Ps, o«(B). Proof of (c¢). By the Theorem 7.3.3 of Horn and Johnson (2013),
(Pse+(A4), B)s = (A, Pse+(B))s,
Let a = vec(A) and b = vec(B), according to the definition of Py; g,

(A, P§ -(B)) =a' Zvec(Ps - (vec™ (X7'0)))
=(A, Pso-(vec H(Z7'h))) s
=(Pg e+ (A),vec ' (Z7'b))x

=(Ps o+(A), B).



Proof of (2.9) and (2.10). Recall the tangent space representation in (2.8). For each

A€ TrM, define A = A x; (B2 x5 . x g (ZEN2 € TE M with
. K . .
TEM ={G xi, (SH) 12U, + 3G i (BH) 20, x5 (SV)2U; - U U; = 0
k=1

K
:{g XkK:1 (E[k})l/QUk + Zg e Up Xk (Em)l/?Uj . UJT(E[J'])WUJ. = 0}.

k=1
Thus, TEM = T:M for T = G x| (SF)1/20,.. Besides, Lemma 3.1 of Koch and

Lubich (2010) yield the following projection operator under Frobenius-norm measure

K
Prr(A) = Ax{ Py, + Y Mat; ' (Pf, APy,), VA € RPCPK,
k=1

where W), = (Ug @ --- @ U;)QR(GY ). Note that under the Kronecker structure,

Ps r(A)
—org min |4~ B}
:arglgg%ig}w ||A X1 (2[1])1/2 Xo o X[ (E[K])l/z — B x, (2[1])1/2 Koo X (E[K])l/ZHQ
={arg gmin A1 ()7 55 e ()2 = B ey (S0)7H sy e (2072
=Py () (S0)72 sy (ST) 12,
where A = A x; (B2 x5 - x e (SENV2 Weite T = G Xy U, with Py, =

P (smy1/2y, and {ffk}le are matrices with orthogonal columns. Therefore,

K
Por(A) = A (EM) 2Py, + ) Mat ! (Py ArPy, )< (BM) 72, vA € R,
k=1



where W, = (®,.4.U;)QR(GY ). Note that
Py, =W, (W, W,)"'W,]
=(©;:U;)QR(GT){QR(GT)TQR(G)} "QR(G]) T (2,4.U,")

(®J7’5kU)Gk (GkGT) Gk(®]¢kU )

Combined with the fact that (?r’k(@#kﬁf) = ﬁkTTk and G, = ﬁ,:’i‘k((@#kﬁj), we

have
Py,
=T, U {U, T1(2,4Pp )T U} U, Ty
=T, (5" 20 {U] (EW) Ty (2;4Pg ) Ti (SH) 20, ) (32U T,
= (@5 (32U G G(2,6U, SVU) G} Gr(@5.0(2) 20T,
where the last equality holds since
U, (Z") 2Ty (9,4 Pg,) T (M) VU,
=U, SMULGL(0,4(Z9)?U) T (@, P, ) (0,:(E0) P05 GO =MD
=U,/ SMULG(@,4(E9)2U;) T (2,4 Pg,) (@,4(E9)2U;) G U SMU,
=U, =WMU, G (»,4U] SVU;) GlU =M,

Also, Py = I — Py, = (SW)V2(1,, — P SH)(SH) =12, Therefore,

Pe7(A) =A xi, (M) 2Py +ZMat (P5, ArPw,) x, (EH)712,

k=1

K
=A xI PELHE[H + Zg X Wit X, Uj,

k=1



where
Wi = (ka—Pgl[j]E[k])Ak(@)j;ﬁkszj)Gg{Gk(@j;ﬁkU}rszj)Gg}71Gk(®j;ﬁk(2m>l/2Uj)T.
By the definition of the adjoint operator,

K
Py (A) = Por(Ax(SH) 1), S = AxK  mHpEY +3° G Wis x5 S0,

k=1
[
Proof of Proposition 2. The error decomposition of ﬁi{lc satisfying
1 1
A euc _ —1 —1 ) A_ *
ASC—Ay = N;(Vec(A),E Vec(Zi))5i+<A—N;(Vec(A),E vec(Z;)) Z;,0—0%).

Following the proof of Theorem 1,
1 & 1
AT — Ay = — A), T vee(Z)))e; —— || A||#]|® — ©*|F).
T = D), 3 vl 20+ Oy 116 - ')

The last term is negaligible by the consistency of 0. Thus, &j,“c following asymptotic
normality with asymptotic variance being
—~ o2
Var(Age) = L2 vee(4) .
We can also verify that E((®(A), Z;)Z;) = Pje-(A). Thus, following the proof of
Theorem 1, 82{ is unbiased with asymptotic variance

2

‘A or g F
Var(8%) = Z9(A)[3.



Denote the dimensionality of vec(A) as p for A € M, and the number of parameter
of freedom being d. Since the tangent space TgM is a linear space, denote the basis
matrix M € RP*? with orthogonal columns. Then for each B € To M, vec(B) =

Mwu for some u € R?. Therefore,
Pso(A) = M(M"SM) 'M"Svec(A).

This implies that

[B(A)E =l Pro- (A) s+ = vee(A) MM S MM vee(4)

|2(A) || =|| P.ox(vec (7 vec(A))) |5 = vec(A) M (M "SM)™ M "vec(A).
By the inequality that (PTXP)! < PTS-'P, we have Var(A%) < Var(AY) <

Var(ﬁi{“).

S3. Proofs of Section 3.1

In the main text, the estimator-specific consistency requirements are incorporated
directly into the statements of Theorems 1 and 2 in order to streamline the pre-
sentation. For ease of reference in the Supplementary Material , we record these
conditions here as Assumptions 1-3 and verify them separately in the matrix and

tensor settings.

Assumption 1 (Consistency of ©). Assume O satisfies |© — ©*||g = op(1).



Assumption 2 (Consistency of X). Assume 3 satisfies | — 3|, = O,(n=4/2).
Assumption 3 (Consistency of ®). Assume ® satisfies || ®(A)—D(A)||x = o[ ®(A)x)-

Proof of Theorem 1. According to (2.4),

Ry~ Aa= o S @A), Z)e+ Py (A) — 1 D (@(4), 27,6 - 0°).

i=1 =1

According to Assumptions 1 and 3, (®(A), Z;)e;’s are i.i.d. with mean-zero and
K2(A), Zi)eillyy < I{P(A), Zi)llslleillw, < Corl|@(A)|ls. Then we have E(®(A), Zi)ei|* <

C(ok||®(A)||x)®. Apply the Berry-Esseen Theorem

N

1 1/2
=7 / ;@(A), Z)ei % N(0,1),

where V = Var((®(A), Z)e;) = 02| ®(A)|[%. Note that © is independent with

the data samples and (®(A), Z)(Z;,© — ©%)s are iid. and E[(®(A), Z;)(Z;, O —

0] = (Phe-(A),0 — O, such that |(Pge.(A) — (®(A), Z:)Z;,0 — 0%y, <

~

I{(P(A), Z;)(Z:;,© — O ||y, < C||®(A)||s]|© — ©*||s. Apply Bernstein’s inequality,

P(]<P§,@*<A>—}Vi@(m,zazi,é—ew > Ok ()56 15 (/1 +1 ) ) < Coxp(—).

1=

This implies that

= Op(N"2&%|8(4)5]16 — ©°|5).

N
* 1 O *
(P (4) =+ D_(9(4), 22,6 - ©")
i=1
Thus, when [|© — 0%y = 0p(1), A% — A, is dominated by the first term and

VNVY2(AT — Ay) S N(0,1).



Proof of Theorem 2. Recall the error decomposition in (2.6),

N %Z@(A) Deit(Ph o(A) = SB(A), 22, 0-0")+ (P 5 (4)—A, 67).

i=1 i=1

The first term of (2.6) can be decomposed into

N
1
N Z 81 + = Z Zz>5z
Note that (B(A)—®(A), Z)e;’s are i.i.d. with mean-zero, and |[(B(A)—B(A), Zi)es||y, <
€illun [ {B(A) = B(A), Z) ||y, < Cor||®(A) — B(A)|s. Apply Bernstein’s inequality,

t t

P(’% i@(/x) —B(A), Z)ed] > B(A) — @(A)Hz( =+ N)) < Cexp(—t).

Thus,

NS @A) - B(A), Z)es = Op(N~20k][B(4) — B(A)]|5).

i=1

Next we analysis the second term, which can be rewritten as follows:
1 =~ ~
(Pg o(A) — Pg o(4),0 -0 + (P 5(A) — 1= D (B(4), 22, 6 - €7) =t +6w.
i=1
Note that ﬁgé(A) = vec (2 Vec(ZI\)(A))) and Pg’é(A) = vec (2 vec@(A))). Then
61| = [{(E=E)vee(B(4)), vee(O-67)] < [[B(A)5]|0-67 x| £~ (E-Z)=717,.

Besides, similar with the proof of Theorem 1, £y = O, (N~1252||®(A) ||| —07||x).

Under Assumptions 1-3,

~ 1
AfX—AA:N ~(A)— A 0%).

A\gE
3
)
=
|
jgg
D
=
©)
|
@
+
3



Following the proof of Theorem 1, when (Pg 5(A) — 4,0%) = 0,(N~120||®(A)|=),

NV2y=12(Afe _ ALy 4 N(0, 1).

Proof of Theorem 3. Let
H = ®(A) = Pgo-(vec' (X 'vec(4))).

If H = 0, then the claimed lower bound is immediate. We therefore consider only the
case H # 0. Since M is a C' embedded submanifold and H € Tg-M, there exists
a C! curve O(t) € M for |t| < ty such that ©(0) = ©* and ©’(0) = H. Because U
contains a relative neighborhood of ©* in M, there exists t; > 0 such that O(t) € U

for |t| < t;. By differentiability,
o) -0 =tH +r(t),  [r®)llr = offt]).

Since all norms are equivalent in finite dimensions and X is positive definite, this

also implies ||r(¢)||s = o(|t|). Hence
10(t) = ©"[lz = [t [[H]|s + of|t] [ H]2). (54)

By definition, H is the X-orthogonal projection of vec™!(X1vec(A)) onto Te-M.

Thus, for any G € T« M,

<Vec’1(2’1vec(A)) — H, G>z = 0.



Taking G = H yields
(A, H) = <Vec*1(zflvec(A)),H>z = | H|I3

Therefore

Ax(O(1) — Aa(O) = (A,0(t) — ©%) = H{A, H) + (A, r(t)) = t|| H[5 + ol|t| [ H|])-

Let Po denote the distribution of D under parameter ©. For any ©; € U and any

CI € Z,(U, A), the standard two-point testing argument implies
max{Ee-L(CT), Bo,L(CT)} > [A4(61) = A4(6)](1~20 = TV(Per, Po,) ). (S5)

Under (1.1) with Gaussian noise, conditional on {Z;}%,, the responses are Gaussian
with means shifted by (Z;,©; — ©*) and common variance o2. Using the definition

of X,
E<Xl, @1 — @*>2 = Vec(@1 - @*)TE Vec(@1 — @*) = H@l - @*Hé

Hence

DKL (Pe*

N *
Pe,) = 272”@1 - %%

By Pinsker’s inequality,

1

TV (Po+, Po,) < \/§DKL(P@*HP@1). (S6)

Set

g
th=a———,
VN |H|s



where a > 0 is a sufficiently small constant. For all large N, we have |t.| < t; and
O(t.) € U. Using (S4),

N sy AP
Dxr(Pe+||Po.)) = T‘QH@U*) -0y = 5 1 o(1).

Therefore, by (S6),

a
TV(P@*, P@(t*)) < 5 + 0(1).

Choosing a small enough ensures 1 —2a—TV (Pg-+, Po(,)) > ¢1 > 0 for some constant

¢; depending only on «. On the other hand, (S5) gives

A4(O(t)) = Aa(O7)] = a— [[H]5 + of

Vo ).

Substituting ©; = O(¢,) into (S5), we obtain
o
maX{E@*L(CI), Ee(t*)L(CI)} > e = |1H]s

for some constant ¢y > 0 depending only on . Since both ©* and O(t,) belong to
U,
EoL(CI) > ¢y —— ||®
su Co ——
@eZI/)I © = VN

Taking the infimum over CT € Z,(U, A) completes the proof. O

(Alls-



S4. Additional lemmas

Lemma 1 (Residual-based variance estimator). Assume the regression model 1.1

hold. Assume O is independent of {(Z;,y;)}Y,, and Assumptions 1 and 3 hold. Let

1 & o2
=1

Then

82—02+Op<m Vi Vi

Proof of Lemma 1. Let A := o -o. Using y; = (Z;, 0) + &,

o* |, ko]l® Oz w6 - @n%) |

Hence, expanding the square,
| N
(/7\2 = N Z(E? — 281'(21', A> + <Zza A>2> = Tl — 2T2 + Tg.
i=1

We bound Ty — 02, Ty, and Ty — ||A]|%, separately.
By Assumption 1, &; are mean-zero sub-Gaussian with variance 2. It is standard
that e? — Ee? is sub-exponential and ||e? — 02|, < Co? for a universal C'. Applying

Bernstein’s inequality for sub-exponential variables, for any ¢ > 0, with probability

/1
|T1 - 0'2‘ S 610'2 Nt (87)

Next we consider T,. Because O is independent of the sample, A is independent of

at least 1 — 2 exp(—ct?),

{(Z;,e;)}Y,. In particular, conditioning on A is valid and fixed. Moreover, E[e; |



Z;] = 0 implies Elg;(Z;, A) | A] = 0. Let U; := (Z;, A). Assumption 3 gives, for all

s € R,

(262
Eexp(sU;) = Eexp(s(Z;, A)) < eXP<THAH§:>'

Thus U; is sub-Gaussian with ||U;]|y, < Ckl||Als. Also Assumption 1 implies

l€illy, < Co. Define W; := g;U;. A standard product rule gives sub-exponentiality:
Willyy < Clleilly, |Uilly, < C(o)(s]|Alls) = Crol|Alls.

Applying Bernstein to {W;} (conditionally on A), for any ¢ > 0, with probability at

< CmaHAHm/%t. (38)

Still conditioning on A, note E[U? | A] = Var(U; | A) = ||A||%. Moreover, since Uj is

least 1 — 2 exp(—ct?),
N

1
2 W

=1

15| =

sub-Gaussian with [|U; ||y, < Ck|/A||s, the centered square is sub-exponential with
107 = EUF |y, < CIIUIlE, < CR*IA]S.

Apply Bernstein to U? — EU? to get: for any ¢ > 0, with probability at least 1 —

1
< CR Al 5t (S9)

By the decomposition 62 —0? = (T} —0?)—2T+(T3—||Al|%), combine (S7), (S8), (S9)

2 exp(—ct?),

1 N
Ts - A3 = |5 (U2 - Ev?)

=1

and take a union bound to conclude that, with probability at least 1 — 6 exp(—ct?),

1 1 1
52— 02| < c(o—a/ﬁﬁ kollAllsy/ -t + m2||A|\2w/Nt).



This implies the stated O,(-) rate, and the proof is finished. O

Lemma 2. Assume Assumptions 1-3 hold, and a variance estimate by V = 52| ®(A) 1%

then V 5 V.
Proof. The proof is straightforward by Lemma 1 and the Slutsky’s theorem. ]

Lemma 3. Assume Assumption 4 holds with K = 2. The normalized estimator
defined in (2.12) satisfies

Hgm _(EE) o

tr(301)

2 :OA%), jke{1,20,k # .

Proof of Lemma 3. By the definition of (2.12), it equivalents with proving

>0 tr(3H)

H _ ) il
V(S () tr(XU)

1
o)
2 P\
Take j = 1,k = 2 without loss of generality. We first control ||S1 — tr(S2) s,

Note that

acSpr—1

~ 1 <&
|12l — tr(=EHhW|, = sup {— Z a' X, X a—tr(x?) aTED]a} .
n
i=1
where X; = L;S;L) € RP*?. Hence,
aTXiXZ-Ta = aTLl,S'iL;LQSiTLTa =a's,; EQSTa =5, s, s,

where ¥y = Ly Ly, € R?? a = L{a, and 8; = S]'a € RY. For each j € [¢], (8;); =

> r_1(Si)kjay is sub-Gaussian with ||(8;);]l¢, < Ckllal|z, and the components of s;



are independent across j. Let s = (8],...,8,)" € R™. Then Y ! ja'X; X, a =
s"(X; ® I,)s. By Hanson-Wright inequality (Theorem 6.2.1 of Vershynin (2018)),

for all t > 0,

t? t
P( s (ZoI,)s—ntr(Z)a"=Ma| > t) < 2ex <—cmin{ , }),
s (BieL)s-ntr(Z e Ela| 2 1) < 2o Y A AR A R
(S10)
where |2, ® L,||r = [|[ZP| s Lllr = O(/ng) and |3y @ Llls = |ZP, = O(1).
Let {uy,...,uy, } be a 1/8net of SP~1 with N; < 17P. By a standard net argument

(cf. Lemma 2 in Lu et al. (2023)),

|3 — tr(=E)sl||, <2 max

1<k<Ny

1 n
— E u] X; X u, — tr(Z) ) B, .
n

i=1

Together with (S10) and a union bound, we obtain that for a sufficiently large con-

stant C,
P(ISH = ()5, > ¢ (/2 +2)) < 2exp(—ep).
n n

Since \/tr(SW)tr(ZR)) = O(,/pq), the claimed O, (n~"/2) bound for =M //tr(ZH)tr(TE)

follows. The bound for @ is analogous.
Furthermore, by Lemma 11 in Ke et al. (2025), there exists some constant C' > 0

such that

e

P ST 1xil — L ()| = o

npq + i)) < Cexp(—1).

n

This implies

S0 I3 () 1
Stz g~ AR




Combined with the definition of the normalized estimator in (2.12), it yields the

desired bounds. O

Lemma 4. Assume Assumption 4 holds. The normalized estimators defined in (2.12)

satisfy

{IT}, tr(=01)}23

Proof of Lemma 4. Under Assumption 4,

Hgm_ 2:01,(%), j € [K).

Mat](/‘fl) = Lj Matj (Sl) ( ®]€7é] Lk)T,

Define £V := L;L] and 3_; := @4, XM for j € [K]. Since the entries of S; are i.i.d.
mean 0, variance 1, and sub-Gaussian with parameter £ (Assumption 4), the entries
of Mat;(S;) inherit the same property. Thus Mat,;(&;) fits the matrix structured
sub-Gaussian design with “row covariance” X1 = XUl and “column covariance”
P =% Let $U! be the unnormalized estimator in (2.11). Then

E(im) = tr(X2 Htr E[k]
k#j

Applying Lemma 3 to the matrix representation yields

Uil [y tr(3)

[ e

QZOP(%)

Then

Sl Ly, (=) .- ( Hpk ) =o(7)

I o, e

1
vn



Finally, by Lemma 11 in Ke et al. (2025),

n K K

1

=Sl S TTaE) = o[ T
i=1 k=1

k=1

Combining the above displays with Slutsky’s theorem gives the claim. O
To apply Theorem 2, it remains to control the projection-mismatch term (P)i: @(A)—

A, ©%). The next lemma provide sufficient bounds in the tensor linear regression set-

ting.

Lemma 5 (Projection mismatch controll). Assume the low-Tucker-rank tensor

model holds. Assume Assumptions 1-3, 5 and 7 hold. If, in addition,

AT = TH% K rizo n~2q),
” HF Tlp, \/]5 p( )

then the projection-mismatch remainder (3.16) satisfies
<P§7%(A) —A, T = op(n_l/QaHCD(A)Hg).

Proof of Lemma 5. According to the analysis of the proof of (2.9),

:PI*’7~.(A X ko (f][k])l/z X i (i[k})fl) X (i[k])flﬂ X (i[k])
:P}‘y%(A Xk (ﬁ[k])—m) X (i[k])l/Q’

where T =T x, (S%)1/2. Define A = A x;, (£#)=1/2 then

Pg2(A) - A= P;f(j) s (SN2 Z T s, (SRY2,



Define 7* = T* x, (S#)1/2 and T* = T* x;, (S#)1/2, then

(Pa(A) — A, T*) = (P (A) — A, T").

Rewirte T* = G* X, lN],j and T* = G* x,, U} with ﬁ,:, U; € RP**™ having orthogonal
columns. Then by Lemma 3.1 of Koch and Lubich (2010),
A — P;’%(.A)
~ ~ K ~
—A— Ax{ Py — > Mat, ' (Pg APy,
k=1
~ K ~
= Y Axues Pg xigs Py, — Y Mat, ' (Pg APy,
0£SCIK] k=1

K
= Mat, (P5 An(@4U))Pgr (©4U0)7) + Y Axies Py xies Py,
st SCIK]IS|>2

where W), = (®j¢kﬁj)QR(é’kT). The last equality holds since Maty, (/T Xk Pl%_k X j£k
Py ) = P Au(©,4Pg,) and Py, = (2,40,)G(GG]) "G (®;4U,)7, and

then

Maty, (A x1 P X2 Py ) — Pj AxPy, = P Ap(®,4U)Par (@4U;)



Therefore,

(A— Py #(A), T

K ~ ~ ~ o~ ~ ~

= Z<ngAk(®#kUj)Pg;(@WU]»)T, U;:Gr(2,4U;)")
k=1

+ Z (A Xpes Pék X ks Pﬁk>§* xi Up)
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Denote W, = (®,4U;)G} and W} = (®j¢kU;)GZT- Define the SVDs of PaU,j
as Pékﬁ]:‘ — QkAkR,;r and P#VKW/,;k = QzAZRZT with Ag, A9 € R™*™ for k € [K].
Note that by the consistency of 3 and the Wedin’s sin © theorem (Theorem 2.9 of

Chen et al. (2021)),
ALl S AT = T, ALl SAYT - 7=,
for k € [K]. Using [tr(XY)| < [| X ||« ||Y||2, we obtain

|tr(U; Py, APy W[ S el Aell2| A7l | Q1 AvQs .




where A = A x;, (SF)1/2 and AL A. Here Qi € Rk QL € RP-+*"k have or-

thonormal columns extracted from mismatch subspaces. Then Assumption 7 implies
1QIAQRr < n-max{\ [ X [P5 AP, e, ([ [IPo APy, e}
Thus,
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where W = (®,;4.U7)QR(G})". Then we can conclude that
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Under the scaling condition in that theorem implies

A2 7A'—7'* 2. Kizo n12q).
I [ Y o )

Therefore, ‘<P§ ,?(A) A, T

= 0,(n~'20||®(A)||x), which completes the proof.

]

S5. Proofs of Section 3.2

Next we verify the assumptions in Theorem 2 and prove Corollary 1.

Proof of Corollary 1. Under Assumption 4, vec(X;) is sub-Gaussian and the covari-
ances admit a Kronecker structure; hence the basic design conditions required by
Theorem 2 hold.

Verification of Assumption 2. In the feasible procedure, 3 is constructed from the
mode-wise estimators in (2.13). Lemma 4 proves that || — Xy = O,(n/2), verify-
ing the covariance consistency condition. Verification of Assumption 3. The feasible
loading ®(A) is defined via the plug-in operator that ®(A) = Pg 7 (vec™! (Z-1vec(A))).
Using Assumption 2 and the mode-wise subspace consistency in Assumption 6, stan-

dard perturbation arguments yield
[2(A) = B(A)ls = 0,(1) [|2(A)]|3

Verification of the projection-mismatch term in (3.16). Together with Assumption

7, Lemma 5 implies condition (3.16) holds.



With the sample-splitting independence between (5(./4), i,%) and {(X;,e;)}’s are
ensured. Theorem 2 applies to each split estimator ﬁfi) and ﬁf), respectively. In

particular, for each split j = 1,2,

VD V(AR — A

Let Ay = 2(AY + AD). 1f |Dy|/N — 1/2 and |Dy|/N — 1/2, then

X)ei + 0,(1).

ZED

S (B(A), X + 0p(1) 5 N(0,1).

=1

VNV2(A = Ay) =

%\H

[

Proof of Corollary 2. Following the proof of Corollary 1, we can verify the assump-
tions in Lemma 2 and prove V 5 V. Then Slutsky’s theorem yields v N V-2 (KA —

A4) S N0, 1). 0

S6. Robustness to rank misspecification and heteroscedastic heavy-tailed

errors

We further examine the robustness of the proposed inference procedure to rank
misspecification under heteroscedastic heavy-tailed errors. For both the matrix and

tensor regression settings, the errors are generated as

oo it _ (&, T)
TN T T e (EHy




where z; = t3;/ V3 and t3 L t3. For matrix regression, the true rank is r* =
2, whereas the projection operator is constructed using the working ranks r €
{1,...,5}. For tensor regression, the true Tucker rank is r* = (2,2,2), and we
consider both under-specified and over-specified working Tucker ranks. All remain-
ing data-generating settings, loading constructions, and sample-size regimes follow
those in Sections 4.1 and 4.2.

Tables S1 and S2 report the empirical bias (BIAS), empirical standard deviation
(SD), average estimated standard error (SE), and coverage probability (CP) of the
nominal 95% Wald confidence intervals for the matrix and tensor settings, respec-
tively. The results reveal a consistent distinction between rank under-specification
and over-specification. When the working rank is smaller than the true rank, genuine
signal directions are omitted from the working local geometry, leading to persistent
bias and substantial undercoverage. In several settings, the coverage deteriorates
further as the sample size increases because the bias does not vanish at the same
rate as the confidence intervals shrink. By contrast, the correctly specified and over-
specified working ranks yield negligible bias, close agreement between SE and SD,
and coverage probabilities near the nominal 95% level. The primary empirical con-
sequence of rank over-specification is an increase in variability. Overall, these results
suggest that the proposed procedure remains empirically stable under heteroscedastic

heavy-tailed errors, provided that the working rank is not under-specified.
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Figure S1: Empirical densities of the studentized statistic VN V-/2(Ax — Ay) in

matrix trace regression under identity and general Kronecker covariances.
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Figure S2: Empirical densities of the studentized statistic VNV~ 2(3 A=Ay
in Tucker tensor regression under identity and general Kronecker covariances with

K =3.
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Table S1: Sensitivity of matrix regression inference to the working rank under Kro-
necker covariance and heteroscedastic t3 errors. The true rank is r7* = 2. BIAS, SD,

and SE are multiplied by 100.

Vrp/n = 0.4 Vrp/n =02 Vrp/n =01

r BIAS SD SE CP BIAS SD SE CP BIAS SD SE CP

Case (i): Loading A,
1 4918 0911 0.865 0.006 5.080 0.467 0.436 0.000 5.092 0.233 0.220 0.000
2 -0.037 1.636 1.612 0.944 0.046 0.753 0.808 0.956 0.036 0.424 0.401 0.946
3 -0.052 1.830 1.819 0.958 0.057 0.857 0.904 0.968 0.047 0.463 0.450 0.954
4 -0.040 2.049 2.056 0.950 0.030 0.951 1.021 0.968 0.049 0.514 0.512 0.958

5 -0.016 2.320 2313 0.950 0.041 1.109 1.150 0.950 0.016 0.597 0.574 0.946

Case (ii): Loading A,
1 -6.367 0.629 0.550 0.000 -6.445 0.313 0.270 0.000 -6.458 0.168 0.136 0.000
2 0.106 1.510 1.493 0.964 0.031 0.830 0.752 0.938 0.002 0.353 0.373 0.958
3 0123 2009 1930 0.966 0.037 1.036 0.962 0.948 0.003 0.444 0.473 0.964
4 0079 2336 2201 0956 0.000 1.195 1.167 0.952 0.013 0.587 0.598 0.954

5 0.076 2535 2329 0958 0.013 1.246 1.227 0.950 0.008 0.629 0.630 0.950

Case (iii): Loading As
1 -2.064 0813 0.712 0.194 -2.193 0.417 0.357 0.002 -2.166 0.212 0.179 0.000
2 0.061 1.313 1.389 0.972 -0.013 0.697 0.699 0.960 0.019 0.354 0.353 0.948
3 0.093 1.640 1.732 0968 -0.050 0.834 0.832 0.954 0.017 0.406 0.406 0.950
4 0.029 1.858 1.925 0.962 -0.101 1.000 0.995 0.946 0.038 0.507 0.506 0.948

5 0.056 2129 2215 0962 -0.105 1.135 1.137 0.954 0.037 0.579 0.582 0.942
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Table S2: Sensitivity of tensor regression inference to the working Tucker rank under

Kronecker covariance and heteroscedastic ¢35 errors. The true Tucker rank is r*

(2,2,2). BIAS, SD, and SE are multiplied by 100.

Vrp/n =04 Vrp/n=0.2 Vrp/n=0.1
T BIAS SD SE CP BIAS SD SE CP BIAS SD SE Ccp
Case (i): Loading A,
(1,1,1) -0.141 0.168 0.113 0.606 -0.160 0.124 0.055 0.348 -0.159 0.114 0.027 0.222
(1,2,2) -0.150 0.158 0.130 0.676 -0.158 0.106 0.064 0.394 -0.156 0.091 0.032 0.190
(2,2,2) -0.005 0.177 0.170 0.948 0.008 0.089 0.086 0.944 0.005 0.043 0.043 0.956
(2,2,3) -0.005 0.184 0.176 0.946 0.007 0.092 0.089 0.948 0.005 0.045 0.044 0.954
(3,3,3) -0.009 0.213 0.204 0.948 0.008 0.106 0.102 0.936 0.004 0.051 0.051 0.954
(4,4,4) -0.001 0.239 0.230 0.960 0.011 0.116 0.114 0.946 0.004 0.057 0.057 0.952
(5,5,5) -0.014 0.270 0.255 0.968 0.011 0.132 0.128 0.942 0.005 0.064 0.064 0.950
Case (ii): Loading A,
(1,1,1) -0.200 0.192 0.111 0.486 -0.212 0.144 0.054 0.254 -0.215 0.144 0.027 0.186
(1,2,2) -0.199 0.183 0.136 0.584 -0.210 0.129 0.067 0.288 -0.214 0.110 0.033 0.138
(2,2,2) -0.015 0.196 0.183 0.936 -0.003 0.095 0.092 0.936 0.000 0.047 0.046 0.946
(2,2,3) -0.015 0.195 0.183 0.940 -0.003 0.096 0.092 0.934 0.000 0.047 0.046 0.942
(3,3,3) -0.017 0.214 0.207 0.956 -0.004 0.111 0.105 0.938 0.002 0.055 0.052 0.950
(4,4,4) -0.018 0.244 0.232 0.944 -0.010 0.124 0.117 0.936 0.002 0.059 0.058 0.960
(5,5,5) -0.018 0.264 0.259 0.956 -0.011 0.136 0.130 0.944 0.002 0.066 0.065 0.964
Case (iii): Loading A
(1,1,1) -0.569 0.381 0.224 0.368 -0.519 0.313 0.114 0.174 -0.524 0.295 0.057 0.050
(1,2,2) -0.559 0.426 0.285 0.504 -0.519 0.347 0.146 0.232 -0.525 0.306 0.072 0.132
(2,2,2) 0.002 0.351 0.329 0.952 0.013 0.168 0.166 0.950 0.001 0.083 0.082 0.958
(2,2,3) 0.001 0.372 0.349 0.960 0.017 0.180 0.177 0.948 0.001 0.088 0.088 0.950
(3,3,3) 0.003 0.381 0.357 0.954 0.021 0.184 0.182 0.958 0.001 0.091 0.090 0.948
(4,4,4) -0.001 0414 0.383 0.964 0.018 0.197 0.194 0.952 0.002 0.096 0.096 0.958
(5,5,5) -0.019 0.425 0.408 0.946 0.015 0.209 0.206 0.952 0.005 0.104 0.102 0.958
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